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Abstract

This thesis reviews the background of massive gravity and its new extension theory, projected mas-
sive gravity (PMG). The first part of this thesis consists of addressing some outstanding problems
and their solutions in the historical development of massive gravity, such as the van Dam—Velt-
man-Zakharov discontinuity, Boulware-Deser (BD) ghost, and Vainshtein screening. In particular,
starting with massless and massive spin-1 and spin-2 fields, we show how gauge invariance can be
restored through Stiickelberg fields, and finally arrive at a ghost-free massive theory. In the second
part, the new BD ghost-free theory PMG is introduced by abandoning a global translation invari-
ance, which has 5 dynamical degrees of freedom. PMG has attracted attention because of it allows
for stable cosmological solutions without infinite strong coupling. We thus provide complete details
of the derivation of cosmological background equations. The last section comprises the original
work. An investigation into black hole solutions in PMG is conducted and the static spherically
symmetric solutions are obtained in a concrete model. We also discuss the time-dependent metrics

in the end.
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Notation

Throughout this thesis, d represents the number of space-time dimensions and we will work in units
where the reduced Planck constant h and the speed of light ¢ are equal to 1. The gravitational
Newton constant G is related to the reduced 4d Planck mass Mp, = \/ﬁ’ We also adopt
the ‘space-like convention’ for the metric, i.e., mainly + convention (— + ---4). Space indices are
denoted by 4,5,---=1,--- ,d — 1 while time-like direction represented by 0, z° = t. 7w Tepresent

the flat Minkowski metric.

We use the symmetric convention: (a,b) = (ab+ ba) and [a,b] = 1 (ab — ba). For the tensors:
Ty = % (T +Top), Ty = % (Tyw — Typ)- The squares of vectors and tensors often represent
contractions, for instance, Au2 = A, A*, szj = F,,, F*, etc---. Moreover, square brackets of a
tensor indicate the trace of tensor, for instance [X] = X¥, | (X?] = X#,X",, ete---. We also use the

notation II,,, = 0,0, 7, and I = 6*,.

For the Riemann and Einstein curvature tensors, we will use the conventions:

Rﬂuaﬁ = aDé:l‘—wuﬂ - aﬁr\ul/a + Fuaarauﬁ - FHUBFUVOU
1 (1)

Guu = Ruu - §guuR7

where T, , = 29" (0p9ap + Ougap — Oagpp) is the Christoffel symbol. We also obtain the Ricci

tensor R, and Ricci scalar R, via contraction: R, = R%,,, and R = gapR*® = R%,

In 4d space-time we denote V, as covariant derivatives. The d’Alembertian will then be defined
as O = ¢g"V,V,. We will use the dot operators to refer to time derivatives = = %, and use the

prime operators to refer to radial derivatives / = %.
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Introduction

General relativity (GR) is widely considered to be the correct theory to describe the force of gravity
at low energies or large distances developed by Albert Einstein . The correctness of GR has
been verified with high precision, ranging from laboratory scale to the solar system scale 7.
However, on galactic and cosmological scales, current experimental observations are not accurate
enough to confirm or disprove GR. The correctness of GR thus remains hypothetical. In fact,
within the realm of gravity and cosmology, several questions remain unsolved such as the old
cosmological constant problem . In addition, in 1998, astronomers were astonished to find that
the expansion of the Universe is accelerating ﬂgﬂ, . This discovery of the late-time acceleration
of the Universe has presented one of the most challenging problems in theoretical physics ,

leading physicists to explore alternatives to GR on large scales.

Modifications to gravity offer an intriguing approach to addressing the cosmological constant
problem. One approach involves modifying the way gravity responds to the cosmological con-
stant . There is a braneworld theory that postulates that we are living in a 4d membrane
embedded in a higher dimensional spacetime. Based on the braneworld theory, Georgi Dvali, Gre-
gory Gabadadze, and Massimo Porrati proposed a beautiful self-accelerating solution to explain
the accelerating expansion of the universe, known as the DGP model . In the DGP model,
a 3-brane is embedded in a 5d spacetime, where gravity in the 5d bulk is described by 5d GR,
which induced the 4d gravity on the 3-brane. This solution wherein the Universe’s expansion is
determined by the ratio between the 4d and 5d Newton constants, without the need for a cosmo-
logical constant . Unfortunately, there is no viable model that effectively embodies these novel

concepts in a consistent way.



We are confronted with a significant question: why is it challenging to modify GR? David
Lovelock proved that Einstein’s equations are the only possible equations of motion derived from
a 4d action which is a function of the 4d spacetime metric up to second order. It is also known as
Lovelock’s theorem [15], [16]. From a more modern perspective, Refs. [17]-|19] point out that GR is
the unique theory of massless spin-2 particle (graviton) with Lorentz invariance build in. Therefore,
if we want to modify GR, we need to introduce one or more of the following conditions |11]: extra
degrees of freedom, higher derivatives, higher dimensional spacetime and non-locality. In this
thesis, our focus will be on the concept that gravity is still mediated by a spin-2 graviton while

respecting Lorentz invariance, but with the consideration that this graviton to be massive.

The construction of a graviton’s mass can be traced back to the work of Markus Fierz and
Wolfgang Pauli in 1939 [20]. The straightforward approach to constructing a theory of massive
gravity is to simply add a mass term to the linearized Einstein-Hilbert (EH) action, known as
the Fierz-Pauli (FP) action. This is the theoretical study of massive gravity from a field theory
perspective. However, the massive spin-2 field, i.e. FP action, in the linear theory has 5 physical
degrees of freedom (dofs) and does not recover to GR as the graviton mass m goes to zero. This
discontinuity was recognized as an artificial outcome arising from the linear theory. Moreover, the
real challenge arises when we are attempting to extend this theory to a massive gravity theory
with interaction. As we know, GR is a fully non-linear and diffeomorphism invariant (general
covariant) theory. For massive gravity, the diffeomorphism is broken by the mass term while the
full non-linearity is still present. It is the non-linearity that makes the construction complicated.
Nearly seven decades after the inception of the massive gravity theory, Claudia de Rham, Gregory
Gabadadze and Andrew Tolley (dRGT) first proposed a theoretically consistent theory with a
non-linear mass term [21], [22]. Furthermore, the dRGT theory has simultaneously avoided two

elements that make the massive gravity theory problematic for many years.

The first element is van Dam—Veltman-Zakharov (vDVZ) discontinuity [23], [24]. As mentioned
earlier, a massive spin-2 field propagates 5 dofs even in the limit as m — 0, whereas GR only
propagates 2 dofs as a theory of massless spin-2 fields. This subtlety violates the principle of
continuity in physics. This vDVZ discontinuity was soon attributed to the fact that not all of the
extra dofs introduced by the graviton mass decouple as m — 0. In fact, in the massless limit, a
massive graviton becomes a massless graviton coupled with a longitudinal graviton, rather than a
massless graviton in GR. Consequently, some phenomenological predictions given by the massive
gravity in the massless limit deviate from those of GR. Arkady Vainshtein provided a resolution to

this puzzle in 1972 [25]. As the graviton mass decreases, non-linearities of the theory strengthen due
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to the scalar mode undergoing non-linear fluctuations. This leads to higher-order derivative terms
surpassing the magnitude of the conventional kinetic term, a phenomenon known as Vainshtein

screening.

However, the story of dofs is still not over. In 1972, David Boulware and Stanley Deser found
that the fully non-linear massive gravity theories exhibit a ghost-like instability, resulting in the
presence of the sixth dof in these theories [26]. This is the second element of concern in dealing
with massive gravity theories, now known as the Boulware-Deser (BD) ghost. Fortunately, new
theories born later, such as DGP model and dRGT theory mentioned earlier, have cleverly avoided

BD ghost.

Moreover, the dRGT theory even admits an open Friedmann-Lemaitre-Robertson—Walker
(FLRW) solution, where its mass terms mimic the behavior of a cosmological constant |27]. Thus,
the dRGT theory should be an important theory promising to solve the late-time acceleration prob-
lem. However, this theory was subsequently shown to potentially have strong coupling problem [2§]
and a non-linear ghost instability [29]. Hence, it is necessary to explore additional extensions of

non-linear massive gravity in order to obtain a stable cosmological solution.

In this thesis, we shall focus on an extension of generalized dRGT theory, which abandons
translation invariance. This extension results in a theory that is different from dRGT-type con-
structions by directly projecting out one dof, now known as projected massive gravity (PMG)[30].
PMG was proposed in 2020 and has been demonstrated to possess a self-accelerating solution with-
out theoretical instabilities. In addition to the solutions in cosmology, black hole (BH) solutions
also deserve further investigation, as they serve as a crucial phenomenological basis for testing the

correctness of the gravity theory.

This thesis is organized as follows: In Chapter [2] we establish the formalism for massive and
massless spin-1 and spin-2 fields, with a particular emphasis on the Stiickelberg language for both
the Proca and Fierz—Pauli fields. A Brief introduction to the vDVZ discontinuity and its resolution
Vainshtein screening are shown in Section and Section[2.4] The BD ghost and ghost-free theory
are finally discussed at the end of this chapter. In Chapter [3] we start with the massive gravity
with non-minimal coupling and generalize the dRGT mass terms by using disformal transformation
acted on the reference metric. The necessary conditions to eliminate the would-be BD ghost are
summarized in Section [3.1.3] In Section we investigate the cosmology solutions based on the
equations of motion of PMG and derive the corresponding background equations. Section [3.4

consists of original work, we investigate the BH solutions in PMG and discuss the possibility of
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the time-dependent metrics. We then devoted to summary and provide perspective on future
developments. As this thesis is intended to review the background of massive gravity and its
extension PMG, we provide in the main body and appendix numerous non-trivial computational

details that may are not presented in the existing literature.




Massive gravity in a nutshell

This chapter mainly follows with Ref. and Ref. , offering a brief introduction to massive
gravity within the context of historical development, showing how some important results are
inspired by the spin-1 field theory, and finally arriving at the ghost-free massive gravity that we

really care about.
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2.1 Spin-1 field

In order to get a more intuitive understanding of massive spin-2 fields, we could start with a review

of the spin-1 field.

2.1.1 Maxwell kinetic term

Consider a vector field A, in 4d Minkowski manifold, indices are raised and lowered with respect to
the flat Minkowski metric. From Lorentz invariance and locality, the kinetic term can be generally
given by

L2 — 019, AV A, + 20, A0, AV + a3d, AV 9, A, (2.1)

where a1, as and az are undetermined constants. Up to a boundary term, we notice that the

contribution of the first and third terms is equal. Thus we can set ag = 0 from now on.

Helicity-0 and Helicity-1 mode

Before going on to discuss how to decompose the vector field A, to continue simplifying the kinetic
term, let’s introduce an important concept. The Lorentz transformation rule for bosons can be
characterized by an integer h > 0, i.e., helicity. When A = 0, these massless particles can be
effectively described by a scalar field that possible to introduce any sort of interaction terms that
maintain Lorentz invariance. Consequently, there exists a lot of potential self-consistent interacting
theories concerning spin-0 particles. When i = 1, such massless particles can be carried by a vector
field A, which is fixed to be the Maxwell action. Moreover, for the case h > 1, if we consider
the interactions that exhibit manifest Lorentz symmetry and locality, the field must carry a gauge
symmetry. When h = 2, the required gauge symmetry is linearized diffeomorphism invariance.
Refs. [18], [19], [33] show that asking for self-consistent interactions essentially leads to a unique
outcome, namely GR with full general coordinate invariance. In the end, Ref. [34] shows that there

are no self-interactions that can be written for the case h > 3.

Now, let us back to discussing the behavior of the different dofs in this theory. In principle,

the Lorentz vector field A,, can have up to 4 dofs in 4d spacetime. A priori, A, can be split as

Ay =Ap +0ux. (2.2)
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where x is a longitudinal (or helicity-0) mode which has 1 dof, A,f is a transverse (or helicity-1)
mode, i.e. 9" Ay =0, which has 3 dofs. Therefore, L2 hecomes,
L = 010, (A +0"X) 0" (A + 0uX) + a20" (Ay; + 0,X) 0" (Ay + 0ux)
= 10, (A +0"x) 0" (A} + 8, x) + a20"8,x0" 0, x (2.3)
= a1 (0, AT O" A + 0,0" 0", X) + a20" 0, X0 Dy X.
where we have removed the mixing terms 9,479, x and 9,,0"x0" A} by integrating by parts.

Now the kinetic term is separated into the part of longitudinal (helicity-0) mode and the part of

transverse (helicity-1) mode. For the longitudinal mode y, we have

LY = a10,0"x0"D, X + 420"D, X" Dyx
= a10"9,x0" Dy x + ax(Ox)? (2.4)

= (a1 + a2) (Ox)?,

here the d’Alembertian in flat Minkowski is 1 = ##*0,,0,, and the first term of the second equality
holds after integrations by parts. It is easy to see that this kinetic term for the field of longitudinal
mode involves higher spacetime derivatives unless a; = —as. We now demonstrate the Ostrograd-
sky instabilityﬂ by introducing Lagrange multiplier x(«). Thus, the Lagrangian for the field x is

equivalent to

- 1.
‘Cffin = (al =+ a2) (XDX - 4X2) ’ (25)

Here, we should notice about that the constraint equation for x(x):
X = 20, (2.6)

can be obtained by deriving the equation of motion with respect to y(z). After changing the
variables x = ¢1 + ¢2 and x¥ = ¢1 — ¢2, the kinetic term of y with two scalar fields ¢; and ¢, take

the form

Lig, = (a1 +az) <¢1D¢1 — g2l — i (f1 — ¢2)2) . (2.7)

We directly see that two scalar fields ¢; and ¢o consistently associated with opposite kinetic
terms, indicating that one of them is a ghost and we should choose a; = —as to avoid this generic

pathology at the classical level.

