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Abstract

In this dissertation, we will introduce 11-dim and Type IIB supergravities, both of which
allow us to find solutions describing spacetime under the backreaction from branes. These
solutions typically contain an AdS factor and hold significant importance in the context of
the AdS/CFT correspondence, a topic that will be extensively reviewed in this dissertation.
Notably, we will delve into a newly discovered type of brane solution - D3 branes wrapped
over spindles. These are different from other well-known wrapped brane scenarios, where

supersymmetry is realized through a topological twist.
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Chapter 1

Introduction

Gravity, electromagnetism, weak interactions, and strong interactions are the four funda-
mental interactions known at present. The Standard Model of particle physics, described
by quantum field theory (QFT), properly captures the last three forces, and it is currently
our best scientific theory of nature. Gravity, on the other hand, is only described classically
by general relativity (GR).

Expanding the Einstein-Hilbert action with the substitution g,, = 7., + My 1hw/ 1],
where Mp is the Planck mass, leads to massless Fierz-Pauli action plus self-interactions. In
particular, the self-coupling term is characterised by My ! possessing a mass dimension of
—1 and hence non-renormalisable. As a result, developing a consistent (i.e. UV-complete)
quantum theory of gravity is a critical subject of study.

String theory is one approach to quantum gravity. In fact, it is sometimes praised
as the theory of everything, attempting to unify all fundamental forces, including grav-
ity. Its original formulation (bosonic string theory) contains many drawbacks, like the
lack of fermions and the presence of tachyons. These issues are quickly handled by intro-
ducing supersymmetry (SUSY), resulting in superstring theories. However, there are five
different approaches to include SUSY, hence there are five distinct mathematically consis-
tent superstring theories: Type ITA, Type IIB, Type I, Heterotic Eg x Eg, and Heterotic
SO(32) [Kiritsis, 2].

So, which one should we use to describe our physics? Fortunately, we do not have to
choose. They are linked by non-perturbative dualities. For example, the physics described

by Type IIB in R'® x S! with radius R is the same one described by Type IIA in RY® x S*



with radius o//R'. This is known as T-duality [3]. As a result, superstring theories are
not physically distinct. Indeed, they represent the various limits of M-theory, a quantum
theory that exists in 11-dim.

However, the precise formulation of M-theory remains unknown, although certain as-
pects of it have been well-studied. For instance, its low-energy dynamics can be approx-
imated by 11-dim supergravity. Likewise, the low-energy limits of superstring theories
correspond to five distinct 10-dim supergravity theories.

Roughly speaking, supergravity is GR plus local supersymmetry. Hence, we can find
metric solutions, as we typically do. In particular, there are solutions that describe the
spacetime geometry under the presence of branes — extended objects apparent in both
string theory and M-theory. These brane solutions generally have an AdS factor, making
them very interesting for studying Maldacena’s AdS/CFT? conjecture [4].

The AdS/CFT correspondence is a truly amazing equivalency between two theories
that seem unrelated. It conjectures that a gravitational (quantum) theory on AdSy.;
(e.g. string theory or M-theory) is equivalent to a conformal field theory (i.e. QFT with
conformal symmetry) in d-dim. The most well-known example of the correspondence is
Type IIB superstring theory on AdSs x S° being dual to N =4 SU(N) super Yang-Mills
(SYM) theory.

In particular, the low-energy limit of Type IIB superstring on AdSs x S°, i.e. Type IIB
supergravity, corresponds to the strong coupling regime of SYM theory, where perturba-
tion theory does not apply. As a result, the AdS side enables us to calculate non-trivial
information about the CFT side, which was previously thought to be impossible (and vice
versa) [5]. Furthermore, we may be able to gain a better grasp of M-theory by using its
dual CFT description.

Many examples of AdS/CFT come from supergravity brane solutions. In fact, the above
AdSsx S? case can be understood from the planar D3-brane solution. Similarly, other brane
solutions, like planar M2 or M5-branes, also give AdS/CFT examples. Following that, we
will present more complicated brane solutions, such as branes wrapped over calibrated

cycles or spindles, all of which have AdS factors.

'Here, o/ = 2 is a constant that characterises the length scale [, of string theory.
2AdS: Anti-de Sitter spacetime, CFT: Conformal Field Theory



Notation

We will work in conventional natural units, i.e. h = ¢ = 1, and the Lorentzian signature
will be mostly plus. Greek letters u, v, p, o typically represent full spacetime indices, al-
though there are exceptions that will be explained in context. While spinor indices are
rarely utilised, they are represented by the Greek letters «, 5 when necessary. For internal
symmetry indices, we typically use Latin letters 4, j, k, and for vierbein indices, we gener-
ally use a, b, c. In most cases, notations should be clear from context, and any specific or

unusual notations will be explained as needed.

Outline

The following is the dissertation outline:

e In Chapter 2, we will introduce 11-dim supergravity and Type IIB supergravity, and
then explore some solutions. In particular, we will find out that many solutions are

asymptotically AdS.

e In Chapter 3, we will introduce the AdS/CFT correspondence. Then, we will moti-
vate the duality between Type IIB in AdS and SYM theory by looking at D3-branes

in two perspectives.

e In Chapter 4, we will justify how branes can be wrapped in different spacetime
geometries. Then, we will learn that the near horizon geometry describing wrapped
branes can be found by solving lower-dim supergravities. In particular, we can wrap a
D3-brane over a spindle, which has many new interesting features that are discovered

very recently.



Chapter 2

Supergravity

Before we go into supergravity, let us discuss about supersymmetry (SUSY). Typically,
the symmetry generators fulfil the commutator relations [T, Ty ~ T.. However, mathe-
matically, there is nothing that prevents us from obtaining symmetry fulfilling the anti-
commutator relations {1,, T} ~ T..

This allows us to construct the super-Poincaré algebra (in 4-dim) by introducing the

following relations [6]

1
{Qom Qﬁ} = 2<07u>a6pu7 [Qom '];w] = §<7uu)aﬁQﬁ (21>

where C' is the charge conjugation matrix, P, and .J,, are Poincaré generators, and «a, f =
1,...,4 are spinor indices, as the second relation indicates. @), in particular is a Majorana
spinor. We refer to theories that remain invariant under transformations generated by
supercharges @), (in this case, there are 4 supercharges) as SUSY theories.

We can already deduce several key consequences of SUSY. First of all, a SUSY theory
must have an equal number of fermions and bosons in terms of degrees of freedom. This is
because the action of (), on a field W alters its spin-statistics, and unequal numbers would
result in a different theory, thus not a symmetry.

Subsequently, we can observe that when SUSY is introduced to GR, which is based on
general coordinate invariance (i.e. local Poincaré), it must be a local symmetry. Conversely,
a local SUSY theory must contain gravity. This is all clear when considering (2.1), i.e. local

SUSY = local Poincaré. Hence, such a theory is simply referred to as supergravity [7], which



includes a metric and at least one gravitino®.

In fact, the algebra can be extended to include more supercharges
{Q0 @4} = 2(Cv")apd” P, (2:2)

where 7,7 = 1,..., V. So, SUSY theories are characterised by A/, which is also the number
of gravitini when it is local. We can see that if Q!, — M%“ Q7 | then the algebra is invariant
when MTM = 1. This results in an internal symmetry for supercharges known as the
R-symmetry. For example, it is U(1) for the N/ = 1 case, as shown by reformulating the

algebra using Weyl spinors

{Q.Q}~P,, {Q,Q}=0, {Q,Q}=0 (2.3)

where spinor indices have been omitted for simplicity. This is invariant under Q — €@,
and so U(1).
The SUSY algebra can be extended further [6]

{Qg, Qjﬁ} = Q(C’yu)ag(sijpﬂ + Ca/gUij + (C’Y5)agvij (2.4)

where U and V% are termed central charges, where “central” refers to the centre of our
symmetry group, and so they commute with the rest of algebra. These are not included
in // = 1 algebra because they are antisymmetric (as are C' and Cy5). To ensure that the
Hilbert space is positive-definite, we must restrict the right-hand side of (2.4), which yields
the Bogomol'nyi-Prasad-Sommerfield (BPS) bound, and states that saturate the bound
are known as BPS states [8].

We will now go through a quick overview of the SUSY representation theory. We
refer to lecture notes [9, 10] or textbooks [11, 12] for a more in-depth discussion. We
will start by examining basic facts about Poincaré algebra. Its irreducible representations
(irreps) are classified according to their mass (i.e. massive or massless) and spin/helicity.

These correspond to momentum squared P? (mass) and Pauli-Lubanski squared W? (spin)

LA gravitino Yy is a spin-3/2 field and plays the role of the gauge field for local SUSY. Notably, its
gauge parameter is a spinor.



Casimir operators.

However, W2 is no longer Casimir for SUSY since it requires the same amount of
fermions and bosons. So, what are the irreps for SUSY? In general, we take an arbitrary
massive or massless state |\) with the spin A, then apply supercharges to create other
states like |A 4+ 1). The irrep is made up of all of these states.

In N =1 theory, for example, if we start with a massless scalar |0), the resulting irrep
is known as the chiral multiplet, which consists of two |0), one |1/2), and one |—1/2). In
other words, it contains a massless complex scalar and a Weyl spinor. Likewise, if we start
from a |—1/2) state, we obtain the vector multiplet, which is given by a gauge vector and
a Weyl spinor. In both scenarios, fields differed by spin-1/2. This is because (2.1) relies
on a single Majorana spinor (), as the SUSY generator.

Hence, in theories with N' > 1, we can expect to find fields distributed across a range
of spin values within a multiplet. If we limit our theory at most spin-2 fields?, we get a
matching number for N, which is N' = 8, i.e. 32 supercharges. This sets the maximum
amount of supercharges that a supergravity can have.

In higher dimensions, the number of components for spinors increases. Specifically, in
11-dim, the Majorana spinor already consists of 32 components, giving rise to a unique
supergravity theory. Similarly, in 10-dim, SUSY generators are characterised by Majorana-
Weyl spinors, consisting of 16 components. This gives us two distinct maximal (32 super-
charges) supergravities, which are recognised as Type ITA and Type IIB.

In this chapter, we will focus on 11-dim supergravity and Type IIB. We shall start with
11-dim supergravity, which in fact looks to be less complicated than Type IIB. Following

that, we will discuss some simple vacuum solutions and some planar brane solutions.

2.1 11-dim Supergravity

As stated in the introduction of this chapter, there is only one possible supergravity in
11-dim. This is also a remarkable feature since its uniqueness corresponds to what we
assumed to be the unique theory, M-theory.

