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Abstract

Generalised geometry is a framework that unifies the diffeomorphisms, the gauge transfor-
mations and the fluxes of supergravity. The basic formalism of O(d,d) x R™ and E7(7) x R
generalised geometries is reviewed. It is then applied to find consistent truncations of ten- and
eleven-dimensional supergravities. This formalism gives the structure of the truncated theory
and includes different amounts of supersymmetry. In particular, the cases of half-maximal and
quarter-maximal five-dimensional consistent truncations are considered. In the latter exam-
ple, algebraic considerations from exceptional generalised geometry enable to greatly restrict
the number of possible theories. To know whether these are realised, a further differential
constraint must be solved. A specific construction of a N' = 2 consistent truncation of Type
IIB supergravity retaining one hypermultiplet and two vector multiplets is conjectured but is

shown not to work.
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“Algebra is the offer made by the devil to the mathematician. The
devil says: I will give you this powerful machine, it will answer any question you like. All you
need to do is give me your soul: give up geometry and you will have this marvelous machine.”

- Michael Atiyah [I]

1 Introduction

Throughout history, it is hard to say who from mathematicians or physicists stole more from the
other. In part, this is because for the longest time these people were the same, but not only. The
present case lies however in the second category.

Generalised geometry was initiated as generalised complex geometry in 2002 by Hitchin, who
generalised the notion of Calabi-Yau manifolds as well as symplectic manifolds [2]. This unification
was possible by taking seriously the idea that the complex and symplectic geometry can be thought
on the sum T'M & T*M, instead of as linear operations on them separately, which was taken up
by Hitchin’s students Gualtieri and Cavalcanti [3]. This construction gave rise to an operation (a
bracket) which was already implicit in the work of Dorfman [4] although it was only presented
in the present form by Courant [5]. It was then realised that this generalised geometry, later
called O(d, d) generalised geometry, provided a natural setting for for the NSNS sector of Type II
supergravity [6], [7].

Supergravity first arose as the next logical step after the discovery of supersymmetry, itself being
the natural way to unify the symmetries of the Standard Model by evading the Coleman-Mandula
theorem [§] through the Haag-Lopuszariski-Sohnius theorem [9J].

The first example of supergravity was written in 1973 by Volkov and Soroka [10], but it became
all the more relevant when it was discovered that it described the low-energy of string theory. With
the advent of the second superstring revolution, the unique eleven-dimensional supergravity was
seen as the low-energy limit of a theory unifies all five ten-dimensional string theories, called M-
theory. This again prompted a better understanding of supergravity in these numbers of dimensions
and their reductions, which reached its pinnacle when its language - generalised geometry - was
discovered.

In spite of its mathematical origins, we are still doing physics and we will emphasize the phys-
ical origins rather than the more abstract story of algebroids, that start with Lie algebras and
end - for now - with the so-called Y-algebroids, passing by Lie algebroids and Courant algebroids
while still remaining within the realm of Leibniz algebroids [IT]. The physical story on the other
hand starts with the symmetries of the bosonic sector of ten- and eleven-dimensional supergravi-
ties and repackages them in a single geometric object (named the “generalised tangent bundle”).
This is almost enough to see how the most basics elements of generalised geometry grow out of
supergravity. The subtlety lies in the fact that contrary to electromagnetism, the analogues of the

field strength are not necessarily two-forms. In supergravity, these analogues appear roughly as



the bosonic content that is not the graviton and are named fluxes. This higher-form symmetry
induces more structure on the generators in the form of their patching and leads to the definition of
the generalised tangent bundle. From this, more bundles can be constructed such the generalised
adjoint bundle.

The rest consists in finally generalising the conventional Riemannian geometry. Specifically,
analogues of the Lie derivative, metric, connections and Ricci scalar among other things can be
defined. It is obvious that the act of generalising a concept requires to drop some of the original’s
properties without an a priori clear choice between what is retained and what it is not and as with
any generalisation, it is difficult to show precisely why one notion is enlarged in one way rather
than another. Two things to do remain: first one can try to convey why a specific choice is at
least reasonable, secondly we can show that it does lead to somewhere interesting. Fortuitously,
the second part is easy in our case as in some important ways the geometry has already been
generalised. The end result is that the bosonic part of Type II and eleven-dimensional supergravity
can simply be written as a generalised Einstein-Hilbert action. Although no new physics has been
found so far, it is clear for anyone familiar with the non-linearities of supergravity that the fact
such a reformulation is at all possible is in itself remarkable.

At this stage, two important remarks should be made. First, while the basic bundles can be
inferred from the original physical theory, it is not true that objects such as the generalised Lie
derivative (and therefore the rest too) could be constructed. This is partlyﬂ why more emphasis
was put on this first part of the construction rather than on the construction of the generalised
Ricci and the comparison with the original supergravity action. The second point is that, although
we only started by looking at the symmetries of the bosons, the fermions can automatically be
incorporated by taking the double cover of the bosonic maximal compact subgroup as usual.
Supersymmetry variations as well as fermionic equations of motions come out of the formalism in
a natural manner. The reason for this can be broadly recognised as confirmation of the fact that
what a physicist calls supersymmetry, a mathematician calls interesting geometry.

As these two remarks show, there is much motivation to view generalised geometry as the natu-
ral language of supergravity. And as usual, it is hoped that a new perspective, while elegant on its
own, gives more than just that. Rightfully, expectations are raised to answer previously unsolved
problems. For instance, so far, it has been used to understand the spectra of consistent trunca-
tions. Another use is in the description of supersymmetric backgrounds: generalised geometry
enabled to calculate moduli of flux backgrounds that couldn’t be calculated before, while hologra-
phy is yet another application (like understanding the marginal deformations of supersymmetric
backgrounds). We will only focus on the first of these uses here.

Even though it was not yet clear at the time, consistent truncations go back a century ago,
when Kaluza supposed that the world was really five dimensional with only a metric as a field
content. Assuming the ”cylinder condition”, he realised that this five-dimensional metric could be
rephrased as a four-dimensional metric, along with a vector field (giving electromagnetism) and a

scalar field [12]. In 1926, Klein gave a quantum and geometrical interpretations to Kaluza’s idea by

1 Along with the fact that generalised Lie derivatives and torsions are much more used in the second part. Also,
generalised geometry is such a vast subject that we had to make a lot of choices in what we could cover.



suggesting that the cylinder condition originated from a small circular dimension [13]. Underlying
their analysis was the fact that only the zeroth mode in the Fourier expansion of the metric was
retained. This was in accord with the small radius of the fifth dimension and the fact that this
dimension is unseen, meaning that the four dimensional theory is a low energy description of the
universe. However, such type of truncation is in general not possible to do as we will explain in
more detail later.

Ultimately, it became clear that the Kaluza-Klein theory could not describe our Universe. The
main idea of dimensional reduction was nonetheless powerful enough to survive to this day through
superstring theory. If one is interested in string phenomenology, the first obvious question is what
manifolds should be used to compactify the extra dimensions. Contrarily to the seeming unicity
of string theory coming from the second superstring revolution, this question unleashed a plethora
of unfixed parameters. Today this is phrased in terms of the swampland (theories which do not
admit a UV completion with gravity) and the string theory landscape (the collection of possible
false vacua). Specifically, while waiting for some vacuum selection principle, it asks: how does the
string theory landscape compare with the set of anomaly-free effective field theories?

Since the low-energy limit is given by supergravity, it is not so surprising that generalised
geometry can help shed light on this deep question. In order to do that, one has to generalise
the Kaluza-Klein theory to more general spaces than circles. Fluxless compactifications lead to
Calabi-Yau manifolds or orbifolds. Generalised geometry can be used when fluxes are turned on
(which is a wanted feature since it was discovered that they can generate warped metrics and
break supersymmetry in a stable way). But even when this is done, not all questions have been
answered. Indeed, a truncation scheme leading to the low-energy theory is still lacking. That only
specific truncations are consistent can be seen in the fact that there is no reason to expect the

following diagram (taken from [I4]) to commute:

Full action S Truncated action S

l l (1.1)

Field equations §S = 0 —— Truncated field equations 65 = 0.

Consistent truncations are thus relevant in this context as they single out the supergravities
that can be uplifted to string theory and M-theory from those that cannotﬂ

In [15] and later in [I6], the most general known conditions for consistent truncations were
found. Importantly, this finally included truncation ansétze for compactifications on sphere man-
ifolds such as eleven dimensional supergravity on S7 and S* which were known to be consistent,
but eluded any attempt at a systematical understanding of the problem.

After briefly introducing some necessary mathematical tools and physical contextﬂ a summary
of generalised geometry will be given. This summary will be aimed towards what will be needed

when constructing the truncations in the second part. In particular, the emphasis will be less

2Note that the supergravities that are not retained are still perfectly consistent theories in their dimensions.

3This physical will be a brief presentation of some notions of gauged supergravity, but the examples of Type II
and eleven-dimensional supergravities will only be considered in the beginning of the next chapter to show more
closely its links with generalised geometry.



on the invariance of the Courant bracket, the Ricci tensor or the supersymmetry variations than
on construction of the basic bundles, Dorfman derivative and general intrinsic torsion. This is
both because of the length and because the former concepts are less immediately relevant to the
construction of consistent truncations than the latter ones - although they are also relevant in the
sense that they imply that generalised geometry captures the geometry of supergravity on which
the central theorem of [I6] rests.

To give a clearer and broader view of generalised geometry, each step in the construction of
the theory - that is explained here - will be given in the context of the two types of generalised
geometries, the simpler O(d, d) X RT type and the more useful Egq) RT type. The first case can
be used to describe the NSNS sector of Type II supergravity (and is the one more closely linked
with the original general complex geometry of Hitchin) while the second case can be used for both
Type II A/B and eleven-dimensional supergravity. We will only focus on the 11d case and give the
corresponding formulas when needed later. Finally, note that these two group bear resemblance
with the T and U duality groups of string theory respectively. However, the duality groups are
defined over the integers while these groups are defined over the reals. Generalised geometry does
not describe the geometry of the full string theory but is restricted to supergravity.

The consistent truncations part will start with a short explanation of what they are in super-
gravity before stating the central theorem of [I6]. Since it is more than an existence theorem, we
will apply it to two cases to show how it gives the structure of the truncated theory. In both cases
we will be interested in Type IIB on a five-dimensional manifold, first preserving half-maximal
then quarter-maximal, which was considered in [I7] and [I8]. These last two papers constrained
the possible truncations and it remains to see individually whether these possibility are realised or
not. For one such theory, a failed attempt at constructing the generalised adjoint tensors is finally

presented.



2 Mathematical and Physical Preliminaries

2.1 G-structures

A principal bundle is a bundle with a fiber which is isomorphic to a group. The group action
corresponds to a transformation of a vector from one neighborhood to another around the same
point on the manifold. Furthermore the action of the group should be free and transitive on the
fiber. Intuitively, this is to ensure that there always exists a neighborhood change corresponding

to an element of the group.

G action

base manifold M

Figure 1: Representation of a principal fiber bundle (taken from [19])

An example of principal bundle is the frame bundle F where the group is GL(d,R) (for an
d-dimensional manifold) and is given by the set of all ordered bases of the elements of TM. A
G-structure is a principal G-subbundle of the frame bundle.

For example, an O(d)-structure is equivalent to a metric structure [20]. First, we show how a
metric can be obtained from that structure. Let e, € T, M and let é, € Ty M such that:

e eyt = 0p. (2.1)
The vielbeins define the components of the Riemannian metric as:
Gmn = Oapel el (2.2)

Conversely, given a Riemannian metric g,,, at a point, we can always construct a set of orthonormal

frames as:

P, = {{éa} € F, :g(éaaéb) = 6ab}- (23)

The metric is preserved for transformations of the type é/, = M, “é,, where M M7 = 1. Hence
M € O(d).
The fact that a Riemannian metric at point is equivalent to an O(d)-structure means that we

can alternatively define it as:
(2.4)



The correspondence between a G-structure and globally defined invariant tensors is true in
most cases. However, this usually carries some topological constraints on M, contrarily to the case
of an O(d)-structure which can always be defined.

For instance, an SL(d, R)-structure is equivalent to a globally defined top form. This form can
be thought of as the determinant of the frame. This carries a topological condition, namely the
orientation (not all manifolds are orientable).

In general, smaller groups imply stronger restrictions. For a d-dimensional manifold, an ¥-
structure is equivalent to d linearly independent globally defined vector fields and the tangent
bundle is a trival bundle. If a manifold admits an identity structure, it is said to be parallelisable.
Lie groups are the archetypal examples of parallelisable manifolds (although parallelisable mani-
folds are not restricted to Lie groups). The only parallelisable spheres are S° (trivially), S (since
U(1) is a Lie group), S3 since (SU(2) is a Lie group) and S” (which does not have a Lie group
structure) [21].

A final example that will be useful later is the Sp(d, R)-structure, where d is even. This is also
called an almost symplectic structure. This is equivalent to a globally defined non-degenerate two
form Q [20].

Given a subgroup A of B and C|, the A-structure can usually be found by taking the globally

invariant tensors equivalent to the B- and C-structures, along with some compatibility condition.

2.2 Exact Sequences and Semidirect Products

Let H and K be two groups and ¢ be a map from K to the automorphism group of H. The
semidirect product H x K is the set H x K endowed with the action:

(hyk)(W, E') = (hor(h'), kK). (2.5)

One can check the existence of the identity and inverse for any element as well as the associativity
of this action. Hence, H x K is a group [22].

Taking Ay, ..., A, to be spaces such as groups, vector spaces or modules, a sequence

bn—1

A1 ﬂ) A2 % e — An (26)

is exact if ker ¢; = im ¢;_1 for i € {2,...,n — 1}.

Consequently, we immediately have: 0 — M 2y N is exact if and only if ¢ is injective (since
ker ¢ = 0) and M 2y N = 0 is exact if and only if ¢ is surjective (since im ¢ = N).

For an exact sequence 0 — M NS P 0, it is not in general possible to know what N is
on the basis of M and N alone (one needs to know one of the maps as well). An exact sequence
for which N & M & P, with ¢ and v being the inclusion and projection maps respectively is called
split. The splitting lemma states that a split exact sequence is equivalent to the existence of a
homomorphism « : N — M such that o o ¢ = idps, or a homomorphism g : P — N such that
Yo =idp. If M, N and P are groups, the splitting lemma states that N = M x P. If M, N

10



and P are vector spaces, then the sequence is always split exact, i.e. N = M @ P. Finally, if M,
N and P are groups and the sequence is again split exact, then N = M x P. [23]

Example: Gys = Q% x GL(d,R)

Let h € Q2 and k € GL(d,R) and consider the matrix multiplication:

1 0\ (k o ko0
(h 1) (o kT>_<hk kT> 27)

k0 Koo\ kk! 0 28)
wk kT ) \WE K-T) \hkk +E"THE (kKT '

Writing Eq. 2.8]in the form of Eq. 2.7 as:

kk' 0 1 0 kk' 0
/ —T 1.0 n—r | = —T1r1.—1 AN A (2'9)
hkk + k= Th'E (k') h+k Tkt 1)\ 0 (kK)

the action of Eq. becomes apparent with ¢ (k') = k~Th’k~!, which means that a semidirect
product group element can be written in the form of Eq.