IRef. |35] pointed out that there are 2 dofs hidden in the field x with an opposing sign kinetic term, also known
as Ostrogradsky’s theorem.
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We now proceed to discus the remaining helicity-1 mode A,f, the kinetic term takes the form
L™ = (9,47) (97 A1) (2:8)

If we choose a; = —1/2, this local kinetic term of the spin-1 field is Maxwell field

1
EMaxwell = _ZFMVFHV
1
= (B Ay — B,A,) (0" AY — 97 A
‘11 (2.9)
= A" A,

_ phelicity-1
- ‘Ckin ’

where we fixed the Lorenz gauge. Here, there exist U(1) gauge symmetry in this massless free
spin-1 Maxwell field,
Ay — Ay + 048, (2.10)

which can be used to fix the gauge of our choice.

We can perform a spacetime split so-called (34 1)-split for convenience. There are 3 dofs in A;,
and the Coulomb gauge 9; A’ = 0 can eliminate one of them. Thus, A4; contains no longitudinal
mode,

Ai _ A;ransvcrse + aiAlongitudinal , (211)

where the the Coulomb gauge sets the longitudinal mode Al°veitudinal — o The Maxwell action

(2.9) under this splitting becomes,

Lpnt = —%F,“,F“” = —%F,Wam”
1 o1 ) 1 o
= SO — DAY AT — J(0A, — DAND A — (D14, — 0,40 A7 (2.12)
1 1 1
= —5(3#11')2 - 5(3z’z4t)2 - 5(3#4;‘)2
where we have removed the terms 9;A4;0'A*, 8; A;0"A* and 9;4;0° A7 by integrating by parts and

by Coulomb gauge fixing. The time component A; does not exhibit a kinetic term and appears

instead as a Lagrange multiplier. Thus we can impose the constraint

;0" Ay = 0. (2.13)
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Then Maxwell action becomes,

bi 1 1 1 i
Li’fi’rlln_l = —i(atAi)z — 5(6iAj)2 _ _5 (aﬂAEransverse )2’ (214)

which only propagating 2 dofs in Afransverse

In conclusion, to prevent any ghosts producing along with the helicity-0 mode, the form of
the Maxwell kinetic term of the vector field and the fact that the 4d massless vector field only

propagates 2 dofs are not artificial choices.

2.1.2 Proca mass term

We now move on to discuss this theory in the massive vector field. We now add a covariant mass
term to Maxwell action, i.e., Proca action

1

‘CProca = 4

, 1
F,, F* —imQAMA“. (2.15)

Notice that even with the addition of the Proca mass term, the kinetic term has been uniquely
fixed in order to avoid the ghost. However, this mass term breaks the gauge symmetry , and
then the Coulomb gauge can no longer be chosen. Similarly, we decompose the vector field A,, as
before

A=Ay + 9%, (2.16)

but now we have x = my, so the Proca action becomes,

1 1 .
Loroea = =5 (OpAy) (0" ATY) = om? (A + 9.%)" 217
1 2 1 2 1 ’
= —5 (3MA#) — §m2 (A/J;) — 5 (8HX)2 y

where we have dropped the term mQAjau)Z by integrating by parts. We immediately see the
massive vector field has 3 dofs. The transverse mode Aﬁ propagates 2 dofs and longitudinal mode
x propagates 1 dof. For the first time, we encounter discontinuity in the number of dofs between
the case of massive and massless fields. Moreover, it is obvious that the Proca action does

not recover to Maxwell action (2.9) as m — 0.

In order to distinguish the physical difference between a massless vector field and a massive
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vector field but with tiny mass, we can consider coupling the field to external sources
Esources = A/J,JM- (218)

Here, the source should be conserved 9, J* = 0 since the U(1) symmetry is preserved in massless
case. The transverse modes of the massless vector field Af; produced by the source should satisfied
DAIJ; = J,,. Therefore, the exchange amplitude A can be expressed as follows:
1
AgEstess — / d*z A, I = / 'z =T, (2.19)

where J,, and J, are two conserved sources mediated by a massless vector field. Moving on to the

massive case, the source produces a massive vector field that should satisfy

(O —=m?) Ay = J,, (2.20)
and
Oy = 0. (2.21)

The transverse mode Aﬁ and the longitudinal mode x of the massive vector field should be con-

sidered in the exchange amplitude

i = [t (4f + 90 I

= / d'z A g (2.22)

1
— 4 ")
_/d J}J/l mg]“

Remember [y = 0, the longitudinal mode x should not be excited by a conserved source. Conse-
quently, even though the massive vector field propagates 3 dofs, the massless one only propagates

massive

2 dofs, we cannot distinguish A7% and AT hetween two conserved sources as m — 0.

2.1.3 Stiickelberg trick for spin-1 field

We will see more explicitly that there is a discontinuity in linear massless gravity and the linear
massive gravity in massless limit in Section later. In fact, the correct massless limit of linear
massive gravity should be a massless gravity plus extra dofs which are a massless vector and a

massless scalar coupling to the trace of the energy-momentum tensor. This extra scalar coupling
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leads to the well-known vDVZ discontinuity. As mentioned in Section we encounter discon-
tinuity in the number of dofs between the case of massive and massless fields. Stiickelberg’s trick
can be used to find the correct limit so that there are no dofs gained or lost. This trick works by

introducing extra new fields and gauge symmetries into the massive theory [36].

To introduce the idea, we consider the theory of a massive spin-1 field coupled to an external

source, i.e., the action we just discussed
1 24 L o Iz Iz
L= _ZFWF —3Mm A AR+ ALTR, (2.23)

where the mass term breaks the gauge invariance, 64, = J,§. As it stands, the massless limit
of the (2.23) is not smooth due to the discontinuity in the number of dofs. To reconcile this, we

introduce a Stiickelberg field ¢, by making the replacement
Ay — Ay + 0,0, (2.24)

which is not a gauge transformation and not a decomposition of A,. So we created a new action
from the original one, by the addition of a Stiickelberg field ¢. But F},, is still invariant under this
replacement and this replacement only changes the mass term and coupling term for the action.

Thus, the action (2.23)) becomes,
1 o Lo 2 3 3
L= _ZFWF —3m (Ap +0u0)" + A JH — 90, T, (2.25)

where we have integrated the last term by parts and this new action now is invariant under the

gauge transformation

Ay — Ay + 048, (2.26)

¢—=¢—¢&
If we set ¢ = 0, i.e., fixing the unitary gauge, the action (2.25) can reduce to the original one
(2.23). This implies that (2.25) and (2.23)) are equivalent theories but the former uses more fields

and gauge symmetry.

On the other hand, the Stiickelberg trick is an excellent example of the fact that gauge symmetry
is not a true symmetry of our theory, rather than a redundancy of description. Actually, any theory
can become a gauge theory by introducing redundant variables. Or, the gauge symmetry can be
eliminated by removing the redundant dofs in any gauge theory. From this case, we know that

eliminating the redundancy may lead to the loss of something important. For instance, if we
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remove the gauge redundancy in electromagnetism, the Lorentz invariance is not manifest.

Coming back to the discussion that how the Stiickelberg trick can preserve the number of dofs
in massless limit. We first rescale the Stiickelberg field ¢ — %qz& to normalize the ¢ kinetic term,

then the action (2.25)) becomes

1 1

1 1
L= FuwF" - §m2AMA“ —mA "G — 50,00 ¢+ ApJ" — — 0, ", (2.27)

with the gauge symmetry
0A, =048, d¢p=—m&. (2.28)

Notice that, we should consider the conserved source now, since the last term of (2.27)) diverges as

m — 0 [37]. So (2.27) with conserved source in massless limit becomes
1 w1 1 1

with the new gauge symmetry

§A, = 0,6, 6¢=0. (2.30)

Now we can clearly recognize that of the 3 dofs of massive field, two into the massless vector and
one into the scalar. In the massless limit, we are left with a completely decoupled free scalar and

a massless vector interacting with the source.

2.2 Spin-2 field

For a spin-2 field, the kinetic term is also uniquely fixed by the requirement that free of any

ghost-like instability. This is the well-known Einstein—Hilbert (EH) action.

2.2.1 Einstein—Hilbert kinetic term

Similar to the case in spin-1 field, we first consider a symmetric Lorentz rank-2 field but now is
tensor hy,, (and its trace h) in 4d Minkowski manifold. From Lorentz invariance and locality, the

kinetic term can be generally given by

in— 1
[,i?:ln L iaah,uu (blaah,w + 2b26(ﬂh,,)a + b30ahny + 2543(Mh77y)a> , (2.31)
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where b1, ba, b3, and by are undetermined constants and would be determined by preventing the
occurrence of higher derivative terms similar to the spin-1 field. This symmetric tensor field h,,,

has 10 components, which can be split as a transverse tensor hf,, and a vector field ,,
huw = hl, +20x0), (2.32)

where hfu is also symmetric tensor which carries 6 components and x, carries 4 components. As
we analyzed in the spin-1 field, the terms that contain higher derivatives for longitudinal modes
X would imply a ghost. Similarly, we can avoid the ghosts by tuning the undetermined coefficient

b1,2,3,4. The potentially dangerous parts of the kinetic term are

L2725 (by 4 bg) xPO%x, + (b1 + 3y + 2b3 + 4by) X*00,0, X"
— 2RTHY ((by + by) 00,0 X" + (b1 + b2) 9, 0x, (2.33)

+ (b3 + b4) Daaxanm/) .

All of these terms should disappear and we thus obtain the relationship between these 4 undeter-

mined coefficients

by = —bs = —by = by. (2.34)

In order to follow the standard conventions, we set by = —1/4 from now on. Then, the only possible

local and Lorentz invariant kinetic term for a spin-2 field is the Einstein—Hilbert one
Espin—2 _ 1 hyuéaﬁh _ 1 hT;w(c:-aﬁhT )
kin = _Z pv taf = _Z uv ap ( '35)
where we defined the Lichnerowicz operator é acting on hy,,
4 1
Erihas = =5 (Ohy = 200,0ah8) + 0,0,k =1y (Oh = 0a05h°7) ) (2.36)
Moreover, there also exists gauge symmetry in this massless tensor field and is invariant under
h,ul, — hu,, + a(uf,,). (2.37)

Notice that, whether the tensor field has mass or not does not affect the form and gauge invariance
of the kinetic term, as long as the kinetic term is restricted to a local and Lorentz invariant.
However, the mass term and/or any other self-interacting potential in the vector field do break the

gauge invariance.
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2.2.2 Fierz—Pauli mass term

Moving to the spin-2 tensor field with mass. A priori, there are two possible contributions of the

mass terms. The more general mass term can be written as
L 92 2
ACmauss = _gm (huy — Ah ) s (238)

where A is a dimensionless parameter and we will show that the theory is only stable for A = 1,

which is also called the Fierz-Pauli tuning.

In order to restore the diffeomorphism invariance that was broken by adding the mass term, we
now again introduce the Stiickelberg fields but have four components x, to make the mass term
invariant under linear diffeomorphisms. This is a trick similar to the Abelian-Higgs mechanism of

electromagnetism. Then the mass term becomes
Lo = %m? (s +200x)" — A (h+200x)?) (2.39)
which is invariant under the following gauge transformations
Py = By + 060, (2.40)

1
Xp = Xp — 55# (2.41)

The kinetic term for Stiickelberg fields is
1
Ly = —5m” ((fhxu)2 —A (8ax“)2) : (2.42)

The terms in parentheses in Eq.[2.42]precisely have the same form as the longitudinal mode x kinetic
term for spin-1 field with a; =1 and as = A. As analyzed in the spin-1 field, it is necessary
to choose a; = as in order to avoid higher derivatives. In other words, the only combination for
the longitudinal component of these Stiickelberg fields is A = 1. As a result, the unique mass term

is the well-known FP mass term which is free from an Ostrogradsky instability [20], |35
1
Lrp mass — _§m2 ((huy + 28(NXV))2 - (h + 2804)(&)2) : (243)

Besides, if Stiickelberg fields x,, are set to zero, i.e., choosing the unitary gauge, the FP mass term
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becomes

LFP mass = _émZ (h’il’ - h2) . (244)

Consequently, we obtain the linearized FP action

spin— 1 v Aoé 1
Lrp = L7 4 Lop mass = i £ hap — §m2 (h2, — h?). (2.45)

Propagating degrees of freedom and helicity decomposition

The Stiickelberg fields x* can be split further into a transverse mode A% and a longitudinal mode
7T’

1 1
X' = —A"+ — ™0y, (2.46)
m m

where m is the normalization factor. After substitution of x* in terms of A® and 7. The linearized

FP action becomes

1 A 1 1
Lrp =— ~h"EPhyg — b (I, — [Mn,,) — = F2,
1 1 '
- gmz (hfw —h?) - 3m (RMY — h*") O, A

where we defined II,,, = 9,0, for convenience and [II] is its trace with respect to the background
Minkowski metric n*”. We can see that the terms on the first line represent the kinetic terms of
the A% and 7 fields, respectively. The second line represents the mass terms and mixing term.
However, the field 7 is mixing with the field h,,. But we can diagonalize this mixing by shifting
huw = ﬁ,“, + 71, and the Lpp can arrive at
1. aag? 3 1
Lyp = — Zhwegfhaﬁ - Z(aw)? - gFfU
- 1m2 (/~12 - iLQ) + §m27r2 + §mzwiz (2.48)
8 wy 2 2

1 /- .
—5m (h‘“’ — hn‘“’) OuAyy + 3mmd, A”.

We now can identify the different dofs and helicity decomposition present in FP action: h,,
represents the helicity-2 mode and has 2 dofs, A,, represents the helicity-1 mode and has 2 dofs,
and 7 represents the helicity-0 mode and has 1 dof. To sum up, the massive spin-2 field propagates

5 dofs in 4d spacetime.
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Moreover, for massive spin-2 field, the coupling to matter now occurs by
Py T = hy T 4 7T, (2.49)

where THY is external stress-energy tensor and 7T is its trace. Unlike in the case of massive spin-1
field, now the helicity-0 mode couples to conserved sources but the helicity-1 mode does not. So the
generic sources will excite the two helicity-2 polarization of a third helicity-0 polarization, which

could potentially lead to significant outcomes (the origin of the vDVZ discontinuity).