To begin, we are aware that 11-dim supergravity includes a metric g, and a gravitino

2Higher-spin fields should be avoided since they yield inconsistent interacting QFTs in Minkowski [13].



Y. The metric has 44 (on-shell®) degrees of freedom, while the gravitino exhibits 128. As
a result, there is an imbalance in favor of bosonic degrees of freedom. This disparity is
reconciled through the introduction of a 3-form field A(s). Therefore, the field content of
11-dim supergravity comprises a metric, a gravitino, and a 3-form.

We will now establish some conventions for spinors in this context. We work with an
11-dim (spacetime) Clifford algebra, which is generated by gamma matrices I'* satisfying

the relation

{re, 1} = 2™ (2.5)

where a and b represent vielbein indices. Alternatively, the antisymmetrised products of
gamma matrices, i.e. {['® 19 . . T[92%-10} "also generate the Clifford algebra, in which we

[012-10 — —1 Furthermore, it is important to note that T generates

take the convention
the group Spin(10,1). We also define the charge conjugation matrix as I'°. Consequently,
the Dirac adjoint* € = ¢’ T, where € is a Majorana spinor.

The complete action of 11-dim supergravity was originally derived by Cremmer, Julia,

and Scherk back in 1978 [14]. However, we will focus on a simplified version in which only

bosonic fields are considered by setting ¢ = 0. This leads to the following action

1 1 1
S=go [ Bxl=gFag AxEa — cFay A Eag A Ag,  2w7, = (20)°lp (2.6)
11

where [p is the Planck length, R is the Ricci scalar, and F4) = dA(3) is the field strength.

Consequently, the equations of motion are

1 1 1
RMV = E<F5’/ — Eg/“/FQ)’ dxF + §F/\F: 0 (27)

where F2, = Fuoi000,F, 71727 and F? = Fy 5,60, 77127374, The SUSY transformations

are, schematically [15]

§g~ep, SA~ep, O~ Ve+ et (2.8)

3In this case, this means they are irreps of the little group SO(9).
4The Dirac adjoint is identical to Majorana conjugation since € is a Majorana spinor.



where € is a Majorana spinor that parameterises the transformation, and V represents

some derivative operator. Since 1) = 0, the only non-trivial transformation is

1 V12134 V1T WaVr3V4
(SZ/JM == V# + @(F# sha 86/1 rv=vs )FV1V21/3V4 € (29)

where V,, = 8, + fwuasl® is the usual Levi-Civita connection.

Therefore, for consistency (i.e. 1 = 0), we require J¢p = 0. The trivial case is just
¢ = 0, meaning no SUSY at all. So, we are looking for non-trivial solutions that preserve
SUSY, and such ¢ is referred to as a Killing spinor. This nomenclature is justified if we
define K, = €l',¢, then we can show that it is a Killing vector [16]. This can be generalised
to K7 for any Killing spinor €.

Furthermore, the presence of Killing spinors indicates a highly limited condition that
provides crucial insights into the geometry. For example, it has been proved that in cir-
cumstances where a timelike Killing spinor exists (i.e. its associated Killing vector is
timelike), the Einstein equations are automatically satisfied, subject to the flux satisfying
its corresponding equations of motion [16].

Even before delving into the equations of motion, the theory itself can offer valuable
insights. Specifically, the 3-form potential must have sources, namely the M2-branes and
Mb5-branes. To illustrate this, let us draw an analogy with electromagnetism coupled to a

charged particle, described by the following action

dxt dxv dxt

where A, is a 1-form, and ¢ represents the electric charge. Therefore, we anticipate that
a 3-form potential is coupled to a 3-dim worldvolume, specifically originating from the
M2-brane. Similarly, we expect the existence of M5-branes that are magnetically coupled
given by xFy) = d/~1(6).

to A, i.e. coupling to a 6-form potential flm_“%

10



2.2 Type IIB Supergravity

Recall that there are two unique maximal supergravities in 10-dim. This arises from the
fact that the SUSY generators are represented by Majorana-Weyl spinors, allowing us to
construct two distinct maximal supergravities, i.e. N = (1,1) Type IIA or N' = (2,0)
Type IIB.

For our interests, we will concentrate on Type IIB supergravity. However, it is worth
mentioning a few words about Type ITA. It can be derived from the Kaluza-Klein reduction
of 11-dim supergravity on S* (for detailed information, please refer to Appendix A). In
this reduction, the 11-dim metric decomposes into a 10-dim metric, a scalar field, and a
1-form potential. Similarly, the 3-form potential in 11-dim also decomposes into a 3-form
and a 2-form potentials in 10-dim. Omne can verify that these fields indeed possess the
correct number of degrees of freedom, which amounts to 128, by examining their on-shell
components, i.e. irreps of SO(8). Thus, we may already anticipate seeing certain extended
objects, such as a D4-brane®. Furthermore, the 2-form potential electrically couples to a
1-dim object, which is the fundamental string.

Let us turn our attention to Type IIB supergravity. Again, the on-shell bosonic degrees
of freedom must sum up to 128, in which the must-have 10-dim metric accounting for
35 of these degrees. This leaves us with 93 additional degrees of freedom to account for.
Just like in Type ITA, Type IIB also features a 2-form potential (coupling to the string),
which contributes 28 degrees. Moreover, if they are present, then we also require a scalar
for consistency. Recall that Type IIB and Type IIA theories are related by a T-duality
transformation. This can swap the boundary conditions of open strings between the two
theories. As a result, Dp-branes in Type ITA transform into D(p=£1)-branes in Type IIB [1].

Consequently, certain r-form potentials in Type ITA become (r + 1)-form potentials
in Type IIB. Therefore, we can anticipate the presence of O-form, 2-form, and 4-form

potentials. Indeed, the Type IIB supergravity action is (without fermions) [2]

Stie = Sns + Sg + Scs (2.11)

5Open strings are subject to boundary conditions at their endpoints, i.e. Dirichlet or Neumann. Specif-
ically, the Dirichlet boundary conditions lead to the definition of hypersurfaces known as Dp-branes, where
p denotes the spatial dimension of the brane.

11



where

1 1
Sng = 52 /R* 1— §d¢/\*d¢ — 56 ¢H(3) N *H 3)
1 o o ~ ~
Sk = _@/6%1’(1) N %Fy + e Figy AxFg) + Fisy AFis) (2.12)
1
Scs = P Ay N Hegy A Fz)

and we have H ) = dBg), F) = dA@-1), and 2k = (2m)71%
8 1 1
Foy=Fo —AoHe,  Fo =Fo — 540 AN He + 5B MM (2.13)

So, the bosonic field content is a 10-dim metric g,,, a scalar (dilaton) ¢, another scalar
(axion) A, a 2-form Bjy), another 2-form Ay, and a 4-form A ).

However, these fields result too many degrees of freedom, totaling 163, which exceeds
the requirements for supersymmetry. So, what is the issue here? From a group theory
perspective, a general 4-form field Ay in 10 dimensions can be further constrained by
demanding that its field strength is self-dual, meaning that dA) = xdAy). This self-
duality condition effectively reduces its degrees of freedom from 70 to 35. Thus, if we

impose this self-duality condition

Ei5) = *Fs (2.14)

the resulting bosonic fields will indeed have the correct number of degrees of freedom.

However, the challenge arises when we attempt to incorporate this condition into the
action. The kinetic term for the 4-form potential, under the self-duality condition, trivially
vanishes. As a result, it becomes impossible to construct a supersymmetric action for Type
IIB supergravity that includes the correct 4-form potential. Fortunately, the equations of
motion derived from this action plus the self-duality condition is supersymmetric. In other
words, while we cannot formulate a supersymmetric action, we can obtain correct equations
of motion for Type IIB.

Recall that to preserve SUSY, we have some Killing spinor equations to be satisfied.

12



In this case, we have two gravitini ¢ and two dilatini A, which transform like [2]

3 (i€ F, T — H,,,, T )e"

N = 1(8M<b —ie?0, A)) e + 1 !
6, = (V, + 86¢Fmr<’1r +—

1
g

t n 0102030405
16 5' ¢Fo’10’2030’40’5r 1920594 Fu)e (215>

7 ~
Hucrlazrmgz T §€¢F010203F010203Fu)6*

where spinor indices are omitted for simplicity, and € is a left Majorana-Weyl spinor (i.e.
e =e).

If we consider a specific scenario where only D3-branes are present, which are cou-
pled to the 4-form potential, we can set all other potentials to zero. The reduced action
becomes [17]

1 1 1
S]IB:@/R*l—§d¢/\*d§b—§F(5)/\*F(5) (216)

and the corresponding equations of motion are

1
R, = u¢8V¢+ T Frooamson B, 7207
i =0 (2.17)

while the SUSY transformations are

7

1
- - p
A= 2(@(;5)1“ €, 0, = <V + 0 6.51°

Fa102030405F0102030405F,u) € (218)

which are solved by a constant ¢ and a Killing spinor € that satisfies 1, = 0.

2.3 No Flux Solutions

We can consider a scenario where no fluxes are present. In both 11-dim supergravity and
Type IIB supergravity, the equations of motion, along with the Killing spinor conditions,
simplify to

R, =0, V,e=0 (2.19)

13



where 1 and v represent the spacetime indices (10-dim or 11-dim). This further implies

Vi, Vie=—Rypl”e=0 (2.20)

A

which means that e is a singlet of the restricted holonomy group generated by %;R;wponU-

In other words, the no flux solutions to 11-dim or Type II supergravity are Ricci-flat
manifolds with covariantly constant spinors, and the number of preserved SUSY depends
on the corresponding holonomy group. As an example, the simplest solution is Minkowski
spacetime, which is Ricci-flat and preserves all 32 supersymmetries since we only require €
to be a constant and impose no further restrictions.

However, for our interests, we are looking for solutions of the form R'* x M, where M,
is a (simply connected) Riemannian manifold, and 1+ p+ d = 10 or 11. This assumption
allows us to utilize Berger’s classification, which lists all possible holonomy groups for the
Levi-Civita connection for simply connected, irreducible (i.e. not as a product space), and
nonsymmetric (i.e. not locally a coset space G/H for Lie groups G and H) Riemannian
manifolds [18]. From this list, we can identify all possible candidates for M, i.e. Calabi-
Yau, G, Spin(7), and hyperkdhler manifolds.

Now, let us illustrate how to determine the amount of preserved supersymmetry. We
will begin by considering the 11-dim case for simplicity. Our spinor is in the spinorial
representation 32 of Spin(10, 1), which decomposes, under our assumption of R110=4x M,
as Spin(10 — d, 1) x Spin(d).