We now have that:

Alternatively, from the above discussion, this group can equivalently be described by the split

exact sequence:

1— 0% - Gys — GL(d,R) — 1, (2.10)

where 1 represents the identity group.

2.3 Elements of Gauged Supergravity

Supergravity is any theory of local supersymmetry. A rigid symmetry is made local by introducing
a gauge field. For instance, a U(1) symmetry parameter « is made local by defining a U(1) gauge
field A, such that 04, = 0,c. In supersymmetry, the transformation paramater €, is fermionic.
Hence the gauge field 1,,, contains a spin-1 (the vector p index) part and a spin-1/2 (the spinor «
index) part, which constrain 1 to be a spin-3/2 field (called the gravitino) whose supersymmetric
partner is a spin-2 field (called the graviton). Supergravity is hence equivalently defined as a
supersymmetric theory of gravity.

This equivalence between local supersymmetry and supersymmetry with gravity is one reason
to study supergravity. Another motive for its study is the fact that ten-dimensional supergravities
are low energy limits of the non-pertubatively related versions of string theory, while eleven-
dimensional supergravity is the low-energy of M-theory.

The simplest manifold on which type II or eleven-dimensional supergravity can be compactified
is a torus T™. The resulting theory possesses maximal supersymmetry as well as a global and an

abelian local symmetry. However, the matter content is not charged under this abelian local

11



symmetry. These theories are therefore called ungauged supergravities. In ungauged supergravity,
the scalar fields transform in a non-linear representation of some global group G. Explicitely, this

means that the Lagrangian is invariant under the transformation of the matrix V of scalar [24]:
0V = AV — Vk(z), (2.11)

where A = A%, € Lie G and k(x) € Lie H, where H is the maximal compact subgroup of GE| This
means that the scalars parametrise the coset % For instance, for eleven-dimensional compactified
onT7, G = Er(7y and H = SU(8). One sometimes fixes the local symmetry to a specific gauge
such as the unitary gauge or the triangular gauge, although we will not do that here.

The Lagragian will also be invariant under the ny vector fields with global and local transfor-
mations:

SAM = —A(to)y MAY, 6AN = 5,AM (2.12)

wo

where the ¢, are in the fundamental representation of Lie G, 1 < M, N < ny and where we see that
the abelian local symmetry mentioned above is U(1)"V. In general p-forms transform similarly in
some specific representation of Lie(G) and accompanied by some tensor local symmetry.

As usual one can gauge the theory by making the replacement:
Oy — Dy =0, — gAY O o, (2.13)

using the ny vector fields Aﬁ/f and where O, “t, € Lie G. O is a constant tensor called the
embedding tensor. The indices o and M denote respectively the adjoint and fundamental repre-
sentations of G. In general the rank of the embedding will not be maximal and correspond the

dimension of the gauge group Gy C G. Therefore, the embedding tensor can be viewed as a map:
0 :V - Lie G, (2.14)

where V' is some vector space and where im V' = Lie Ggauge-
The embedding tensor satisfies two consistency requirements. The first is a linear constraint

coming from supersymmetry which reads:
PO =0, (2.15)

where P is some projector that restricts that the representations appearing in the tensor product
of the fundamental and adjoint representations in O); *. The second consistency requirement is

the quadratic constraint:
(X, Xn] = —Xun PXp, Xun ¥ =0u *(ta)n ©. (2.16)

It can be understood as the requirement that the gauge algebra closes. It can equivalently be

4Note that there is no propagating gauge fields associated with this local symmetry.
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1D supergravity
IIA/1IB

reduction in presence of
reduction — p-form fluxes [, F?) = Cx;

on torus — torsion (geometric flux)  de” = T,% € A e°

T" — nongeometric fluxes

LN
v

4D ungauged 4D gauged
supergravity gauging supergravity

Figure 2: Ways to obtain gauged supergravity. Image taken from [24].

rewritten as:
P'(@ ®0)=0, (2.17)

for again some projector P’ that picks out representations among the possible ones in the tensor
product.

No higher order constraint is necessary as it turns out that imposing these two conditions is
sufficient [25].

Intead of compactifying on a torus and taking a subgroup of the global symmetry group, gauged
supergravity can also be obtained by directly compactifying on more complicated manifolds, with

or without fluxes, as shown in Fig.
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3 Generalised Geometry

3.1 Generalised Tangent Bundle

The first aim of generalised geometry is to unify the different fields (including fluxes) of some
supergravity. Before that, generalised geometry unifies the bosonic symmetries in a generalised
tangent bundle. Here we illustrate what this means by constructing the generalised tangent bundles
relevant for two cases: the NSNS sector of Type II supergravity (based on the O(d, d) X R structure
group) and 11 dimensional supergravity in the specific case of a 7 dimensional reduction (based on
the Er 7y ¥ R structure group). However it should be noted that generalised geometry is powerful
enough to also describe 11 dimensional supergravity compactifications (d < 7), and the full type
ITA and type IIB supergravities. The main sources for this section is [26] for the O(d,d) x R case
and [27] and [28] for the E7(7) x RT case.

3.1.1 0O(d,d) x R Generalised Geometry

The bosoni(ﬂ part of Type II supergravity is defined by the pseudo—actiorﬂ [26]:

Sp = — V=gl (R + 4(99)? ——Hz)—l i(F(ﬂﬁ))?]. (3.1)

2/‘62 Mg 1 4

The first term describes the NSNS (after Neveu and Schwartz) sector while the second one is the
RR (after Ramond) part. The RR field obeys the self-duality relation:

where ¢ is a ten dimensional metric, R is the Ricci scalar formed from the metric, ¢ is a scalar

called the dilaton. Setting the fermions to 0, the action gives that:

1
Ruw = =~ HyuxpHy > +2V,V,¢ — 2¢Z F(B) o, FiPM A1 = g,

4 ,u)\l
_ 1 1 s
VAT ) = 5D 5 2)!Ffm)l..AHF(B)“”A"’Q =0,
! (3.3)
Vi —(Vo)* + R - @HZ =0,
dﬂ>—HAﬂm:Q
dH =0,

5Because it is not immediately relevant for our purposes, the fermionic part (given by a pair of chiral gravitini
wf and a pair of chiral dilatini )\i) is ignored here.
61t is only a ”pseudo-action” because Eq. is a separate condition that does not follow from Eq.

14



which is consistent with the ” A-basis” where A(™) are form potentials such that:

F(B)EZF(B) Ze ANdAw_1), (3.4)

H =dB; on a patch U;, (3.5)

with B a local two-form, e® =1+ B + %B A B+ %B ABAB+ ...

The bosonic content of the theory having been specified, we turn to their symmetries. First,
because of the metric, this theory possesses the usual diffeomorphism invariance through a vector
v. Secondly, H enjoys a type of gauge invariance. However, it is unusual as H is a three-form in
contrast to the prototypical example of electromagnetism where the invariant object is the two-form
field strength. The present case is more akin to a gauge transformation of a gauge transformation
as the "gauge” field B itself enjoys gauge transformations. [29; B0; B1; B2] First, because H is
globally defined, we have from Eq.

d(Ba) — B(j) = 0= Bg) — Bg) = dAy;. (3.6)
on U; NUj. Similarly, plugging Eq. in the penultimate line of Eq. we obtain:
Ay = e A Ay — dAy). (3.7)

where A(ij) is a polyform (that go up to rank 8) and A;;) is a one-form.

Since:
By = By + Bg) = By + By = By = 0= d(Agij) + Ay +Ageay) = 0. (3:8)
On U;NU; NUy, A(ij) must therefore obey the consistency relation:
Ay + Mgy + Ay = dBigny f] (3.9)

Mathematically, this relation means that B is called a connective structure on a gerbe. [33}[34; [35]

Eq. B:6}3.7, summarise all the bosonic symmetries of Type II supergravity, however we are only
interested in the NSNS symmetries, which means we can ignore Eq. The reason we could not
ignore F(B) from the start was because it depends on B which means that the NSNS symmetries
act on it and we needed to make sure that the RR sector did not impact the NSNS symmetries,
ie. A y does not appear in Eq. 3.6 (in fact, the opposite happens since A(;;) appears in Eq.
which is ﬁne).

Re-expressing Eq. equivalently on the same patclﬂ - the more common approach to gauge

"n is even for type IIB and odd for type IIA.

8If H is quantised, further conditions which we skip are necessary.
9This is done by replacing the form on Ujy by a primed form on U;) and replacing dA;;) by dA;).
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symmetry taught in physics - we havﬂ

This implies:
5v+)\B(i) = ﬁUB(i) — d>\(i)- (3.11)

Since the gauge symmetry does not interact with the metric and the dilaton, they enjoy the

usual diffeomorphism invariance (generated by L), infinitesimally given by:

dviag = Lug,

(3.12)
(SU+/\¢ == £v¢

While we have by now reformulated the NSNS symmetries in different ways, our aim is to
express all the symmetries on the same footing, which means in terms of v; and \; directly (not

dA@)). Note that dA(;;) defines the patching for any form in the sense that:

o (3.13)
B; = Bj + dAuj),

where B, = B; + §B; and B;. = B; + 0B;. This implies that 0B; = dB; = 6B.
The patching of A; can then be found as follows:

0B = LuBg) —dAu = Lo By — dAg)
= dA@ = dAg) + Lo(Ba) = B())
=dA) + LodAgy) (3.14)
= dA(y) + d(iudAgj )
= Aw — (Ag) +ivdAay) = df,
where df is an integration constant that we now choose to be 0.
In summary, with this choice, we have:

vy + Aa) = vg) T (AG) + iudAy))- (3.15)

Since the symmetries of the NSNS sector of type II supergravity are captured by a vector and

a one-form, one might guess that the object of this generalised symmetry is simply an element of:
E=TM®T"M. (3.16)

This is almost true, but it needs to be generalised to account for Eq. This can be done by
seeing that the transformation of Eq. [3.15]is obtained by acting a matrix of the form of Eq.

0For completeness, the NSNS symmetry on A would become A/(i) = ed)‘(i)A(i)
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V()
AGi)
other than Gnyg = Qil x GL(d,R), which, as we saw, can be written as the split exact sequence of
Eq. The closed 2-form acts on T*M, which means that the vector space E corresponding to
Gng is given by the split exact sequence:

on a vector of the form ( ) This means that the structure group of the NSNS sector is none

0—->T"M - E—TM — 0. (3.17)

As a check, we can see that F is in fact isomorphic to the naive guess of Eq. (using the
discussion on split exact sequences on vector spaces), but now is general enough to include the
twist present on the one-form.

Writing formally V' = v+ A € E the generalised tangent bundle E can now be endowed with a

natural metric given by:

1/0 I
(V,V) =iyA =i\, = VAapVP, nap = 3 (]I (j) (3.18)
d

using capitalised letters for the generalised geometry notation (i.e. VA = v* for 1 < A, u < d
and VA = )\, for d + 1 < A < 2d). This means that an O(d,d)-principal bundle is naturally

constructed, which is seen in the so-called conformal basis {E,} = {52} U {da"}, where :
(Ea,Ep) = nas, (3.19)

where:
O(d, d) = {M S GL(Qd, R)|(M71)C A(Mil)D BNCcD = ’I’)AB}. (320)

This natural metric is preserved under a twist of the form of Eq. In a way, this can be
seen as justifying the choice of Eq. or rather the patching was chosen so as to be to compatible
with an O(d, d)-structure. The terminology of generalised vector for V = VAE, and generalised
tangent bundle for F can finally be justified by the noticing the following usual transformations

of a vector’s bases and components, only with respect to O(d, d) here:
Eys— By =Eg(MYH)E 4, VA VA =MA3VE Me0O(dd). (3.21)

Now that the symmetries have been unified in a generalised tangent bundle, the next step is to
unify the actual degrees of freedom such as the metric g. This will be done in Section [3.3] There
is however an exception as one of the degrees of freedom, ¢, must be included at this stage already
in order to correctly describe the NSNS sector of Type II supergravity, even though it does not
generate any symmetry the way v or A do.

This is done by weighting E by a real number (1 degree of freedom is needed) chosen to be det

The action of a form on a vector is naturally given by the interior product.
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T*M such that:
E=det T*M ® E, (3.22)

which implies that the principal bundle in fact has fibre O(d,d) x RT |E| as seen again with the

conformal basis which now satisfies:
(Ea, Ep) = ®*nap, ® e (det (T*M)), (3.23)

such that Eq. is still true, except M € O(d,d) x R*.
The next useful bundle to consider is the adjoint bundle. Given the definition of O(d,d) from

Eq. [3.20] its Lie algebra is:

o(d,d) ={z € gl(V) | n(zV, W) +n(V,2aW) =0 VV,W}. (3.24)

x = (;1 iT> , (3.25)

such that A € End(TM),3 € A>TM, B € A*T*M. Taking into account the RT factor, this means
that the adjoint bundle has the GL(d,R) decomposition:

This is solved by [19]:

adF 2R @ (TM @ T*M) & A°TM & A’T* M, (3.26)

which is indeed %d_l) + 1 dimensional.
Because of this GL(d,R) decomposition, the natural gl(d,R) action (given for example on a

vector v and a three-form \):
(T ’ U)a =r" bvbv (T ’ )\)abc = —r¢ aAdbe — r aMade — re aNabd (327)

can be used to define the adjoint action R -V, where R € F(adf? ). Indeed, applying this action in

our context gives:

(B-N)*= B\, = B-(B-1)=0

w0 }:>6-(,8~V):0. (3.28)

Consequently, £ is nilpotent of degree twﬂ which renders the group action very easy:
P V=>01+p8)V=_(v—PB:\)+A\ (3.29)

Using the same reasoning, the action of B is also found to be nilpotent and Eq. can be
rewritten as M -V = e‘ePePm -V, where e° gives the R scaling and m is the standard GL(d, R)

action.

20(d,d) x Rt = {M € GL(2d, R)|(M~ 1) 4(M~1)P pncp = o*nap}.
133 is trivially nilpotent when acting on wv.
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3.1.2  Eygq) % Rt Generalised Geometry
The bosonic par@ of the 11 dimensional supergravity action is [28]:

1

B = g

1 1
/ volgR — - F AxF — —ANFNF, (3.30)
Mio,1 2 6
where the only bosonic fields are the metric g,,, and a three-form A,,,,, such that 7 = dA and R

is the Ricci scalar. The equations of motion and the Bianchi identity are then [36]:

1 1
- ﬁ(]:,uplmps]:l/ Prpaps — Eguu‘FQ) =0,

1
A« F+ JFAF =0,

Ruw

dF =0

We now arrive at a point where a first subtlety compared to previous case must be pointed
out. Here, the dimensional reduction must be made before finding the bosonic symmetries and
constructing the generalised tangent bundle. This is in contrast with the O(d, d) case where there
was no mention of any splitting of the ten-dimensional spacetime.