2.3 van Dam—Veltman—Zakharov discontinuity

Similar to the spin-1 field case, the massive spin-2 field also propagates more dofs than the massless
one. In Section[2.1.2] we show that there are no observational signatures for the spin-1 field due to
the exchange amplitude AT#51V¢ is the same as AT with m — 0. This is because no external
source excites the helicity-0 mode in massive spin-1 field. However, as discussed in Section [2.2.2
the external sources will excite both helicity-2 polarization and helicity-0 polarization. In order to
see the dramatic consequences more explicitly, we will show the discrepancy between the massless

limit of massive spin-2 field and massless spin-2 field by computing the gravitational exchange

amplitude, which is also known as vDVZ discontinuity [23], |24].

2.3.1 Massless spin-2 field

Let us start with the massless spin-2 field, the theory in this case is diffeomorphism invariant. So
in order to ensure that the symmetry is preserved when considering coupling to external sources

(with the form h,, T*"). This requires the stress-energy tensor T"" should be conserved
0,T"" = 0. (2.50)

Thus, the massless spin-2 field response to a conserved external source

1. 1
L=—"h"EBnh s+ ——h,, T 2.51
4 % B + 2MP1 12 ( )
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Then the linearized Einstein equation can be obtained by solving its equation of motion:

R 1
EPhys = ——T,. 2.52
Iz B MPI H ( )

Since the tensor field h,, is invariant under the gauge transformation (2.40)), we can impose a
gauge fixing condition in linearized gravity. In this spin-2 field, the analog of the Lorenz gauge is

called the de Donder (or harmonic) gauge
1
O*hy — iayh =0. (2.53)

Under the de Donder gauge, the linearized Einstein equation (2.52)) then reduces to

1 -2
Dh}“, — §Dh7]w, = mTMlM (254)

and taking the trace of this equation, we have

-2
Oh = —-T. 2.55
Vo (2.55)
Substituting it back into the linearized Einstein equation (2.52)),
2 1
DhHV = _Mipl T/’”’ — §TTI/'“’ . (2.56)
Thus, we can define the propagator for a massless spin-2 field
mas%lcss
rvo
fo(isg,ess = e S (2.57)
where f1255°55 s the polarization tensor,
massless 1
nvaf = Nu(aMvp) — §nuunaﬂ- (258)

As a result, the gravitational exchange amplitude between two sources 7}, and T;,w via a massless

spin-2 field is given by

massless v 2 17 1 1
Alpassless — / d*zh,, T = I / dizT™ = (TW - 2me) : (2.59)
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2.3.2 Massive spin-2 field

Moving on to the massive case, and consider the linearized FP action response to a conserved

external source
1

1 4 m?
L=——h"EPhog — — (B2, — h? T 2.60
4 % B 8 ( % )+ 2MP1 13 ) ( )
then we can obtain the modified linearized Einstein equation
a3 1 2 1
Ew hap + 5m” (hyy — hi) = FHTMV. (2.61)

Here, we need to solve this modified linearized Einstein equation for h,, and the calculations are

similar to the massless case but more complicated. We consider the trace and the divergence of

the Lichnerowicz operator acting on h,,, we obtain
E hasn™ = Oh — 9,007, (2.62)
HE has = 0. (2.63)

Then, taking double derivatives of the modified linearized Einstein equation (2.61]) and combining

with the Eq. and Eq. one can find that

. 1 1
omo” (535%6 - 5m2 (P — hnW)) = M—Pla#avnw

5 (2.64)
v _ _ v _ fapB v
= 0Oh—-0"0"h,, = szPIa#a Ty = €. hapn™.
Then, we consider the trace of the modified linearized Einstein equation (2.61])
. 3 1
E hagn™ — Sm*h = —T
Tl 2" Mpy
-2 3 1
— 99Ty, — —=m?h = —T .
= Mpla 0T, 5™ o (2.65)
— = (T4 2o,
B 3m Mpl m2 me e
Taking the derivative of the Eq. and combining the above results,
onéosh 4 on (Lm? (hyw — hig) | = L
v o + oM Vv Nuv) | = Mp, py
— Lozomn,, o 2 (174 2o L oot (2.66)
=m v — O | 5o — v = 25 v .
2 a 3m2Mp, m? a Mp~ "

1 2
_ af
= O,h", = 0,1t + g&,T + e 0,0,08T ) .

mQMpl (
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From Eq. we can see that for a conserved source 0*7),,, the linearized Ricci scalar vanishes

9u0y b — Oh = 0, which can be considered to be the origin of vDVZ discontinuity [23], [24].

Consequently, when combined with the results provided by Eq. and Eq. the modified

linearized Einstein equation becomes

(O—m?) by = — Mim [TH,, - ooty + a0
+3—2ﬂaaaﬁTa5nW + ;Wla,tayaaaﬂaﬂ (2.67)
=- Mip] l:ﬁu(aﬁuﬁ) - ;~uvﬁaﬁ} TP,
where we have defined
Npw = M — #8#8% (2.68)
Thus, we can define the propagator for a massive spin-2 field
mase = D*‘“’l%iz 2 (2.69)
where f;}:,aof%i"e is the polarization tensor,
. _ B 1.
B = NMuallvg) — 3o (2.70)

As a result, the gravitational exchange amplitude between two sources T}, and T, ;/w via a massive

spin-2 field is given by

) 2 massive
massive __ 4 Iy 4 v praf af
Amassive /d Py T = g [ Al e, (2.71)

Notice that, there is no a priori reason to restrict ourselves to conserved sources in massive case.
But in order to compare this result with the massless case, the two sources should be conserved as
m — 0. Therefore, the amplitude exchanged via a massive spin-2 field but in the massless limit is

2 1 1
m—0 4 i
V== [ Q%™ = (T — =Tnu |, 2.72
T Mp, . D(“ 3"“) (2.72)

which is not consistent with the result (2.59) of the massless field.

The difference between the exchange amplitudes of massless graviton and massive graviton in
massless limit is the well-known vDVZ discontinuity. Arkady Vainshtein gave the resolution to

this discontinuity problem in 1972 . He argued that there is no reliable non-linear behavior of
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massive gravity in the limit of small mass since massive gravity theory becomes strongly coupled
with a low energy scale. We shall do a simple calculation to show how this happens in the next

section (see Ref [32] for more details).

2.4 Vainshtein radius

We start looking at static spherical solutions for the FP massive gravity and follow the steps of
the perturbation method in GR in the Appendix The spherically symmetric static metric
(off-diagonal metrics would be more general but we limit ourselves to the diagonal ansatz) can be

written as

ds® = g, da*ds” = —B(r)dt* + A(r)dr?® + C(r)r?dQ?. (2.73)

The vacuum solution satisfies the equations 7),,, = 0, combing this ansatz and the equations of

motion from the full non-linear GR action, i.e.

2
V=g (Rw _ ;Rgﬂl’> T 4 /_g(o)% (g(O)uag(O)Vﬁhaﬁ _ g(O)aﬁhaﬁg(O)w) -0, (2.74)

with hy = g — gLOV), where g,(ﬁ,) is the absolute metric which is flat Minkowski in spherical

coordinates,

g\ datdz” = —dt* + dr® 4+ r?dQ?, (2.75)

we can obtain tt, rr and 06 (¢¢ equation gives the same result) components equations respectively,

ABC*m2r? A3 + (QB(C — 3)C2m?r? — 4V A2BC (C — ro’)) A2

+2VAZBC (202 — 2r (34" + 1 A") C + 12 A'C") A+ CVAZBCr? (A')? = 0,
A(B+rB) A2+ (2r2A'B' — 4B (C — rA)) A+ Br? (A')* 224+ B —3)m? 0
A2BC?r2 VA2BC 7 (2.76)

—2B2C%*m?*rA* —2B*C*(B 4 C — 3)m?r A3

~ VA?BC (2C'B* + (rB'C" = 2C (B' +B")) B+ Cr (B')*) A*

+ BVA2BC (CrA'B' + B(4CA' — rC'A' +2CrA”)) A — B2CVA2BCr (A')? = 0.

We demand the solution to be asymptotically flat (or rather expand the above equations around

the flat space solution), which also leads to

Bo(r) =1, Co(r)=1, Ag(r)=1. (2.77)
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The expansion can be defined as

B(r) = Bo(r) + eBi(r) + € Ba(r) + -+ ,
C(r) = Co(r) + €Cy(r) + ECo(r) + -+, (2.78)

A(r) = Ag(r) + €Ay (r) + EAy(r) + -+ .

where € is a parameter that counts the order of non-linearity. Plugging the expansion expression
of A(r), B(r) and C(r), we can obtain the differential equations for the expansion of each power
of e. At O(0) order, we have 0 = 0, i.e., Ag = By = Cy = 1 are solutions to the full non-linear
equations. At O(e) order we have

2(m*r® — 1) Ay + (m*r® +2) Cy + 2r (=347 + C] —rAY) =0,

/ AN
— }B1m2 + 1 m?) Ay + rd B — G =0, (2.79)
2 r2 r2

rAiym? +rBym? +rCym? — 24} — B} + C; —rA] —rB] =0,

which could lead to

—3rBym? + 6B + 3rB] = 0. (2.80)

Combing these equations with the boundary condition, we obtain the solution

S8GM e~ ™"
Bl (T) - *T r }
8GM e~ ™" 1 +mr
Cy(r)=— 3 N B (2.81)
4 AGM e ™ 1 + mr + m2r?
1(r) = 3 T m2r? ’

where we have selected the integration constant that corresponds to other physical results. We can

continue in this way to any order of €, and obtain the expansion in mr < 1 limit,

SGM 1 GM

Br) = ‘37«<1‘6m4rs+ )
8 GM GM

Clr)=1-3—53 <114m4T5+-.-), (2.82)
4 GM GM

A(r)y =1+ = 1-4 ).

(r) + 3 4mrm?2r3 ( mird + )

The dots represent higher order in the non-linearity expansion in the parameter e. Moreover, the

non-linear expansion is an expansion of parameters ry /r, where

rV:<GM)U5 (2.83)
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is the Vainshtein radius. We can see that ry grows to infinity as m — 0. Analogy to the GR, the
Schwarzschild radius can be considered as the cut-off scale for the linear theory of linearised GR,
the solution of linear perturbation theory cannot be trusted within Vainshtein radius. Thus we
have reason to believe that the vDVZ discontinuity is the true non-linear solution shows a smooth

limit [38], [39].

2.5 Non-linear Stiickelberg decomposition

There are only two ways to non-linearly complete linear diffeomorphism in spin-2 field, one is linear
diffeomorphism in the full theory and the other is full non-linear diffeomorphism. It is possible to
write self-interactions which preserve linear diffeomorphism, but there are no interactions between
matter and spin-2 field which preserve linear diffeomorphism. So any theory of gravity must exhibit

full non-linear diffeomorphism which leads to GR.

2.5.1 Reference metric

Now we would like to extend the theory non-linearly, so we may need for extending the theory
about different reference (or rather fiducial) metric f,,. Interestingly, Ref. [26] also discussed
whether it was possible to construct a massive gravity theory without using a reference metric
at all. It was shown that the only consistent alternative is to consider a function of the metric
determinant which is equivalent to the cosmological constant. Strictly speaking, the notion of spin
is only meaningful when representing a Lorentz group, thus the theory of massive spin-2 field is

only meaningful when Lorentz invariance is preserved, i.e., fu, = 0.

2.5.2 Non-linear Stiickelberg field

At the linearized level, the mass for gravity was not built by the full metric g,,, but by the
fluctuation of the reference metric h,,. Notice that this reference metric does not transform as a
tensor under general coordinate transformations. This result is already known at the linear level
because the FP mass term breaks linearized diffeomorphism invariance. Nevertheless, we

have discussed previously that the gauge symmetry can always be restored by Stiickelberg fields,
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which amounts to replacing the reference metric to

2
Ny — Nuv — ma(yXu)a (284)

(where we worked with the flat Minkowski metric as the reference metric,) and transforming x,

under linearized diffeomorphism. Thus the combination A, — 20(,X,) remains invariant.

Now the Stiickelberg trick should be promoted to a fully covariant realization and non-linearly
since the symmetry is replaced by general covariance and non-linearly realized. We can ’formally’
restore covariance by including four Stiickelberg fields ¢, and promoting the reference metric f,,

to tensor f,,, [40],

fpw — fN;w = u@baaud)bfab, (2.85)

where the Stiickelberg fields ¢® transform as scalars, thus fuv transforms as a tensor under coor-
dinate transformations. Besides, the Stiickelberg fields can reduce to ¢ = x® and the reference
metric can recover f,w = fuv in unitary gauge. As a result, a theory of massive gravity can be

constructed by a scalar Lagrangian of the tensors fw and g,

In general, it is useful to construct the following tensor quantity in massive gravity,
Xt = g" fou, = 060, 0" fab. (2.86)

In unitary gauge, we have

X =g 1f=g"fo. (2.87)

Ref. [41] also provided an alternative way to Stiickelberize the reference metric f,,. The new
tensor quantity is

9 foo = Y% = g 0,0 0, ¢° fo.- (2.88)

But both matrices X#, and Y% have the same eigenvalues and there is no difference between them

when they are used to define the massive gravity Lagrangian [42].

2.5.3 Non-linear Fierz—Pauli mass term

Ref. [40] provides a straightforward example of a non-linear extension of the FP mass term,

ﬁ(Fnl;)n_nnl) — —m? M3 v=g ([1-X)?] - [1-X]?), (2.89)
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which is invariant under non-linear coordinate transformations. Ref. [26] also gives another way

to generalize the FP mass non-linearly as follows
LD = —m2MEy=gVaerX (|- X71)?] - [1-x71%). (2.90)

Prior to this, the linear FP action for massive gravity can be extended non-linearly in various ways.
However, most of these generalizations unavoidably introduce the BD ghost non-linearly. In fact,
a theory of non-linear extension of the FP mass term which free of the BD ghost is unique (with

up to two constant parameters) [31].

