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1 Introduction

The Standard Model (SM) now has the final missing component due in large part
to LHC’s discovery of a 125 GeV Higgs boson. However, we have no direct hints
of any new physics so far. There are many different models that have been tested
already at the LHC which puts bounds on the mass scale beyond the TeV scale in
some cases even closer to the 10 TeV scale. In this situation, it is almost clear that
we might face a mass gap between the Standard model and the new physics that we
would like to understand. To cross this gap, we need to construct the bridge from
the Standard model (low-energy physics) footprints and effective tools used to probe
the way to arrive the UV-complete theory. If new physics has a heavy mass gap
where effective field theories are playing important roles, we can actually replace the
Standard model with the analogue with the Fermi theory for the Standard model
which is the SM effective theory (SMEFT). However, there are too many possible
interactions that we can have. Even in the presence of hints in the new physics, with
the number of new possible couplings, it seems to be a very hard situation.

The SM lagrangian contains two unnatural features pointing towards new physics
associated with the Higgs potential and the Yukawa sector. The first one is the Higgs
hierarchy problem essentially telling us that there needs to be something that stabi-
lizes the mass which typically should be around the TeV scale. The other one is a
standard model flavour puzzle where the Yukawa couplings have a very hierarchical
structure for each family of SM fermions. In the absence of the Yukawa interactions
and the Higgs interactions to the SM lepton fields, the kinetic terms of the leptons
are invariant under the global U(3), % U(3)g, symmetry telling us that we cannot
distinguish among all three families of the lepton. We called this property as the
Lepton Flavour Universality (LFU). Although there are many observations ver-
ifying the existence of the LFU, with an increasing set of experimental anomalies in
semileptonic B-meson decay, they show us the hint of Lepton Flavour Universal-
ity Violation (LFUV). There are two types of B-anomalies: 1. the neutral current
transition in the SM b — sll and 2. the charged current counterpart b — clv. As
studied in [26],[27],[28],]29] the recent experiments show the deviation from the SM
at the average discrepancies at the level of 4o.

The B-anomalies can be explained by a single U; leptoquark mediator which
couple the SM quark and lepton together constituting the source for the violation of
lepton universality. With the effective field theory low-energy fits of the simplified
model of leptoquark mediator [3],[4],[5] it suggests that U; leptoquark is the best
single mediator to explain the LEUV. The gauge structure of this leptoquark implies
that it would be embedded in a UV-complete model. The quark-lepton unification
model of Pati and Salam [17| views the lepton as the fourth colour of the quark
based on SU(4) x SU(2)r, x SU(2)r gauge symmetry. The model predicts the exotic
particle, a gauge vector leptoquark in the same representation as in the simplified



model. However, the Pati-Salam model predicts the bound on leptoquark mass
more than 200 TeV ballpark resulting from the semi-leptonic meson decay K — pue
[15],[18] telling us that the energy scale of the new physics is beyond our interest
since we would like to stabilize the Higgs mass at around TeV scale.

The search for a renormalizable model with a TeV-scale leptoquark has led ta
way to consider the 4321 model [1],[2],[7] based on the extension of the Pati-Salam
gauge group to the Guza = SU(4) x SU(3) x SU(2), x U(1)'. For the fermion
sector, we consider a flavour universal model in which the would-be SM fermions are
singlets under SU(4) structure. The model predicts the right quantum numbers of
U, leptoquark and also predicts the flavour non-universal structure given the CKM
procedure.

In this work, we organise the paper as follows. In section 2 we present the
basic introduction to flavour physics view through symmetry glasses. We will see
a large global symmetry in various parts of the SM. In section 3, we introduce the
idea of Lepton flavour Universality, summarize the current bounds of B-anomalies
experiments and present a way to construct theory through U; leptoquark. In section
4 we will see the anatomy of the Pati-Salam model and its two dangerous problems.
Finally, in section 5 we present the current model for this field of study the 4321
model and digest its anatomy to see the consistent leptoquark gauge boson.



2 The Standard Model and its Flavour

The Standard Model (SM) of elementary particles is a renormalizable theory based
on the gauge group and the particle field content which can be defined as follows:
(i) It is completely specified by the gauge (local) symmetry

Gsm = SU(3)e x SU((2) x U(1)y

(ii) The fermion content for each generation are arranged in the five representations
of QSM:

Qri(3,2)11/6:  Uri(3,1)12/3, Dri(3,1)-1s3, Lri(1,2)-1/2, FEri(1,1)

Each of the fermion field comes in three generations or "flavours" (i = 1,2,3). Where

Qri = u ; ‘r , b for left-handed quarks
dr, SL b

and Upg; = ug,cr,tr, Dpg; = dg,Sgr,bg for right-handed quarks

Ly = (V6L> , <V“ L) : (VTL) for left-handed leptons
€L KL L

and Fgr; = eg, i, 7r for right-handed leptons

A right-handed neutrino is something we do not include in the SM since it would be
completely "neutral" under the gauge symmetry. The Standard Model lagrangian
can be divided into three main parts

‘cSM = ﬁkin + ‘CYukawa + ‘CHiggs (21)

Where the Higgs potential is spontaneously broken into Gy — SU(3) x U(1)em by
the vacuum expectation value of a single Higgs doublet, H(1,2),5 ((H) =v/V2).
However, the Higgs field is not based on the symmetry principle like the mediators
of the SM forces since all the interactions associated with Higgs; we have to assign
the couplings by hand (i.e. Higgs Mechanism cannot predict particle masses).