So, as already mentioned, we will focus on compactifying eleven-dimensional supergravity on a

seven-dimensional compact manifold M7 such tha@
Mo, = Ms1 x Mz. (3.31)
This implies that g and F decompose under Spin(3,1) x Spin(7) as:

ds? = (detg(7))_1/2gfﬁ)dx“dx” + ¢{0) dz™da",

N (3.32)
F=F+%FA (detg(7))_1volg(4>,

where F and F are four- and seven- forms respectively on the seven dimensional manifold (as we
keep only the Spin(3,1) scalars). Plugging in Eq. into Eq. one obtains:

dF =0, (3.33)

dF + %F ANF =0, (3.34)

d((detg™) ™t %7 F) =0, (3.35)

d((detg ™)™t %7 F) + (detg™) ' sy FAF =0, (3.36)

Similarly to the previous case, we wish to unify the symmetries by finding the “gauge fields of

the gauge fields” and choosing a twist compatible both with the patching obtained from the

MMWe again ignore the fermionic part (given by the gravitino ¥, only).
151n fact, only the tangent space to Mji0,1 needs to be decomposable into a four-dimensional and a seven-
dimensional parts, which is weaker than what we consider here.
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supergravity and the structure group of the bundle we will obtain (which will be E7(7) here).
Before anything else, we find the first “level” of gauge fields (equivalent of the local A|E| and B
and their patching (equivalent of Eq. [3.10). By Poincaré’s lemma, Eq implies that on a patch
F=dAq, (3.37)

where A(;) € /\3 T*M7. Now, up to an locally exact part which we will call dfl(i) (with fl(i) €
/\6 T*My) we can find F by integrating Eq. [3.34

. 1 - 1 1
/dF:—§/F/\F:—i/dA(i)/\F:—i/d(A(i)/\F), (3.38)
using Eq. in the last step. Hence, on Ug;:
F=d4 Lo A F (3.39)
= 40 T 540 : .

Plugging this back into Eq. we find that this solution is consistent. The next step is to
deduce the patching, which is immediate. Since F' is a globally defined form and is equal to itself
while A is only defined locally, Eq. @ implies on Uy N U

dAy = dAg. (3.40)
Using the same reasoning on Eq. we have:
- 1 - 1
dA(Z) - §A(z) ANF = dA(j) - §A(J) A F, (341)
which, using Eq. is equivalent to:

. 1
dAg —dAg) = 54w — Ay) AdAg). (342)

Eq. and specify the patching of A; and A(i), however they are currently written in
terms of them as well as their exterior derivatives, which can be simplified. Using again Poincaré’s
lemma, Eq. can be written as:

d(Auy — A)) = 0= Ay — Ag) = dAgy), (3.43)

L6 Following convention, we use A for the gauge field of both the NSNS sector of type IT and of eleven-dimensional
supergravities so this A should not to be confused with that of Eq. @ for instance.
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for some A;;) € /\2 T* M7. Similarly, Eq. can be simplified to:

~ 1 1
d(A@ — Ag)) = 5dA6) A dAg) = —5d(dAqy A Ag)
S
= d(A(i) — A+ §dA(ij) A A(i)) =0 (3.44)
S . 1
= A — Ay = dAy) — 54 A A,

for some JNX(ij) € A°T*M;. Following the O(d,d) case, this would mean that the generalised
tangent bundle E is composed of a global vector (generating the diffeomorphism) and the ”gauge
of the gauge” field, i.e. a two-form and a five-form. Knowing by now the bosonic symmetries, we

would like to find their patching as before. We apply the same reasoning. Eq. has the same

form as Eq. so we havd™}
0A = LAy — dwiy = Ly Ay — dwy) (3.45)
Choosing the same integration constant leads to again:
W(i) = W(y) + ipdA ). (3.46)
In addition, the vector generating the diffeomorphism is again global so that:
V) = V() (3.47)

To find the patching of o(;), we first note that repeating the procedure of Eq. @ leads to
0Aq) = 6A() — 5dAgy) A SAG).

17)\@) is changed to w;).
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Repeating the procedure for Eq. gives:
Aly = Ay —dogy + %dw(i) A Ag
= 043 = L, A —dog) + %dwm N Ay = LoA () — dog) + %dww‘) NAG) — %d/‘(m NOAG)
= dogs) = dog) + Lo(Aw) — Ag) + %(dww) A Ay = dwgy A Agy) + %dAw) N SAG)
= dog) + Lo(dAy) — %dAm‘) AA@) + %(dwl‘ A Ag) = dwgy A Agy) + %dA@'j) A OA)
= dog) + LodAgy) ~ %(ﬁvdA(ij) A Agp) + dAuy A LoAw) + %(ﬁv(Am = A) + dwi)) A A
—%dwm NAG + %dAw) A OAG)
= dog;) + LodAgj) + %ﬁv(d/\uj) +4;) AdAgy) - %d/\(m A dwig) + %d/\(m A A
=do;) + LodAgj) + %(ﬁvdA(m AdAgj) — dAgj) Adwiy + LoAgy A dAgy)
—dAuj A LoAG) + %dA(ij) ANOAG)

< 1 1 1
(3.48)

Integrating (with a choice of integration constant of 0) gives:
1 . -
o) = 0@ + dA(ij) A w(y) + §dA(ij) A ZUdA(ij) + ZUdA(ij). (3.49)

It would seem that the generalised tangent bundle is composed of v, w(;) and o(;), with the
patching specified by Eq. [3.47] [3.46] and [3.49] However, a second subtlety occurs again here. We
know from Section that we are looking to fit these degrees of freedom in the fundamental 56
representation of E7(7), meaning that we are missing 56 — 7 — 21 — 21 = 7 degrees of freedom.

These missing degrees of freedom are found by taking GL(7,R) C SL(8,R) C Er(7):

Ey=TM @ AN*T*M & AT*M & (T*M @ A"T* M), (3.50)

which - up to the last term - agrees with what was obtained from the supergravity discussion. In
fact, the origin of such an extra term can be understood as stemming from the first subtlety we
mentioned - the need to compactify before constructing E. Indeed, Eq. [3:32)is the reason we not
only considered a four-form field strength F' as present in the original eleven-dimensional action
but also considered a seven-form field strength F (dual to F'). Had we focused only on the original
theory, these two fields would not have been independent of each other (the Hodge star relates
them). Omne can wonder if one can do the same thing with the metric and indeed the dualised
metric - which is understood in the case of linearised gravity [37] - is the reason for the extra term.
Taking a perturbation around a flat space, g,., = 7 + by, we have by, = 9,8,), where &, is the

Killing vector field. However, the symmetry transformation of the dualised version of this vector is
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automatically 0. Consequently, this is the reason why it did not appear in our previous discussion.
Accordingly, we expect this part of the bundle not to generate symmetry transformations on the
rest, which we will see is what happens later. |§|

In summary, an untwisted generalised vector on Uy; is given by:
Vioy = v +wiy + o) +706), (3.51)

where v € TM (again the vector is the only globally defined tensor), w(;) € A2T*U(lv) o) €
AST*U@), Ty € T"Uy) ® A7T*U(i). We can then see that the individual patchings found in Eq.
[3.46], [3.47 and [3.49] all follow from the E7 () action between patches:

Vi = edA i TdA;) Vi) (3.52)
This gives a GL(7,R) x (Qz’l X le) structure group and constrains the missing 7(;) patching as:

) = T(j) + JdAGj) Aoy — JdAGj) A wi) + 5N g AdedAgy)
L. 1. _ (3.53)

where the “j” notation defined in the appendix was used.

As the structure group is a semidirect product group, it (and the generalised tangent bundle by
extension) can be written as a sequence as seen before. However, to account for the choice made
in Eq. - the sequence is done slightly less straightforwardly than before as:

0— A’T*M — E" - TM — 0,
0— AT*M - E' — E" =0, (3.54)
0-T"MQAN'T*M - FE— E —0,

and again we see that an element of the generalised tangent bundle is isomorphic to the expression
given in Eq. because we considered an exact sequence of vector spaces. Once more, A
must satisfy some consistency requirements on Uy N U N Uy and Uy N Uy N Uy N Uy given

respectively byﬁ
Agijy + Agry + Ariy = dAijiny (3.55)
AGrny = Mgk + Moy = Mjny = dA gy,

which means again that mathematically, A(;;) define a connection on a gerbe. Similarly, A;; also

ij
satisfy some consistency requirements which we do not give as their specific form is not particularly
relevant for the other chapters (and because they go up to eight patches’ intersections).

Finally, in order to allow for the warp factor when doing the dimensional reduction, E7(7) must

8Note that this discussion is irrelevant for Eg4(q) with d < 6 as no seven-form exists in this context. Conversely,
the fact that the“usual” construction starts to break down for d = 7 hints as to why generalised geometry does not
work for d > 8.

19 Along again some further requirements if the flux is quantised, which we will not give.
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be extended to Er7) X RT, the last factor being known as the “trombone symmetry” (which in
addition enables to find an isomorphism between a generalised vector and a sum of conventional
vectors and forms as we already did) [38]. Then, a generalised vector obeys the same relations as
Eq. except M € Er(7) X R*, hence justifying the appellation of a generalised vector, and the

generalised structure bundle can be defined as a sub-bundle of the frame bundle for E:
F={(z,{Ea}) | z €Mz}, (3.56)

where {E 4} is a basis defined similarly to the previous case.
The adjoint bundle of E7(7) x R* can be decomposed under GL(7,R) to give:

adF =R @ (TM @ T*M) & A3T*M @ A>T M & AST*M @ ASTM, (3.57)
corresponding to the generalised adjoint tensor:
R=c+r+a+at+a+a (3.58)

which is indeed 134—dimensionam Listing each possible pairing between elements of R and el-
ements of V' using the same gl(d,R) action as before and seeing whether the result lies in TM,
A2T*M, AST*M or (T*M ® A"T* M), the components of V/ = R -V are found to be:

v =cv+7r-foiw — auo,

w' = cw+rw+via+ aio + ar,

(3.59)
o =co+r-oc+via+aAw+ o,
T =cr+r-T—jaAw+jaNo.
Acting by a + @, we obtain:
a+a ~ 1 ~\2
e 'V:(1+(a+a)+§(a+a) +..)V
=V+ (voa+ (via+aAw)+ (—jaAw+jaAo)) (3.60)

1
+§(a ANvaa+ (—ja A (vaa) + ja A (vad +a Aw)) + 0.

So we see that again the action is nilpotent (except now square terms still matter).
The action of e*T% can be found by the same reasoning (cubic terms also cancel), so that a

general element of Er(7y x RT is given by:
M-V = ettty .y, (3.61)

where m gives the standard GL(7,R) action on tensors while e* gives the R* scaling We will

20The dimension of Eq7(7y is 133.

21Sometimes, one is not interested in this scaling. If that is the case, c is set to Qfldr“ a, which removes one
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later need to evaluate the commutator between two sections of the adjoint bundle. The reasoning
is roughly similar, the components of [R, R'] being given in Eq. C7 of [39].

There is another way to construct generalised vectors, which will be used later. The FE7 )
group is a subgroup of Sp(56, R), meaning that the symplectic product © on the fundamental 56

representation is left invariant:
QV,W) = QapVAWE = v/, — v/ w, (3.62)
where 56 was decomposed by the SL(8,R) subgroup of E7(7) such that:

56 = 28 + 28/,

W =A%V & A2V*,
(3.63)

Here W refers to a 56-dimensional vector space (i.e. 1 < A < 56) and V' to the module of the
SL(8,R) representation (i.e. 1 < a,a’,b, b < 8).

So far, we just insisted that E7 is some subgroup of the symplectic group. To fully specify
it, it is sufficient to know that its action on W leaves invariant a particular quartic map ¢ defined

as:
q(V,V,V,V) = qapcpVAVEVEVD = vy 07},

1 ab, /1 ,.cd, / 1 ab, cd, ef . gh abedefgh, 1 1 1 (364)
—— vV vy + — (€abedefgn v vV VI 4 € VUV tUgh)-

4 96

This means that alternatively to specifying generalised vectors by the corresponding E7(7) % Rt
version of Eq. [3:21] one can require the invariance of ¢ and 2 to define them. Note that as usual,
the specifics of these invariants depend on whether Type II or eleven-dimensional supergravity is
compactified and the dimension of the compact space. [30]

Finally note that an operation that maps a generalised vector and a generalised covector to a

generalised adjoint tensor can be defined as:
Xad: E* ® E — adF, (3.65)

which we will need later on (and whose explicit expression is given in Appendix C of [2§]). Phys-
ically, in the same way that the adjoint bundle is where B and its conjugate were living in the
previous case, we see that A(;), fl(i) and their conjugate can now also be thought of as sections of
the adjoint bundle (with again the (TM ® T*M) term coming from gl(d,R)).

degree of freedom in the correct manner.
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3.2 Dorfman Derivative and Courant bracket
3.2.1 O(d,d) x Rt Generalised Geometry

Taking V =v+\, V' =0+ X, V" = 0"+ X' € T(F), the NSNS symmetry is equivalently captured
by the following algebra:

0" = [v,v'],
AN = L,dN — L,d\ (3.66)

which, can be integrated following the choice of Eq. Explicitely:

AN = d(ip,dN) + iy (ddN) — (d(iprd) + iy (ddN))
= d(iydN — iy d)) (3.67)
= N — (ipdN — iy d)) = df.

where Cartan’s magic formula was used in the first line and the nilpotency and linearity of the
exterior derivative in the second. Taking df = 0 amounts to the patching choice made earlier and

leads to the following definition of the Dorfman (or ”generalised Lie”) derivative:
V" N = [0, + LN —dipd) = Ly V. (3.68)

This result/definition justifies the terminology of “generalised Lie derivative”: in conventional ge-
ometry, the Lie derivative measures how much a tensor changes due to diffeomorphism, which is
exactly how it is defined here (replacing diffeomorphism by its generalised definition that encom-
passes gauge transformations as we saw).

The key property of the Dorfman derivative is that it preserves the canonical O(d,d) metric
introduced in Eq. in the sense that:

n(Lyv U, W) +n(U, LVW) = L,n(U, W) (369)

for V,U,W e T'(E).
This means that the generalised Lie derivative can be extended, similarlyE] to the conventional

Lie derivative, to a generalised tensor of weight p, W:

Ly WM — yN g WM g (gMy N — gNy My Meete g

(3.70)
_’_(afvfnvN _ aNV]\/In>WM1---Mn—1 N +p(aNVN)WM,

where indices were contracted using 7,y and we used:

if M =
oy = O H (3.71)
0 ifM=d+pu

22This is the same component form as in conventional geometry with the exception that gl(d) is replaced by the
adjoint in o(d,d) @R, so L € E ® ad This should dispel any unease to call L the generalised Lie derivative.
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Note also that the Dorfman derivative satisfies Leibniz’s rule in the form:
Ly(Ly:U) — Ly/(LyU) = L, vU, (3.72)

for V,V',U e T'(E).

The generalised Lie derivative possesses nonetheless one major difference compared to its con-
ventional geometry counterpart: it is not antisymmetric (when acting on a generalised vector).
Formally, this means that LyV’ does not define a Lie algebroid, but a Courant algebroid. The

failure of antisymmetry is captured by the Courant bracket, which takes the form:
ViV = 2LV~ Ly V)
= [v,0] + LN — L\ — %d(iu)\’ — iy ) = Ly V' — %dV, Vv’ (3.73)
= (VNonv"M —vNoyvi — %(VN(?NV’M — VoMV oy
Note however that for V = E‘A and V' = EB, the derivative terms of the second line vanish,

resulting in:
Ly, Ep = [[Ea, Ep]]. (3.74)

Finally, the Courant bracket is invariant under G g, the structure group of the NSNS sector

of Type II supergravity with our choice of integration constant.