2.6 Boulware-Deser ghost

BD ghost is generally considered to be the sixth dof that appears at the non-linear level, which leads
to instability in non-linear massive gravity [43]. In order to observe the emergence of the BD ghost
at the non-linear level, we choose the easiest way: following the Stiickelberg trick non-linearly [43],

f44).

We will do the further helicity decomposition of the Stiickelberg field first. Focusing on the
flat (Minkowski) reference metric, f,, = 71,., the Stiickelberg field can be further split in ¢* =
x® — ﬁmxa (where a is a Lorentz index). Combing with Eq. we obtain the non-linear

generalization of the Stiickelberg trick

f,ul/ = 3,u¢aau¢bnab

2 1
= v —0 v —50, aay b a
un Mp, (uXv) T Mlgl uX OvX Tab
(2.91)
= 2 O, A 2
= My Mpym CE) ™ Mom2
b 00, A+ 0, AL+ T2
M2 m2 ™" e MEmA T Y MR mAT
We now only keep the helicity-0 mode , the tensor X* defined in (2.86)) becomes
Xt gt — 2 ey L e (2.92)
v v Mplmz v Mg1m4 « v

and plugging this into the non-linear extension of the FP (2.89)), then the mass term reads,

non—lin 4 4
L < 2 (1) )

(0] 0 [0]) + s (104 - [17)%) . (299
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According to Ostrogradsky’s theorem, the higher-order operators ([II*] — [II] [II?]) and ([Hﬂ - [H2]2)
propagate an additional dof, which always enters as a ghost. These operators might be irrelevant

at the linear level, but the ghost always can be manifest by finding an appropriate background

configuration m = mg + dmw. Thus,

i 4
:(non lin1) 5~ gwraBy 0,0m0,050T 2.94
FP,7 Mpym? . oo ( :

where Z#o8 = 3010%mon"? — Omonten’P — 2010 won®? + ---. This implies that around a non-
trivial background, the FP mass term propagates an additional dof which is a ghost, as known as

the BD ghost. Besides, The mass of the BD ghost depends on the background configuration g,

(2.95)

According to the Vainshtein mechanism, the field takes a large vacuum expectation value 82 >

Mpim?, thus leads to the ghost with a tiny mass, méhost < m?.

2.6.1 Function of the Fierz—Pauli mass term

The fluctuations about flat spacetime

h;ux = MP] (gMV - WW) ) (296)

now can be promoted to the tensor H,,

H,, = Mp, <g#,, - fw) . (2.97)
Combing with Eq. we obtain
1 a b
H,, = h;w + Qa(NXV) Y nabauX %
Pl
2 2 2.98
= I+ 0y + 5T (2.98)
1 2 1
- 9,A%9, A, — ———9,AT,, — ——TI% .
Mp1m2 aﬂ a Mp1m3 8# Mp1m4 v

Thus, we can write a more general function of FP mass term as an extension [26]

E%J}glction _ _mQ\/ng (g,uvgocﬁ (H;wcHuﬁ _ HLWH&B)) X (2.99)
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However, if F’ # 0, there is no analytic function of F' can avoid the non-linear propagation of the
BD ghost. If F'(0) = 0, we can prevent the cubic higher-derivative interactions in 7, but remove
the mass term at the same time. Moreover, if we choose F(0) # 0 and F’(0) = 0, the theory
is massless with respect to a specific reference metric and infinitely strong coupling with other

backgrounds.

If we would like to construct a ghost-free massive gravity theory, all higher derivative operators
involving the helicity-0 mode (9%r)" should be in the form of total derivatives in mass (potential)

term.

2.7 Ghost-free massive gravity

A theory of massive gravity with coefficients tuned to avoid the BD ghost by incorporating all
higher derivative operators as total derivatives was put forward by Cluadia de Rhan, Gregory
Gabadadze and Andrew Tolley (dRGT) in 2010 [21], [22]. It was subsequently proved that the BD

ghost for all orders and beyond the decoupling limit was completely absent [45], [46].

The action for the theory of ghost-free dRGT massive gravity is given by

M2
SaraT = /d4$\/jgi;l

4
R—2m*Y  Buen (X)| + Sulg, v, (2.100)
n=0

where (3,, are constant parameters, S, is the matter action. The dRGT mass potential terms are
built out of the n-th elementary symmetric polynomials e,,, which is constructed carefully to avoid

the BD ghost and unnecessary to compute the eigenvalues of X to obtain,

eo(X) =1,

e1(X) = [X],

ea(%) = o (IX]” — [%7]). (2.101)
es() = 3 (5 -3 7] +2 () ).

es(X) = % (X1 - 6IX]2 [X?] +3[%2)* + 8[X] [X*] - 6 [X*]) .

The specific anti-symmetric combination of terms in each e,, is designed to prevents the BD ghost
from becoming dynamical. Besides, according to the definition of X (2.86]), we have introduced
a reference metric f,,,, to construct the interaction term since we cannot construct a nontrivial

interaction only consider g,, [47]. The reference metric transforms as a metric tensor under
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diffeomorphism, thus we have

(X2)H = XM X (2.102)

The matrix X is a tensor function of the tensor H,, which represents the covariantized metric
perturbation. As discussed in Section H,,, was promoted from h,,, and can be reduced to

h,. in unitary gauge. Thus, relating X to H,,, we have
Xy = M + 2K — 1P K a0 (2.103)

where we defined the extrinsic curvature

K:;w = Nuv — (\/ au¢aau¢b77ab> =N — (\/X) » =Nuv — N Nuw — H;ux- (2-104)

Same as the Fierz-Pauli case we analyzed previously, the massive field of dRGT also can be split into
helicity-2 h,,, helicity-1 A,, and helicity-0 7 fields. However, the covariantization and decoupling
limit can ensure that the symmetry of dRGT is reduced to the symmetry of linearized GR plus
U(1) massive theory. Ref. shows that the dRGT gives the known linearized gravity in the
decoupling limit if 0#0,m. We shall take a quick look how this happens. After some operations,

we can replaced the fields h,,,, A, and 7 as

B;,w = MPlhuV7 }Al;,w = il,u,l/ - nuuﬁ-7
(2.105)

A, = MpymA,, 7= Mpym?’r.

In decoupling limit, i.e. when both Mp; — oo, m — 0, m?Mp; = constant. The action of dRGT is

invariant under

5h;w = 8#51/ + auf}u (2106)
JA, = d,m, (2.107)
o7 = 0. (2.108)

Consequently, Eq. [2.106| gives the result that same as Linearized GR. Eq. gives the result

that same as Maxwell.

There is another convention that using

K=I-X (2.109)
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Then the action of the dRGT theory becomes,

M2
SaraT = /d%v—ng

4
R—2m>> " anen (K)| + Sulg, ¥, (2.110)
n=0

where «,, are dimensionless coupling constants which satisfy the relationship [49],

4 (_1)z‘+n

B = (4—n)!zmai. (2.111)

2.8 Summary

In this chapter, we have reviewed the massive gravity theory within the context of historical devel-
opment. Starting with the spin-1 field theory, we found that the Proca mass term breaks the gauge
invariance, and causes the discontinuity in the number of dofs which could be reconciled by the
Stiickelberg trick. We then performed a similar analysis for the spin-2 field, the Stiickelberg fields
with 4 components were introduced to restore the diffeomorphism invariance which was broken by
adding the FP mass term. Subsequently, the vDVZ discontinuity was shown by computing the
gravitational exchange amplitude for the case of the massless limit of the massive spin-2 field and
massless spin-2 field. We also gave a simple calculation of the Vainshtein radius to be a resolution
to this discontinuity problem. We then extended the theory non-linearly, but most generalizations
unavoidably introduce the BD ghost which is the sixth dof that appears at the non-linear level. A
healthy theory should avoid such instability. Thus, a theory of massive gravity with coefficients
tuned to avoid the BD ghost by incorporating all higher derivative operators as total derivative

was discussed at the end.




Projected massive gravity

This chapter mainly follows with Refs. , . Starting with new massive gravity theories with
non-minimal coupling which have 5 dynamical dofs and break the global translation invariance.
We will focus on such a theory with a field space metric that is the same as the projected tensor
on the space perpendicular to the Stiickelberg field, known as projected massive gravity. After
obtaining the equations of motion of PMG, we shall further investigate the cosmology and black
hole solutions. It’s worth noting that the investigation of black hole solutions in PMG, presented

in the final section, constitutes original research.
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3.1 Massive gravity with non-minimal coupling

The dRGT massive gravity theory we introduced in Section 2.7 admits an open-FLRW solution in
which the dRGT mass terms behave as the cosmological constant . However, Ref. pointed

out that the scalar and vector kinetic terms of perturbations around the open-FLRW background
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will vanishes, which may lead to a strong coupling problem and a non-linear ghost instability [29].
Therefore, in order for the non-linear mass gravity to have a stable cosmological solution, it is
necessary to extend the theory further. In fact, many theories have been proposed to extend
the dRGT by introducing other fields, such as Hassan-Rosen bimetric gravity [51], quasi-dilaton
theory [52], and mass-varying massive gravity [53]. But now we would like to focus on the more
interesting case that the massive gravity can be further extended without invoking additional dof.
Refs. [54]—[58] have given different methods to investigate this extension intensively, which are based
on theories invariant under the Poincaré symmetry in the internal field space, but none of them have
been successful. The internal field space consisted of the Stiickelberg fields ¢* which are introduced
to restore the general covariance as discussed in the last Chapter Nevertheless, there exists a
natural extension of the dRGT theory (i.e., the total number of dofs remains the same and free of
BD ghost) that abandons translation invariance while retaining global Lorentz invariance [59]. This
extension is also known as the generalized massive theory, the constant parameters of this theory
in the graviton mass potential are now promoted to be arbitrary functions of four Stiickelberg
fields ¢%. More importantly, there is no instability for all perturbations around the open-FLRW
background [60]. An important reason why we chose the massive gravity theory with 5 dofs is
that such theories exist in the Hamiltonian constraint in unitary gauge and thus are guaranteed
to avoid the BD ghost [47]. In this section, we present two distinct extensions of the ghost-free

massive gravity theory that preserve global Lorentz symmetry, primarily following Ref. [30].

3.1.1 Non-minimal coupling

Let us start with the action of dRGT ([2.100[and [2.101]) and the reference metric of this theory we

now define as

f,uu = nabau¢aau¢b' (31)

The action (2.100)) is manifestly invariant under the Poincaré transformation in the internal field

space. We now define a scalar function

X = 0ad*9" = ¢°Pa, (3:2)

which can promote the constant parameters (3, to be functions of X if we abandon the global
translation invariance ¢® — ¢® + ¢. Such an extended massive gravity theory preserves global
Lorentz invariance [59] and we would like to seek further extensions to this generalized massive

gravity. Let us consider the conformal transformation of physical metric g,, utilizing the scalar
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g;u/ = G(X)guu- (33)
Then performing this transformation to the action (2.100) that becomes,

deform __ 4
SIRGT = / dzy/—

PIR — MEm? Zﬂnen (W)}

- / dhay/ g

2 ~ n
%G—lgﬂ”fm M G e ( g—lf)]

n=0

/d4x\/7

3 —n
PIG ( §V“ log GV, log G) MEm? Zﬁn = én ( g_lf)]

n=0

/d4x\/7

2 4
Mo ( + X g, qs“am”) ~ MEm* > Bu(X)en (Vo 1F)
n=0
(3.4)

where we defined the rescaled parameters as

n

Bn(X) = B.G(X) (3.5)

Thus, once the translation invariance is broken, the Einstein-Hilbert term can be non-minimally
coupled with Stiickelberg fields ¢® and the parameters Bn now are the arbitrary functions of X.
Moreover, the conformal scaling in the graviton mass terms can be interpreted as a redefinition of

the reference metric,

g =g (G, (3.6)

which implies that the reference metric can be deformed by appropriately contracting the Lorentz

indices by 14, and Stiickelberg fields ¢* and introducing arbitrary functions of X.

3.1.2 Disformal deformations of the reference metric

Moving to the most general deformation of the reference metric,

fpu,[ = CI(X)"?ab + Dy (X)¢a¢bau¢aau¢ba (37)

where I is a label that will be assigned to each mass term and all C; = 1 and D; = 0 can be

reduced to the case of dRGT massive gravity. Thus we can also define the square-root matrix in

I
Q"= (w—%) : (3.8)

v

mass terms
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Then for the action with general mass terms,

M2
S = /d4$\/ —g% [R[g] - 2"TLQACmass ] ) (39)
with

Lonass =B(X) [Qp] + 71(X) [Q+,]* +72(X) [Q%,] + 61(X) [@5,]° + 02(X) [Qs,] [@3,] + 05(X) [Q3]

+01(X) [Qo])" + 02(X) [Q0,)” [Q2,] + 03(X) [Q2,] + 04(X) [Q0,] [Q3,] +05(X) [Q2,].
(3.10)

Generally speaking, the BD ghost would be brought by the Stiickelberg fields but we can
avoid this if the action can be arranged one of the components of the Stiickelberg fields has no
dynamics. Ref. [59] introduced a new approach to derive BD ghost-free conditions, which is based
on the degeneracy of the kinetic matrix of the Stiickelberg fields and then generating primary and
subsequent constraints to eliminate the BD ghost. However, it is not easy to derive the degeneracy
conditions exactly due to the square-root form of the building block tensor . The action of

the mass term can finally arrive at (see Ref. [30] for more details),

Lmass = P1(X)e1(Q) + B2(X)e2(Q) + B3(X)e3(Q) + Ba(X)esa(Q), (3.11)

which is the dRGT tuning. Here, we defined

Q = nap + D(X)day, (3.12)

and

D
. (3.13)

Bi=Cpf, f2=2C,m. B3=31Ce%6, Bi=41C20), D= G
Y1

So there can only be one field space metric which explicitly depends on the ¢* is ghost-free [61],
disformally related to the original Minkowski metric. Therefore, we can obtain the generalized
massive gravity from dRGT theory with constant mass parameters, in which consider deformations

of the field space metric with different conformal coefficients at different orders.