In order to have the kinetic terms which are gauge invariance, one has to intro-
duce the covariant derivatives:

Dg, =0, + igsT“GZ —i—z’gT“W/‘} +i9'Y (Q)B,
Dy, = 0, +igs TG, +ig'Y (U)B,
Dpy = 0y + 191G, +ig'Y (D)B, (2.2)
Dy, =0, +igr*We +ig'Y(L)B,
Dg, =0, +igr'We +ig'Y (E)B,

Where G, are the eight gluon fields, W are weak gauge bosons and B, is the
hypercharge boson. 7% (a = 1,2,...,8) and 7 (a=1,2,3) are the generators of SU(3).
and SU(2), respectively. All gauge couplings are the same for each generation (gauge
couplings are universal).



2.1 Global Symmetries

However, for the kinetic part of the fermion lagrangian, there are a large global
symmetry satisfied by £}

kinetic’
L =iQ Qi +iUg DU + iDpil)Dps + il DLy + iEgi DER; (2.3)

In this part, it is evident that the interaction lagrangian is flavour universal and CP
conserving. One can transform each term above by a unitary transformation.

QL — VQQL, UR — VUUR, DR — VDDR, LL — VLLL, ER — VEER (24)

where Vo, Vi, Vp, Vi, and Vi are U(3) independent rotations in flavour space. Thus,
the lagrangian is invariant under

UB) =UE)q, x UB)u, x UB)ps x UB)z, x U3)E, (2.5)

This can be decomposed as
Ghavor = U(1)° x SU(3)g, x SUB)y, x SU3)p, x SU(3), x SU(3) g, (2.6)
U1’ =U1)pxUQ) x UQ)y x Ul)pg x U(1)g (2.7)

The groups apart from U(1)® correspond to non-trivial flavour mixing. However,
when we consider the Yukawa terms in SM,

—Lyuawa = Y1Q:0Drj + Y4Q :0Ur; + Y Lri¢Eg; + h.c. (2.8)

where the dual field (Z; is given as <;~5 = i1¢! and Yukawa matrices Y¢,Y* and Y© are
complex 3 x 3 matrices. Since each Yukawa matrix is flavour dependent (Y7 o¢ 1),this
will be source of flavour and CP violating. If we turn on this Yukawa interactions,
the global flavour symmetry Ggayor is broken because we know that masses of the
fermions are different from the observations. Thus, the remained symmetry is

Gavour — U(1)p x U(1)e x U(1), x U(1)7 x U(1)y (2.9)

where U(1)g, U(1)e, U(1),, U(1). and U(1), are the baryon number, electron num-
ber, muon number and tau number respectively. These are accidental symmetries
(i.e. not required when we construct SM). They depend on how we set the model
from the choice of gauge symmetry, field content and renormalisability. Within the
SM, flavour physics is completely controlled by the Yukawa couplings that are de-
termined by the fermion masses. Moreover, the unbroken global symmetry gives us
strong consequences upon the Standard Model listed below:

1. Proton decay (p — e*) is forbidden since proton is the lightest particle that
has a baryon number.

2. There are no flavour changing neutral current in the charged leptons. Lepton
flavour violation is forbidden by U(1), x U(1), x U(1), (e.g. u — e is forbidden.)



2.2 CKM Structure

In order to diagonalise the mass matrices derived from Yukawa interactions, Yukawa
couplings requires two independent unitary matrices (bi-unitary transformation). We
can write the Yukawa terms (2.8) as

Qu (Vo) Dro + Q (VoN“Uf ) Und + Ly, (VeA'UL) Epg + he. (210)

where A = diag(ya, ys, ¥p), \* = diag(yu, ve, ;) and X\* = diag(ye, y,, y-)
Before electroweak symmetry breaking, we can use the global symmetry to rotate
the basis without changing the fermion kinetic part given as

QL%VDQL, UR—>UUUR, DR—>UDDR, LL—>VELL, ER%UEER
(2.11)
We have
QA" Dré+ Qp (VIAN") Urg + L\ Eré + h.c. (2.12)

where VT = VgVU is physical and unitary called the CKM matrix. So, we pick a
basis where down quark’s mass matrix is diagonal (Y¢ = \?), up quark’s mass matrix
is a product of CKM matrix and diagonal matrix (Y* = VT\“) and charged lepton’s
mass matrix is diagonal (Y¢ = \°).