3.2.2 FEyq) X R Generalised Geometry
Again the bosonic symmetries are captured by the following algebra:

v = [”U, UIL

dw” = Lydw’ — Ly dw,
do” = L,do’ — L,ydo — do’ Ado,
dr” = £,d7" — jdo A dw — jdw' A do.

(3.75)

Integrating with the appropriate choice, we can define the Eg(4) x R version of the generalised

Lie derivative in the same way as before:

LVV/ = /U// + w// + O_// + 7_//
=L,V + (Lo —ipdw) + (Ly0" —ipdo —w' Adw) + (L7 — jo' Adw — jw’ Ada),  (3.76)
va = ﬁvf,

for a function f. The last equation is the usual requirement that all derivatives acting on a function
must agree. Similarly to Eq. the adjoint action (defined in Eq. [3.65|) is used, which we can
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take to obtain the Lie derivative in the succinct manner:
Ly V™M = VNONV™M — (9 xoq V)M N V'V, (3.77)
The failure of antisymmetry is captured by the exceptional Courant bracket:
! ]‘ !
V.V = i(LvV —Ly/V)
1 1
[ + »C UJ — Cv/w — 5(21(%0.)’ — ’iv/UJ) + ,CUO'/ — ,CU/O' — id(ival — iv/J)

1
+2(w/\dw — W Adw) +

| —

V']
1
5([, = LyT)+

(jw Ado’ — jw' Ado) — %(ja’ Adw — jo A dw').
(3.78)
This bracket is also invariant under the structure group of the bosonic symmetries (of 11
dimensional supergravity) GL(d, R) x (23, x QF,) and when evaluated on the frame basis, Eq.

remains valid for the same reason.

2

Finally, it should be emphasised that the fact that a generalisation of the Lie derivative in the
form of Eq. can be defined is non-trivial as Eq. is not in general a generalisation of a
tensor. For instance, it would not be possible to do the same for Sp(2n,R) since the adjoint action
is symmetric and is hence not a tensor. This is formalised in the notion of g-algebroids and their
full classification is still an open question. This is why the fact that it can be done for O(d, d) x R™

and Eg(q) x R* is deemed to be an important and non-trivial step.

3.3 Generalised Metric

3.3.1 O(d,d) x Rt Generalised Geometry

It was shown in Section why a Riemannian metric at a point belongs to the quotient Gé((‘fi’)R ),

where O(d) is thelﬂ maximal compact subgroup of GL(d,R). The metric G then transforms a new
metric G’ as:

G' = gG, g € Gl(d,R) such that G = hG, h € O(d). (3.79)

Similarly, a Riemannian O(d, d) x R generalised metric at a point can be defined as an element

of %, where O(d) x O(d) is a maximal compact subgroup of O(d,d) x RT. For a pseudo-

Riemannian equivalent of (p, d—p) signature, O(d) x O(d) can be replaced by O(p, d—p) x O(d—p, p).

Counting the number of dimensions suggests that all the fields of the NSNS sector of Type II

supergravity can potentially be unified in such a generalised metric:

O(d,d) xR*

O(d) x O(d) )=

dd+1)  d(d—1)
2

2d(2d — 1)
2

d(d —1)
2

dim( +1—2( )=d*+1

(3.80)

+ =5 + 1 =dim(g) + dim(B) + dim(¢).

Formally, it can be shown to be equivalent to choosing a positive definite subbundle such that

23For any Lie group, the Cartan-Iwasawa-Malcev theorem states that maximal compact subgroups are essentially
unique - meaning here unique up to conjugation. [40]
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its orthogonal complement is negative definite and F = C* & C~ [3]. Given this choice, the

generalised metric G is required to be compatible with the canonical metric in the sense that [41]:
GV, V)=V, Ve, —(V,V)|c_, G =1. (3.81)

a

b
) , the compatibility
c d

In practice [42], up to a factor given by the canonical metric, taking G = (

can be rephrased as:
n*BGpen? = GAP. (3.82)

This implies that a = a”, d = d”, b = ¢T. Taking g =

respectively symmetric and antisymmetric), we have:

1d~! and B = d~'c (which are indeed

1{g—Bg'B —Bg!
Guw = 5 7o 7 LB =e 20y (3.83)
9B g N

Hence, the generalised metric indeed unifies the NSNS sector fields. Note that this can be rewritten

as:
G = (?)TGpe? (3.84)
1 0
where Gg = g L and e = .
g~ B 1

Equivalently, a generalised metric can be defined directly on a Courant algebroid as a subbundle
whose rank is half the rank of E such that the inner product restricted on that subbundle is
positive-definite. Since the inner product is already non-degenerate and symmetric, we see that
generalised metrics closely resemble the usual Riemannian metrics (without even having to see
them as G-structures) [43].

3.3.2 FEya) X R Generalised Geometry

The double cove of the maximal compact subgroup of E7 ) x RTisH = SU(8). The Er(7) x Rt
E7(7) X R+
SU(8)
following counting argument suggests that it can unify the bosonic fields:

generalised metric can therefore be defined as an element of at each point and again, the

Eqry x RT
B2 i
7(7+1 7.6.5 ¥ (3.85)
_ X 2+ ) +2 32 +1 = dim(g) + dim(A4) 4 dim(A) + dim(A).
Similarly] to Eq. we can start with the diagonal metric
2 = ab ! ai...a 1 a,ay...a
GO(V: V) =v°+ §Wabw + ggal...aso 1 5 4 ﬁaa’ay.ﬂqa— ,a1 7 (386)

24 Assuming M is a spin manifold, this is to account for fermions.
25We are being very schematic here because the precise details go beyond the scope of this thesis and the main
point is that the generalised metric unifies the bosonic fields.
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The full metric can then be found by acting on the left and the right by a subroup of E7(7) x R*
as in Eq. B7), [44).

Hence from the point of view of the non-compact manifold, the scalars are given by the metric
Gy v, which matches the comment made in Section where it was said that the scalars of the
theory arranged themselves in a coset %, where G is the global symmetry group of the theory and
H is the maximal compact subgroup of G@ In general we will also have one-forms and two-forms

which are given in summary by [16]:

GMN(m,y) € F(SQE*),
A, M(z,y) eT(T*X @ E), (3.87)
B, MN(z,y) e T(A*°T*X ® N),

where X denotes the non-compact manifold and N is a specific subgroup of S?E given by the
133 representation for d = 7 [28§].

3.4 Generalised Connection and Torsion

A generalised connection D is a first-order linear differential operator, given on V = V@E, € I'(E)
by:
Dy VA =0y VA +Qu A gVE. (3.88)

The M index indicates that € is a generalised covector while the A and B indices mean the domain
is adF.

As in conventional geometry, this is too general to be used in later calculations. One can however
constrain the connection by imposing some compatibility condition. A (generalised) connection is
said to be compatible with a (generalised) G-structure P (where P is a subbundle of F with fibre
G) if
G/
a
where G’ is the group of the (generalised) frame bundle considered (so here G’ = O(d,d) x R™

DK () =0, K(|s € (3.89)

or G = E7(7) ¥ R™). Then, a connection compatible with a G-structure cannot rotate a vector
outside of that G-structure, which renders the terminology of “compatibility” transparentm

The first obvious requirement is the compatibility with G’, meaning that Dn = 0. For instance,
for the O(d,d) canonical metric, this imposes the condition that Q; 4B = —Qj, B4, Similarly to
general relativity, an obvious second compatibility requirement is that of the maximal compac@

subgroup of G’. This is the metric connection which is obtained by requiring DG = 0 and D® = 0.

26 A gauging should be done then by taking a subgroup of Eqa) X RT.

27Connections can also be directly defined on a principal bundle, which will agree with the connections as defined
here given these are compatible with the G-structure, which also justifies the name.

280r its double cover.
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The generalised torsion T of a generalised G-compatible connection D can be defined a@
T(V)=LY - Ly, (3.90)

where Le indicates that the @ have been replaced by some connection (not necessarily metric com-
patible unless specified). Since for a compatible connection, the first term is zero when evaluated
on an element of a generalised frame bundle, the torsion of a compatible connection is also given
by:

TaP cEp=-Ly Ec, (3.91)

where E A, EB, EC are vectors of a generalised frame.

Since at a point, L, LP € E® adF, the torsion at a point will in general live in a subspace W,
which means that it will be in an irreducible representation of E®adF. For the O(d,d) x RT case,
W = A3E® E while Erery x RT, the representation is 912_; + 56_;. Physically, this matches the
embedding tensor (with the trombone symmetry). This correspondence continues to be exact for
4 < d <6. A connection whose torsion vanishes is called torsion—freem

A generalised O(d, d) x RT (Eq(q) x R") Levi-Civita connection hence can finally be defined: it
is an O(d,d) x Rt (Eyay x R*) and metric compatible connection that is generalised torsion-free.
Contrarily to a conventional Levi-Civita connection, a generalised torsion-free metric compatible
connection still always exists but is not unique (except for Es(s)), which was proved in [2§].

As we just saw, the torsion is defined from a choice of two things: a structure Pg and a
connection D. However one can ask if some subspace of the torsion space is independent on the
latter choice. This subspace in fact exists. This is the idea of the intrinsic torsion, which can be
found as follows [45].

For some (generalised) compatible connections D, D’ and their (generalised) torsions TP, TP",
we have:

D' —DeTl(Kg), TP eT(W), (3.92)

where Kg = E* ® ad]5 - representing the ambiguous part of the connection - and is the
space of torsions. A map 7 : Kg — W can be defined such that:

(D' = D) =TP —TP. (3.93)

Then, Ug := ker 7 C K¢ is the space of compatible connections that lead to a set given torsion and
Wea:=im 7 C W and Wy, := Wﬂc is the space of intrinsic torsions that we were looking for. This
also means that W;,; gives a way of classifying the structure Pg. Alternatively, a non-zero Wi,
also indicates that there is no torsion-free connection and if Wj,; = 0, P is called torsion-free (or

integrable) G-structure. For instance, an Hg-structure is torsion-free. Finally, if G C Hg, there

29This is analogous to a property of torsion in conventional geometry which is taken here as the starting point.

30Note that any conventional connection can be uplifted to a generalised connection, but a torsion-free connection
will in general uplift to a torsionful connection in the generalised sense of Eq. [3.88] as illustrated in [26].

31Ke = T*M @ adPg for Riemannian geometry.

321 = TM ® A2T* M for the usual case and was already given for the two generalised geometries studied here.
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exists a unique decomposition provided by the generalised metric:
W =Wg®Wint, Kg=Wg®Ug. (3.94)

As an example, we can take a certain embedding of G = Sp(6) x SU(2) C O(6,6). Since
?}!—%!! = 220, we can decompose W = 220+ 12 under the particular embedding of G given by
LieArt to obtain: 2(6,4) + (6,4) + (64,2) + (14/,4). Since the adjoint representation of Sp(6) is
21, we can decompose K¢ = (21,1) + (1, 3) under G to obtain 2(6,4) + (6,4) + (64, 2) + (56, 2).
Assuming no kerneﬂ one can read off using Eq. that this structure has intrinsic torsion,
specifically that:

WSp(G)XSU(2) = 2(674) =+ (674) + (64v 2)7
Uspe)xsu(2) = (56,2), (3.95)
Wine = (14',4).

In conventional geometry, the components of the intrinsic can be calculated by acting on the
invariant tensors with the Levi-Civita connection. Indeed, since it is unique, a generic metric and
G C O(d)-structure compatible connection V can be written as Vo — K, where the torsion is
given by antisymmetrising the covector indices of K. So, as all of the torsion lies in K, it can
be identified with the intrinsic torsion and we have - taking the G-structure to be defined by the
invariant tensors Z; - :

VE; = 0= Vs, = K&, (3.96)

(Tint)mn P = Kn P 1y — Ky P . Hence trivially, a (G C Og4)-structure is torsion-free if and only if
viCE; = 0.
In generalised geometry, a singlet intrinsic torsion can also be found as follows if one of the

invariant generalised tensors =; can be given by some generalised vector K 4:
T/ (Ka)-Ei = =Lk, =i, (3.97)

which follows from Eq. W as well as the fact that it acts on singlets and L%A @; = 0 for a singlet
intrinsic torsion since DZ; = 0. Eq. [3.97] tells us that the singlet Tj,; is a singlet of adF whose
domain is a generalised vector, which will become important when gauging the truncated theory.

Requiring a structure to be torsion-free leads to natural conditions. For instance, an almost
symplectic structure is equivalent to a globally defined two-form. It is torsion-free if this form is also
closed. The structure is then called symplectic. An identity structure is equivalent to the existence
of a globally defined frame. From Eq. [3:9]] it is torsion-free if these commute which implies the
existence of coordinates locally. Physically, torsion-free structures give fluxless supersymmetric
backgrounds.

The next step would be to define a generalised notion of curvature. It can be proved however

that its naive definition would not lead to a generalised tensor [28]. This is not so important as, for

33We will assume this in the following for simplicity. An explicit calculation showing how to check this can be
found in Appendix F of [39].
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a Hg-compatible torsion-free connection, the generalised Ricci tensor R4p and generalised Ricci
scalar R - which we do not give here as they will not be so relevant later - are well-defined. In
addition, in the language of generalised geometry, the bosonic part of supergravity is none other

than generalised gravity:
Sp = R. (3.98)

volg

Finally, we have avoided any mention of fermions but in fact these also fit naturally inside
representations of Hy, the double cover of the maximal compact subgroup of G: one is called the
spinor bundle S and gives the number of supersymmetry parameters and another is the gravitino
bundle which gives gravitino fields. Therefore, generalised geometry also provides with simple

reformulations of the fermionic equations of motion and of the supersymmetry variations.

3.5 Type 1I Supergravity

The full Type IT A/B supergravities are also given in terms of exceptional generalised geometry.
We do not explained the results of this section but merely point at the most basic difference - that
is, at the level of the generalised tangent bundle - between the exceptional general geometries of
Type ITA, IIB and eleven-dimensional supergravities. When needed, the other necessary formulas
will then be indicated. Type IIA is given by a dimensional reduced M-theory. This dimensional
reduction is done by taking the subgroup Gi(d — 1,R) C Gi(d,R) when defining Ed(d)lﬂ This
implies that the generalised tangent bundle takes the form [2§]:

Erypenia 2TM & T*M @ A"T*M @& AST*M @ (T*M @ AST* M), (3.99)

where now this concerns a compactification on a (d — 1)-dimensional manifold, contrarily to before.
To recover Type IIB, we need to take GL(2,R) x SL(2,R), before recombining into GL(d—1,R) x
SL(2,R) such that:

Erypetis = TM @ T*M @ A°“T*M @ AST*M @ (T*M @ AST*M). (3.100)

All the steps described previously in this section can subsequently be applied to these two cases.

34This comes from what was explained in the second way to construct generalised vectors in Section 3.1.2
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4 Consistent Truncations

4.1 Motivation

Some of the motivations to find consistent truncations of string theory and M-theory relating to
the swampland were alluded to in the introduction. The advent of the ADS/CFT correspondence
has given even more pretext for its study.