On the other hand, we can fix the disformal term in the field space metric that leaves all of the

functions of mass terms unconstrained,

(3.14)
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which is equivalent to having a field space metric proportional to a projection tensor (operator)

(3.15)

PabE (nab_(ba(bb>~

X

This tensor projects onto surfaces in the field space defined by normal vector ¢* and the conformal
factors can be absorbed in the individual functions of the mass term. This clever combination
ensures that the derivative in one of the directions does not exist in f#,,. Similar to some features
of other Lorentz violating massive gravity theories [62], [63], the projected mass terms we are
discussing now naturally lack the BD mode. But the difference is that the time direction in this

theory remains unspecified due to the explicit dependence on ¢“.

3.1.3 Evading BD ghost

We now promote the previous analysis to include a non-minimal coupling G(X ) R, and see its kinetic
structure. We should consider a new action that contains terms responsible for the degeneracy of

the kinetic matrix with the non-minimal coupling,
M2
5= [ dtav=g 2P (GO Rl + FOOIY] + AX)(2) (3.16)

where we defined
Wi, = (g_lf)ﬂy = guyau¢aau¢bnaba
"

) (3.17)
vie=(9717) = 9" 0un8u6" 09",

where we set C; = 0 and Dy = 1 in this case. Following similar steps to finding degenerate
higher-order scalar tensor theories [64]-[66], we shall use the (3 4+ 1) decomposition to investigate
the degeneracy between metric variables and scalar fields ¢ in this theory. The partial derivative
of four scalar fields can be decomposed by using the normal vector n# and the induced metric v,
(see Ref. [30] for more details),

0,0% = —n, 6" + D,¢%, (3.18)

with

¢" = nt0,0°, D" =+/0,¢" (3.19)

The kinetic term of the action (3.16) can be written as

»Ckin = Aabd)ang + Cauy(i)alcuu + -FMUPUIC;LUIC;)U; (320)
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where K, = 7,77,7V  ns is the extrinsic curvature and we defined

Aab _ —A?’]ab o F¢a¢b’
comry — _4nabGX¢b,y;w’ (321)

FHreo — 3 (7;1(970)1/ _ 7””7/"7> .

Combing the canonical momenta 5‘% and % with the existence of a primary constraint, we can
obtain the degeneracy condition,
G(X)AX)+G(X)F(X)X — 6G%X = 0. (3.22)

Therefore, the BD ghost does not exist as long as this condition is satisfied. Next, we shall include

the mass terms obtained in the Section. We first start with the option

do 03 oy O3 04 o5
= — = —— = — = —— = — = — = —— .2
N == o 6 3 8 6 (3.23)

Plugging it into the degeneracy condition (3.22)). Then kinetic term now becomes,
_ Tuvpo GX ia GX b i a
»Ckin =F K,uu + ?d)agb 7;“/ ]Cp(r + ?%éﬁ 'chr - A¢a¢ . (324)

Notice that, under the condition v = —v2, A = 0 should be required to ensure the absence of the
BD ghost. As a result, we obtain a new theory which is the extension of the generalized massive
gravity. This ghost-free massive gravity requires a non-minimal coupling with curvature given by

4
5 = /614;6\/—7,‘]\42?2’1 [G(X)R+ 6?‘ Y] —2m? Y Bn(X)en ( glf)
n=0

+ Sm [guv,¥]. (3.25)

In this thesis, we are more interested in the option (3.14) which is nothing but the projection
onto the ¢® direction. According to the projection operator (3.15]), we can construct a new reference

metric f,“, and the building block tensor Z#,

f;w = (nab - ¢;(¢b) 8,u¢aau¢b = Pab8u¢aau¢bv Zﬂy = (gilf_)u,/' (326)

Thus, under the degeneracy condition (3.22)) the general non-minimal coupling action (3.16) can

be transformed to
6G2

GR+FIY] + AW) =GR+ =2

Y]+ AZ], (3.27)
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where we have used the relation Z = W —Y /X. We thus arrive at another new ghost-free massive
gravity we call projected massive gravity (PMG). This theory can also have non-minimal coupling,
which is given by

6G2
G

S = /d%\/ngfl [G(X)R+ Y]+m?U (X,[Z], (2], [Z%])| + Sm g, ¥],  (3.28)
where U is an arbitrary function of the mass potential terms that no longer of the form of the
dRGT. The potential term [Z] can be further generalized and higher order terms [Z"] denotes
the trace of matrices (2")", = Z", Z%1 --- Z5~', which with n > 4 can be always reduced to
lower order terms by Cayley-Hamilton theorem. Furthermore, the potential U including higher
order remains consistent with the condition derived from the linear combination of the canonical
momenta. Therefore, the projected massive gravity is the absence of the BD ghost. Ref. [30] show
an explicit derivation of action starting with the most general mass terms up to quadratic
order composed of W and Y. Besides, the theory we presented was not the most general. Ref. [62]
includes the term G*¥ Jiw which also can be considered in our case without generating the BD

ghost.

3.2 Equations of motion of PMG

If we want to do more phenomenological research on this new theory, it is very important to obtain
the equation of motion of PMG. We start with summarizing this theory. The action given by PMG
is

662
G

Spma = / d4x\/ngTP2)1 {G(X)R— Y] +m?U (X, (2], [2%]. [23})} + Sm (g, ¥, (3:29)

where Sy, is the matter Lagrangian and
X = ¢a¢a = nab¢a¢ba

2= @ vi= ()

(3.30)
¢a¢b) 6‘@“@@5”,

ﬁw = Pabau¢aav¢b = (Uab - X

fuu = _¢a¢bau¢aau¢ba

here we adopt new convention (the definition of Y# differs by a minus sign from the Section. [3.1.3))

for convenience, which is consistent with Ref. [50].
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In Appendix. we give a detailed derivation of how to obtain the modified Einstein equation

from varying the action (3.29) with respect to g,.. The equations of motion is,

6 (Gx (X ° 3 1 mass m
M2, |G(X)Cpy — VV,G(X) + g VaVEG(X) — 6(Gx (X)) ( Fow — 2[Y}gw> = T{mass) L 7(m)

G(X)

(3.31)
where TI(LI,?) is the energy-momentum tensor for matter content, and TS;‘"‘SS) is the effective energy-

momentum tensor of the mass term defined as
mas: 1 r r o [
Tlgua s) ]\41%1777,2 (QQMVU — U[Z]f;w — QU[Zz]Zp(Mf,,)p — 3U[ZS]Z’OUZ (#f,,)p> s (3.32)

where we defined

oU
Uign = . 3.33
("1 =3 [Z7] ( )
We assume that the matter field obeys the standard conservation law,
VAT =0, (3.34)

For matter content, we focus on the perfect fluid with no pressure (p = 0), Eq. can give the

background matter equation (more on Appendix. ,
p+3Hp=0. (3.35)

In massive gravity, we would have the Stiickelberg equation come from the contracted Bianchi

identity but is not independent with Eq. and Eq.

2 45 1 85 . .
v (Vi) = et (330

3.3 Cosmology

In this section, we shall derive the background equations with an ansatz in the FLRW Universe.
FLRW solution is one of the most crucial solutions in cosmology derived from GR, which assumes

the universe satisfies the cosmological principle, i.e., homogeneous and isotropic.
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The line element for the physical metric g, in FLRW Universe is given by

kx'x)

2 _ 2 2

) dr'ds’ = —dt* + a(t)*Q;jda"da? (3.37)

where « is a curvature parameter that we adopt the convention x > 0 represent the open universe,
and €;; is an induced metric on the constant time hypersurface defined as

kalxd

g =0 = T g

(3.38)
In PMG, we should require FLRW symmetries for reference metrics as well as the homogeneity of
the Lorentz-invariant scalar X. Thus, the requirement of homogeneity and isotropy constrains the

configuration of the Stiickelberg fields uniquely [27], which is given by

¢ = f(OVI+ R +y2+22), ¢ = f(t)Vra', (3.39)

where f(t) is an arbitrary function of time. Therefore, the reference metrics corresponding to f

and f are
dst = fudatde” = 5 f2Qda’ da?,
- . (3.40)
ds = fdatde® = — 1 f2dt?.
In this configuration, we can obtain the following results
X=—f2), [Y]=(F> [2)=g" k. (3.41)

In the Appendix we follow with the derivation of Friedmann equations in GR (more on Ap-
pendix. , show an explicit derivation of background equations in PMG starting with the mod-
ified Einstein equation and combing the background matter equation (or Stiickelberg
equation ) The results are summarized as follows:

N2
G Kl _ p Pg
3G <H+ 2G> ol i MFQq Mgl, (3.42)
G\, k|, . G P Pyt
-2 H+ — — H+ — )| =— 4
G 3,5( +2G>+a2 +G< +2G> MP2’1+ Mﬁl ) (3.43)
. G
pg +3H (Pg +pg) - (Pg —3pg + p) =0, (3.44)

2G

where we defined the effective energy density p, and effective pressure p, with the graviton’s mass
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1
pg = —5m* MpU, (3.45)

1
Dg = §m2M1:2>1 (U — 2£2U[Z] — 4£4U[Z2] — 6§6U[Zs]) , (3.46)

with £ = \/kf/a.

According to the studies in Ref. |30, the extended theory of PMG has a self-accelerating so-
lution in open FLRW Universe and all perturbations are free of ghost and gradient instabilities,
unlike the dRGT. In Ref. [50], the PMG was re-investigated in concrete models (minimal and non-
minimal coupling model) without assuming the weak X-dependence, which is more meaningful
due to the X-independence mass potential will lead to the strong coupling of the scalar perturba-
tion [30]. Ref. [50] further puts observational constraints on the model parameter and cosmological
parameters from the red-shift space distortion dataset and type Ia supernova, which shows that
the model of PMG is consistent with these observations. The study of phenomenology makes PMG
more potential. Moreover, these results demonstrate that the background evolution and the linear
growth of structure at sub-horizon scales of PMG can be regarded as the dark energy model with
the equation of state. One of the key motivations for exploring massive gravity is it provides a

novel perspective on the cosmic acceleration issue.

3.4 Black hole

The existence and properties of black hole (BH) solutions are crucial for exploring the non-
perturbative aspects of various theories of gravity. In addition, with the increasing understanding
of astrophysical BHs and the development of more and more astronomical observation experiments,
BH phenomenology has become increasingly important because it provides the possibility to verify
the modified gravity. Massive gravity and its extensions like PMG in our case should certainly
exhibit BH solutions. We would expect the solutions from massive gravity that closely resemble
the Schwarzschild solution of GR if the Vainshtein mechanism is indeed correct. In fact, the BH
solutions in massive gravity have been extensively investigated [67]-|74], but we should notice that
the most physically relevant solutions are likely to be found in generic cases may not yield exact

analytical solutions [31].

In this section, we shall first try to follow the classical method in Appendix [C] to find the BH

solution in PMG. If we would like to find a Schwarzschild solution, which can assume the metric is
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static and spherically symmetric. Focusing on (¢,7, 6, ¢) coordinates, the metric can be written as
ds® = A(r)dt* + B(r)dr® + r?d6? + r* sin® 0d¢>. (3.47)

The vacuum solution satisfies the equations T, ,E,T) = 0. The non-zero Einstein tensor are

A((-1+ B)B +rB')

Gtt:*

r2 B2 )
A—AB+rA
GT’I‘ = 2—H7
r2A
(3.48)
o r(—rBA? —2A?B' + A(—rA'B' + 2B (A’ +rA")))
060 =

4A2B2 ’
G¢¢ == Sin2 GGQQ.

We now consider a configuration of the Stiickelberg fields similar to that of cosmology but time-
independent, i.e. ¢° = V1 + 12, ¢" = r and ¢’ = ¢? = 0. Under this ansatz, we can obtain the

corresponding reference metrics

ds% = fdxtds” = dr?
f v 2 )
L+ (3.49)
ds?; = fudxtdz” = 0.
In this configuration, we can obtain the following results
vi=o, [z]=-2L (3.50)
1472
The Lorentz-invariant scalar X = —1 implies that G(X) is constant. For convenience, we consider

the minimal coupling model, i.e. G(X) = 1. We now fix the configuration of the mass potential as
U(X,[2],[2%],[2°]) = \X + [2)* - [Z7], (3.51)

where A # 0 is a non-zero constant parameter since Refs. [30], [50] point out that the mass potential
of PMG without X-dependence leads to the strong coupling problem. Consequently, the modified
Einstein equation becomes,

MR\G = T, (3.52)

with
ny (1

1 — —
T(mass) — N2 m? {2%” (AX + (21" = [2°]) = 22)fw + 227, Fp | - (3.53)

Plugging 1) and 1) in the modified Einstein equation, the combinations ([Z]? — [ZQ]) and
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(—2[Z) fuw + 22", ( ﬁ,) ) will vanish, which leads to the following non-trivial equations

1

Gy = —§gttm2)\a (354)
1 2

G = —59rrm A, (3.55)
1 2

Gag = —igggm A (3.56)

These differential equations can yield an exact analytical solution, i.e.,

A(r) = 1B (r) = ¢ <1 e Am2r2> , (3.57)

where ¢; and ¢y are undetermined constants. One can arrive at the metric

2GNM  Am2r? 2GNM  Am2r?
ds? = — (1 - — dt? + (1 - -
S ( + ;

-1
dr? 4+ r2dQO2. 3.58
r 6 6 ) r (8:58)

When we compare it with the Schwarzschild-de Sitter metric provided in Appendix we can

observe that
Ar? Am2r?