For example, consider a Spin(7)-manifold, which is an 8-dim manifold with the holon-

omy group Spin(7). The decomposition is as follows [15]

Spin(10,1) — Spin(2,1) x Spin(8)
(2.21)
32— (2,8,) + (2,8.)

where 8. denotes spinorial representations with opposite chiralities.

Following that, we further decompose it under the holonomy group Spin(7) C Spin(8),

14



which is

Spin(10,1) — Spin(2,1) x Spin(7)
(2.22)
32 5 (2,7+1) +(2,8)

So, if our solution takes the form of R? x Mg, where My is a Spin(7)-manifold, then our
covariantly constant spinor € must be in the (2, 1) representation. As a result, ¢ has two
real (on-shell) components, which implies that there are two preserved supercharges. This
can also be interpreted as preserving A = 1 SUSY in R%2.
We can replace Mg with Calabi-Yau 4-folds, denoted as C'Y,, which have SU(4) holon-
omy. In this case, the decomposition of the spinor representation is
Spin(10,1) — Spin(2,1) x SU(4)

(2.23)
32 = (2,6 +1+1)+(2,4+4)

and hence four supercharges are preserved. This can also be interpreted as N’ = 2 SUSY in
RY2. Similarly, we can also replace Mg with C'Y; x C'Ys, preserving N = 4 supersymmetry
in RM2. If My is a hyperkahler manifold, which has Sp(2) holonomy, then it will preserve
N = 3 SUSY in RY2. The overall results will be shown in the table below.
In Type IIB supergravity on Spin(7)-manifold, the decomposition of the spinor repre-
sentation is
Spin(9,1) — Spin(1,1) x Spin(7)

(2.24)
16 — (1,7+1) +(1,8)

hence each € in Type IIB has only one real component, resulting in the preservation of
two supercharges in total. In other words, this decomposition replaces the spinorial repre-
sentation of Spin(2,1) in 11-dim supergravity with the trivial representation of Spin(1,1)
in Type IIB. Therefore, in both cases, the number of preserved supersymmetries depends

solely on the choice of M.

15



| d=dim M, | Holonomy | SUSY
10 SU(5) 2
10 SU@B)x SU@2) |4
8 Spin(7) 2
8 SU(4) 4
8 Sp(2) 6
8 SU@2) x SU@2) |38
7 Gy 4
6 SU(3) 8
4 SU(2) 16

Table 2.1:  This table provides a summary of the preserved SUSY for a given M, as
presented in [15]. Specifically, the first column indicates the dimension of the respective
manifold, the second column specifies the holonomy group, and the last column indicates
the number of preserved supercharges.

2.4 Planar Brane Solutions

Consider a D-dim Minkowski spacetime, where D is either 11 or 10. In this background,
the introduction of a planar p-brane naturally results in the breaking of the original D-dim
Poincaré symmetry into the direct product /SO(1,p) x SO(D —p—1). As a consequence,

the most general metric preserving this remaining symmetry is [19]

ds?* = 24y, datdx” + 2B dy' dy (2.25)
where x# are coordinates of the worldvolume with g = 0,1,...,p, and 3 transverse coor-
dinates with i = 1,2,..., D —p— 1. We have also defined the radial distance in transverse

space as r? = y'y'. To better accommodate the SO(D — p — 1) symmetry, it is more

convenient to work in spherical polar coordinates [17]
ds* = 4y, datdz” + 2B [dr? + r?ds®(SP7P72)] (2.26)

where ds®(SP~P~2) denotes the standard metric on SP~P~2.
We can use the vielbein formalism to derive all the necessary information, including

spin connections and Ricci tensors. To do so, we define the vielbeins as follows

e = eA(T)(Sde“, eft = Py, em = relem (2.27)

16



where €™ represents vielbeins on SP~P~2. The subsequent steps involve straightforward

calculations of spin connections and curvature 2-forms using Cartan structure equations

de® +w¥ ne¥ =0, RY, = dw?y +w, Awh, (2.28)

where XY, Z represent vielbein indices for the entire spacetime.

The non-vanishing spin connections are summarized as follows

waR _ A/e—B(T’)ea
W = wm (2.29)
m —B(r) / 1 m
wp=e B +-e
r
where A’ = %, and w™ represents the spin connection on SP7P72. Consequently, the
non-vanishing components of the curvature 2-forms are
Rabac — _nbcA,2€_zB
RaRRa — €—2B (A// + A/Q _ A/B/)
1
a _ 2B g/ / -
R mam ~ e A (B + 7") (230)
1\2
m  _ pm —2B Iy [p 54
Rnpq_Rﬁpq_e (B+7,) OmOn

1
mRRm — 6723 (B// + ;B/)

where the Einstein summation convention is not applied. Then, the Ricci tensors are

Rab = —7”]a5672B A” -+ dA/2 -+ gA/BI -+ —d + 1AI
T
~ 1
Rpp = —e 2B [d(A” + A% — A'B) + (d+ 1)(B" + —B’)} (2.31)
r

. 2d + 1 d
Rmn:_ mn672B (B//+dA/B/+dB/2+—+B/+—A/>
T T
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or in terms of spacetime indices (with M and N being coordinates on S7)

. 1+1
R/u/ — _UMVGQA_QB A// + dA/2 + dA/B/ + d + A/
r
~ 1
Ry, = — {d(A” +A? —AB)+ (d+1)(B" + ;B’ﬂ (2.32)

. 2d + 1 d
RMN = —TQQMN (B” =+ dA,B/ + dBQ + —+B, + —Al>
r r

where d = p+ 1, and d = D — d — 2. It is important to note that one key result is based
on the fact that SP~?~2 is an Einstein manifold, i.e. its Ricci tensor is proportional to its

metric.

M2-brane

Because the M2-brane electrically sources the 3-form potential, we can make the assump-
tion [19]

Ay = €upe’ " = Frup = €0, (2.33)

we then substitute this assumption into the equations of motion, resulting in
dx Fyy=0 = V*C+C'(C'+6B —3A") =0 (2.34)

where V? represents the Laplacian in 8-dim Euclidean space, and the condition FiyyAFy) =
0 is trivial due to the ansatz.

With d = 3 and d = 6, the Einstein equations take the form

A// + 3A/2 + 6A/B/ + ZA/ — %0/2620614
T
1 1
B(A" 4 A” — AB) +7(B" + - B') = 5070 (2:35)

B" +3A'B' +6B” + By + S —éC’QeZCf’A
T T
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and the Killing spinor equations are

1 1
(5¢u = (au — 56_‘4_3&6’4% X 0901 @ 1-— 66_3‘4_3&60% X 09 X ]1) €
1
S, = (@ — 66731481”60]1 Qo ® ]1) €
= 1 - I o5y B L' sa-Bqy c
0y, = Vm—§]1®01®2m—§e Oye ]l®01®2m+ﬁe 0,e"11%,, )€

(2.36)

where gamma matrices are defined as
[,=7%®0 ®1, [r=1®0,®1, I,=1®03 %, (2.37)

and (@m — %]l ® o1 & f]m)e = 0 for covariant derivative @m and gamma matrices i]m on
S7 [20].

These equations have solutions given by
34=-6B=C, e=e®@mne 6 (2.38)

where ¢ is a constant spinor in 3-dim spacetime, and 7 is a constant spinor in the 8-dim

transverse space. Notably, the spinor satisfies the chiral projection condition
(1®1)-n=-—n (2.39)

which is equivalent to

F012€ = —¢€ (240)

since ['g12 squares to the identity and is traceless, it can be used to construct a projection
operator that reduces the number of independent components of € by half. Consequently,
the number of preserved supersymmetries by this solution is 16.

By substituting these results into the equation (2.34), we obtain

VIC-C?*=0 = Ve “=0 (2.41)
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which is solved by harmonic functions
k
e “OD=Hr) =1+ — (2.42)
where k is a constant. Consequently, the metric becomes
2 k 7§ JVs % k % 2 27.2/Q7
ds* =1+ o Nwdx'dz” + ( 1+ 5 [dr? + r°ds*(S7)] (2.43)
and the 3-form potential takes the form

k -1
Auup = €uvp (]— + 7"_6) (244)

which concludes the M2-brane solution.

It is important to note that at » = 0, there exists a coordinate singularity, but not a
curvature singularity, indicating the presence of a horizon. Just like in the Schwarzschild
solution, it is possible to perform an analytical continuation into the horizon, as discussed
in [19].

This solution represents the complete 11-dim spacetime geometry when planar M2-
branes are introduced into 11-dim Minkowski spacetime. It is evident that the solution is
asymptotically flat, which aligns with our expectations since at a far distance, the presence
of M2-branes becomes negligible. However, as we examine the near-horizon region, i.e.
as 7 — 0, we observe that e~ ~ k/r® and by performing a coordinate transformation

which corresponds to AdSy x S in Poincaré-AdS coordinates, and this observation holds
significant relevance in the context of the AdS/CFT correspondence. Moreover, it is worth
noting that AdS, x S7 itself is also a solution to 11-dim supergravity, preserving all 32
supersymmetries. Hence, we can think of the M2-brane solution as interpolating between

two maximally supersymmetric solutions, from Minkowski spacetime to AdS, x S7.
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Mb5-brane

Now, let us consider the magnetically charged M5-brane using the ansatz [19]
Frnpg = —€mnpqrOreC) (2.46)
and once again, we have F' A F' = 0 and dF = 0, which implies
dxF=0 = V% =0 (2.47)

where V? represents the Laplacian in 5-dim Euclidean space. This equation is solved by

. k
ef =14 = (2.48)

where k is simply a constant.

With d = 6 and d = 3, the Einstein equations become

A// + 6A/2 + 3A/B/ + éA/ _ %0/262063
T

1 1
6(A// + Al2 _ A/B/) + 4(3// + _B/) — 60/2620_63 (249)
T
B" +6A'B' +3B" + Tp + Op = _Lonpcsn
r T 3

and the Killing spinor equations are

1 1
5w# = (au — §e’Aar€A’Yu’Y7 ® Er - 1_2673Bar60’7,u ® Er) €

1
5?/% = (ar + 5673387"6077 & ]1) € (25())

- 1 - 1 1
Oty = (Vm — L@ NN, + 5e—BareB]l R LSy — 66—35@60% ® Emzr) €
with gamma matrices
le=7%®1, Tr=7®Zp Th=71®%L, (2.51)

where we have defined v; = Yg12345 and X g = Y1034.