In this basis, after the Higgs gets VEV, we have

dy Mivdk, 4l MiFub, + e MiFeh, + h.c. (2.13)

where Mp = vA?/v/2, My = VT (vA*) /v/2 and Mg = vA°/v/2. To diagonalise the
My, we have to rotate uy; and dj, separately to non gauge invariant basis.
The mass eigenstates fields are

Q= (V;:L) L= <Z§) (2.14)

This draws consequences on the SM which are

1. Charged-current weak interactions become flavour non-diagonal(flavour violating)
at tree-level for the interactions among quarks with the size governed by the off-
diagonal element of the CKM matrix.

g _ g 5 _
L. ==V, W* dp, + ==Vidoy, W ug, 2.15
. \/§ EULi Y Lk \/5 EQLE Y L ( )

2. Higgs interactions with fermion are flavour-diagonal but the coupling strength are
proportional to its mass which is different for each generation.(i.e.flavour diagonal
but non-universal)

o h o h o h
Litiges = My, U UR (1 + ;) + mg,d;dy (1 + ;) + Me, €L €R <1 + ;) (2.16)



3. Interactions of the photon, Z-boson and gluon are flavour universal and flavour
diagonal. So, there are no Flavour Changing Neutral Currents (FCNCs) at tree-level.
However, it is possible to have FCNCs process at loop-level with internal W* bosons.

Lx.c. = gz (dr) dfny, Z"0idpy, + 9z (ur) Whyy, Z 0y, + 9z (er) efmu 2" dinely,
(2.17)
these are true for the other neutral gauge bosons as well.

2.3 Counting Parameters

The Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix is the 3 x 3 unitary matrix
so it consists of 3% = 9 parameters (3 angles + 6 phases). However, not all parameters
are physical as they can be absorbed as unobservable parameters into the up-type
and down-type quarks, respectively. We can make pure phase transformation on
the 6 quark flavours. There is one global phase which all quarks transform with
the same phase. This phase is a symmetry transformation and corresponds to the
baryon number conservation. Consequently, we are then left with three mixing angles
012,023,013 and one complex phase § called the Kobayashi-Maskawa phase which is
the only source of CP violation in the quark sector of SM.

The CKM matrix is very hierarchical and its form is not unique.

Viud Vs Vb 1 0.2 0.004
Vekm = | Vg Vs Vi | ~ 0.2 1 0.04 (2.18)
Via Vis Vi 0.008 0.04 1
The standard parametrization recommended by the Particle Data Group (PDG) is
1 0 0 C13 0 513€_i6 Ci12 Si12 0
Vekm = | 0 cog S93 0 1 0 —512 ¢12 0
0 —S893 Ca3 —8136us 0 C13 0 01 ) (219)
C12C13 S12C13 si3e”"
= —812C23 — 0125238136"S C12C23 — 812823813615 523C13

i i
S12823 — C12C23813€""  —C12823 — S12C23813€"" (23C13
where ¢;; = cosb;j,s;; =sinb;; (i,j =1,2,3)
As suggested by the hierarchical form given above, it is convenient to express the
CKM matrix in the Wolfenstein parametrization where four mixing parameters are

(N A p,n)

1—)%/2 A AN (p—in)
Veku = -\ 1-A%2 AN +0 (X (2.20)
AN(1 — p—in) —AN? 1

Let us again try to explain the global structure in more explicit way. The charge
lepton Yukawa lagragian is given by

Lyuiawa D —YEL1ioER; + he. — —Ly (VEAGU;) Eré+ h.c. (2.21)



Y€ is 3 x 3 complex matrix. It consists of 9 real and 9 imaginary numbers. The
two unitary matrices have 6 angles and 12 phases in total. However, when we rotate
Ly; and Eg; with the same phase, the A\° stays the same corresponding to U(1), X
U(1), x U(1), global symmetry. Finally, in total we are left with 9 —2 x 3 = 3 real
and 9 — (2 x 6 — 3) = 0 parameters. The rest of physical parameters are nothing
but lepton masses. In short, we can say that the U(3)r, x U(3)g, is broken to
Ul xU(1), xU(1); by Y 1.

With the same explaination in the lepton case, in quark section after we choose
the basis given above (2.14), we can also say that U(3)q, xU(3)y, = U(1),xU(1). %
U(1); when Y* o¢ 1 and U(3)g, x U(3)p, — U(1)g x U(1)s x U(1), when Y ¢ 1.
However, since [Yy,Y,] # 0 (we cannot rotate the same phase for both up and down
quark cases), then U(1), x U(1). x U(1); x U(1)g x U(1)s x U(1), — U(1)p (baryon

number).