—_—~

3 6

The new term we obtained from this modified Einstein equation can mimic the cosmological con-
stant term in GR. Moreover, as presented in the Appendix we can easily extend this solution

to the case of coupling charge g,

2GNM  Am?r? 2 2GN M Am2r? 2\ !
d82=—(1— AR +4qg>dt2+<1— N AT +4qQ) dr?® +r?dQ.
T r

r 6 r 6

(3.59)

However, in the theories with two static, bi-diagonal metrics, Ref. [75] demonstrated that
requiring both metrics to be simultaneously diagonal generically leads to coordinate-invariant sin-
gularities at the BH horizon. In specific solutions, introducing Stiickelberg fields may allow us to
render both metrics in diagonal form by having these fields absorb the off-diagonal terms. However,
for generic solutions, it is expected that at least one metric will remain non-diagonal despite the
presence of Stiickelberg fields [31]. More particularly, in GR, we can use Schwarzschild coordinates
which have a coordinate singularity at the horizon, we can always recognize that this is simply
a coordinate artifact. But in massive gravity, if we choose Schwarzschild coordinate and make a
choice for the Stiickelberg fields which are regular at the horizon then we can able to compute

some invariants (generally 1% = gwamaamb) which diverge at the horizon, leading to the emer-
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gence of a physical singularity in that region. In other words, we have already used up the gauge
of freedoms, so we cannot fix the gauge again to remove the singularity. For a metric to serve
as a valid description of a BH configuration, it must ensure the absence of physical singularities
at the horizon. Hence, it is more promising to use a coordinate system that is manifestly regu-
lar at the horizon to ensure the resulting solution lacks any physical singularities at the horizon.
Ref. [67] explains why choosing Schwarzschild-like coordinates is not a good idea and goes on
to demonstrate the advantages of using alternative coordinate systems such as Kruskal-Szekeres,

Eddington-Finkelstein, or Gullstrand-Painlevé coordinates.

3.4.1 Non-diagonal metrics

The more general (but not the most general) class of non-diagonal spherically-symmetric metrics

in (t,7,0,¢) coordinates could be written as follows
ds* = —A(r)dt* + 2B(r)dtdr + C(r)dr* + r*dQ?, (3.60)

where A(r), B(r) and C(r) are arbitrary functions. The non-zero Einstein tensor components are

A(B* = rBA' + AB(B(-1+2C) + 2rB') + A’ (-1 4+ C)C +r("))

Gtt— 7“2 (BQ+AC)2 ’

o —A%(—1+ C)C?* 4+ B> (—B*C 4+ 2rCA' + 2rBB’) + A (rC?A’ + B? (C — 2C? 4+ r("))
T 12 (B2 4+ AC)® ’

a B(B*—rB?A’ + AB(B(—1+2C) 4+ 2rB’) + A2 ((-1+ C)C + rC"))
" 12 (B2 + AC)? ’

Goo =" (4B*A'+ CA' (2A—rA') —2B(2A+ 1A )B' — A(2A+rA")C’' + 2r (B2? + AC?) A”) ,

4(B? 4+ AA)?

G¢¢ = Sil’l2 eGgg.
(3.61)

The vacuum solution satisfies the equations T,Srun) = 0 and thus the modified Einstein equation
gives,

G = %g,“,m2 (X +[2)° - [27]), (3.62)

here X should be a constant. Notice that (¢,t) and (¢,r) components in the modified Einstein
equation give the same result. If we continue to adopt the same ansatz for Stiickelberg fields, i.e.

#° =V1+72 ¢" =rand ¢ = ¢? = 0, we can still obtain the exact solution. From (t,t) and (r,r)
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components of the modified Einstein equations, we can obtain

Alr) = (—121" + 2 m?2rd 4+ 301) 027

" (3.63)
B(r)=+ 672 V=12r +12rC(r) — 2Am2r3C () — 3¢,C (7).

where ¢; and co are undetermined constants. One can arrive at the Eddington—Finkelstein-like

metrics

ds? — (1 _2GM am?r?
a 6

) dt* + 2dtdr + r2dQ?, (3.64)
r

where + represents ingoing and outgoing coordinates respectively.

In fact, it is a general observation that two diagonal metrics have a common horizon, which is
valid for any theory with more than one metric regardless of the field equations |75]. Equivalently,
this implies that if reference metrics are the diagonal metrics without horizons, then the metric for

a BH must be non-diagonal when working in unitary gauge [31].

3.4.2 Time-dependent metrics

We now consider with the more common choice for the Stiickelberg fields, i.e. the unitary gauge

¢a = ph§a

11, meaning ¢ =t, ¢" =r and ¢ = ¢ = 0. The choice of unitary gauge is usually

done so that the reference metric takes the standard Minkowski form where Lorentz invariance is

manifest. Under this gauge fixed, we can obtain the corresponding reference metrics

2

2 _
_t2 + T2

ds?; = f,wdx“dm” = £2dt? — 2trdtdr + r?dr®

dr?,

ds% = fupdatdz” = -
! —t?+r? (3.65)

t
dt® + 2detdr +

In the configuration of the unitary gauge, we can obtain the following results

X =-t*+r*= G(X)=G(tr),

[Y] _ gttftt + 2gtrftr +grrfTT — gtttQ _ 2gtrt7” _’_grr‘rQ, (366)
_gttr2 + 2gtrt7,. _ grrt2

7] = tt ¢ 2tr_r TT_TT:
(2] = 9" fuu + 29" fir + 9" ], 212

Again, we consider the minimal coupling model (G(X) = 1), and thus we no longer need to concern
with fuv and [Y] in modified Einstein equation. Interestingly, we found that the combinations
([2)? - [27]) and (=2([Z] fu + 22", f,),) will also vanish under the unitary gauge. Moreover, we

can observe that ¢ and r will always appear symmetric in this case, which means that we cannot
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construct a mass potential U that contains either ¢ or r alone. Indeed, we can construct a mass
potential for U = 0 under some choice of Stiickelberg fields, but this will lead to the trivial case.
Since we have to consider the more meaningful X-dependent mass potential, which means that U

generally depend explicitly on ¢ and r, i.e. modified Einstein equation now is time-dependent,
M3\G = T (1, 1). (3.67)
The most general non-diagonal spherically-symmetric metrics should be rewritten as
ds* = —A(r,t)dt* + 2B(r,t)dtdr 4+ C(r,t)dr* + D(r,t)r*dQ?, (3.68)

thus the non-zero components of the Einstein tensor become more complex, potentially necessitat-
ing the use of numerical or perturbation methods to solve the vacuum modified Einstein equations

since we have not discovered any analytical solutions in time-dependent metrics.

Let us now take a particular case as an example and discuss the feasibility of the perturbation
method in the case of time-dependent metrics. We continue consider the mass potential configu-

ration (3.51)) for convenience, the vacuum modified Einstein equations thus become,

1
G = igw,mQ)\(r2 —t%). (3.69)

Obviously, we can think of the graviton mass term as a perturbation term and treat A as a small

quantity. Thus the expansion can be defined as

A(Ta t) = AO(Tv t) + )‘Al (Tv t) + )\2A2(7‘, t) +eeey

B(r,t) = Bo(r,t) + ABy(r,t) + N By(r,t) + -,

(3.70)
C(r,t) = Co(r,t) + AC1(r,t) + N2Co(r,t) + -+,
D(r,t) = Do(r,t) 4+ XDy (r,t) + N2 Do(r,t) 4 - - - .
We demand the solution should expand around the flat space, which leads to
Ao(T, t) = 1, Bo(T, t) = 0, Co(’f‘, t) = 17 Do(’l’, t) =1. (371)

Or rather, (3.71)) is a solution at O(0) order. At O(A) order, the non-trivial components of the
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Einstein tensor are

oy —Di+Cy+7r(=3D) +C{ —rDY)

Ga™ = = A
D1 —Ol +7r (2B1 —’I”ljl —|—A/1 —|—Di)
GON = A
rT ’]"2 ’
GOM _ _D1 —C + rD"l N (3.72)
tr - 9

"
1 . B} . .
GO = 3" (201 + A, — B, 42D} +r (fBl — Dy +2C)+ Al + D’f)) A,

G%A) = gin? GG%A).

Combing Eq. and 1) the cross term for Einstein tensor G?r(’\) should have

Dy —Cy + 1D 1
—%A = 5 Bom?A(* — 1) =0, (3.73)

which gives Cy(r,t) = Dy(r,t) + rD}(r,t) + fi1(r). Plugging the expression for Ci(r,t) in Gg(/\),
we have
!
oo = A =150, -
which is a function of r, i.e., time-independent. However, according to Eq. we have
1
GI™ = —5Aam?A(? — ), (3.75)

which is contradicted with Eq. More generally, as long as the mass potential term is a first
order small quantity and time-dependent, this perturbation method fails if we expand around the
flat space (Eq.[3.71). From a more intuitive and rigorous point of view, we may expand the solution

around the Schwarzschild spacetime, i.e.,

_2GyM

r

Ag=1

r

2GNM\
, By =0, CO:(l— G ) , Dy=1. (3.76)

which is also a solution at O(0) order. However, at O(\) order, we shall come to a similar conclusion
that GS ) g still independent of time. Furthermore, we could follow the same steps to prove that

Gg(’\) is always just a function of 7 as long as the O(0) order solution is of the following form,
Ao (7“, t) = Ao(T), BO (’I“7 t) = 0, CQ(’I“, t) = CQ(T), Do(’l“, t) = d, (377)

where d is a constant. Hence, if we intend to use the perturbation method to study that the

correction term is first order small quantities and time-dependent, it is advisable to begin with
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non-diagonal metrics.

Indeed, while we demonstrate the challenges of studying time-dependent metrics using per-
turbation methods, the exploration of time-dependent matrices remains a valuable endeavor in
the context of massive gravity. Rachel Rosen investigated the possibility of black hole solutions
in massive gravity that can accommodate both a non-singular horizon and Yukawa asymptotics
by adopting a time-dependent ansatz Ref. [70]. This work has shown that time-dependent BH
solutions in massive gravity may offer a way to circumvent the problem of coordinate-invariant
singularities at the horizon and smoothly recover the BH solutions of GR in the massless limit.
Therefore, this also serves as inspiration for us to explore the time-dependent BH solutions in

PMG, which may have even greater potential physical significance.



Conclusion and outlook

Through this thesis, we have undertaken a review of the background of massive gravity. We
began by establishing the formalism for both massive and massless spin-1 and spin-2 fields, with
a particular emphasis on the Stiickelberg language for both the Proca and Fierz—Pauli fields.
After introducing vDVZ discontinuity, Vainshtein radius and BD ghost in the order of historical
development, we ended the first part with the dRGT theory which serves as the foundation for the

investigation of its extended theory in the second part.

We then studied a novel massive gravity theory with non-minimal coupling, which is a general-
ization of massive gravity with the broken translation invariance. Starting with arbitrary mass func-
tions, we found that the theory can be constructed using the reference metric fuu = ab@,@“&,(bb,
where the projection tensor P, = 7ap — ¢aPp/X manifestly eliminates one of the Stiickelberg
fields. This projected massive gravity has a different mass term from the dRGT theory, and we
have proved the absence of the BD ghost. We then investigated the equations of motion for PMG
and derived the cosmological background equations. Additionally, we provided comprehensive

derivation details that were not present in the original references.

Finally, BH solutions within the framework of PMG were studied for the first time. We ob-
tained the static spherically symmetric solutions in both Schwarzschild-de Sitter-like and Edding-
ton-Finkelstein-like metrics, under the ansatz of ¢ = V1472, ¢" = r and ¢’ = ¢? = 0. We
inevitably need to address time-dependent metrics when adhering to the unitary gauge in PMG.
Unfortunately, assuming spherical symmetry does not yield successful results when attempting
to use perturbation theory to study time-dependent matrices. It is worth further discussion of
whether perturbation theory fails in this case or if there is simply no time-dependent spherically
symmetric solution. Besides, as a translation-breaking theory, PMG exhibits time variation in
coupling constants. Furthermore, this theory needs confirmation regarding the existence and/or
necessity of a screening mechanism, as it is disconnected from the dRGT construction. The inves-
tigation of local gravity tests, including the need for a screening mechanism in the PMG model,

would be necessary.



Einstein-Hilbert

A.1 Varying the Einstein-Hilbert action

The EH action in GR is the action that yields the Einstein field equations through the stationary-
action principle. The general EH action can be considered as the gravitational part plus the matter

content part

2
SEH = Sg + Sm = /d4$\/jg <J\42-PIR + Ematter) ] (Al)

where we defined g = det (g,,) is the determinant of the metric tensor matrix and scalar volume
element d*z./—g as integration measure. A physical law (equations of motion) can be recovered
by demanding that the variation of the action with respect to the inverse metric g"** be zero. By

Leibniz rule, the variation yielding,

0=05em

— Mlg’l 5( Vv _gR) J (\/ _gﬁmatter) uv 14
_/|: 2 Sghv + Sghv ogt"d (A2)

:/ Mlg,l 0R n R (5\/—9 + 1 5(\/_g£matter)
2 \og =g g™ ) =g = g

Sgh/—g d*z.

We shall calculate it term by term.
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Ut
ot

For the variation of the determinant §,/—g, we start with

dg = ddet (gu) = 99" 09,1+ (A.3)

where we used the corollary of Jacobi’s formula: det e? = e*(B), Thus,

1

G = by = G (08 0m) = — /G (GB9™) (A4)

2v/—g 2 2
where we used the fact that
909" = —g" g (A.5)
For the variation of the Ricci scalar R, we have
0R = 0(¢g"" R,) = R, 09" + g""oR,.. (A.6)

Therefore, varying the EH action (A.2)) now becomes

_ Ml?’l 1 Nz gMV(SR#V 1 5(\/jg£mattcr) v 4
0SEH /[2 (R;w iRg + Sghv + Ner Sgi 0g"’'/—g d*x

Mlgl 1 m 1 0 ( _gﬁmatter) 4
_ , — ~Rg" v 5g"/—g d"z + boundary term,
/ [ 2 (R" )T g g""v/=g d'x + boundary era .

where for the boundary term we have

boundary term ~ / d*av/=gg" SRy,
_ / A2y =g [¢" (VadTS, — V,6T2,)]
= / d*ay/=g [Va (6"0T%,) =V, (g"6T2,)] (A.8)
- / d* 2/ —gVa (g””Jqu—g“Q(SFgN)
= / d*a/=gVa Ve,

where we have used the Palatini identity 0 Ry, = dR”,

opv

=V, (6I%,) =V, (6I%,) in the second

line and V,g¢"” = 0 in the third line. Hence, by virtue of Stokes’ theorem

/ d*z/—gVa Ve = / dX, Ve, (A.9)
M Y=0M

which proves that the boundary term does not contribute to the equations of motion and can be

dropped out. Notice that the boundary term is in general non-zero since it also depends on its
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partial derivatives 0xdg"” = ddxg"", so-called Gibbons-Hawking—York boundary term.