Once again, using the fact that (@m — %]l ® X Rim)e = 0 for covariant derivative V,,
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and gamma matrices %, on S* [20]. These are solved by
—6A=3B=C, e=¢®e (2.52)

with the projection 7€y = €p, i.e. Igjaza5€ = € for constant spinors ¢ (in 6-dim) and 7y (in
5-dim). This implies that the solution preserves 16 supercharges.

Hence, the solution for the planar M5-brane is

1

-1 2

with the magnetic flux

1
Fnnpg = Kemnpor (2.54)

and by taking the near-horizon limit with a coordinate transformation p? = 4k/r, the
metric becomes

1 1
ds? = 4k3 E(nw,dx“dx” + dp*) + Zd82(54) (2.55)

which is precisely the metric for AdS; x S* in Poincaré coordinates. And, similar to the
previous case, AdS; x S* itself is also a solution to 11-dim supergravity, preserving all 32

supercharges.

D3-brane

Let us recall that the truncated Type IIB action (2.16) is meant to describe the geometry
associated with D3-branes. Notably, the D3-brane is dyonically coupled to the potential,
meaning it is coupled both electrically and magnetically. This occurs because the flux is

self-dual. Consequently, the ansatz for the self-dual flux can be expressed as

F(5) = (1 + *) G(5) (256)
where
Ful/pm" = Guupar = euupaareC(r)a anijk = (*G)mnijk = Emnijkr64(B_A)arec(T) (257)
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which gives the Einstein equations

A// + 4A/2 + 4A/B/ + §A/ _ 20/2620_814
T
1 1
A(A+ A~ A'B) 4+ 5(B" + - B') = {070 (2.58)
9

B//+4A/B/+4B/2 +IB' + %A/ _ —20/2620_814
r r

and the flux equation is given by
dFis =0 = V?C+C'(C'+4B —44') =0 (2.59)

where V2 represents the Laplacian on 6-dim Euclidean space. Lastly, the Killing spinor

equations are

S, = (& + 64A8T€C> € (2.60)
= L s B 1 a4y c r
UV =(Vp—=1%, |+ 56 o,e” + ge oye” | X207 €
with gamma matrices
l,=7%®1, I'gr = —ivs ® YR, L= —ivs @ %, (2.61)
where 5 = v9123. They are solved by
4A= 4B =C, e=¢ @ e /8 (2.62)
with the chiral projections
Y5€ = iEQ, 27770 == —Z’I’]O (263)

or, equivalently, ['gjo3¢ = €. Therefore, each € now has 8 independent components, and as

a result, the solution preserves 16 supercharges once again.
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As a consequence, the other equations of motion becomes

k
Ve @=0 = e =1+4— (2.64)
r
and hence the D3-brane solution is
2 k 7% JVs % k % 2 27.2/Q5
ds* =1+ " Nwdx'dz” + ( 1+ py [dr? + r°ds®(5°)] (2.65)

which interpolates between 10-dim Minkowski (far horizon) and AdSs x S® (near horizon).

This can seen by taking the limit » — 0 followed by a coordinate transformation p = k2 /T

1
ds® = k2 b(nﬂydﬂdw” +dp*) + d52(55)} (2.66)

and once again, AdSs x S° itself is a solution to Type IIB preserving 32 supersymmetry.

Apex Solutions

In fact, our construction for brane solutions can be extended by replacing the transverse
space to other Ricci-flat Riemannian manifolds M with special holonomy, i.e. SU(n), Gs,

Spin(7), or Sp(n). In other words, we can use the following ansatz for the metric

ds?* = 2y, datdz” + 2P ds* (M) (2.67)

with the transverse space M being

ds* (M) = dr® + r?ds*(X) (2.68)

where the manifold X depends on the specific nature of M. For instance, if M is a
Calabi-Yau manifold, then X must be Sasaki®-Einstein.

By maintaining the same flux ansatz, we can generate a wide range of solutions describ-
ing planar branes with transverse spaces represented by special holonomy manifolds. For

example, the D3-brane located at the apex of a Calabi-Yau cone (C'Y3) can be described

6A compact Riemannian manifold X is Sasakian if and only if dr? + r2ds?(X) is Kihler [21].
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by the following metric
2 k E ooV k : 2 272
ds* = (14 3] nudetde’ + (143 [dr® + r*ds®(SEs5)) (2.69)

where S E5 represents a Sasaki-Einstein 5-fold. This particular solution interpolates from
R x C'Y3 (far horizon) to AdSs x SEs (near horizon). In analogy to previous cases, this
solution preserves half of the supersymmetry of R x C'Y3. For further in-depth discussions

on this topic, we can refer to [22].

Further Discussions

In summary, we have successfully derived planar brane solutions in 11-dim and Type
IIB supergravity. Initially, we explored scenarios involving planar M2-branes, Mb5-branes,
and D3-branes in 10/11-dim Minkowski spacetime. These solutions smoothly transition
from Minkowski spacetime (far horizon) to AdS,,s x SPP=2) (near horizon) geometries.
Furthermore, we extended our analysis to more general solutions that interpolate between
RYP x Mp_,—1 and AdS,i2 X Xp_p,_o spacetimes. In both cases, we found that these
solutions preserve a portion of supersymmetry. Consequently, our findings provide a rich
variety of AdS solutions with preserved supersymmetry that can be used for investigating
the AdS/CFT correspondence.

There are a few additional aspects to consider. For instance, we haven not explicitly
specified the constant k, but it is directly related to the total number of branes stacked at
r = 0. This is evident when we calculate the conserved electric/magnetic charges, which

are essentially the number of branes

Qo / *Flprzy = Vol(SP P 2Vkd,  Quag X / Flpra) = Vol(S”7?)kd
SD—p—2 SD—p—2
(2.70)
where d is previously defined, and Vol(S""!) = nx/I(1 + ). Therefore, if there are N
branes stacked at r = 0, then £k < Q = N.
Moreover, it is worth noting that we can accommodate multiple branes at different
spatial locations using a multi-centric harmonic function H(r) =1+k) . |r — ri]_‘i, which

also satisfies the Laplace equation. In fact, all properties of brane solutions are similar
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to those of extremal Reissner-Nordstrom black holes, i.e. AdS, x S? and multi-centric
solutions. Actually, these brane solutions are also known as extremal black p-branes,
see [19] for details. In addition, these branes are BPS states, which means they saturate
BPS bounds. As a result, the ADM tension/mass of these branes is equivalent to their

electric/magnetic charges.
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Chapter 3

The AdS/CFT Correspondence

The AdS/CFT correspondence, proposed by Maldacena [4], establishes a duality between
conformal field theories (CFT) in d-dim and a gravitational theory in (d + 1)-dim Anti-de
Sitter (AdS) space. The most well-known example of this correspondence is the duality
between Type IIB superstring theory on AdSs x S® and N' = 4 SU(N) super Yang-Mills
(SYM) theory. Before we delve into this specific example, let us clarify what AdS and CFT

are, following mainly [23].

3.1 Anti-de Sitter Spacetime

Anti-de Sitter (AdS) spacetime is the maximally symmetric solution to Einstein’s equations
with a negative cosmological constant. It can be understood as a hypersurface embedded

in R?? given by

U+ V- X'X'=[? (3.1)
where + = 1,...,d and the metric is
ds?*(R*?) = —dU? — dV? +dX'dX* (3.2)
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and if we change the coordinates by

z 1 2 a,.a 2
Uz;[1+§(L + a2z —t)]
L
V=—t
“ (3.3)
L
X% = —z°
z
d z 1 a,.a
where a = 1,...,d — 1, then the induced metric will become
L? L?
ds*(AdSg.,) = - (—dt® + dada® + d2*) = — (Nuwdz"dz” + d=?) (3.4)
z z

which is called Poincaré patch for AdS, and L is a constant called AdS radius. This is
exactly the form we encountered in brane solutions. Note that, this patch covers only a
portion of the whole AdS spacetime.

One crucial aspect of AdS spacetime is its boundary, defined at z = 0, which is just the
conformal compactification of d-dim Minkowski. An intriguing property of AdS spacetime
is that the spatial distance from its interior (z # 0) to the boundary (z = 0) is infinite.
However, a null curve can reach the boundary in a finite amount of time, allowing it to
reflect back in a finite time as well.

Therefore, in the AdS spacetime, it is crucial to specify boundary conditions to properly
study the dynamics within the interior. In the context of the AdS/CFT correspondence,
different boundary conditions in AdS4., correspond to introducing sources for the operators
in d-dim CF'T. This is why it is often stated that the field theory lives at the boundary
of AdS [24]. Furthermore, at the boundary (z = 0), one can observe a scaling symmetry

(z* — Az* and z — Az), which further suggests that the field theory is a CFT.

3.2 Conformal Field Theory

Conformal transformations are coordinate transformations z# — Z* such that the metric

I (%) = G (2) = Q(2) gy (7) (3-5)
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where Q(z) is a local positive factor. The interpretation of conformal transformations can
vary depending on whether we are dealing with a fixed background metric or a dynamic
one.

In the case of a dynamic metric, a conformal transformation corresponds to a diffeo-
morphism, i.e. a gauge symmetry. However, when dealing with a fixed background metric,
the conformal transformation should be viewed as a genuine physical symmetry. In this
case, it gives rise to global symmetries with associated conserved currents [1]. This is the
interpretation we typically adopt when discussing QFT.

A conformal field theory (CFT) is a QFT (in Minkowski) with conformal symmetry,

i.e. the theory is invariant under ), — (z)n,,. Consider an infinitesimal transformation

=t =at + () = Q) =1- f(x) (3.6)

where ¢”(z) and f(x) are infinitesimal. This implies

a,u€u + az/Gu = f(x)nw/ (37>

known as the conformal Killing equation. After some algebra (e.g. taking the trace and

the derivative), we can show that

20,0,€p = MpOuf + NupOu f — MO, f = 20%, = (2 — d)0,f (3.8)

indicating that d = 2 CFT is special, which possesses an infinite number of generators.

For d # 2, we can show that after taking the derivative and some algebra

which is solved by f(z) = A+ B,z*. This implies

€u(z) = a, + b’ + cppr’a’ (3.10)

where a,, b,,, and c,,, are infinitesimal constants. Each of these terms represents a

2
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different type of conformal transformation:
e a, corresponds to spacetime translations.
e by, corresponds to Lorentz transformations.
® b(.) = A1y, are scaling transformations.
® Cuvp = Nupby + Nuwb, — Mupb, are special conformal transformations.

As a result, we can show that they form the conformal algebra, which is Poincaré
algebra with non-trivial commutators
[DvP#]:iP,u? [DﬂKM]:_iK#

(3.11)
(Mo, Kp| = i(up Ky — 1upK), [Py Ko = =200 D + M)

with P, and M, as Poincaré generators, D as the scaling generator, and K, as the special
conformal generator.