Maldacena’s orginal formulation of the conjecture considers two theories: on the one hand Type
IIB string theory with coupling g, and string length v/a/ compactified to AdSs on a five-sphere
whose radius is L with N units of Ramond-Ramond fluxes, on the other hand N' = 4 Super
Yang-Mills theory - with coupling gy ps and gauge group SU(N). These theories describe the same

physics if we have:
4

2Na'?’

This can be seen by considering the dynamics from both an open string and a closed string

Gy = 27gs = (4.1)

perspectives [46]. This case can be generalised, but remains a conjecture. Nevertheless, it is very
useful as it relates a strongly-coupled theory to a weakly-coupled one (which can be calculated).
On the AdS side, considering the full string theory is hard so it is desirable to keep only a finite
subset of states. It might be tempting to construct examples in a bottom-up approach - that
is, starting with solutions of a gravitational theory with some extra degrees of freedom and hope
that it uplift to string or M theory. In general, this hope is not realised. Consistently truncating
therefore seems like the only other option - that is, going in a top-down approach [47].

In the original Kaluza-Klein theory, the reduction is made on a circle whose isometry group is
U(1). This implies that fields can be expanded as a simple Fourier series and the mass of the non-
zero modes is inversely proportional to the radius of the circle. Truncating to only the zero-mode
came therefore from an effective field theory perspective: for a small radius, a separation of the
mass scales is induced. It is then realised that the truncation is more than just that: it is in fact
truly consistent with the higher-dimensional theory with no modification in the parameters.

This is hard to generalise specifically for an AdS background because of the AdS Distance
Conjecture. It states that for any quantum gravity on AdS with cosmological constant A, “there
exists an infinite tower of states with mass scale m which, as A — 0, behaves (in Planck units) as
m ~ |A|%*, where « is a positive order-one number”ﬁ [48]. This conjecture implies that there is
no separation of scales between the radii of the compact internal manifold and of AdS. This poses
a problem in our case as it prevents us from following the same effective field theory approach as
above.

A method that would enable to find directly consistent truncations from string or M-theory can
hence be used to understand better strongly coupled quantum field theories through the AdS/CFT

correspondence.

35The Strong AdS Distance Conjecture take a = %, which is consistent with all the known cases.

1
2
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4.2 Situation before Generalised Geometry

In dimensional reductions, we consider:
Mp = My x K,, (4.2)

where Mp is a D dimensional spacetime (usually D = 10,11), M} is d < D spacetime (usually
d = 4 if one is directly interested in the world we see, d = 5 if one is using the ADS/CFT
correspondence), K, is an n-dimensional compact space and D = d + n.

The KK background metric gps; on Mp will then be:

©)
9A2<m7y) = (gﬂ’/( ) (0)0(y)> ’ (43)

0 Gmn

where g,(B) (x) is the background metric on M), and gﬁ%(y) is the background metric on Kn

A scalar field ¢(z,y) on Mp is then expanded as [49]:

d(w,y) = r ()Y (y) (4.4)
q,14

where ¢ labels the eigenvalue of the Laplacian and Yqu (y) are the eigenfunctions of the Laplacian
on the compact space corresponding to the eigenvalue. In general, the eigenvectors a Laplacian on
K, are representations of the isometry group of K,,, which are labeled here by I, [50],[51].

A KK ansatz for the dimensional reduction means keeping only the zero eigenvalue in the
expansion. Then, a gauge field Ax(z,y) will split as A, (z), a d-dimensional vector from M/, and

Ay (y), scalars as seen from M).

More generally for p+1 < d, Aa,..a,,, splits into A, 0y Apywemprmpgrs o
Aul,”upi"Jrl,npinmmpJr1 and a Mp spinor n4 will split as:
na(z,y) = iy (x)el (y), (4.5)

where the €!(y) are the Killing spinors, which can be thought of as “square roots” of the Killing
vectors VAP (satisfying D,V,AB = 0), in the sense that on a sphere for instance they satisfy [49]:
VAT = el (1)1

Dl,ef o (’yuel)i.

In general, the Killing spinor is defined as obeying: dsusy€4 = 0. Hence, by the supersymmetric
algebra, Killing spinors are massless. In doing a KK type of ansatz - i.e. keeping all the massless (or
n = 0) modes -, one keeps all the Killing spinors and the amount of supersymmetry is unchanged
after the dimensional reduction.

This procedure assumes that the KK reduction ansatz is valid, a fact which is wrong as one

36We emphasise by ”background” that this does not concern the full fluctuating spin 2 field of the theory.
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then needs to check if the truncation operated is consistent, i.e. if the modes set to 0 can still be
0 when looking at the equations of motion on Mp. If this is not true, we say that the modes we
kept “source” the other modes and the truncation is not consistent. For example we could have,

for a ¢3 coupling, the following equation of motion:

(@ —m3)og (x) = ¢’ (@) () (...) (4.6)

where we see that truncated modes are sourced, meaning it is inconsistent. An important exception
is when K, is a torus T™. In such a case, it is possible to arrange the same spin fields into multiplets
of some global symmetry group G. A KK ansatz will then be consistent and the Killing spinors
trivial as V,;, = 1 [49]. One way to render an inconsistent truncation a consistent one is by making

a field redefinition of the type (for instance):

¢ = bg + ady + ...,
do = do + Z qbpqPpPq-
p

An example of a nonlinear KK ansatz is given by:

G (,) = g @) (ST ) =51 (@7)
detgmn,
which enables to recover the d-dimensional Einstein action from the D-dimensional one. However,
it is easy to see that such field redefinitions can quickly become cumbersome.

If K, is non-trivial (such as a sphere S™), the abelian Killing spinors of the torus compactifi-
cation become non-abelian, giving a gauge group H C (. Such compactifications result in gauged
supergravities, deformations of the ungauged supergravity by a gauge coupling, which was pre-
sented earlier. This adds a negative cosmological constant term, which means that the natural
background of gauged supergravity is AdS.

Before the advent of generalised geometry, the most general sufficient condition to the existence
of a consistent truncation was the “Scherk-Schwartz construction”. It states that if there exists
a global basis for TM satisfying an unimodular considition, then a consistent truncation exists.
Such a global basis - meaning nowhere vanishing - is called a parallelisation and is equivalent to
whether M admits a trivial structure group. In practice, this can also be done by finding dim(7'M)
left-invariant vector fields é, € T'(T'M) which, by definition of a Lie algebra, satisfy one:

[éa, éb] = fap ‘e, (4.8)

where f,; ¢ are constants and fu, ® = 0 [15].

Manifolds that admit such a ”parallelisation” must possess a lot of structure and truncations

can be found on group manifolds G as well as cosets %, where I' is a descrete subroup chosen so
that the coset is compact [52].

While this is useful, it is only a sufficient condition, not a necessary one. In particular, reduc-
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tions on S* for instance lie outside of this construction.

4.3 General Formalism using Generalised Geometry

Generalised geometry enables to systematically construct consistent truncations of a much broader
kind than Scherk-Schwartz. However, since in form it follows closely a construction that can be
done on the usual Gi(d, R) frame bundle, we will start with it, following closely [16].

Any equation of motion is constructed from the field content as well as the n-derivatives of
some combination of them, taken without loss of generality as the Levi-Civita connectionm A
first natural condition is to demand that only singlets form the truncated field content. This
follows from the fact that every term in a Lagrangian has to be invariant or alternatively from
the equivalent requirement that both sides of the corresponding equation of motion (for instance
of the form of Eq. transform similarly. In the latter view, allowing some non singlets to be 0
while retaining others would imply (in general) that one side of the equation of motion does not
transform (0 — 0, corresponding to the truncated modes) while the other does, violating symmetry.
This is however not enough since nothing so far forbids the derivative terms of singlets to source
non-singlets. Eq. [3.96] gives immediately the required condition: demand that only singlets appear
when decomposing the intrinsic torsion under G. In this way, the derivative of a singlet never
sources a singlet and because of the Leibniz rule (obeyed by the Levi-Civita connection), this is
also true for the derivative of a product of singlets. This means also that any power of VX always
return singlets. In summary, there are two sufficient conditions for the existence of a consistent
truncation on a manifold M with a Gg-structure:

1) Only retain fields that transform under Gg as singlet,

2) Only consider Gg-structures with a singlet intrinsic torsion (or torsion-free).

The Scherk-Schwartz immediately appears as a special case. Indeed, requiring the existence of
a global basis on M is equivalent to requiring Gg = 1, i.e. the strongest constraint to put from
the point of view of the G-structure of the manifold.

One can go further than the existence claim and construct in part the truncation. First, by
splitting the degrees of freedom as explained in the previous section, the number of vector degrees
of freedom (the metric gauge fields) will be given by the number of invariant one-forms 7 in Z;.
Explicitely, one construct them from their dual vectors 7, as A*7),. The same procedure applies to
higher tensors as well. Constructing the truncated metric scalar fields is slightly more involved as

they do not belong to GL(d,R) but to the quotient Gé((‘fl’}g )7 as we saw when defining the metric.

However, the singlets of a quotient % under Gg C B C A are given by:
(4.9)
where C'4(B) denotes the commutant of B C A inside A, i.e. all the elements whose commutator

with an element of B lies in B. This can be understood by considering the algebra (i.e. locally).

A vector X is a singlet if it is invariant under the adjoint action, i.e. ¢X¢~! = X, which illustrates

37Because any compatible connection can be rewritten as VX¢ — K as discussed earlier.
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- but not proves - why one is interested in the commutant of A in B to find the singlets under Gg.
Immediately, we that the Lie algebra of the commutant group C4(B) will be given by singlets of
adF', where F is the frame bundle of A.

Here, A = GL(d,R) and B = O(d), so the truncated metric scalar belong to % Note
that if O(d) C Gg, one can try to rescale the dimension d until Gg C O(nd). For instance in the

Scherk-Schwartz construction, the metric scalars belong then to Glo((dﬁ) since all group elements

commute with the identity.
Finally, for invariant one-forms 7j,, the conventional geometry equivalent of Eq. implies
that:

[ﬁaa ﬁb] = fab Cﬁc» (410)

where fg; ¢ are completely determined by the intrinsic torsion. This means that the gauging of
the truncated theory is completely determined by the intrinsic torsion.

In the previous chapter, we showed that all the bosonic fields of eleven dimensional super-
gravity compactified on a seven-dimensional compact manifold can be seen as generalised tensors
of E7(7y x GI(4,R). This can be extended to a d < 7 dimensional compact manifold and to
Type II supergravity. This means that the previous statement can be enlarged to the case of
generalised G s-structures where Gg C Hg, where Hy is the maximal compact subgroup of Eyg)-
Explicitly, it was showed in [16] that there always exists a consistent truncation of Type II or
eleven-dimensional supergravity if the compact manifold with a generalised G g-structure has only
constant singlet generalised intrinsic torsion and if the bosonic fields are expanded in terms of @Q;,
the generalised invariant tensors defined by Gg. The truncation of the fermionic fields is done by
lifting G C Hy to Gg C Hy,, where Hy is the double cover of H,, and by expanding again the
fermionic field in therm of Gg singlets.

This can work because the generalised intrinsic torsion plays the same role as the conventional
intrinsic torsion as was shown earlier. There is however one subtlety, which is that the generalised
Levi-Civita connection is not unique, although supergravity depend only certain unique projections.
This means that again a generalised singlet intrinsic torsion will forbid any derivative appearing
in the supergravity equations of motion to source non-singlets.

This procedure gives again the structure of the truncated theory, starting from the degrees of
freedom summarised in Eq. The reasoning is the same: the generalised invariant vectors and
two-forms - called respectively K 4 and Jyx, - span respectively V of I'(E) and B of I'(IV), so that

we have:

CEuw (Gs)
Cuy(Gs) ’
A, M 2)K4 eT(T*M) @V,

B, ¥(x)Js € T(A’T*X) @ B.

hI(x) € Mycal =
(4.11)

The scalars of the truncated theory arrange therefore themselves into a coset similarly to the
original theory, which means that the gauge group can again be taken as a subgroup of C, (Gg).
As we saw, the Lie algebra of this commutant group is given by the singlets of adF', and because
of Eq. (and its subsequent comment), we know that T}, is such a singlet. This means that
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the singlet intrinsic torsion is a linear map:
Tint : V — Lie Cp,, (Gs), (4.12)

whose image is the gauge group. This matches the map of the embedding tensor given in Eq.
Consequently, the (opposite of th@ intrinsic torsion gives the embedding tensor and contains
all the information for the possible gaugings of the truncated theory. In this case the quadratic
constraint of Eq. comes from taking =; in Eq. to be another generalised vector:

Li,Kp=—Timi(Ka)p “Kc = Xap “Ko = 04 “(ta)s Ko, (4.13)

using the equivalent definition in Eq. 2:16]

Alternatively, one can restrict the intrinsic torsion to its constant singlet part, which fixes in
part the algebra (i.e. the Xap ¢) of Eq. Whether generalised vectors can be constructed
such that Eq. is a different matter, which will in general restrict the algebra further.

Finally, this construction also gives the number of supercharges preserved in the truncated
theory. As noted before, the number of supercharges is given by the generalised Hy spinor bundle
S. For instance, for Hy; = SU (8), the spinor bundle is 8 + 8. The amount of supersymmetry

preserved is consequently the number of G g-singlets in S.

4.4 Maximal Case

Consistent truncations retaining maximal supersymmetryﬁ are possible if and only if there exists

a global frame E, e [(E), i.e. a trivial generalised structure bundle such that:

[Ea, Eb] = Xap B, (4.14)

c

where X, ¢ are constants. If this is satisfied, the manifold is said to be “Leibniz parallelisable”.
This is completely analogous to the Scherk-Schwartz reduction and this construction is therefore
referred as generalised Scherk-Schwartz. The reason this construction is more general than Scherk-
Schwartz is that it allows most of the conventional geometry tensors in the decomposition of the
generalised tangent bundle to vanish at any point as long one of them does not. For instance,
consider an 52" reduction of the NSNS sector of Type II supergravity described by E = TM@T* M.
The hairy-ball theorem states that a global vector field would have to vanish at least at one
point, meaning that the Scherk-Schwartz reduction cannot be applied. However, if at that point
the covector part of E does not vanish, then a global generalised frame exists and a maximally
supersymmetric consistent truncation is possible.

In fact, all spheres are Leibniz parallelisable (in the sense of generalised geometry). The condi-

38In order to match the convention of the embedding tensor as defined earlier, although this is not important.
39The emphasis will be on half and quarter maximal truncations in five dimensions rather than this case, which
should be taken more as an introduction to the next sections.

39



tion of singlet and constant intrinsic torsion, or the generalised unimodular condition now reads:
Xpa P =0, (4.15)
and the gauge fields (given in general by Eq. take the simple form of:
A, = ALE,. (4.16)

Defining the spheres by d;;4'y’ = 1, the global generalised frame for sphere was constructed in [I5]

as:

Eij = vij + 045 + v, A, (4.17)
where F = dA is a d-form field strength, v;; are the Killing vectors on S% and o;; are given by:
oy = *(R*dy; A dy;). (4.18)
Note that in this case a GLT(d + 1,R) generalised geometry was used with:
0= A2T"M - E - TM -0, (4.19)

similarly to the O(d, d) case.
Finally the gauging will be determined by Eq. [{.14] Evaluating the Dorfman derivative on the
frames of Eq. one obtains [I5]:

. 1 R . R .
Ly, En = E((sikElj — 0uEy; — 0pEn + 651 E). (4.20)

So, for instance, on S%: X = %@j and Xj;p ! = 0, which agrees with maximal seven-dimensional

SO(5) gauged supergravity.