2.4 Custodial Symmetry

By specifying the Higgs sector in the SM, there is an accidental global symmetry
called "custodial symmetry". To see this more explicitly, we introduce another rep-
resentation for the same Higgs field by re-writing it as a "bidoublet".

o= (9 5)

where first column is the conjugate doublet ® = i02®* and the second column is the
original ®. Both of them transform as a doublet under SU(2).
The lagrangian for the Higgs sector takes the form

1 m? A1 2
L(D,0,0) = 7 Tr [0,910,0] + - Tr [@T®] + a (5 Tr [<1>T<1>}) (2.23)

Which is invariant under the global SU(2), x SU(2)g transformations:

d — d(2) = LP(2)R' = exp (i057) P exp(—ifyr®), L€ SU?2)L, R SU(2r
(2.24)
The vacuum expectation value takes the form:

(P)vev = % (g S) o< Iy (2.25)

which breaks SU(2);, x SU(2)r — SU(2)p (i.e. preserves diagonal subgroup where
09 = 0%). We call this SU(2)p symmetry the custodial symmetry. However, we
can match these global symmetries SU(2);, x SU(2)g to the gauge symmetries as
1. Global SU(2)., is the gauged SU(2)r, 2. The Tj generator of global SU(2)g is
the hypercharge U(1)y generator, 3. The T3 generator of the custodial SU(2)p is



the electric charge operator (unbroken generator), and 4. When the hypercharge
generator of SU(2)g is gauged, the global symmetry is broken without promoting it
to the SU(2) gauge symmetry.

Let us consider the gauge boson mass matrix of electroweak sector in SM:

20 0 0

s, VPl 0g2 0 0
M=l 00 2 (2.26)

9> —gy

00 —gg ¢

where we write in the basis (W', W2 W3 B)
In the limit where ¢’ — 0, the massive vectors are degenerate and py = M3, /M2 cos® Oy =
1 because of the SU(2)p custodial symmetry in rotations among (W?', W2 W?3).



3 Lepton Flavour Universality

Leptons appear in two parts of the Standard Model lageangian, the gauge sector and
the Yukawa sector. For the gauge sector, we have

Lov D (Z_;LiPYNDuLLi + ERiVuDuERi) (31)

which is invariant under the global symmetry U(3), x U(3)g, telling us that there is
no way to distinguish among electron, muon, and tau. Gauge interactions containing
the covariant derivatives couple with the same strength and are proportional to o< gd;;
for all the leptons which are to say that gauge interactions are Lepton Flavour
Universal (LFU).

If we switch on the Yukawa terms, the Yukawa sector starts to distinguish elec-
tron, muon, and tau and the universality will be broken in two ways. At the level of
the lepton masses, the lepton masses are different (m. # m, # m.) or by differen-
tiating them by considering the Higgs interactions, the strength of the interactions
are proportional to the lepton masses and thus are different. However, for all flavour
observables, the Higgs interactions are irrelevant so the only effect deviating from the
lepton universality is from mass terms. So, it is important to look at the observables
that can test the lepton flavour universality of the gauge interactions. If we start
to see some deviations from the SM, there should be another mediator that distin-
guishes among the leptons. In other words, three families of leptons have the same
charge under the SM gauge bosons (v, g ,W and Z ) which could be the accidental
low energy property. The new physics may have different behavior at high energies
which we do not see by this low energy gauge boson observables.

In short, Lepton Flavour Universality (LFU) stands for identical behavior of the
charged leptons in the limit where we neglect their masses which is a consequence
of the accidental flavour symmetry in SM gauge sector when turning off the Yukawa
couplings. LFU has been verified with extremely high accuracy in several systems:
Z = [~ 01%,7 = lwv [~ 01%],K — (m)lv [~ 0.1%] and 7 — lv [~
0.01%)

In the last few years, LHCb, Babar and Belle reported some deviations or anoma-
lies from SM predictions in B-meson decays which indicate a non-universal behavior
of different lepton species in semi-leptonic decay of b quark which is the third gener-
ation quark into the second generation quarks (charm and strange), b — ¢, s. There
are two main different set of measurements:

1. Flavour Changing Charged Current (b — clvy)
2. Flavour Changing Neutral Current (b — s/).

— 10 —



3.1 Flavour Changing Charged Current
3.1.1 b—crv

the first observable is the ratio:

B(B — X1i
R(x) = BB = Xr) (32)
B(B — Xlv)
where X = D, D* and [ = u,e. We take the ratio since we cannot compute numera-
tors and denominators separately precisely because of the hadronic uncertainties of
the decay processes. So, the ratio we get is very clean without QCD uncertainty.

However, from this observable, the effect of SM is at the size G—\/%V};‘: =1 - If we

1
1.7TeV)?
would like to match the experimental value, the effect of the new physics has to be

huge which is difficult to build a model if we want the light degree of freedoms.