It is also worth mentioning that D, M,,,, P, also form a closed algebra, and one might
speculate that there are theories that are not conformal but only scale and Poincaré in-
variant. However, these types of theories appear to be non-unitary and therefore not of
physical interest [25]. In our cases, we will assume that scale invariance is sufficient to

imply conformal invariance.

We can define the generators as follows

- nz

1
Juw = M, Jpd = §(PM — KM) 21
Jpdy1 = §(P# + K,), Jaa+1 =D

where the comma between indices is used to emphasize two separate indices without any
special meaning. Along with the constraint J,, = —Jp, for a =0,1,...,.d —1,d,d+ 1, we
can show that J,, generates the SO(d,2) Lie algebra, which is also the isometry group
of AdS441, as easily seen from (3.1). This provides another hint about the AdS/CFT
correspondence.

Recall that a CFT is scale-invariant, which means the theory looks the same when we

zoom in or out in terms of length or energy. A simple example of a CF'T is massless free
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scalar field theory since it looks the same at all scales. However, not all scale-invariant
theories are CFTs. For example, consider a massless ¢* theory in 4-dim, which is scaling
invariant. However, there are some subtleties when considering quantum effects. In fact,
the beta function of the coupling is non-zero, indicating that it is not scale-invariant at the

quantum level.

3.3 The Field-Operator Correspondence

Suppose we have a massive scalar field in AdS, which satisfies
V3¢(z,2) = m*¢*(x, 2) (3.13)
where V2 is the Laplacian in AdS with Poincaré patch. We can take a Fourier expansion
b(z, 2) = / A ke f (ke 2) (3.14)

and hence each mode satisfies

f//_gf’— <k2+m;LQ)f—O (3.15)

z

where k = \/k,k* and f' = df /dz. Using f(k,z) = 2¥/2h(kz), we get
2h" + ph’ — (i 4+ v*)h =0 (3.16)

where v? = m?L? + d*/4 and now h' = dh/dp. This is just the Bessel equation, whose

general solutions are

B() = a(k)K, (1) + b(k) L, (1) (3.17)

where a(k) and b(k) are constants to be determined by boundary conditions, and

= 1 2ntv w1, () — I,
L(w) = ; n!l'(n+ v+ 1) (g> ’ Kol = 2 Z?l(ﬂ'l/) = (3.18)
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We can analyse how ¢(x,z) behave near the conformal boundary z = 0. In this limit

(z — 0), we have I, ~ ¥ and hence K, ~ pu~" + ¥, which results
flk,2) = a(k)z 21 +..) +c(k)z2(1+..)) (3.19)

where A = ¢ 4+ v and ¢(k) can be determined from a(k) and b(k). Note that ... represents

an ascending power series of 2%, which can be seen from I,,(11). We only need A € R which

m? > — (%)2 (3.20)

known as the Breitenlohner-Freedman (BF) bound. This allows the mass to be imaginary

implies

(i.e. tachyonic states). Now, we want some boundary conditions to determine two arbitrary
constants, which are data at past infinity (i.e. initial condition) and at the conformal
boundary (recall that null rays can relate dynamics between the boundary and the interior).

To proceed, we can perform an inverse Fourier transform such that
(x,2) = go(x)2 2 (L +...) 4+ da(x) 2> (L +...) (3.21)

where again ... represents an ascending power series of 2%, and ¢o(x) ~ [ d*ke**a(k). So,
we can now try fixing a boundary condition. Let us start with the conformal boundary
one, i.e. z = 0. For simplicity A > d/2, the leading term is given by ¢o(x) as d — A < A,
hence the boundary condition at z = 0 is fixed by ¢¢(x). This is further justified when
A = d, and ¢y is exactly the value of ¢(z,2) at z = 0. Note that, for A > d, the leading
term is divergent.

To establish its initial condition, we consider the behavior of the fields at past infinity

(i.e. z— oo and t — —o0). This implies

az’ bes
Pz, 2) ~ ——eFn TR (L ) =

ehuetthz( 3.22
N/ N/ ( ) (3.22)

where k = /k,k#. For spacelike k (i.e. k is real), we want the field to be regular, and
hence we set b = 0. For timelike k& (i.e. k is purely imaginary), we want to set the initial

condition such that there are no waves propagating from the past infinity, hence b = 0. In
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other words, the initial conditions imply that there are no fields originating from the past
infinity, but the fields can propagate into the future due to the conformal boundary.

Therefore, from above conditions, we have
f(k,z) = angV(kz) =gz A+ a2t (3.23)

where one can show that

a; o< k*2 g, (3.24)

which implies that

d 1
pa(z) o< /d ym%(y) (3.25)

and hence we can see that ¢y(z) fixes the conformal boundary and ¢4(z) is the responce
to that condition.

Now, consider the scalar action, which can be expressed after by parts as

1 1
S=3 /M d?zdz/—gp(V2h — m2p*) — 3 /a dSAp0a¢ (3.26)

M

where A =0,1,...,d—1, z. If we take the scalar field to be on-shell, then only the boundary

term remains

1
S=—= dS“¢o :
2 /8/\/1 P00 (3:27)

and consider the integral evaluated at a fixed z boundary

L d—1
S(z) = % / ' (;> $0.¢

(3.28)
1
-2 / deL [(d— AR (@)= 4.+ déo(@)palx) + ..
Therefore, the on-shell action is
S =lim S(z) (3.29)

z—0

whereas the z — oo boundary gives no contributions. However, for our assumption

A > d/2, the on-shell action diverges, but can be regulated by introducing counter terms.

33



Suppose the scalar action is

1

_1 d — 2 242 A 2
S—Z/Mdzdz\/_gqb(qu m2?) Q/st ¢8A¢+/8Md8((]gb ) (330

where C' is a constant. Then, the on-shell action is

1
S == dS4¢0 dS(Co® + . .. 3.31
/BM ¢>A¢>+/ (Cé*+..) (3.31)

2 oM

and we can show that for a fixed z boundary

/ dS(C¢*+...) = C/dded‘l [(d— A)gp(2)29722 + ...+ doo(x)¢a(x) +...] (3.32)
oM

which implies that C' = —%. Therefore, the renormalised on-shell action is

2A—d

5 2

/dded_1¢o(:v)¢d(x) (3.33)

which implies that

S = c/ddxddy;mgbo(x)gbo(y) (3.34)
[ =yl

for a constant ¢ depending on d and L.

Now, we can state a more precised version of the AdS/CFT correspondence, which is

Zaaslo(w, 2 =0) = ¢o(7)] = Zorr[po(7)] (3.35)

where Zopr|do] is the typical generating function for a QFT, in this case it sources some
scalar operators O(z). For Zags[do], there are more subtleties, even if we can write down
some gravitational path integrals. However, we can take the saddle-point approximation

when the AdS radius is very large, such that

Z as[¢o] ~ ol I Do (3.36)
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and hence we can show from the both sides

1

eyt

(O(x)0(y)) (3.37)

In other words, the field in AdS acts like a source for the field theory living on the conformal
boundary. Moreover, this works for other fields, e.g. the bulk metric in AdS is dual to
the stress-energy tensor in CFT, and we could also discuss how the mass of bulk fields is

mapped to the scaling dimension of CF'T operators.

3.4 D3-brane : Worldvolume Theory

Now, we shall discuss the duality between Type IIB theory in AdSs x S° and N = 4
SU(N) SYM in 4-dim. First of all, consider a general 3-dim extended object (i.e. 3-brane)

in 10-dim Minkowski, whose worldvolume action is Nambu-Goto

S =—Ts [ d*o\/—det ha (3.38)

where hqy, = 1,,0,2"0px"” is the induced metric. However, D3-branes are attached by open
strings, which can give some excitations on its worldvolume, and hence its effective (not

including SUSY, for simplicity) action becomes the Born-Infeld action [26]

S—_T, / /= et (huy + 270 Fig) (3.39)

where Fy;, is a U(1) field strength, and recall o/ characterises the string length scale. We
can use the diffeomorphism to fix a static gauge, i.e. 0% = x% such that hq, = 1, + 0, 2° 02"
where 2! are the remaining 6 transverse spatial coordinates. We can now define ¢* = 2wa/x!

and expand the action in small o/, which corresponds to low energy in string theory

S = —(2md/) T / d'o GFabFab + %aawaa(pi + ) (3.40)

where we have used the identity vdet M = ei Trlos(MMT) g0 o given matrix M. So, the

bosonic fields on the worldvolume theory are 1 massless vector and 6 massless scalars.
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In our earlier discussion, we established that the planar D3-brane solution to supergrav-
ity preserves 16 supercharges, corresponding to N' = 4 supersymmetry in 4-dim. So, we
should introduce a SUSY worldvolume theory. While a rigorous approach involves adding
a Wess-Zumino term into the original action and carefully studying it, we can make a
reasonable inference based on the fact that the lowest irrep of ' = 4 in 4-dim consists of
1 vector, 6 scalars, and 4 Weyl spinors. Therefore, in order to preserve SUSY, we expect
to add 4 Weyl spinors to the worldvolume theory.

Furthermore, as previously discussed, when we have N D3-branes stacked together,
the endpoints of an open string can attach to different D3-branes. This promotes the
U(1) gauge fields to SU(N) gauge fields. Therefore, we conclude that there is an N' = 4
SU(N) SYM theory on the worldvolume of the D3-branes. This is a significant finding in
the context of the AdS/CFT correspondence, as it establishes a connection between the
supergravity solution in the bulk and a gauge theory living on the brane.

Given that T3 = (2mgs) ' (27a/)™2 [27], where g, characterises the string coupling

strength, the worldvolume action becomes

1

S=-
21mgs

/ Tr (Fio) A*Fo) + ... (3.41)
which allows us to identify g%,, = 2mg,. Moreover, for a SU(N) gauge theory, the 1-loop

beta function is given by (when all fields are in the adjoint representation)

11 2 1
Bgym) o 3 §NW - gNs =0 (3.42)

where Ny is the number of Weyl spinors and N; is the number of scalars. This indicates

that the theory is scale invariant, i.e. CFT.

3.5 D3-brane : Two Perspectives

The study of D3-branes provides us with two equivalent perspectives, highlighting the
duality inherent in the AdS/CFT correspondence [28]. In the first perspective, D3-branes

are viewed as the endpoints of open strings, and this perspective is valid only when ¢, < 1
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since we are treating strings perturbatively. In this context, the complete action takes the
form

S = Sclosed + Sopen + Sint (343)

where Sciosed/open T€Presents the effective action describing closed/open strings (including
massive ones), which can, in principle, be derived from string scattering amplitudes. The
term S;,; describes the interaction between open and closed strings. Sppe, and S, can
be derived from the Born-Infeld action (with a general metric field), along with its Wess-
Zumino terms.