4.5 Gauging of an N = 4 consistent truncation of Type IIB supergravity
on SE°

In order to show the power of this formalism, we will consider the truncation of Type IIB su-
pergravity on a 5 dimensional Sasaki-Einstein manifold (SE5). The first step is to calculate the
intrinsic torsion in order to check if a consistent truncation exists. Since we wish to compactify
Type IIB on a 5 dimensional compact manifold the generalised SU(2) structure must be embedded

inside Es1(541) in some way, which we take to be:

Eog) 2 SO(5,5) x SO(1,1) D SU(2)s x SO(5,2) x SO(1,1). (4.21)
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The space of torsions [45] decomposes then as:

W=351"+27 ———— +210,+ 165 +1g+54_ 4 +126, +144_1+1_,+16_4
SO(5,5)xS0O(1,1)

2(3,1 2(1,7 28 1,1 1,1)_
SU(2)S><SO(572)><SO(1,1) ( ) )2+ ( ) )2+( ) )5+( 9 )8+( 9 ) 4

+(5,1) 4 +(3,7) 4+ (1,27)_4 + (1,21)2 + (3,35)
+(2,8)-1+(4,8)_1+(2,48)_1 + (1,1)_4 + (2,8)_1,

(4.22)
whereas K¢ decomposes as:
K =27 3,1)g ———— (1_ 10 16_ 3,1
SU(2) X (3,1)o ETEE—— (1_4+102+16_1) x (3,1)o
(1,1)-a+ (3, 1)2+ (1,7)2+(2,8)-1) x (3,1)0 (4.23)

SU(2)sxSO(5,2)xSO(1,1)
= (37 1)*4 + (1v 1)2 + (3a 1)2 + (5a 1)2 + (3a 7)2 + (2» 8)*1 + (47 8)*1
The singlets of the intrinsic torsion are the singlets elements of W not are contained in Kgy(2),

SO:
Wing 2 2(1,7)2 + (1,27) 4+ (1,21)2 + (1,1)s + 2(1,1) 4 (4.24)

which means there is indeed a generalised singlet intrinsic torsion@

The second thing that can easily be calculated is the amount of preserved supersymmetry in
the truncation. As mentioned earlier, it is given by the number of G g singlets in the decomposition
of the spinor bundle, which is given by the 8 representation of USp(8). The only subtlety is that
the SU(2) structure must be lifted as follows:

USp(8) > USp(4)r x USp(4) > USp(4)r x SU(2)s x U(1). (4.25)

Therefore, the truncation preserves 4 singlets (i.e. half-maximal supersymmetry) as can be seen

in the decomposition:
8—-(41)®(1,4) = (4,1)®(1,21)® (1,2_4). (4.26)

The third element central element of the truncation procedure is to find the generalised vectors of
the consistent truncation. Their number is given by the number of Gg singlets in the decomposition

of the generalised vectors (by definition in the fundamental representation of Egg) is 27) under

Eq.
27 - 1029 16_1 91 _4 — (7, 1)2 ) (1, 1)74 ) (1, 3)2 ©® (8, 2)71, (427)

which amounts to 8 singlets in the first two terms of the second decomposition such that:
V=1_,467,

{Ka} = {Ko,Ka},

40Eq. is an equality if the map 7 : Ksy(2) = W has no kernel, which we do not check here.

(4.28)
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for 1 < A < 7. In order to know the specific gauging of the truncated theory, the construction of
the generalised vectors is necessary. This is done by using the equivalent of Eq. For Type
IIB Eg(6) generalised geometry, which is given by the cubic invariant on F and E*:

(V,V,V) = =3(tup A p+ €app AN XY A )\6) — QEQgLU)\O‘Uﬁ,

A ) (4.29)
NZ,2,Z) = =3(02p A p+ €*PpA NG ANg) — 2¢*P 00055,

where for Type IIB compactified on five-dimensional compact manifold, the generalised tangent

bundle and its dual are given by (we take the GI(5,R) subgroup):

ETM @ (T*M ®T*M)® A3T*M @ (AST*M & AST* M),

(4.30)
E*2T"M&(TMo&TM)® ANTM & (ATM & A°TM),
such that the generalised vectors and their dual are given by@
V=v+AX*4+p+05%
(4.31)

Z =0+ Ao +p+ 6a.
When constructing the generalised vectors, we require the part living in the 7o representation to
satisfy:
C(KA7KB,K0) = 0, (4.32)
along with:
C(KO’ KO? K.A) = 07
C(KO, K_A, KB) = NAB = diag(—l, —1, —1, —1, —1, 17 1) (433)
Invariance under Ky — )\QKO, Ka—= A 'K,
This accounts for the way SU(2)s was chosen to be embedded in Eq. with the SO(5,2) flat
metric and the U(1) charges specified by Eq. Then, one wishes to construct the components

of the generalised vector given by Eq. [£.31] with the conventional vectors of the Sasaki-Einstein
SU(2) structure, such that the algebra of Eq closes. We will not attempt such a construction,

41The two indices refer to the two doublets in E and E* following the same order in the terms in Eq. and

Eq. @
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but merely show the gauging obtained given the following set of K 4:

Kozﬁa

1

V2

K, = %(nn—rvol—nn/\C),
K5 = %(—rn—nvol—l—rn/\C),
K¢ = %(nn—i—rvol—nn/\C),
K; = %(—m—knvol—km/\(?),

(4.34)

where n® and r® are contracted with the doublets of two-forms and five-forms present in Eq. [£:30]

represented here respectively by two copies of 1 and vol respectively.

To find the gauging, the form of the generalised Lie derivative is needed and is given by (using

the same notation as Eq. [4.31)):

Ly V' = Ly + (LN =1 dX) + (Loyp — Loy dp+ ea[gd)\"‘/\)\’ﬁ) +L,0"—dA*Ap + XN Adp. (4.35)

First, by acting with Kj:

LiyKo=Lef =0= Xoo * =0,

1 .
Ly, K; = ﬁg(\ﬁﬁ A ji)

1 . . .

= ﬁ(%(dn) A Ji +d(een) + 1 A vedgs +n A d(eeds))
1 . . .

= ﬁ(L&ng A Ji +n A tedgs)

;—gmjg ifj=1,= Xo1 2= -3
= %n/\jl ifj=2=Xp!'=3
0 if j=3= Xp34=0

1 (6% «@
Ly, Ky/6 = \ﬁ(ﬁsn“ + Le(Fvol® — (n A C)?))

= 5 ey F digvol” = d(C' = (¢ ©))
-1 1 1 1

= —dC = —=kvol = —k K5 — —=r K
7 ﬂnv \/in 5 \/in e

=Xu’=-Xu' = = —Xo5 * = —Xo7 ¢ by antisymmetry,

1
——k
V2
and in the same way, Xos ° = —Xo6 / = %n =—Xo5 & = X7 6.

Since d(’l’] /\.71/2) = O, X1/2A B =0.
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Acting with K3, we have:

L, Ko = —21¢(jiz A ja) = 0= X0 4 =0,
Ly, K; = 0 trivially = X3, 4 =0,1 <7 <3,

L /\—2('/\') 4 ol (4.37)
P - = Vi
K37 n \@ J3 J3 \/i
= X P =X = X3y T= X5 T = V2 =X35 = X535 = X3, 4 = — X3, 6.
Finally, acting with Ky4/5/6/7, we find:
L,Ko=—t1edn = 0= Xy/5/6/70 " =0,
1 4
L,K;=—dn A —=n A j; = ——=d3vol = X A=,
n n \/577 J 5 4/5/6/71/2
(4.38)

X% =Xy P =-V2=Xs3' = X535 = —Xg3° =Xo3 " = X3 1 = — X3 6,
Lyn=4j3An,Lyvol = ...=L,nANC =0
= X5  =Xur 3 =V2=-X5s ¥ = —Xpu 3 = X5 % = Xo7 % = — X6 ° = — X6 °.

Note that part of the gauging could be inferred from Eq. as it constrains X to be
built out of (following the order the terms) the fundamental, symmetric traceless, antisymmetric
and trivial representations of SO(5,2), although not all necessarily contribute. As we see a more
specific gauge algebra appeared, which is in fact the algebra of Heisg x U(1), the gauge group of
the truncated N=4 Type II theory on a five-dimensional Sasaki-Einstein manifold, as was already
found in [53].

Similarly, the two-forms and scalars can be found, but will not be given as the only aim of this
section was to show how the gauging of the truncated theory can be obtained from the formalism
of [16].

4.6 Formalism of N'=4 d =5 Consistent Truncations of 10/11d Gauged
Supergravity

As we saw, a consistent truncation of Type IIB on SE5 preserves N = 4 supersymmetry. This is
however only a particular case of such half-maximal consistent truncation. One can use generalised
geometry to find all possible ways to preserve half-maximal supersymmetry, which is what will be
shown here. We need to find an embedding of the double cover of the structure group Gg in
USp(8) such that under the decomposition induced by that embedding of the 8 representation,

four Gg-singlets remain. Following the branching rules, the possible decompositions are:

—_— 4y 4, (4.39)
SU4)xU(1)
8 —————(2,1) +(1,6), (4.40)

SU(2)xUSp(6)

42 Assuming it is an equality.
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(4,1) +(1,4), (4.41)

USp(4)rxUSp(4)s
— 8, (4.42)
SU(2)
(2,2,2). (4.43)
SU(2)x SU(2)x SU(2)

Furthermore, the global symmetry acting on the supercharges is the R-symmetry. For four
supercharges, the R-symmetry is USp(4), which means that we will be interested in Eq.

Requiring exactly half-maximal supersymmetry means we have to take the double cover of Gg
to be a subgroup of either group which we take to be USp(4)s such that no singlet is produced as
they are already present in the other term. Turning to the bosonic sector we can investigate the
possible subgroups of Gg (instead of its double cover) which is SO(5). Excluding finite structure
groups, the structure groups will have to be SO(2), SO(3), SO(4) or SO(5) which will be embedded

in Eg6) as follows:
0(1,1) x SO(5,n) x SO(5 —n) € SO(5,5) x O(1,1) C Eg) x R, (4.44)

where n = 0,1,2,3. Note however that subgroups of these groups can again be taken. This only
concerns SO(4) = %2‘51](2), which produce the same singlets as SO(4). However, the consistent
truncation will be identical to the SO(4) case as the elements of Eg(g) and USp(8) that commute
with the elements of any these three subgroups are the same. Hence the scalar manifold of the
truncated theory will be the same and by supersymmetry the other degrees will also be the same
leading to the identical theory.

We now investigate the structure of the theory, starting with the manifold of truncated theory
will be evaluated using Eq. to:

SO(5,n)

Mgeal = O(1,1) x m,

(4.45)
where n = 0,1,2,3. Next, the generalised vectors of the truncated theory are given by the Gg-

singlets of the fundamental representation of Eg). The decomposition is given by:
—1 4,109 16_4
50(5,5)x0(1,1)

(4.46)
(1,1)_4® (5,1)2® (1,5)2 @ (4,4);.

SO(5)xSO(5)xO(1,1)

As stated above, this can only give a half-maximal truncation if 4 does not decompose into
singlets. Therefore, one singlet comes from the first term while five come from the second one.
Taking the SO(5,n) x SO(5 — n) subgroup instead of SO(5) x SO(5), the singlets of 102 takes

the form of (5 4+ n,1)2. This matches the vector space found earlier for n = 2 and in general we

43This condition is necessary as it is possible to obtain exactly four singlets by decomposing Eq. [4.39] but the
supercharges would transform under a wrong R symmetry. This will still define a consistent truncation but not of
supergravity.
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then have:
V=1_4®(5+n)s,

(4.47)
{Kp}={Ko,Ka:A=1,...,5+n}.

Eq. and remain unchanged except that metric 1 is now replaced by the SO(5,n) flat
metric.

Generalised two-forms live in the N = detT*M ® E* generalised bundle, whose representation
has the same number of dimensions as E. The SO(5, 5) representations are then the same as before
except 16 is replaced by 16’, which does not contribute to any singlets. The space B of generalised

two-forms has therefore the same form as the space of generalised vectors:

B=14® (5+n)_s,
{(JM={J%J4 A=1,..,5+n}, (4.48)
(JA Kg) = 64 = vol.

The last equation only specifies a normalisation of the two-forms, which is possible because of the
isomorphism N = detT*M ® E*, the volume form itself being isomorphic to the determinant part.
The generalised two-forms are therefore completely determined by the generalised vectors, which
can be seen even more explicitly using the cubic invariant. The first decomposition of Eq. is
equivalent to:

E=FEy® Eyy® Es, (4.49)

which means that the truncated metric can simply be seen as the sum of three separate metrics in
the sense that:
G =Gy + Gio + Gis. (4.50)

The ten-dimensional metric follows exactly the construction we gave earlier for the O(d, d) case.
First we split into negative-definite and positive-definite eigenspaces (i.e E1g = C_ @ Cy meaning
G10 = G4+ + G_) under the maximal compact subgroup SO(5) x SO(5) such that the difference
of the metrics of each eigenspace gives the SO(5,5) invariant metric (i.e. n(V,V) = G4 — G_).
Secondly we find the metric on one of these eigenspaces. This can be done because we already
have a basis for C_ given by the SO(5) part of Eq. leading to:

G—(V7 V) = _nAB|SO(5) <KZ|SO(5)a V> <Kl§‘50(5)7 V> = 6ab <K;7 V> <Kl;ka V> ’ (451)

where we renamed the indices to label only the SO(5) part (i.e. the first five generalised vectors

in the 5 + n representation). We then have:

GV, V) =2G_(V,V) +n(V,V),

=20 (K, V) (K, V) +n(V, V). )
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G denotes the singlet part and is given straightforwardly by:
Go(V,V) = (Kg, V) (Kg, V). (4.53)

G116 is found using the Mukai pairing which we did not present earlier. We therefore only give
the result:
Gis = —4V2(K,..K5.V, V). (4.54)

The point is that, like Gy and G1g, G16 can also be given explicitly only in terms of the generalised
vectors. Similarly, as we saw, the gauging also only depends on the generalised vectors. This
means that a half-maximal consistent truncation is entirely specified once the generalised vectors
are found. In fact, the generalised vectors specify completely the embedding of the structure group

inside Eg(g), which therefore specifies the whole truncation.
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5 N =2 d =5 consistent Truncations of 10/11-dimensional
Gauged Supergravity

5.1 Determination of the Possible Structure Groups Gg

We know wish to apply the same formalism to the case of quarter maximal (N = 2) supersym-
metry truncations (following closely [17]). One reason to consider this theory is that two complex
supercharges is the smallest non-zero number of supercharges that can be considered. This can be
understood as follows. As shown in [28], when compactifying eleven-dimensional supergravity on

a six-dimensional manifold, Cliff(10,1; R) decomposes as:
(10,1) — (4,1) + (6,0). (5.1)

Since Cliff(4,1; R) is isomorphic to the matrix group M (2, H), where H denotes the quaternions,
which excludes A/ =1 in five dimensions.