Moving the discussion on varying the EH action. In order for Sgy = 0 to lead to the Einstein

equations
1 1
Gl“’ = RNV — §guyR = mTMV? (AlO)
we therefore combing with Eq.
Mlgl 1 19 (V _gﬁmatter )
—= | R, — =Rg"" =0, All
2 H 2 g + \/jg 59”” ( )
then define the stress-energy tensor for matter content,
-2 5 - »Cma er
T,, = (V=9 L matter ) (A.12)

V=9 oghv

A.2 Varying the action of PMG

The PMG action can take the form of,

M2 6G2
Sewic = [ atey=g | 2 (G0OR - SEE 1+ 00 (X.120 (2], [27))) + Lo | - (A13)
Similarly, the variation yielding
_ Mlg‘l G(S( \Y 79R) 6G§( 5( \ 79[Y]) o (\/jngU) d (\/ 7g£matter) v 14
= - + + ogtvd*x
2 dghv G Sgrv dgrv dghv

_ / Mb (g Lpge 4 908w\ _ MB6GK S(V=glY)) M3 0 (V=gmU) T
2 ) dgHv 2 G /—gog™ 2 —gogtv 2

_ 2 g"OR,, 2 6G% 6(v=glY]) | o 0 (V=gm’U)
= / Mp, G (Guu + g )T My, G J—gogn + MPlW — T
= / d*z

2 Yyt S (/= 2U
+ / d*z M3,G(X)g" 6R ..

sg" d'x

PG =gagrr T =gogr "

(A.14)

Sg"y/—g d'x
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Unlike the boundary term in the EH case, we should be very careful with the treatment of the
boundary term now since G(X) is coordinate-dependent. Thus
/ d*x MEG(X)g" R,
:/ d'e M3 G(X)Va (g/‘”éFZ‘V - QW‘SF/BB#)
= / d*z M2,G(X)V, Ve

:/ d'z M3, (Va (VOG) = VOV,G) A

=— / d*z M2, VeV,G

_ 4 2 pv 1 aX po 1 BA

=— | @ Mp g™ {59 (Vuoguxn +Vudgux — Vadguw) | — g 39 (Viubgsr + Vdgun — Vadgus) | | VoG
=— / d*z M, (g, (V969" ) VoG — (V,.69") V,G]

:/ d*z M2 (9w VO VoG — V,V,G) 6g",

(A.15)
where we have used the integration by parts many times. Then, for the term,
663 8(y/=glY)
a | a2 0G0V —glY ]| ¢
[ ate[-ua G e o
2 _1 /= U(S/U/ Y —q6 l“/~u
[ a2 2 1 /=9 (909" [Y] + V=30(9" ) N
G N
6G% [ = 1 5
= —/ d4.73 MPQ’ITX (fl“, — 2[Y}guy> 59# .
For the term
d (/—gm2U
[ iz 29 U) |
V—g0g+”
:/ diz M2, {_é 7 (g“"agw)szﬂ/jgm%(U)]
’ V=9
1
= [ de Mg [_QgWUaguua(U (x.12).[27], [23]))} (A.17)

1 . . .
= / d*z Mpm? [—ng,U + Uiz fuw + 20122 2%, fop + 83U 29127, 27, fy),,] 5g™”

=_ / d'z TR gM

where we defined 7, as the effective energy-momentum tensor for massive graviton

m 1 r r o r
THVaSS = MglmQ (2gle — U[Z]f,uu — QU[Zz]Zp(Mfy)p — 3U[ZS]ZpO.Z (Hf”)P> , (A.18)



A
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with U[Zn} = 8([9ZU”] .

As a result, Eq. is reduced to

d0Spma :/Mgl

T + T
dghv

.
G(X)G . — (f,“, — 2[Y]gw) +9.,0G -V, V., G- © e
Pl

Sg" dtx.

(A.19)
Thus, 6Spma/0g"” = 0 leads to the modified Einstein equations in PMG,

2
M [G(X)G,W - 9,9,6(x) + 90600 - X (- 1 1vig )

— T(mass) T(m)
G(X) wr T

(A.20)



Cosmology background equations

B.1 The Friedmann equations

The Friedmann equations are a set of equations in physical cosmology that govern the expansion
of space in homogeneous and isotropic models of the universe within the context of GR. We shall
derive these from Einstein’s field equations for the FLRW metric and a perfect fluid with a given

mass density p and pressure p. The stress-energy tensor for the matter is defined as
" = (p +p)u"u” + pg"”, (B.1)

which obeys the standard conservation law V,T*” = 0. The 4-velocity of cosmological observers

is given by,
u* = (1,0,0,0), (B.2)
satisfying u,u” = —1. Then the energy-momentum tensor can take the form
T, = gua T = diag(—p,p, p,p). (B.3)

The FLRW metric in polar coordinates (t,r, 6, ¢) takes the form

2

ds? = g, datds” = —dt* + a®(t) + 172 (d6? + sin® 0d¢?) | , (B.4)

1+ kr2
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where k is the curvature parameter that x > 0 corresponding to an open universe. We now can

calculate the non-zero Ricci tensor in this metric,

a a
Ry = —3— = 391 —,
a a

a? i a\?> K i a\’> K
Rrr = /5 | — 2 - —2— =0rr | — 21 — —2— s
14 kr2 <a+ (a) a? g a+ (a) a?
i a\?> K i a\’> K
Rgo = a’r? ( +2 () - 22> = G906 < +2 () - 22> )
a a a a a a
i a\® K i a\? K
f%¢=a%2ﬂ&0<a+2(a> _2ﬁ>::%¢<a+2<a> —2¥>.
Thus the Ricci scalar
i i a\? &k i (a\® K
R=g”"RW=3+3<+2(> —22> :6<+<) —2>. (B.6)
a a a a a a a

From Einstein’s field equations,

1 1
Gl“’ = R/“, — §guyR = Mi}nguy, (B7)
we can obtain
1 1
Ry — §gttR = 7M1%1 T, (B.8)

from time components, which leads to the first Friedmann equation

. 2
a 1 K
(%) = - ,+ & B.

(a) 3zt (B.9)

where we defined the Hubble parameter H = a/a. In a similar way, the spatial component of the

Einstein equations leads to
. N\ 2
a a K D
2= Z) - 2= £ B.10
ot (a> a? ME, ( )

we can rewrite this equation using the Hubble parameter time derivative
. . N
. d (a a a
H=2(2)=2_1(2) . B.11
dt (a) a (a) ( )

H—_PtP_ " (B.12)

Thus, Eq. [BI0] becomes,
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which so-called second Friedmann equation. Combing the first and second Friedmann equations,

one can obtain the acceleration equation,

a 1
- = —— 3 B.13

since it contains the expansion rate of the universe. We now further combine the Friedmann

equation in another way by taking the partial time derivative of Eq. which gives

QHH — ——p = —2Kk— B.14
g K (B.14)
and then plugging the s from the Eq. ie.,
2
2y @2 (p+Dp)
—k=a"H+ —--2 B.15
k=a"H+ oNE ( )
which gives the continuity equation,
p+3H(p+p)=0. (B.16)
We can also derive this from the conservation of the energy-momentum tensor,
V.14, = 0,1, + FZQT‘}, — FZ‘VT“Q =0. (B.17)

Consider the v = t component of this equation and remember everything depends only on ¢ and

not on the spatial coordinates:

VT4 =9,T" + " TG T2

I
utT o

=0,T", + T, T", — T}, T", — T, T",

%
. (B.18)
) a
= - {p+ 3a(p+p)}
=0.
The remaining components,
v, T =0,T" + DTG =TT, = 0. (B.19)

Hence, we again obtain the continuity equation.
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B.2 Background equations in PMG

The time-like components (0,0) of the modified Einstein equation gives

6(Gx(X)? (- 1 Timass) i)
G(X)Goo — VoVoG(X) + gooVaVOG(X) — —=22 | foo — =[Y]goo | = + .
00 ovo 00 G X) 00 2[ ] 00 Mlgl M}2)1
(B.20)

For the first term of LHS
ﬁ) . (B.21)

For the term
— VoVoG(X) + gooVaVEG(X)

= — 009G + I§)0aG — 9,0°G — I',0°G (B.22)
= — 990G + DG — 1§,0°G =T5,G = 3HG.
For the term 6(c (X))2 ) .
- ﬁ (foo - 2[Y]Qoo>
2
=- g (%f;;) <;(ff)2) (B.23)
2
2 (8) (o) -5
For the RHS of the Eq.
plmass)  p(m) 1000 0

002 +002: 2 2Pl +P2:Pg2+,02’ (B.24)
Msg, Mg, Mg, Mg, Mp,  Mp,

= —im?MZU . Therefore Eq. can be

where we defined the effective energy density p,
simplified to
L\ 2
G K p P
Hy— | —=| =5+ —%. B.25
( ’ ) a2] Mg, " Mg, (5:29)

3G 5C

Similarly, if we consider the space-like components (,7) of the modified Einstein equation

6(Gx(X))? ([ 1 (mass)  p(m)
G(X)Gii = ViViG(X) + giiVaVOG(X) - ol ( fii = =[V]gii | = “i—— + =i, (B.26)
G(X) 2 MIEI Ml?,l

For the first term
(B.27)

a K
X)Gy = giiG(X) | —2— —H* + — .
G(X)Gii = guiG( )( . +a2>
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For the term
— Vzle(X) + giNaV“G(X)

= — 0:0,G +T$0aG + gii (0.0°G +15,0°G)

(B.28)
=T9%0°G + gii (000°G + I'§,0°G)
= g”HG + Gii (—G — 3HG)
For the term )
6(Gx(X))" (7 1
T ax) Jii — §[Y]gn‘
6 (0G Ot \* [ 1, .,
=G (87&8X> <2(ff) gn)
9 (B.29)
3 G 1, .9
YS! <ff> <_2(ff) gm)
36
= Gii 1aq
For the RHS of the Eq.
T(.mass) T(m)
Pl Pl
1 J1 — _ _
= [2Mlglm2 (fmU —2Uyz)fii — AU 122 2" fiyp — 6U[Z3]ZPUZU(1'fi)p):|
Pl
LTy f2 I P (B.30)
g”]wlg1 [ Mplm <U—2U[ —5 _4U[Z2] <a> —6U[Zs] ( ) >‘|
1
=Yiq { m* Mg, (U — 26%Upz) — 46 Upz2) — 6§6U[zs])}
Pl
where we defined & = @ Therefore Eq. can be simplified to
a K . 3G2 D
X)(-2--H*+—)-2H — == B.31
G()( u +a> G- G+4G MZ (B.31)
where we also defined effective energy pressure p,
1
Py = 5m2M§,1 (U — 282U ) — 46" U 22 — 66U z29)) - (B.32)
Eq. plus Eq. one can obtain
G G P Pg TPy
fa (&) ]ce( &) ettt o

Following the classical way to obtain the continuity equation, we can obtain the expression for
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directly from Eq.

a2

3G2
=—— H H? +2H - B.34
K G<M§1+2G +3GH? +2HG + G 4G> ( )

Secondly, we can use Eq. and Eq. to eliminate the x to obtain the expression for H

e 6 )
1 3pg+p+py G+G+i_H2 (B.35)

H=—
6G M2 2G| 2G2

Finally, we can take the time derivative of the Eq. and combine it with Eq. and back-

ground matter equation (3.35]), one can obtain
. G
pg +3H (pg +pg) — 2K (pg —3pg +p) = 0. (B.36)

Alternatively, we can obtain this modified continuity equation from the Stiickelberg equation |3.36

From the LHS of the Stiickelberg equation, we have

v ()
_vr | M, [G(X)GW ~ VoV G(X) + g VaVEG(X) — (GGX%)) ( Fow — %[Y] gw> _ )
=M}, |G VI G(X) — R VP G(X) — V" ((fG (fi)) (e - ;<ff>zgw)> _ e
“ M, |G VAG(X) — RV G(X) — V* (230 (ijj) fW> +2v, (Cg ) _ rgime
=0.

(B.37)

(m
_ le )
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Here, we only consider the time-like components, i.e. v =0,

M3, |GooVPG(X) — RyoV°G(X) — VH (36‘{2&0) + §V0 <G2> -~ VMT(l(f)nass)
s 2G (ff)? 4 G "
=M3p, :3 (H2 - g) G- 3%@ - 912{52 - 280 (CZ;) + aOTég‘aSS) — T T (mass) | FﬁoTua(mass)
= 13,1 :3 (Z 4+ H? - Z) G— z (22(; _ g:) _ % 27 91;[52- B FZOTOO (mass) +F§0Tji (mass)
=Mg, :—3 (2 + H? - Z) G- Z <2GGG — gz> _ %mQU B 9}2152 37 (mass) g (mass)
=M :_3 (Z I Z) G- <2GGG - g) — Sl - 92152 +3H(py +py)
[0 (fem )63 (M- ) -2 i

(B.38)
where we combined Eq. and Eq. in the last equality. Again, we obtain the continuity

equation as presented in (B.36)).