However, we are interested in the low-energy limit o/ — 0, which leads to

Sclosed — SIIB) Sopen — SSYM) Sint — 0 (344>

which implies that we have two decoupled theories (i.e. Type IIB supergravity and ' = 4
SU(N) SYM theory) Moreover, the gravitational coupling  is proportional to a'?g,, which
also approaches zero in this limit. Therefore, S;;p effectively describes a free gravity theory,
i.e. Type IIB in 10-dim Minkowski.

In another perspective, D3-branes are regarded as non-perturbative solutions to Type
[IB supergravity. This viewpoint is valid only when Ng, > 1, since we require the length
scale of curvature (e.g. the AdS radius L) to be much larger than the string length scale,
i.e. o/. This ensures that supergravity is a valid approximation of superstring theory, as
L*/a o< Ng,. In this scenario, we also have two decoupled theories, in which one is Type
IIB supergravity in 10-dim Minkowski (far horizon), and the other is Type IIB supergravity
in AdSs x S° (near horizon).

In both perspectives, we have two decoupled theories, with one being Type IIB super-
gravity in 10-dim Minkowski. This leads to the conjecture that Type IIB supergravity in
AdS5 x S5 is dual to N' = 4 SU(N) SYM theory. Importantly, we have taken the following

limits to establish this correspondence

g <1, o =0, Ng>1 (3.45)
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which also corresponds to the 't Hooft limit, where N — oo while keeping the 't Hooft
coupling A = Ng%,, ~ Ny, fixed. This is worth mentioning because SU(N) gauge theories
can be formulated in terms of the 't Hooft coupling as follows

1

2
9y M

L=—

N
Tr F? = Y Tr F? (3.46)

and one can perform an expansion of the amplitudes in powers of N in the 't Hooft limit,
which turns out to be related to string theory given by g ~ 1/N. This further justifies
the AdS/CFT correspondence, as discussed in [ooguri, 29].

To assess the duality between the two theories, it is essential to align the fields in
AdS with operators in the CFT. Nevertheless, for simplicity, let us undertake a simple
consistency examination by matching the symmetries on both sides. On the AdS side, we
have an isometry group SO(2,4) x SO(6) arising from AdSs x S®, and this background also
preserves all 32 supercharges in Type IIB. On the CFT side, we are dealing with N' = 4
SU(N) SYM theory in 4-dim. This SCFT has an R-symmetry group SU(4) = SO(6), in
addition to the conformal group SO(2,4). However, N' = 4 only gives 16 supercharges.
In fact, we also require an extra 16 fermionic generators to close out the superconformal
algebra [24]. This totals 32 supercharges on both sides. Such consistency strongly suggests

that the AdS/CFT correspondence indeed establishes a valid duality.
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Chapter 4

Wrapped Brane Solutions

In the previous discussion, we introduced the AdS/CFT correspondence and identified
supergravity solutions that include an AdS factor. When studying CFT, we can deform
it by introducing certain operators. These operators can trigger a renormalization group
(RG) flow, leading to a different CFT in the IR. Consequently, we anticipate observing a
similar behavior in the corresponding gravity description.

Indeed, wrapped brane solutions provide a valuable perspective on the renormalization
group (RG) flow from planar brane solutions. As an example, M2-branes can be wrapped
on a 2-sphere S?, transforming their worldvolume into R x S2. This configuration yields a
supergravity solution with a near-horizon geometry of AdS,; x My. When we zoom in on
the worldvolume, according to the definition of a Riemannian manifold, we eventually reach
a Euclidean space. Consequently, the worldvolume effectively returns to 3-dim Minkowski
space. Therefore, we classify wrapped brane solutions as representing the IR regime, while
planar brane solutions are associated with the UV regime. This highlights how different
brane configurations can correspond to different phases of the dual field theory, and it plays
a crucial role in understanding the AdS/CFT correspondence in various contexts.

When considering brane solutions that preserve SUSY, we must carefully choose the
surfaces that can be wrapped on. Our discussion will mainly follow [15, 17]. To begin, we
will consider a probe-brane scenario, where the brane is effectively massless and neutral,
having no significant influence on the background. This implies that our backgrounds must
be Ricci-flat manifolds with covariantly constant spinors, such as the solutions discussed

in section 2.3.
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Let us examine the worldvolume of M2-branes for simplicity. The worldvolume action
is given by

1
S=-T, | &®c+/—dethy + ae“b‘:@axuﬁbx”&x”/lwp (4.1)

where h,, represents the induced metric on the brane worldvolume, and we have set the
fermionic fields to zero since we are primarily interested in the bosonic configurations that
preserve SUSY, similar to our approach in studying supergravity solutions.

To proceed further, let us consider a background metric of the form
ds® = —dt* + g;;da'dx? (4.2)

and we choose a gauge where ¢” = ¢. In addition, since we are dealing with a probe-brane
scenario (with negligible mass and charges), we set A = 0. Consequently, the action is

determined by the energy functional

E=-T, / d*ov/det myg, My, = g0’ Oy’ (4.3)

where p and ¢ represent the spatial worldvolume coordinates.

Indeed, in the probe-brane scenario, M2-branes minimise their spatial area on-shell.
This aligns with our earlier discussion regarding planar M2-branes, which is a minimal
surface in Minkowski. This principle holds true for various branes within this probe-brane
framework.

Recall that we set the fermionic fields to zero, which means we need to impose con-
straints to preserve SUSY. By considering the explicit SUSY transformations, we can find

the constraint is [17]

(1-T)e=0 (4.4)

where € represents the Killing spinor of the background, and

1 . .
[, v = éepqﬁpxzf)qxjfij (4.5)
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where {T';,T';} = 2g;;. We can also show that I' is Hermitian and I'> = 1, which implies

2

6T1;F€:€T1;F1;F€:‘1;FE >0 = ele>€le (4.6)
since we can always normalise efe = 1, hence
le <1 = —&ye < Vdetm (4.7)
So, if we define a 2-form
0= —%grijedxi A dx? (4.8)

then we get a 2-form that satisfies (in terms of the components) vdetm > ¢. Moreover,
it can be shown that the form is closed [15].
In fact, this is known as a calibration, which is a p-form ¢ on a Riemannian manifold

M that satisfies

dp =0, / ¢ < Vol(2) (4.9)

for all p-cycles ¥ C M. Consequently, we say that a p-cycle X is a calibrated cycle if
¢|s = Vol|s. We can now show that if ¥ is a calibrated cycle, then it has the minimal
surface in its homology class. Consider another cycle ¥ such that ¥ — ¥ is a boundary,

then

Vol(%) = /E s

=t ke
_/Rd¢+/i¢ (4.10)
[

< Vol(%)

which proves that Vol(X) is the minimum area.
Consider backgrounds in section 2.3, in which a calibration can be constructed using
bispinors. This is because covariantly constant spinors contain a lot of information about

the background geometry. For our interests, we will consider Calabi-Yau manifolds, in

41



which there are two kinds of calibrations. One is constructed from the Ké&hler 2-form J

and the other from the real part of the holomorphic n-form €2, which are given by

Jmn = Z'pT'Ymnp? Qnyomay, = pT'VmL..mznp (4'11>

where p and its conjugation are both covariantly constant spinors. Therefore, we can
construct calibrated cycles, i.e. Kéhler 2n-cycles from J" and special Lagrangian (SLAG)
n-cycles from Re(£).

Back to our M2-brane example, where we have constructed a 2-form calibration ¢.
So, the M2-brane can only wrap on 2-cycles. If we take the background as R x CYs5,
which preserves 2 supercharges, i.e. the covariantly constant spinor € is subject to chiral

projections (in an appropriate vielbein basis)

F12346 — F34566 — F5678€ — _F789106 = —¢ (412)

which also implies that I'’*?¢ = ¢. Using these spinors, one can show that the Kéahler form
is

J = el2 4 o344 o564 T8 910 (4.13)

where e® are vielbeins on C'Y5. Thus, we can define a Kéahler 2-cycle ¥, and consider the
M2-brane being wrapped on ¥, i.e. its worldvolume is R x Y. For example, we can take
¥ such that Vol(¥) = e'?|y, and the constraint (4.4) implies that T'"?¢ = €. Thus, in
this case, there are no further restrictions, and an M2-brane can be wrapped on a Kéhler
2-cycle in R x C'Y5 without breaking any SUSY.

If we consider the background to be RY? x CY} (preserves 4 supercharges), then an
M2-brane satisfies

F1234€ _ F3456€ — F5678€ _ :FF789106 = —¢ (414)

['%2¢ = 4. One can show that two supercharges satisfy I'''%¢ = ¢

which is equivalent to
and the other two satisfy I''?¢ = —e. So, after substitution, we arrive at two Kihler
2-forms

J = 612 + 634 + e56 4 e78 ¥ 6910 (415)
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and hence we can choose to wrap the cycle with Vol(X) = e'?|s;, which implies T'°!2

€ =€ by
computing (4.4). Thus, only two out of four supersymmetries are preserved. The overall
results are summarised in the table below. For other branes, they can be wrapped in higher-
dim calibrated cycles, allowing for different types of calibration, e.g. Caylay calibrations.

A comprehensive table summarizing D3 and Mb-branes wrapping on calibrated cycles can

be found in [15].

’ Worldvolume \ Supersymmetry ‘
Rx (X, CCYs2) |8
R x (35 C CY3) 4
R x (22 C 03/4) 2
R x (22 C CYB) 2

Table 4.1: Summary of M2-branes wrapped on Kéhler 2-cycles [15].

Recall our discussion on the AdS/CFT correspondence in Chapter 3, where we delved
into the realization of a QFT (i.e. SYM theory) on the D3-brane worldvolume. Similarly,
we also have QFT on the worldvolumes of M2 and M5-branes. To make them supersym-
metric, we need to establish the presence of a constant spinor on the worldvolume. This
is straightforward in the Minkowski case. However, on calibrated cycles, spinors are gen-
erally not constant. Fortunately, we can resolve this issue through a technique known as
topological twist.

To illustrate, let us consider the worldvolume of a planar M5-brane, which corresponds
to R, By fixing a static gauge, we can see that the worldvolume theory consists of 5
scalars (plus extra fermions) representing the 5 transverse coordinates. This introduces an
internal SO(5) R-symmetry, under which fermions will transform. Consequently, we can
introduce a SO(5) gauge field, and the covariant derivative acting on the spinor can be

schematically written as

De~ (0 +w— A)e (4.16)

where w (although = 0 in Minkowski) represents the SO(5) spin connection, and A is the
SO(5) gauge field.