The starting point is identical: enumerating the possible decompositions of the spinor bundle
that retain two singlets under Gg. Since we are in the same number of dimensions, we can find
the necessary information from Eq. - Combined with the fact that the R symmetry
for two supercharges is SU(2), it is clear that the only way to produce only two singlets is to use
the SU(2) x USp(6) C USp(8) embedding, taking USp(6) as the double cover of the structure
group. One can decompose 6 further as long as no new singlet is produced. These further possible
decompositions are:

(2,1)+(1,6) SU(2)xSU(3)xU(1) (2,10 + (1,3)1 +(1,3) 1
(2,1)00+(1,1)_21+(1,2)11+(1,1)2 1 +(1,2)_1 1.

(5.2)
—
SU(2)2xU(1)?
From the first embedding, the structure group could be: SU(3), U(1) or SU(3) x U(1); from the

second, it could be: SU(2) x U(1), U(1) (not the same as the first embedding U(1)), U(1)? or
SU(2) x U(1)2.

2,1) + (1,6) —— (2,1,1) + (1,2,1) + (1,1,4
( ? )+( ? ) SU(2)2><USP(4) ( ? )+( = )+( ? )

SU@r (2,1,1,1) + (1,2,1,1) + (1,1,2,1) + (1,1,1,2)
—(2,1,1)+2-(1,2,1 1.1.2
SU(2)2xSU(2) (21,1 +2-(1,2,1)+(1,1,2)
————(2,1)0+2- (1, 1)1 +2-(1,1)1 + (1,2 (5.3)
SU(2)2xU(1) (2,1)0+2- (1L, 1)1 +2-(1,1)-1+(1,2)o
—(2,1,1 1,21 1,1,2 1.1.2)_
SU(2)3xU(1) (2,1,1)0+(1,2,1)0 + (1,1,2)1 + (1,1,2) 4
21,1 1,21 1.1.4
SU(2)3(”)+(”)+(’7)

From the first embedding, Gg (or its double cover) could be: SU(2) x USp(4); from the second
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embedding: three of the SU(2)? C SU(2)*, one of SU(2)? C SU(2)3 x U(1) or SU(2)* x U(1) C
SU(2)3 x U(1) or one of SU(2)? C SU(2); from the last two embeddings: two of SU(2)? C
SU(2)? x SU(2) and both SU(2) x U(1) € SU(2)? x U(1).

(2,1)+(1,6) W (2,1)+(1,6)

(5.4)
———20+1s+13+11+1 1 +1 3+1 5
SU2)xU(1)
Hence, Gg = SU(2) from the first embedding or Gg = U(1) from the second one.
2,1 1,6 21,1 1,3,2
(a)+(7)W(7a)+(a7)
(2.1)0 + (1,3); + (1,3) 4 (5.5)

—_—
SU(2)2xU(1)

— (2,1 1,2 1,2 1,2)_
SU(2)2><U(1) ( ) )0+( ) )2+< ) )0+(7 ) 2

So, from the first embedding one of two Gg = SU(2) or Gs = SU(2)? is possible and from the
last two: Gg = U(1) only in the penultimate line or Gg = SU(2) x U(1) can be realised.

These are all the possible continuous structure groups giving a consistent A/ = 2 truncation.
However, apart from the fact that the differential condition imposed by the intrinsic torsion was
not looked at yet, these embeddings could give rise to the same truncation if the content of the

theory is the same. This is the reason why the decompositon of Eq. can be ignored.

5.2 Determination of the Hypermultiplet Moduli Space

Having found the possible structure groups, we now turn to the structure of the truncated theory.
Given one of the structure groups specified above, Eq. can be used to find the moduli of
scalars. This can be further restricted by the fact that for N = 2, d = 5 supergravity, the scalar
manifold takes the form:

Mical = Myt X My, (5.6)

where V stands for vectors, T for tensors and H for hypermultiplets. This can be understood as
follows. We start by taking the largest Gg possible, which from the last section is USp(6). The
bosonic embedding strucure has to be modified from Eq. to the central product:

_ USp(6) x SU(2)

In this way, we have that the generalised Fg ) vectors and adjoint tensors decompose as:

27 = (1,1) @ (14,1) & (6,2)

(5.8)
78 = (1,3) & (6,2) @ (21,1) @ (14,1) & (14, 2),

which can be obtained by first decomposing into SU(6) x SU(2) and then taking USp(6) x SU(2).
We see then that a generalised USp(6)-structure will be equivalently defined by one generalised
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vector and three generalised adjoint tensors (the four USp(6) singlets). The 3 representation of

SU(2) means that the triplet of J,, satisfy (with a choice of normalisation):
[JO“ J/g] = 2€a8~Js tr(Jajﬁ) = *50‘5. (5.9)

This is called an “H structure”. There is only one invariant generalised vector K whose norm is
positive:
c(K,K,K) := 6K, (5.10)

1/2

where k is defined in this way to be a section of (detT*M)'/2. This is called a “V structure”. In

total, the four generalised singlets further must satisfy a compatibility condition:
Jo- K =0, (5.11)

using the adjoint action described for eleven-dimensional supergravity in the Appendix E of [39],
which defines what is called an “HV structure”. The compatibility condition forces the deforma-
tions of K that leave the invariant J, and inversely, which means that the scalar manifold takes
the product structure of Eq.

More generally, Gg will be a smaller group that does not produce more singlets in the spinor

bundle decomposition. The generalised tangent bundle will decompose then as:
Eo6) 2 Gs - Cry (Gs), (5.12)

and Gg could produce more singlets in 27* and 78. Depending on the representations appearing
in the decompositions of either, the generalised invariant vectors K; and adjoint tensors J4 will

obey different algebras than that presented above. For instance the J4 will form a group O:
[Ja, JB] = fap “Jec, (5.13)

where fap ¢ are the structure constant of o. In fact, one can go further using the fact that J, are
singlets in the adjoint of Eg) under G's, which means that O C CES(G)(GSH

However, the compatibility condition will remain true for all invariant J4 and K7:
Ja - Kr=0. (5.14)

In fact, Eq. [.14] can be used to find the stabiliser of the V structure, which enables us to find
the commutant in Eq. This can be done because the structure group will be forced to be a
subgroup of the stabiliser group, thereby specifying the needed embedding.

The names of the V and H structures come from the type of multiplet of supergravity. Five-

44This is a similar reasoning to the one used in Eq.
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dimensional N = 2 gauged supergravity has four types of multiplets:

1 Gravity multiplet: {guv’¢L7Au}v

ny Vector multiplets: {A,,\", ¢}, (5.15)
nr Tensor multiplets: {B,, Mo}, .

ny Hypermultiplets: {¢%, ¢"},

where ¢ = 1,2 (since N’ = 2) and v = 1, ...,4. There are then ny.; vector fields A4,,, 4 ny scalars
from the hypermultiplets that parameterise Mg, a quaternionic Kahler manifold and ny 1 scalars
from the tensor and vector multiplets that parameterise My, which is called a very special real
manifold. Finally, using Eq. [f.11] and Eq. [5.6] the scalar manifold of the truncated theory will

separate as:

Cay(Gs) | Cay(Gs) _ Gvr  Gn (5.16)

Msca = . 7
! Cu,(Gs)  Cu,(Gs) Hyr Hy

where Gy and Gy are subgroups of Eg) while Hy and Hy are subgroups of %;(8). Note that
the groups defined on the right-hand side of Eq. correspond to the groups remaining once
the possible common factors have been cancelled (except in the case of no hypermultiplet, where
we take Gg = Hyg = SU(2)). As mentioned, O C Cg,6)(Gs) and because the compatibility
condition of Eq. Cps(6)(Gs) splits as in Eq. [5.16] This means that we can identify O and

Gy and the hypermultiplet manifold will be given by:

Gu

My = .
17 5U(2) - Cuspie)(Gs)

(5.17)

The number of vector multiplets will then be given by the dimension of V — 1, while the singlets
in the adjoint bundle contribute to the truncated scalar manifold too.

To summarise, requiring exactly two supersymmetries in the five dimensional truncated su-
pergravity enables to list all possible structure groups as done in Eq. From this, the
truncated scalar manifold, as the number of generalised vectors and sections of the generalised
adjoint bundle can be found. Using the structure of N = 2 supergravity in five dimensions, we see
that the algebra of the J4’s is contained in part of the scalar manifold. As before, the represen-
tation of the generalised G g-singlet intrinsic torsion gives the most general possible gauginﬂ In
total, going through all possible G listed above, only 9 theories without hypermultiplet (includ-
ing up to 14 vector and tensor multiplets maximum), 5 theories with 1 hypermultiplet (including
up to 4 vector and tensor multiplets maximum) and 1 theory with 2 hypermultiplets (no vector
or tensor multiplet allowed) are possible consistent truncations of ten- or eleven- dimensional su-
pergravity@ This is more restrictive than what was thought to be possible. For instance, when

there is no hypermultiplet, it was known that the the very special manifold could take the form

45To be more specific, the bracket defined by the generalised Lie derivative definse a Leibniz algebra (as it is not
antisymmetric but respects the Leibniz product rule). From this, a double-sided ideal can be constructed. The
quotient of V by this ideal can be used to find the gauge algebra (i.e. not the local symmmetry, just the group
under which the matter content is charged as defined in Section )

46The table of possible truncations is given in [I7].
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of Myt =Rt x %, for arbitrary ny7 or also My = E“)Fi;%) for nyr = 26. However,
because we know from Eq. that nyr < 14, these manifolds are excluded for arbitrary vector
and tensor multiplets.

Note that the approach has been entirely algebraic so far, no differential constraint has been
solved yet (i.e. checking if the K;’s and J4’s can be constructed on a manifold admitting a singlet
intrinsic torsion and satisfying the right algebras). We then expect that this will further restrict
the possible truncations to a smaller number than the 20 cases presented above. This second part
must be done individually for each possible theory, and in the next section, we shall show an
attempt at explicitely constructing the sections of the generalised adjoint bundle for one of the

possibilities in Type IIB.

5.3 Non existence of a Specific Geometric Consistent Truncation

We now investigate the case of ny > 1,nyr > 1. In order to find the structure group (and its
embedding) corresponding to a chosen number of multiplets with at least one hypermultiplet, it is
easier to start with the symmetric hypermultiplet manifold, given in Eq. The compatibility
condition implies that the stabiliser of the generalised vector is Fy4), so that G's C Fy4) C Egs),
which constrains Eq. to four possible families [54] [17], two of which preserve only two singlets
in the decomposition of 8:

G2
My = =2
H 50(4)’ ng y
0.1 (5.18)
MH = . ng — 1.

SU@2) xU1))’
(5 is fourteen-dimensional, which means there are 14 J4’s in the first manifold whereas there are
8 J’s in the second one, corresponding respectively to Gg = SU(2) and Gg = SU(3). Explicitely,
the decompositions are in the first case (corresponding to the spinor decomposition of Eq. :
27 — 1+26 ——— (1,1)+(5,1) + (3,7)
Fya) SU(2)x Ga(ay

78 — 5 26+52—— (3,1) + (5,1) + (3,7) + (5,7) + (1,14)
F4(4) SU(Q)XGQ(Q)

(5.19)

and in the second case (corresponding to the spinor decomposition of Eq. [5.2)):

27 —1+26 ———— (1,1) +(3,3) + (3,3) + (8,1)
F4(4) SU(S)XSU(Q,l) (5 20)

78 ——26+52————(3,3)+(3,3)+2(8,1) +(1,8) + (6,3) + (6, 3).
Fya) SU(3)xSU(2,1)

In order to have a non-zero number of vector and tensor multiplets, we need to find the sub-
groups of SU(2) and SU(3) that produce more singlets in the decomposition of 27. In the first
case breaking SU(2) further to some U(1) implies the presence of additional singlets in the spinor
bundle (as seen by the earlier decomposition of the spinor bundle). This means that if ng = 2,

then a consistent truncation can only have nyr = 0.
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Turning to the second case, we find by decomposing Eq. to SU(3) D SU(2) x U(1) that:

1,1 3.3 33 8,1
(L,1)+(3,3)+(3,3) + (8,1) SU(2)xSU(2,1)xU(1) (5.21)

2(1,1)0 + (2,1)3 + (2,1) 3+ (1,3) 2+ (1,3)2 + (3,1)0 + (2,3)1 + (2,3) 1,

which has five U(1)-singlets and hence ny = 4. Note that this creates more adjoint singlets too:

(3,3)+(3,3)+2(8,1) +(1,8) + (6,3) + (6,3)

SU((2)xSU(2,1)xU(1)
2(1,1)0 +2(2,1)5 + 2(2,1)_3 + (1,3)4 + (1,3) o+ (5.22)
(1,3)2 + (1,3) 4 +2(3,1)0 +2(2,3)1 +2(2,3)_1 + (3,3)_2 + (3,3)2 + (1, 8)0,

eight of which will contribute to the scalar manifold.

We proceed to the construction of the generalised adjoint tensors that parametrise the second
option of Eq. i.e. we start by looking for the structure constants of su(3). First, we need the
generalised adjoint bundle which for Egg), d =5, is given by:

adF =2 R®(S®S* )@ (TMRT*M)® (S®ATM) ® (S®A*T*M)® A*TM & A*T*M, (5.23)
where [ = % (we restrict ourselves to Eyq) C Eg(a)y X R™) such that:
R=l+a;+r+ B +B +v+C, (5.24)

where [ € R, a; € (S ® S*)o with i € {1,2,3}, re TM @ T*M,...

In he half-maximal case, T''! admitted a consistent truncation with eight generalised vectors
and adjoint tensors. In that case, the J4’s can then be found from the generalised vectors, but not
here. One way to construct the consistent truncation is then by starting with invariant tensors,
which is what we do here.

It is possible although not necessary for the quarter maximal consistent truncation with three
generalised vectors and eight generalised adjoint tensors to intersect the previous case. It is conjec-
tured here that 71! admits this quarter maximal consistent truncation, sharing the same minimum
of the potential as the previous truncation on AdS x TU!, possessing one generalised vector and
three generalised adjoint tensors. The generalised vector should belong to V; /5 as well as V; /4 and
is given by:

K=¢—-nANjs. (5.25)

Since only this vector is related to the previous half-maximal consistent truncation, we make the
stronger conjecture that the generalised adjoint bundle parametrising su(3) can be built from only

one of the three two-forms that enter the T%! structure, in addition to the Reeb vector and 7 -
that is, the content that enters Eq. 7]

47This conjecture was made by Prof. Waldram, who also suggested to look at this stronger version in order to
tackle the problem more easily.
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This particular consistent truncation is an interesting example as it would potentially leads
to a further intrinsically generalised geometric consistent truncation (apart from the maximally
supersymmetric spheres truncations).