;-\ T I T L} L] L] I T L] T L] I T L] T L] I L) T T
e i HFLAV Ay* =10 contours ]
& 04 -
N BaBar12 N
035 36 —
_ LHCb{8 . AN n
03— N (e ]
[ N \ S Average \ -
B - e— ,/‘ ]
025 & BeHelo " Bellel5 ]
B Bellel7 PRD 94 (2016) 094008 World Average -
[ F-HFLAV SM Prediction jer 1712 015 060 R(D)=0339 £0026 0014 7]
0.2 = R(D)=0299 +0.003  PLB 795 (2019) The R(D*)=0.295+0.010 +0.010 ]
- R(D*) =0254 +0005 FPRL ) 091801 p=-038 i
B | EPIC 80 (2020) 2, 74 P(y?) =28% -

f L 1 X | 1 1 L . | 1 1 1

0.2 03 04 0.5

=
g

Figure 1: The measurements are reported in the plane R(D*) and R(D).The black
point is the SM prediction with error bars. An average of this SM predictions and
the experimental average deviate from each other by about 3.40.(Plot taken from

the [29])

3.2 Flavour Changing Neutral Current

The important vertex for this type is the interaction between neutral gauge bosons
and two charged leptons (V/,,z0)+;- ) which is basically universal for all lepton species.
Flavour Changing Neutral Current (FCNCs) are suppressed in the SM since they
start at loop-level and are thus sensitive to new heavy particles through virtual
corrections.

- 11 -



3.2.1 B — K*utu angular distributions

K* will promply decay into kaon and pion. So, the decay is actually four-body decay
problem which is described by four kinematic variables ¢ (dilepton invariant mass
squared), 6, 0+ ,and ¢. We can construct the observable as

d'T'[B — K*(— Kn)(]
dg?d cos 0yd cos O« do

(3.3)

We can then define P! when we integrate all the three angles 6;, 6x+,and ¢.

15 — - — ——— .

: LHCb ]

1 —— Data 9fb~! ]

- — ]

r SM from DHMV ]

0.5 | 77) SM from ASZB ]
= 0 : I% N

= ‘I’

o 5 10 15
q* [GeV?/c!

Figure 2: The discrepancies of P against energy. The orange boxes and the blue
boxes are the SM predictions which deviate from the black points, the experimental
data. (Plot taken from the [28])

3.2.2 LFU ratios Rx and Rg-~
We can define an observable ratio in the dilepton mass-squared range as
(Imax dF B+ — K+ Qmax dF B+ — K+ +
RK:/ [ e il // “elag 34
q2 q mln

min

Theoretically, the ratio is very clean because QCD uncertainty is cancelling in the
ratio leaving an error that is completely dominated by QED and lepton mass effect
where the masses of the muon and electron are small compared to the mass of the
bottom quark. SM prediction is R#M = 1 + g, with |0g,| < 1% coming from
bremsstrahlung photon is slightly different between electron and muon which is very
small effect. Instead of having Rx = 1, we have R (1.1 < ¢* < 6.0GeV?/c?) =

- 12 —



0.84610 033 (stat) 0015 (syst). This is the most precise measurement to date and is con-
sistent with the SM expectation at the level of 0.10% (3.1 standard deviations).
For the Ry, the branching fractions is defined as a double ratio of BY — K*0¢+¢~

1.6
W LHCb21
1.4 W LHCb21 (B°)
HH  Belle'19
Lo HH  BaBar'12
s
x 1.0 s

0.8—? ) $

0.6

0.4 T T T - T T T T
1 2 3 4 5 6 7 8 9

q* [GeV?/cf]
Figure 3: Measurements of Ry in the low-¢* range (Plot taken from the [29])
and BY — K*0J /v (— (T07):

B(B® — K*utpu™) B(B® — K*%¢te™)
B(B® — K*J/¢ (= M*M))/B(BO — K0J/¢ (= eter))

The ratio is measured in two region of the dilepton invariant mass squared, [27]

0.66610 o5 (stat) & 0.03(syst) for 0.045 < ¢® < 1.1GeV?/c!

0.6910-H (stat) +0.05 (syst) for 1.1 < ¢ < 6.0GeV?/c!

compatible with the SM predictions at the level of 2.1-2.3 and 2.4-2.5 standard
deviations in the two ¢? regions, respectively.

Remarkably, all these data taken together points to a very coherent new physics
effect beyond the Standard Model of the B-anomalies.

3.3 Single-Mediator Simplified Models

If we look for the mediator that can explain the B-anomalies ,in particular R(D™),
there are two types of mediators that we can consider leptoquarks mediator that
connect the quark and lepton currents and colorless (W', B") mediators. The lep-
toquark mediator is interesting since it will generate the effect on AF = 2 process
and 7 — puvv (lepton transition) at loop-level whereas colourless mediators are at
tree-level. Also, LQs give rise to deviations from SM in the semileptonic process at
tree-level and deviation in the pure quark or pure lepton process at loop-level.