Now, let us consider the scenario where the M5-brane worldvolume is wrapped, e.g
R12 x 33 where Y3 is a SLAG 3-cycle. In this case, w corresponds to the SO(3) spin

connection on ¥3. We can decompose SO(5) — SO(2) x SO(3), and choose to turn on
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only the SO(3) gauge field. Specifically, we can set A = w to ensure that we have some
notion of constant spinors. This is how supersymmetry is realized for wrapped branes, and

it is referred to as the topological twist [30].

4.1 D3-brane Wrapped on Kahler 2-Cycles

Up to this point, we have mainly considered the scenario of probe-branes and investigated
the types of backgrounds they can be wrapped on. Now, we can delve into understanding
how these wrapped branes affect the spacetime itself. In other words, we aim to find Type
I1B supergravity solutions that account for the presence of wrapped branes. While one
might initially think this can be achieved in a manner similar to the one used previously,
which involved writing an ansatz like (2.25), there is an alternative approach to finding
these solutions.

It is possible to obtain lower-dim truncated theories through Kaluza-Klein reduction
(see Appendix A). In our cases, these are typically consistent truncations, meaning that
any solutions to the truncated theory are also solutions to the original theory. For instance,
reducing Type IIB supergravity on S° leads to N' = 8 SO(6) gauged supergravity in 5 dim.
This can be further truncated by considering its Cartan subgroups, resulting in N = 2
U(1)3 supergravity in 5-dim. Even further truncations can yield N'= 2 U(1) supergravity
in 5-dim (which is the minimal gauged supergravity in 5-dim), whose equations of motion
are [17]

2 1 2
Ry = =Agu + 3F5, = 50w, dx Flay = =2 Fp) A F) (4.17)

with appropriate Killing spinor equations

/I: (e} (e} 1 ;
V. — E(%L - 46#76)Fa6 - 5’7# —iA,le=0 (4.18)

Suppose we have a D3-brane wrapped on H? (which is a Kahler 2-cycle), then we can

assume that the metric takes the form

dsi = Pds*(AdSs) + Qds*(H?) (4.19)
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where P and () are to be determined
1
ds*(H?) = E(dy2 + dz?) (4.20)

which is just 2-dim hyperbolic space. In fact, this is just the Euclidean AdS, using the
Poincaré patch.

By substituting into equations of motion, we have
ds? = gdsz(Ang) + %dsz(Hz) (4.21)
and Killing spinor equations are solved by the chiral projection
Vzy € = —i€ (4.22)

and

Oye =0, =0 (4.23)

which means there are constant spinors on the calibrated cycle. This is exactly how SUSY
is preserved as discussed before (i.e. topological twist).

Therefore, we can uplift this solution to Type IIB solution by

1

4
ds%IB = §d52<Ad53) + 3y

dz) 2 + ds*(K Ey) (4.24)

1 1
gdSQ(H2) + <§dz/1 +o+

which is AdS3 x Y7 with Y7 being SE5 fibered over H?. In the context of the AdS/CFT
correspondence, we expect to see a dual CFT in 2-dim, which should be the IR regime of
the RG flow where AdSj5 is in the UV regime.

In fact, we can also wrap D3-brane on S? (which is also a Kéahler 2-cycle). This means

that we can try the ansatz

dsi = Pds*(AdSs) + Qds*(H?) (4.25)
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where P and () are, once again, to be determined by equations of motion, and

ds*(S?) = (dy* + d2?) (4.26)

(1 + y2 + 22)2

which is the metric on S? in stereographic projection. After substitution, we get
21,5 L, o0
dssg = gds (AdSs) + gds (H?) (4.27)

but we can show that it fails the Killing spinor conditions. So, this will not be a SUSY
solution. However, this does not mean that D3-brane on S? is not a SUSY solution in Type
IIB. We have just shown that it is not a SUSY solution to the minimal gauged supergravity
in 5-dim. In fact, it is a SUSY solution of Type IIB, but uplifted from the STU model (i.e.

N =2 U(1)? gauged supergravity in 5-dim).

4.2 D3-branes on a Spindle

In the previous section, we discussed how D3-branes can be wrapped on calibrated cycles,

with supersymmetry realised through the topological twist. Recently [31], it has been

1
[TL, ,TL+] ’

discovered that branes can wrap on spindles ¥ = WCP which are topologically S?

with conical deficit angles 2m(1 — =) at the poles.

1
nE
In this case, supersymmetry is not realised via topological twists, introducing new

ways to study wrapped brane solutions. In fact, these are also solutions to minimal gauged

supergravity in 5-dim (4.17), which are given by
2 4y 2 2 1 a
ds; = gds (AdS;) +ds*(X), A= 1 1——)dz (4.28)
where the metric of the spindle ¥

y)
76122 (4.29)
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which is characterised by a cubic function
q(y) = 4y° — 9y* + Gay — a® (4.30)

where a is a constant, which is assumed to be € (0, 1) such that all three roots y; are real
and positive. For y; < yo < y3, we will take y € [y, y2] such that the metric on ¥ is

positive definite. To study its conical deficit, consider y = y; + ¢ for small ¢, which implies

42() ~ Y gz 4 _TW)I 4.31
&) q'(y1)y Y 36(y1 + 7)? (4.31)

where ¢'(y) = 12y* — 18y + 6ay. By taking § = %p2, we get

n 9 q/Q(yl) 27.2
ds* (%) ~ dp” + ——p°dz 4.32

Similarly, for y = y + ¢ perturbation, we can show that

/ .
1) % B ). = T (4.33)

for i = 1,2. So, we can read off the period as

Az = = (4.34)

where n_ > n since yo > .

Using another function
a—1y

= 4.35
which has some algebraic relations with ¢(y), see [32], gives the following
ny —n_)?(2n, +n_)? ny —n_)*(ng +2n_)>
y1:(+ )= (2n4 )’ y2:(+ )= (4 ) (4.36)

4(n2 +n_n, +n?)? 4(n2 +n_ny +n?)?

which implies

2 2 B 2
Az = (n- + n-ny +n3) 27 (4.37)
3n_ny(n_+ny)
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Therefore, we can compute

1 _ o
= LT, T (4.38)
2m Js 8T Y12 2n_n4

where we have also used the fact that

. (n- —ny)?(2n- 4+ ny)?(no + 2ny)? (4.39)
4(n% +n_ny +nt)? '

This is different to
n_+ngy
n_n+

1
X(%) = /E Ryvols — (4.40)

which implies that this is not a topological twist (recall A ~ w to cancel each other).
Indeed, to solve Killing spinor equations, we write I'* = 4* ® o3 for a = 0, 1,2 with
VW=—ioc?, V' =0 Ay =03 and I® = 1 ® 0%, ['! = 1 ® ¢!, where o' are Pauli matrices.

We also write € = ¥ ® x with ¥ being the Killing spinor for AdS; that satisfies V9 = %%19.

Therefore, the remaining spinor is solved by

. ( Val) |, mz(y)) )
Vi i

where

a(y)=—a+202+3y,  qly) =a+2y>? -3y (4.42)

which satisties q(y) = ¢1(y)d(y).

Now, we can uplift to Type IIB solution just like (4.24) by replacing H* — 3. A truly
remarkable feature is that even if ¥ is singular at poles, but SEj5 fibered over X is regular.
Making this to AdSs x My. Therefore, this suggests new interesting AdS/CFT examples,
in which CFT are now taken on a worldvolume with singularities (i.e. R x ¥). Indeed,
one can compute the central charge of both sides to check the duality, which has been done

in [31].
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Chapter 5

Conclusion

In this dissertation, we have introduced 11-dim supergravity and Type IIB supergravity.
Then, we found the solutions with no fluxes, which are Ricci-flat manifolds with covariantly
constant spinors. In fact, these can also be interpreted as probe-brane solutions (since we
assume branes are negligible). Following that, we considered planar (i.e. flat worldvolume)
brane solutions to supergravity, which describe the geometry when M2, M5, or D3-branes
are present. In particular, these solutions have near horizon geometry as AdS, o x SP7772.
Therefore, we introduced the AdS/CFT correspondence to implicitly see how the well-
known example (i.e. Type IIB in AdSs x S® is dual to N' = 4 SYM theory) arises. This
can be generalised to other branes. Finally, we recalled that CFT can have RG flows, which
motivates us to consider wrapped brane solutions. In particular, we first discovered that
the brane configuration minimises its surface area, which are calibrated cycles. Then, we
argued that we would like there to be some notion of constant spinors on the worldvolume
theory, which is realised by the topological twist. We can also explicitly find the solutions
and their corresponding supergravity solutions, i.e. those describing the near horizon
geometry of a wrapped brane, by using lower-dim supergravities, which are derived from
higher-dim ones after Kaluza-Klein reductions. Recently, there has been a new way to
realise SUSY on wrapped D3-branes without the topological twist. In particular, we have
D3-branes wrapped on a spindle, which is topologically equivalent to S? but with conical
singularities at the poles. However, one remarkable feature is that the singularity vanishes
as we uplift the solution to the whole Type IIB solution. Therefore, this provides new

interesting questions that can be studied, e.g. how CFT is defined when the background
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has conical singularities.

To reflect on this dissertation, my initial plan was to provide more details for each
interesting topic that we encountered. For example, we could say more about SUSY and
supergravity, like their representations and how supergravities are built (i.e. to derive their
SUSY transformations from the first principle). Or, we would like to say in details about
the Clifford algebra across any dimensions and in both signatures. Also, we could say
more about their geometries (e.g. complex geometry and fibre bundles), which provides
another perspective that is very interesting to learn. However, these were not done due
to my bad time organisation, as we can probably see that the later this dissertation goes,
the less detailed it is. For example, we only talked about D3-branes on spindles, but there
are definitely M2 or Mb5-branes on spindles, which provide different properties compared
to the D3-brane case. In particular, there is a whole spacetime solution that describes
M2-branes on a spindle, whereas all our wrapped brane solutions only describe their near
horizon geometry. Nevertheless, this dissertation should be enough as an introduction to

this field (i.e. AdS/CFT and wrapped branes).
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Appendix A

Kaluza-Klein Reduction on S!