We aim to construct 8 independent sections of from the Reeb vector £, the 1-form n, and
the 2-form js3. These obey the following relations (the full relations obeyed by the tensors in our

choice of basis of a Sasaki-Einstein manifold can be found in Section 4.2.1 of [16]):

§aj3 =0
=1
1. .
573 A js An=wvols (5.26)
dn = 2j3
djs = 0

We take the following specific realisation from Eq.4.60 of [16]:

§=—30y
n=—e' (5.27)
jg = €25 — 34

We can then construct R with B! = ji, p¢ = j3', C = wvoly = —jz N js =2e> Ae3 Net Ae

0 0 2 0) 0 -1
r=—20,®e +26,®e?+2630 % +28,®et +265® e, and | = Ta = 2.
Using Eq. E.35 of [39], calculating the commutator [R, R'], where R, R’ € adF amounts to the

following 14 components commutators:

0 -2 0 0 1 0
'y:volz:—j§Aj§:2é2Aé3Aé4/\é5,a1: , Qg = a3:< 5

[77 C/] - [’UOIZ7’UOZ4] = lll/ + ,,,/1/

1 1
I = Evoljwol;; = 52.2 =2=]1

, (5.28)
ri = (jvol} sjvoly) — 5]1(1)01241)014)
=-—26,Qe' +26,0e2+260Qe> +26,Qe* + 2650 =7
using that:
. E a 1 *\acyicacy 1 | a#1 a#1 5.29
(jvoly sjvoly)G = 5(0014) (v0l4)beyepes = 5.3..2.2% = 40 (5.29)

18y j3, we mean that js;;’s indices were raised with the metric. Then, j§ = é25 — é34, where ei(é]-) = (5;, and
we have j5_j3 = 2.
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L =
" o__ sxk <l 1
2 = 7€klJ3 )3 = -3

4

o

"

= [j3", 451 =15 + rf + af

ifk=1,1=2
—L ifk=21=1
else.

.. .. 1 k-
) = en (i3 oigh) — i]kkzjgk—l]:la

1
2
0

é
é

using that:

1
cok cava L sac —
(JJ3773)% @ 1)’ I3 { 0 else.

Since 74§ o 17, we can take r = rf

1z 1z 1z 1z
1®€1—|—§€2®62+§€3®e3+§€4®64+§€5®65:

15 15 15 15
1®el—562@)62—563®e3+§e4®e4—§e5®e5

I ifk=1,1=2
-7 fk=21=1
else,

1 ifa=banda#1

(ag)zj = Ejk]f),”JJ:])f - §5§€li3kJJ:l3

8 _02>a1 ifk=1,1=1
(2) 8 - ® ifk=21=2
_ o 0 *(ol _01><(1) _01>a3 ik =1,0=2
8 _02>+<(1) (1)>=<(1) _01>=a3 ifk=21=1
[r,r'] =71l

"a

ryS = (rr')5 = rlarf — ryar? =0,

taking 7’ = ar.

la;,a}] = ay = a.a

—4&3

—2@1
Nna __ (. .INa _ .a .Cc __ _.C _a __
ayy = (a;.a})% = ai cajp — aj paj . = o
3

0

where aff is antisymmetric in i, j.
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ifi=1,7=2
ifi=1,j=3
ifi=2;j=3
ifi =7,

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)



[T7 6”] = ﬁé = 4.7;’:
Bé’ab — (T’.j;i)ab _ ’l"acj;iCb + ,rbcjgiac
[azvﬁ/i} - [axajgi} = ﬁé

—2j3l ifr=1,i=2
252 ifx=2i=1

B6 = az.J5 = jg,fl ife=3,i=1
—j32 fx=3,i=2
0 else.

[%B/i] = [UOZZJ;J = 6%
,8; = —’UOZZ_ljéi = 2(@3 A é4 — éQ A\ é5) = —2];;
[, B"] = By = ~4j3
By =13
[awv B/i] = BZ)

273 ifz=1i=2
—2j3 ifz=2i=1

Bl =a,.js =14 —j} ifz=3i=1
j3 ifoz=23i=2
0 else.

[ﬂiv C/] = [jgia 'L)Ol4] = BiO
Biy = j3' woly = —2j3
[r, 7] =1
v11 = r.woly = 8volj
8%, 8] = [35",457) = ma
—volj fi=1,j=2
Y12 = €35 A G =1 woli  ifi=2,j=1
0 else.
[r,C"] = [r,vols] = C13
C13 = r.wvoly = —8voly
[BivB/j] = [.72137]%] =Cu
—voly ifi=1,j=2
Ciy = —€jjs Nja =% woly, ifi=2j=1

0 else.
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(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)



Recapitulating, taking J; = a1,Jo = ag,J5 = a3, J; = r,J5 = j;l,JG = j§2,J7 = ji)l,,Jg =
jg,Jg = vol}, Jio = voly, J11 = 2, as well as eliminating Jy; by the rescaling Jy = Jj + Ji1, we

obtain the following non-zero commutators (the rest being deduced from their antisymmetry):

[T, Js] = —2J1, [Jo, J5] = 2J5,
[J17J2} = 74J3a

(1, J5] = 4J5, [Ja, o] = 45,
[J47 J7] = 74‘]77 [‘]4’ ‘]8} = 74']87
[J4, Jo] = 8Jy, [Ju, J10] = —8J10,

[J5, J6] = —Jo, [J7, Js] = —Jio,
[Jo, J7] = —2J5, [Jo, Js] = —2J6,

[J10, J5] = 2J7, [Jr0, 6] = 2Js, (5.45)
[Jo, J10] = Ja,

1, o] = =25, [0, Js] = 2,
[J2, J5] = 2J6, [J2, J7] = —2J3,
[J3,J5] = J5, [J3,J6] = —Js,
[Js, J7] = —J7, [J3, Js] = Js,

J.
[Js, J7] = Ju, [Js, Js] = f +J3,

J.
[Je, J7] = —f + Js, [Js, Js] = Jo.

Taking:
Jy+ J J — J
=it g =i g = g,
5.46
7 _Jo+ Jio _Jo — Jio Jy (5.46)
D—T,JE—T7JF=Z7

57



we have two su(2) algebras as shown below:

[Jih‘]é] = _2JICﬂ [‘]547]/0] = _2‘]23’7 [JE%J/C] = _2‘]1/47
Jp,JE|l = =2JF, [Jp,Jr| = —2Jg, [JE,Jr] = —2Jp,

[J,IA/B/CvJD/E/F] = Oa

[Th, Js] = ide, [Ti, Js] = —ide, [JG, J5] = T,
[Ty, Jo] = —ids, [T, Js) = —ids, [J&, Js] = —Js,
[, J7) = —ids, [Ty, J7) = iJs, [Jbo, J7) = —J7,

[Tas Js] = iJz, [Tp, Js] = ir, [Jos Js] = Js, (5.47)

[J5, JG] =—Jp — Jg, [J5, J7] = —Z(JA + Ji;)7 [J57 Jg] = J/C + Jr,
[J7,J8] = Jp — Jg, [Js, Js] = —i(Jy — Jp), [Je, J7] = J& — Jp.

Since the two su(2) algebras commute with each other and there is no su(2) x su(2) in su(3),
the only possibility of finding an su(3) subalgebra in this 10-dimensional algebra is by setting to
0 two generators of either su(2) algebra. However, because of the last two lines, this cannot be
done. Hence, there is no su(3) subalgebra here@

In fact, one could go further and try to identify this algebra. One ansatz can be constructed by

noting that so(4) 2 su(2) x su(2), we can embed so(4) in so(5), implying the following structure:

(uij 1;) ,[u,u'] € so(4), [v,v'] € so(4), [u,v] ~ v (5.48)

_rUj

which resembles the algebra we have, where u;; € so(4) and 1 <4,j < 4.

49As an unrelated aside, we see also that W, where G is the 10-dimensional group in question, is a

symmetric space, as we have the structure [h, h] C h, [k, f] C f,[f, f] C h, where h = su(2). [55]
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6 Conclusion

This dissertation was devoted to understanding how to construct consistent truncations of super-
gravity using generalised geometry, beyond the case of Leibniz parallelisable spaces. The two most
central elements that needed to be understood for it to work were generalised G-structures and
generalised intrinsic torsion.

We started by quickly reviewing the concept of G-structures and saw how familiar geomet-
rical concepts could be recast in this language. We followed by defining some terms relevant in
the context of gauged supergravity, which gave at the same time a context to study generalised
geometry.

This introduction being over, generalised geometry was constructed starting from the actions
of Type II and eleven-dimensional supergravities, with the main of arriving at the definition of the
generalised intrinsic torsion. The main steps of the construction were as follows.

First, the symmetries of these actions, including the fluxes, were discussed. This is similar
to Maxwell’s theory except there is more than one flux and they are not necessarily two-forms.
The generators of these symmetries are consequently patched in a non-trivial way. The space
in which these generators live as well as their patching are the two data necessary to define the
generalised tangent bundle, which unifies all the symmetries (diffeomorphism and gauge). This
is done through the concept of exact sequences which was introduced beforehand. Because these
were exact sequences of vector spaces, we could use a theorem that implies that the generalised
tangent bundle is in fact isomorphic to the naive definition that would have been used without
knowing about the patching.

However, understanding it was required to define the generalised Lie derivative as well as
the bracket, which formed the second step of the overall construction of the theory. The fact
that the Lie derivative can be generalised is non-trivial and points already to a new language
for supergravity. This was dependent on two things: first (and most importantly) the patching
induced by the action, secondly the right choice of integration. The properties of these brackets
can be used to define generalised geometry in terms of more abstract structures called algebroids
(specific algebraic construction with in some sense enough structure to capture the geometry of
supergravity) which was not covered here.

The third step was to unify all the bosonic fields in the generalised metric. This was an
important early instance of G-structure in the context of generalised geometry, where the analogy
with the corresponding notion in conventional geometry is the most clearly seen. This agreed with
the remark made when introducing gauged supergravity that scalars arrange themselves in cosets.

These first steps were done side by side for both the NSNS sector of Type II supergravity
and the low-energy limit of M theory to emphasize the unity of the idea that animates complex
generalised geometry and exceptional generalised geometry as well as singling out some of the
subtleties that arise in practice in the latter case. For example, the exceptional case must be done
once the theory is already compactified. This in turn is why the patching rule for the dualised
metric was not a direct consequence of supergravity, but was only found retroactively by the action
of Ez(7y X RT.
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Being equipped with a metric, generalised connections compatible both with the O(d, d) x R*
or the FEg(qy X R structure and the generalised metric could be defined, which are important types
of connections, similarly to the conventional case. This lead to the definition of the generalised
torsion, based on the Dorfman derivative and a metric-compatible generalised connection. The
same relation holds in conventional geometry, although only as a property in this case (not as the
definition).

An important aspect by which generalised geometry departs from the common intuition is
that the fundamental theorem of Riemannian geometry does not hold: generalised torsion-free,
generalised metric-compatible connections are not unique, although only unique projections appear
in supergravity. Defining a map 7 from the space of differences of compatible connections to the
space of torsions, the intrinsic torsion is the torsion modulo the image of that map. Under some
conditions, the intrinsic torsion can be found by simply decomposing the space of torsion and
comparing it to the decomposition of domain of 7.

The intrinsic torsion is important for two main reasons. First, it is an intrinsic measure of
the geometry considered (through the G-structure) since it is by definition the part of the torsion
that is independant of the choice of connection. The second reason is that it controls whether the
derivative of singlets remain singlets.

Finally, we mentioned how the bosonic part of the supergravity actions could be rewritten
as a generalised Einstein-Hilbert action, which is the natural culmination of the successful uni-
fication of the symmetries of ten- and eleven-dimensional supergravities in a single generalised
diffeomorphism.

The second part was devoted to the construction of consistent truncations, following the the-
orem of [I6]. Some more motivation to study consistent truncations of supergravity was given,
focusing on its place in the context of the AdS/CFT correspondence, where the lack of separation
of scales represents an obstacle. Following Scherk and Schwartz, the primary condition to the
existence of a truncation not giving a merely effective description of the theory by turning off
the heavy modes was to keep only and all the singlet modes in the decomposition of the fields.
When formulated in conventional geometry, the Scherk-Schwartz truncation scheme could account
for parallelisable spaces, which was already an important step beyond the Kaluza-Klein original
circular example.

Since the geometry of supergravity was shown to be generalised geometry, their idea could be
enlarged to Leibniz parallelisable spaces. In this context, a global generalised frame for spheres was
given, thereby showing that all spheres are Leibniz parallelisable spaces. This gave a deeper reason
for the existence of truncations (known to be consistent) on non-parallelisable (in the conventional
sense) spheres. This again was abstracted to generalised G-structures. Using this and the intrinsic
torsion, the structure of the theory can be inferred. Given a singlet intrinsic torsion, the manifold
of scalars is given by the embedding of the G-structure inside Fgy(q) X R* through the commutant,
while the representations that appear in the singlet intrinsic torsion determine the most general
gauging.

In order to show how this truncation scheme works, two cases were investigated. First, an
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N = 4 consistent truncation of Type IIB supergravity on SE5 was checked to be consistent. This
was done by explicitly evaluating the Dorfman derivative on given generalised vectors, which gave
a gauging by Heiss x U(1). The more general case was then reviewed by showing how to obtain the
possible structure groups, and hence the spaces of generalised vectors. These in turn determined
the generalised adjoint tensors as well the three parts of the generalised metric.

Since there is less supersymmetry, the case of N = 2 is more difficult. We started by again
giving the possible (non-discrete) structure groups by decomposing the spinor bundle, which was
again reduced as two distinct G-structures can sometimes lead to the same truncated theory. Next
we turned our attention to the scalar manifold. Using the same formula as before, it was seen that
it splits into a tensor part and a hypermultiplet part, which is consistent with quarter-maximal
five-dimensional supergravity.

From this algebraic analysis, it seems possible to retain a hypermultiplet along with some
tensor multiplets. In the low-energy of M-theory, this already was shown to be realised. It was
then conjectured that it happened in Type IIB as well. A strong form of this conjecture was
shown to not be possible. This in not so surprising as a number of assumptions were made when
we tried to construct all the generalised tensors by keeping only three invariant Saski-Einstein
tensors. Nevertheless, this illustrated how a possible ansatz could be constructed using generalised
geometry. At this point then, further work is required to know whether such a consistent truncation

exists.
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7 Appendix

7.1 Notation

The wedge symbol is used in the same way for both forms and antisymmetric tensors w € APT M.

The j-notation is defined in components by [28} [36]:

(]w /\w/)m,ml...m7 o 7! mlmy..mp_1

_ my,...m7)
p-DIE—p!" v ’
7!
. ’ —_ e /
UAA N ams.come 3= Ty g = gyp Amlmacema=s Mg
R
1
(jt_lj’l')m n ‘= ﬂtm’nlmrw'rn,nl...nr

(7.1)

Antisymmetric vector-like tensors are used throughout, following the same component conventions

as forms, so that for a p-polyvector w and a g—form A, the contractions and wedge products are

given by:
1
(’U) /\w/)ml...mp+p/ — (p_:_p' )'w[M1...mpump+1...mp+p/],
plp’!
’ o (q + C]/)!
()‘ AA )ml...mq+q1 = Ww[mlmmququrl...qurq/]a
1 .
(w—l)\)al...aq_p = Ewnlmnp)\nl...npal...aq_p7 if q > b,
(wJ)\)al...apfq — awal...apfqm...nq)\nlmnq, ifp >q.
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