— 13 —



There are many leptoquarks that we can consider for example scalar LQs: S; =
(3,1)-13, Ro = (3,2)7/6, R2 = (3,2)16, S3 = (3,3)_1/3 and vector LQs: U; =
(3,1)2/3, Us = (3,3)2/3. However, from the table below taken from [3], there is only
one vector leptoquark U; = (3,1)9/3 that can explain both anomalies in R ) and
Rp. Farthermore, U, leptoquark predicts no tree-level effect in b — Sy (). We
will focus on this U; leptoquark.

’ Model ‘RK(*) RD<*) RK(*)&RDM

Sl = (3, 1)_1/3 X ve X

RQ = (3, 2)7/6 X v X

Ry = (3, 2)1/6 | X X X (3.7)
Ss=(3,3)_1/3| Vv X X

Ui=B1)ys| v | V v

Us=(3,3)273| v X X

3.3.1 The U, vector leptoquark

We consider the effective simplified model of vector leptoquark Ui’ ~ (3,1)9/3 cou-
pled to both left-handed and right-handed SM fields of leptoquark current proposed
studied in [3],[4] and [5].

£ L ur [Bie (g3 + Bie (digyuess)] + hec. (3.8)

V2

where the couplings 3 and Sr are complex 3 x 3 matrices which are given by

0 0 Bfr 00 0
=108 B |, Br=100 0 (3.9)
05 1 00 sy

It provides a good description of all low-energy data as suggested in Fig.5 and Fig.4
. With its gauge structure, it seems to be the promising mediator that may point to
quark-lepton unification.
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Figure 4: The correlation between triplet (C'r) and singlet (Cs) operators in single-
mediator models compared to the EFT fit resulting from low-energy observables
which suggests that vector LQ U is the best single-mediator case.(Plot taken from
the [4])

6RD’“ 6RD*
—0.1 0.0 0.1 0.2 0.3 —0.1 0.0 0.1 0.2 0.3
0.1 o ————— 0.1 ———————————————
SM SM
0.0 * - 0.0~ * -
—0.1F - —0.1F 4
oR; R ]
& —02f . & 02 ]
S (S ]
—0.3F - - —03F Ry ]
—04} - —04F B
ORp oRp
—0.5 . P I R L () - N I E R R
—0.1 0.0 0.1 0.2 0.3 —0.2 0.0 0.2 0.4 0.6 0.8
§RD '5RD

Figure 5: 1o and 20 regions for the ratios 0Rgw = (Rp — R /RN, and

ORp = (Rpe) — RSDI\({)) / R%\({) for the LFU-violating observables resulting from the

low-energy fit for 8% = 0 (orange) and S% = —1 (purple) (Plot taken from the [5])

— 15—



4 Pati-Salam Model

As suggested by the U; leptoquark gauge structure, it is natural to consider a gauge
symmetry and the smallest UV completion model that predicts the right quantum
numbers of this leptoquark is constructed from SU(4) gauge group which was first
proposed by Pati and Salam [17] in 1974 under Gps = SU(4) x SU(2); x SU(2)r
gauge theory.

In this chapter, we will analyse the properties and features of the Pati-Salam
model proposed by M.P. Worah [20] as the first model or Model 1 Pati-Salam followed
closely by [30]. Pati-Salam model is the model which incorporates quark-lepton
unification or views the lepton as the fourth colour extended from the quark three
colours. The Pati-Salam gauge group Gps extends the SM by identifying the SU(3)
colour group as a subgroup of an SU(4) gauge group and extending the electroweak
sector to be left-right symmetric: Gps = SU(4) x SU(2)L x SU(2)g.

4.1 Higgs Sector

We introduce two scalars bosons, the right-handed bosons which are in the repre-
sentation (4,1,2) of Gpg and the left-handed bosons which are in the representation
(4,2,1) of Gps. We can write in the 4 x 2 matrix form as

Rul Rdl Lul Ldl

; Rug Rd2 i Lu2 Ld2
R = and L™ = 4.1
Ru3 Rdg Lu3 Ld3 ( )

R, R. L, L

where i = 1,2 is the index for SU(2)g) and o = 1,2, 3,4 are the index for SU(4).
The transpose conjugate is given by the notation Ry = (R*)" and La; = (L*)".
The two Higgs bosons transform under Gpg, written as matrix multiplication, as

L—U(L)U), and R— Uyl(R)U, (4.2)

where Uy € SU(4), Uy, € SU(2), and Usg € SU(2)g.
The most general Higgs potential constructed from these two Higgs bosons that is
invariant under the transformation above is given in [30] as:
V(L,R) = = 2u7 Lio L' + A1 (LiaLia)z + )\LQLiaLjaLijﬁ_
— 3R R + Ay (Ria R®)? + Apo Ria RI*RP R+
+ ALr1Lia L' Rig R’ + AppaLio R L' Rj+
+ Aers (Lia RLER] + e, )

(4.3)

The breaking pattern of the model 1 is specified by minimising the potential above
and the vacuum expectation value (vev) structure of both left and right-handed higgs
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bosons which leads to the following symmetry breaking chain:

l(R)

l(L>

SU3)e x U1)g

where the first right-handed boson is responsible for breaking Gpg to the SM group
and the second left-handed boson is responsible for breaking the SM group down to
the electroweak group. With these breaking structures, we can define the charge as

03], Y Y O3R B—-L O3R \/E)\15
= BL D Ghere — = (RG22 ) (BELJ2A5 4,
Q 5 T3 where o ( 5 T ) < 5 t\/373 (4.5)

The hypercharge Y is a linear combination between the diagonal generator of SU(2) g
and the generator of B-L.