The original idea of Kaluza-Klein theory was to unify gravity and electromagnetism by
formulating GR in 5-dim, with the fifth one being compact and periodic, i.e. S*. When
the radius of this circle is small, it can be effectively assumed that fields in 4-dim have no
dependence on this extra dimension. Consequently, a metric in 5-dim Gy (x,y) can be
decomposed into a metric in 4-dim g, ~ G, a vector field A, ~ G4, and a scalar field
¢ ~ G44. This decomposition results in the Einstein equations in 5-dim breaking down into
equations of motion in 4-dim, which resemble the 4-dim Einstein-Maxwell equations but
have the addition of a scalar field. While it might seem ideal to set ¢ = 0 this approach leads
to certain inconsistencies. As a result, the Kaluza-Klein idea was temporarily abandoned.

In recent times, the Kaluza-Klein idea has been revisited, primarily due to developments
in string theory, which is formulated with extra dimensions. So, for phenomenological
purposes, understanding how to extract lower-dim information from a higher-dim theory
has become crucial. Moreover, Kaluza-Klein reductions can sometimes lead to consistent
truncations, which mean that any solution to the truncated theory remains a valid solution
to the original theory. This provides a powerful mathematical framework for simplifying
theories, making it a valuable tool in theoretical physics.

As an example, consider two scalar fields in 4-dim Minkowski, described by the La-
grangian

1 1 1,
£ =—500¢ = 5x0x — 590x (A1)
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which gives the following equations of motion

1
O¢ = §g><27 Ox = gox (A.2)

where g is a coupling constant. There are two possibilities for truncation: ¢ = 0 or y = 0.
If = 0, the truncated theory is inconsistent because

1
00 = 5g><2, Ox =0 (A.3)

i.e. x sources ¢, hence ¢ = 0 truncation is inconsistent. If x = 0, then
U¢ = 0, 0=0 (A.4)

which is consistent. So, why is this the case? The group theory is responsible for this.
In the Lagrangian, there is a Zo symmetry in which ¢ transforms like a Z, “scalar”, i.e.
¢ — ¢, whereas y — —y transforms like a Zy “vector”. Therefore, if we only keep the
group scalars, i.e. ¢ in this case, then the truncation will be guaranteed to be consistent,
since scalars can only generate scalars.

In this appendix, we will mainly follow the lecture note given by Christopher Pope [33].
In particular, we will show how to perform a Kaluza-Klein reduction on S! for tensors, and

showing that Type ITA is just 11-dim supergravity Kaluza-Klein reduced on S?.

A.1 Scalar

To begin, consider a scalar field ¢(z,y) in R'® x St for simplicity, with * being the

coordinates on R'® and y being the coordinate on S*, which satisfies

Os¢ = 0 (A.5)
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where U5 = Oy + 8; is the d’Alembertian in 5-dim. The periodicity of the extra dimension

enables us to perform a Fourier expansion

dle,y)= Y o (x)e™/t (A.6)
where L denotes the radius of S'. Each Fourier mode ¢ (z) can be interpreted as scalar

fields living in 4-dim Minkowski, and their equations of motion are

(54 — Z—Z) o™ =0 (A7)

which is derived by Fourier expanding (A.5).

So, a massless scalar field in 5-dim can be thought of as equivalent to an infinite set
of scalar fields in 4-dim, each with a mass |n|/L. From a physical standpoint, when the
radius L of the extra dimension approaches zero (i.e. L — 0), the massive fields become too
heavy to be excited. Consequently, only the massless mode (i.e. n = 0) remains observable
in 4-dim. In this sense, the truncation provides an approximation of the 5-dim theory or
describes its low-energy dynamics.

This, in fact, is not just an approximation; it is a consistent truncation. In other words,

any solution satisfying the following
040 =0,  ¢"*9 =0 (A.8)

is a valid solution to (A.5). Again, this is understandable in terms of group theory. Consider
a translation along S*, which is a U(1) transformation on Fourier modes, only ¢® does
not transform, i.e. a U(1) scalar. So, if we just keep the massless modes, we can be sure

of a consistent truncation.
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A.2 Metric

Consider Einstein gravity in (D + 1)-dim, where the spacetime is assumed to be Mp x S?

for some D-dim Lorentzian manifold Mp. This is described by the following Lagrangian

L=+/-gR (A.9)

where we use hats to emphasise objects in (D + 1)-dim, § represents the determinant of

the metric gy, and R is the Ricci scalar defined with the Levi-Civita connection (i.e.

Christoffel).
First, we shall clarify our index conventions. Uppercase Latin letters like M, N, ... €
0,1,...,D — 1,z denote (D + 1)-dim spacetime indices, where z represents the coordinate

on S'. Lowercase Greek letters like p,v,... € 0,1,...,D — 1 denote D-dim spacetime
indices.

Similar to scalar fields, we can Fourier expand the metric gy,n as follows

o0

gun(r,2) =Y i (a)en/t (A.10)

n=—oo

where, again, L denotes the radius of S'. By keeping the U(1) singlet, we ensure a con-
sistent truncation. Henceforth, we will omit the superscript for simplicity, i.e. gun(z) =
dnin ().

Unlike scalars, we must also pay attention to spacetime indices. The metric gy n
decomposes into g, guz, and g.,. These components can be used to define fields living
in D-dim, such as a metric g,, = g,., a vector A, = g,., and a scalar ¢ = g... However,
these seemingly straightforward choices result in cumbersome equations of motion in D-
dim, which are highly inconvenient. The underlying reason is that this parameterisation
does not take into account the inherent symmetries of the theory.

Nevertheless, this decomposition still provides the lower-dimensional field contents: a
D-dimensional metric g, a vector A,, and a scalar ¢. A more suitable parameterization
is given by

ds? = €2a¢guydx“dxy + 625¢(d2 + .A,udl‘u)2 (A'll)
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where o and 3 are some constants to be determined. In other words, we have
G = €% + P AA,, G =P AL, G =P (A.12)
Now, the rest of the story is just a tedious computation using vielbeins, i.e.
¢ = e, &* = e (dz + A) (A.13)

where é* and é* are vielbeins in 5-dim and e® are vielbeins on Mp (i.e. g,,). We begin by

calculating the spin connections using the Cartan structure equations, resulting

1
(Dab — wab + Oéefaqﬁ(ab(ﬁéa . aa(béb) . _]:'abe(ﬁf2a)¢éz
) 2 (A.14)
oY = —ﬁea¢8“¢éz o §Fabe(ﬁ—2a)¢éb

where 0, = €40, represents the dual basis of vielbeins, and F;, are the vielbein components
of F =dA.

Next, we will move on to curvature 2-forms. If @ and  remain unfixed, the expressions
can become very complicated. So, we will not present the full expression without con-
straining a and . However, for a first-time calculation, it is worth attempting to compute
them. Here, we will outline a few key steps during the calculation. As before, we will use
the Cartan structure equation to obtain curvature 2-forms, then carefully read off their
components, paying attention to antisymmetric indices. Once the curvature 2-forms are
computed, determining the Ricci scalar will be straightforward.

Additionally, do not forget /—¢ = det é’}, and /—g = det e® ,» Where A represents the
vielbein indices in (D + 1)-dim. This implies v/—g = eP*+#¢, /=g and therefore

L=+/—gR ~ B+D=22¢ /Zgp (A.15)

hence, a natural choice is to set = —(D — 2)a such that the lower-dim Einstein-Hilbert

term is in its canonical form. Similarly, the scalar field sector looks like (after fixing )

L=+=GR ~ —/=ga®(D —1)(D —2) 9,60"¢ + . .. (A.16)
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hence, for conventional normalization, we have o = MTM' With these choices, we

can write down the Lagrangian
1 1 op-1a
L=+—g(R- 5(8¢)2 - ¢ AD=1)ad 2 (A.17)

which gives the following equations of motion

1
2(D - 2)

V,u<€72(D71)a¢qu) -0 (A].8>

1 1
R, = §8H¢8y¢ + 5672([)71)0@(}3” — fQQuU)

1
|:]¢ — _i(D _ 1)a672(D71)a¢F2

where ., = F,,F,” and F? = F,, F*, and one can immediately see setting ¢ = 0 is

inconsistent since it is sourced by F2.

A.3 Vector

Now, we begin considering gauge fields. We assume that the reduction of the potential is

A(n—l) (Zﬂ, Z) = A(n—l) (l’) + A(n_g) (ZE) Adz (A19>
which implies
F(n) = dA(nfl) + dA(n,Q) A dz (A.QO)

Just like in the metric case, the simple-looking choice

Foy=dAp-1,  Fa-y = dAn- (A.21)
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is not convenient. This is because the basis in our metric convention is dz + A1), but only

dz is used here. So, we consider

F(n) = dA(n_l) + dA(n_g) A\ (dZ -+ A(l) — ./4(1))
= dA(n_l) — dA(n_Q) A ./4(1) + dA(n_g) A (dz + .A(1)) (A'22)

= F(n) + F(n_l) A (dZ + ./4(1))

in other words, we have
F(n) = dA(n_l) — dA(n_Q) AN A(l), F(n—l) = dA(n_g) (A.23)

Indeed, we can observe this convenience by looking at their components

A 1 "
P 76 70) ai...an (n—1)a+p)¢ a1...Qn—
= Foy.a, € + o 1)!6 Foyoan_rz €70 A (dz + Any) (A.24)
1 a a 1 a a
= Fa1 an € Lol Fa1~--an—1 ettn=1 A (dZ + A(l))

(n—1)!

where e = ¢® A ... A e and we can read off
Fal,..an = eina(bFal...anv Fal...an,lz = e(Dinil)mb al...Qp—1 <A25>

Therefore, the Lagrangian

1 S n?] Y 1 —2(n—1)ag¢ 2 1 2(D—n)agp 12
L= —guV—9Fm ==y <_ﬁ6 Fw = 2n—1)1° Fooy ) (A26)
which can be also expressed as
1 —2(n—1)a¢ 1 2(D—n)ag
L= —56 F(n) A *F(n) — 56 F(n—l) A *F(n—l) (A27)
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A.4 Type ITA Supergravity

Recall the Lagrangian of 11-dim supergravity is

A ~

Fay N Fay A Ag (A.28)

| =

R 1. .
L1 = R*1— §F(4) /\*F(4) -
which becomes (after Kaluza-Klein reduced on S*)

1 1
Lira=Rx1—5dd Nxde — §€%¢f(2) A *xF2)
(A.29)

1

1 1
6§¢F(4) A *F(4) - §€_¢F(3) AN *F(g) — EdA(S) N dA(g) AN A(g)

DN | —

which is exactly the bosonic sector of Type ITA supergravity. We can also obtain the SUSY

variations in Type ITA from 11-dim supergravity (see [2] for the details).

o8
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