Black hole solutions

C.1 The Coulomb solution

Before discussing the spherically symmetric metric, we start with the Coulomb solution as a warm-

up. In electrodynamics, the electromagnetic four-potential A, (z¥) only depends on r? = z'z; and
t. Note that other components A; in polar coordinates would transform non-trivially under spatial

rotations, so spherical symmetry SO(3) requires Ay and Ag set to zero. Thus,
A'L' = AT(T7 t)fa AO = AO(T7 t)

The components of the electromagnetic field F),,, in spherically symmetric ansatz have the structure

A; = %AT = 0ir Ay, s0 9;A;) = 0 — Fij = 0. Thus, we have the following results

1 .
Bi = §6iij]k == 0,
FOi — El'i7
Er = (0,40~ 00A,) = (45— A,),

E; = E, 7.

Here we are restricting to a situation without a spherically symmetric magnetic field B,.. Substi-

tuting the spherically symmetric ansatz into the Maxwell action, we have

1 1
Ivaxwell = *1 /d4$FHl,F’“’ = 5 /d41' (E2 - B2) s (Cl)
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the reduced action .
I el = 3 / sinfdfde / r2drdtE?

= 27r/ (AT — A6)2 rdrdt.

where 27 comes from [, d*Q. Now we can vary the reduced action I}§

(C.2)

d

axwell

to obtain a contentful
field equation. Notice that here we choose to vary the A, and Ay before imposing the Coulomb

gauge, in order to obtain the constancy in time of the charge.

For the Eq. we have
, 2
L =27 (Ar — A6> r?

and from Euler-Lagrange equations, we have

6L _ oL, oL
04, 04, 90,4,

= 0. (C.3)

where 8H% can be considered as ata (8,5) + 8,«%. Since % = 0 and aaAﬁg = 0. Eq.

becomes

0=54, =% (4) 0, (A - 40)

Therefore, § A, variation yields

5[1{/?1 11 2 0 A
axwell _ 4 . A/ — A = 0. 4
St = amt o (4 - 40) =0 (C4)
Similarly, d Ag variation yields

élﬁgxwell _ 0 2 / A _

We impose Coulomb gauge A, = 0. Eq. can be simplified as

M = 471'2 (rzAg) =0. (C.6)
640 |4 —o or

According to the boundary condition Ag — 0 as r — oo, we can obtain the solution of this equation

t
Ap = 10 (C.7)
T
Now, Eq. [C-4] becomes
Ired .
“Maxwell =Anr?A) = 4ng =0, (C.8)

0Ar | a0
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i.e. ¢ =0, which indicates that charge is time-independent.

C.2 Spherically symmetric metric ansatz

We move on to the analogous problem in GR. A spherically symmetric metric in Cartesian coor-
dinates takes the form

ds* = A(r,t)da'dz’ + B(r, t)x' 2 dz'da?

where r2 = 2¥2*. Then transform to the polar coordinates using
da'dx’ = dr® + r2(d6* + sin 02d¢?) = dr® +r?dQ?, z'dx’ = rdr,

where dQ? is the usual SO(3) unit 2-sphere invariant element. Including the time coordinate, the

corresponding spherically symmetric spacetime metric is
ds®> = —D(r, t)dt> + A(r,t)dr* + E(r, t)r2dQ* + 2C(r, t)rdrdt,

where A(r,t) = A(r,t) + B(r,t)r? and note that A and B only occur in combination. Moreover,
the residual coordinate transformation can modify these metric functions without changing any
physical content. This is a type of gauge change also known as ”proper” gauge change. The

r — 7(r,t) coordinate change can be used to set

and further redefining other metric functions as
D=ab’, A=A+Br’=a"',C=0bf/r,

where a,b and f are undetermined functions of r and t. The spherically symmetric spacetime

metric then becomes

ds? = —ab®dt* + a7 tdr? + r2dQ? + 2bfdrdt.

Similar to the analysis in the Coulomb solution case, we can not set f(r,t) = 0 before variation,
which can lead to Birkhoff’s theorem (see Ref. [76]) for more details). However, we will use the
gauge freedom to set f = 0 and begin with the more instructive choice that dropping the off-

diagonal elements of the metric. Substituting this ansatz into the Einstein-Hilbert (EH) action
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Ipg = fd4x\/—gR (here we set i = 1 for convenience and so \/—¢g = br?sin 0), we can obtain

the reduced action

el = / sinfdfde / bridrdtR
=4r / drdt [-b (—2+ 2a + 4rd’ +r°a") +r (— (4a + 3ra’) b/ — 2rab”)]

r? (adb + b (20* ~ aii) )
a3b?

= 87r/d7‘dt (b+rab)

+ (C.9)

= 87r/d7"dt b(r —ar)’,

where we have already used integrals by parts and omitted the boundary term. The respective

variations then yield
o1

oa
red 2 M
§§EbH:(rfar)':O:>a:17 GJ: .

=t =0=b=by;
(C.10)

In fact, by and M could be time-dependence but we won’t consider that here. by(¢) can be set to

1 by fixing the remaining ¢ — ¢'(¢) gauge freedom. Finally, we arrive at the Schwarzschild metric

2G N M 2G N M\
ds? = — (1 _ GN) dt® + (1 _ 26N ) dr? + r2dQ02, (C.11)

T r

where M can be considered as the mass of Schwarzschild BH.

C.2.1 From Einstein to Schwarzschild

Now, we would like to present another approach to arrive at the Schwarzschild solution, which
might be more straightforward. Let’s continue with (¢,7,6,¢) coordinates. The Schwarzschild
solution is assumed to be static and spherically symmetric, describing the vacuum spacetime. The
term ”static” denotes a state where all metric components are time-independent, i.e. % Guv = 0.
Moreover, all metric components should be unchanged under a time-reversal, i.e. go, = guo = 0
for p # 0. Spherically symmetric means that the geometry of the spacetime is unchanged under
(t,r,0,0) = (t,r,0,—¢) and (t,7,0,¢) — (t,r,—0,0), i.e., goy = gu2 = 0 for p # 2 and g3, =

guz = 0 for p # 3. To sum up, the metric can be written as

ds® = goodt® + gr1dr® + goodf? + gazde?®. (C.12)




C.2. SPHERICALLY SYMMETRIC METRIC ANSATZ 70

Across the hypersurfaces defined by constant values of ¢ and r, a prerequisite is established, required

that the metric should be a 2-sphere. Thus,

Gao =712, g3 =r’sin?6. (C.13)

According to the spherical symmetry, gog and g1 should only depend on r on each radial line. We

can define

goo = A(r), g11 = B(r). (C.14)

hence, the metric takes the form
ds®> = A(r)dt* + B(r)dr? + r?d6? + r? sin? 0d¢?. (C.15)

In order to determine the functions A(r) and B(r), we need to use the last but the most important

condition, 'vacuum’ We first look at the Einstein field equations
G;uz + Aguy = K:Tuuy (CIG)
where T),,, is the stress-energy tensor and G, is the Einstein tensor, is defined as
1
Guw =Ry — §R9W° (C.17)

The cosmological constant A here is set to 0 for the Schwarzschild case. The vacuum solution

satisfies the equations 7, =0, i.e.,
1
R, — §Rg'“’ =0. (C.18)
Taking trace for the Eq. one can obtain

Rap = 0= 0,1, — 010, + T T3, —T5,T, =0. (C.19)

The non-zero Ricci tensor gives the following equations

rBA”? + A(rA'B — 2B (24’ +rA"))

e = 4r AB? ’

(C.20)

A(4A+rA) B +rB (A2 - 244")
Ry, = T : (C.21)
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1 24+ A Lp
=_-12- A .22
Ryg > < 5 T ) ) (C.22)
R¢¢ = sin2 (H)Rgg (C23)

Combining Eq. and Eq. eliminates A” and obtains
AB'+ BA' = 0. (C.24)
Substituting this result in Eq. one can obtain the general solutions
A:CQ(H%), B:(H%)*l, (C.25)

where ¢; and ¢y are yet undetermined constants. Now we would like to obtain ¢; and co by using
the Newton limit. Recalled the Newtonian frame in GR, in which the line element of spacetime
takes the form
ds® = — (14 29)dt* + (1 — 2®) (dz® + dy® + d2*) + ...
=— (1+2®)dt* + (1 — 2®) (&7 + 72dQ3) + ...
(C.26)
= — (142®)dt> + (1 — 2®)dr?® 4 r2dQ2 + . ..
~— (14 29)dt* + (14 2®)'dr® + r?dQ3.

where & = —M

< 1 1is the gravitational potential. Notice that, we have introduced a new radial
coordinate defined by 7 = r(1+ ®) =r — Gy M. So, dif = dr and r? ~ 7#2(1 — 2®). Compare
and one can obtain

c1 = —2GNM, ¢ =-1. (C.27)

Therefore, we arrive at the Schwarzschild metric

—1
ds? — — <1 _ QG;YJM> dt? + <1 — QGiVM> dr? + r2dQ2. (C.28)

C.2.2 Perturbation method

This time, we would like to find the spherically symmetric static solutions by using an expansion in
powers of non-linearity. Continue focusing on (¢, 7,6, ¢) coordinates and A = 0. the most general

spherically symmetric static metric can be written as

ds® = —B(r)dt? + A(r)dr? + C(r)r2dQ>. (C.29)
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For convenience, we can set A(r) = C(r) by gauge fixing, thus the metric becomes,
ds® = —B(r)dt* + A(r) [dr® + r*dQ?] . (C.30)
The vacuum solution satisfies the equations T},, = 0. From Eq. we can obtain

3r(A)? —4A (24" +rA") =0,
, (C.31)
4B'A? +2(2B+rB')A'A+ Br(A')" =0,

from the ¢t and rr components equations. Similarly to the previous case, 860 and ¢¢ components
equations turn out to be redundant. The linear expansion of Eq. around the flat space solution
is

Bo(r) =1, Ao(r) = 1. (C.32)

(If we demand the BH solution to be asymptotically flat, which also leads to Ay = By = 1).
We now use the method of linearizing a non-linear differential equation about a solution. The
expansion can be defined as

B(r) = Bo(r) + €B1(r) + €Bo(r) + - -,
(C.33)

A(r) = Ao(r) + €Ay (r) + € Aa(r) + -+,

where € is a parameter that counts the order of non-linearity. Plugging the expansion expression of
A(r) and B(r), we can obtain the differential equations for the expansion of each power of ¢. Thus,
we can obtain the solutions of the undetermined function at each order of €, which can be used to
solve for the next differential equations for higher order in €. In the present case, Ag = By = 1 is

a solution at O(0) order, which gives 0 = 0. At O(e) order we have

24
L—=0, Bj+A;=0. (C.34)

Al +

Combing the boundary condition of asymptotically flat, i.e., B; = A; = 0 as r — o0, the general
solution of the Eq. is left with an unfixed constant. We can choose it to reproduce the
Schwarzschild solution. Thus, we obtain

2GxM 26N M
r e

B = (C.35)
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Plugging this results in the differential equations given by O(e?) order, we have

3GPM? 24, —
4 27—

7521\42 (C.36)
5t By + Ay =0.

The boundary condition again requires that By = Ay = 0 as » — co. The solution of Eq. left
with an arbitrary constant which appears as the coefficient of a % term. So, we can absorb it into

the first order (i.e., set to zero) if we set ¢ = 1 in the end. Thus, we obtain

We can continue in this way to any order of ¢, and obtain the expansion
B(r)—l—QGfM (1—GiM+ )
A(T):1+2G1:M <1+3G411M+m). (C.38)

The dots represent higher order in the non-linear expansion in the parameter e. Moreover, the

non-linearity expansion is an expansion of parameters rg/r, where

rs =2GNM, (C.39)

is the Schwarzschild radius.

C.3 Extend Schwarzschild solutions

To facilitate a more straightforward elucidation, we shall proceed with the subsequent extension
within the confines of the Birkhoff Theorem. Then the spherically symmetric ansatz takes the
form

ds? = —a(r)b(r)2dt® + a(r)~'dr® + r2dQ?, (C.40)

where a and b are functions only depend on 7.
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C.3.1 Schwarzschild-de Sitter
The EH action including the cosmological constant term becomes
Isqs = /d4x¢jg(R —2A), (C.41)
and the reduced action becomes
I = 8n / dr (b+ rab’ — Abr?) (C.42)

The respective variations then yield

OIS /
“5a rb’ = 0 = b = constant;
s (C.43)
(HSd% =(r—ar) —A?=0=a=1- 26N M _A77“2
0b

r 3
Thus, the Schwarzschild-de Sitter metric is

2 2\ 1
ds? — — (1 QG]:M _ A;") at? & (1 2GNM - A;)") dr? + r2d02. (C.44)

C.3.2 Reissner-Nordstrom solution on de Sitter

Now extend the above discussion to include the gravitationally coupled Maxwell action, i.e. Einstein-
Maxwell theory. This extend action becomes

1
IrNas = /d4x\/jg(R —2A) — i /d4x\/ngWF/w_

(C.45)
where \/—¢ = br?sin . For the term
1 4 v
~1 d*x\/—gF,, F"
1 4 1\2 1

2

- 27r/dr (A})? %
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Notice that, we have imposed the same ansatz for the gauge field A, and adopted the Coulomb

gauge, the reduced action becomes

1
IfNas = 87r/d7” {_b(‘”’ =) = Abr? + @TQ (45)%] - (C.47)
Following the steps of the previous analysis in the Coulomb case, one can obtain

A = f% (C.48)

Similarly, da variation gives the result that b is constant and then §b variation yields

SIred . ) 72 2GNM  Ar? q>
= (r — —Ar? — =0 =1- S — . C.49
ob (r—ar) " 4b2r2 = r 3 4bh2r2 ( )

Once again, b can be absorbed into dt by changing the coordinate ¢ — ¢'(¢) and set b = 1. Thus,

the metric of Reissner-Nordstrom solution with cosmological constant is

3 +4r2

°0GNM A2 ¢ 2GNM A2
d52(1 GyM A, 4 >dt2+(1 G ; +f—2
.

-1
) dr® 4+ r2dQ%. (C.50)
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