The vev of the right-handed Higgs (R) has to preserve both SU(3). and U(1)y or
A%(R) = 0 and Y (R) = 0 where \* are the SU(3) generators which are the subgroup
generators of the SU(4) (the T*, T2, ..., T®). Also, the left-handed Higgs has to satisfy
A(L) =0 and Q(L) = 0. We have:

00 00
1 00 1 00
ULO ’URO

We start with Gpg = SU(4) x SU(2), x SU(2)g which has 21 = 15+ 3 + 3 massless
gauge bosons, coming from 15 SU(4) generators, 2 x 3 from each SU(2),, and SU(2)g
generator, and end up with residual SU(3)¢ x U(1)g symmetry group which has
9 = 8 4+ 1 massless gauge bosons, coming from 8 SU(3) generators and single U(1)
generator.So, we expect to see 22 — 9 = 13 massless goldstone bosons corresponding
to 12 broken generators or 12 massive gauge bosons after the Higgs Mechanism.

Higgs masses can be derived by considering the second derivative of the Higgs
potential and imposing the vevs structure:

0*V (L, R) 0*V (L, R) 0*V (L, R) 0*V (L, R)

[ LY DLy, } VEV {aRyyaLxJ vEV {GRW@RIJ vEV {8L9V6RIJ VEV
(4.7)

and put these in the mass-matrix form in the basis ((L, Ry, L., Ry, La, Rq, Le, R.)):

M2, 0 0 0
0 M, 0 0
0 0 M0
0 0 0 0

M/%R = (4.8)
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where the diagonal elements are given by 2 x 2 matrices:

2 U -1 o
Mpg, = ?)\LRQ v, 02 (4.9)
i
2
()\Ll + )\LQ) Z_QL (ALr1+ALR2) ;U)_L
MgR” - U?% (ALrR1+ALR2) ULR ’ Y (410)
B - (AR1 + Ar2)
A v7 ALR2 A vr
— (A2 + =5 LR35,
2 .2
MLRd — YR A v (/\LR2U2%+/\R) (4'11)
LR3E - T

After diagonalising them and putting them in the physical bases, we can count the
goldstone bosons by looking at the massless scalar spectrum. Since L. and R, do
not exist in any mass term and they are complex scalar fields corresponding to two
real scalar fields, in this case, we have four goldstone bosons. For the L, and R,, we
can rotate them with an orthogonal matrix:

«(—A? AB\ [ L¢ W et (00 (HE
(L?L RZ) (AB _BQ) (Rg):(Hlu HQu) (002) (H§u> (4'12)

where a = 1,2,3 the colour number. In this case, we have 2 x 3 = 6 goldstone
bosons. The last two goldstone bosons are the combination of L, and R,. So, in
total, we have 12 goldstone bosons consistent with our breaking structure from Gpg

to SU(3>C X U(l)Q

4.2 Gauge Sector

As usual, the gauge bosons have to be in the adjoint representations of SU(2)r(g)
and SU(4) defined as follow:
For SU(?)L and SU(Z)R,

3 a 1 . 2

o 1 I{fu?) ”7.“ _ ,LM/H
M/M — L,R”;ua _ L,R L,R 4.13
bn=2_ =5 Wik=3 Wi +iWis,  —we ) (4.13)

a=1

We can define the W (R) gauge bosons as in the SM:

1 . 2
Wf(R) + ZWE(R)

+ 0 3
Wik = 7 and W p = Wit (4.14)
or explicitly
1 WO ﬂw-&- ) 1 ( WO ﬂw—k
Wi, = = Ly L) Wy, = = By R”) 4.15
b= (\/§WL‘M we, o\ Vawg, —wh, (4.15)
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For SU(4), we have

G“—Z 2 g —

\f i Cinid GMS + Gu3 G,ul Z‘G,u2 G“4 o ’iG“5 G“g _ ’iG“lO
1 GHL + ZG“Q 5’1 + GMS — G GE _ jGrT G G2 (416)
2| GG G’“6 + zG*’“7 Br 26 i3 culd

V6 VB
9 ; 10 11 ; 12 13 : 14 3
GHO+iGMO GHIiGH GHS Gt [3p

where B* = G*? is the B — L gauge field that couples to the hypercharge Y and G+*
with @ = 1,...8 are the gluons for SU(3)c. Again, we can put them in the forms:

G T GH2 GHt T s GHD GH6 T i GHT
GrE= T g T T ad G = T (47
V2 V2 V2
G,ug -G;do G,ull 'Gu12 G,uli’) 'Gu14
xpE o T T e LT T nd xE =T T ()
V2 V2 V2
Gsu M
Gou+ 22+ 2 V26, V2GT,  V2XT,
- GSM +
G, = 1 \/§G12u Gy + BV f 2\é_G23uB \/EXT (4.19)
— 8u Dp
2 \/§G13# \/_G23# V3 + 6 \/53);3#
V2X3, V2X5, VX,

where X" X4* and X}* are in (3,1, 2/3) representation of the SM group which are
consistent with the U; leptoquaks that we want.The mass terms of gauge bosons can
be derived by considering the kinetic term of the two Higgs fields where the covariant
derivative is defined as D" = 0" + ig, W + igpWh + ig,G*.

L = D'L"D,Li, + D"R“D,R;,

2,2 3 3 2
< L (o, w0 4 owwy] — O gy,

3 446
2.2 2
gR’UR 0 ,LLO + n— 3gRg4UL 0
WO W QW Wh™| — 2L BrY
+ 3 [ urWR T 2W RWE ] 46 nE
2(,.2 2
n 3
+ M X, XIT + X, X“++X@X§++13u3“ (4.20)

The gauge boson masses read My, = gjvi/4, My, = gpvi/4 and M3 = gi(vh +
v?) /4 for the charged particles. For the neutral gauge bosons, we need to diagonalise
the mass matrix because of the mixing structure above. After diagonalising the
neutral gauge boson mass matrix, we have

00 0
Mgzg 0m2 0 (4.21)
0 0 m2
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where we rotate the basis from (W2, W, B,) to (A, Z,, Z),).

m?2 1 /3
m = (5 0k D) + o ot ) £

5 (4.22)
£ 11/ (Bt b= o) + ot — ot )+ oaduid
In total, we have 12 massive gauge bosons consisting of 6 leptoquarks (X jZ)a 4 charged
bosons (WjL( ) and 2 neutral gauge bosons (Z,, Z},) consistent with the number of
12 goldstone bosons after Higgs mechanism.

For the fermion sector of the model 1, the SM fermions get mass from radiative
loop corrections not at tree-level (except only Beyond SM neutrinos which attain
mass at tree-level). In order to have the Yukawa structure exist at tree-level, we will
consider the model 2 developed by [19] which differs from model 1 by introducing
Higgs bidoublet as in the section 2.4 instead of the left-handed Higgs to break the
electroweak symmetry down to U(1)q.

The Higgs bidoublets are in the representation (1,2,2) of the SM group denoted
as ®f where i = 1,2 and [ = 1,2 are the SU(2)g and SU(2);, indices, respectively
transforming as matrix multiplication:

® — Uy ®US, (4.23)

where Uy, € SU(2), and Usg € SU(2)r with the conjugate transpose notation
defined as (®%)" = ®I. Together with the transformation in equation (4.2) for the
right-handed Higgs fields, we can construct the general invariant Higgs potential as

V(®) = — 2 Tr [®1D] + 15 (Tr [01®])* + s Tr [0 0]
— 13 [Tr [@Té] + h.c. } + 15 [(Tr [(PT&)D + h.c.] (4.24)
+ 176 [Tr [@Tw@] + he }
The refined breaking chain is as follow:

SU4) x SU(2);, x SU(2)x

l(R)

SU(3)c x SU(2), x U(1)y (4.25)

l(@

SU(3)C X U(l)Q

Since it preserves the path of the breaking chain, the number of the broken generator
is still the same. Hence, the number of goldstone bosons is unchanged also for
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the massive gauge bosons. However, the VEV structure has to change because of
introducing the Higgs bidoublet ®. This will affect the Higgs spectrum, gauge boson
spectrum and some definitions of physical fields. With this breaking chain and
minimising the potential above, the VEV has to be in the form:

(@) = (“1 0 ) (4.26)

0 U2
4.3 Yukawa Structure

The Pati-Salam symmetry unifies quarks and leptons into a single representation
(the lepton number as a fourth colour of SU(4)¢). The SM fermions are unified in
the same representation as we have for the Higgs fields in model 1, in representation
(4,2,1) for left-handed fermions and (4,1,2) for right-handed fermions under Gpg

defined in the matrix form as

f
uy dy (f)

- d
A B 4.27
L,R us d3 ( )

vV, €
€ L,R

where ¢ = 1,2 is the index for SU(2)rr), a = 1,2,3,4 for SU(4) and f = 1,2,3
corresponds to the three fermion generations. Therefore the gauge transformation
rules for the fields, written as matrix multiplication, are

Uy — UV UL and Ui — Uy (UR)UL (4.28)

where U, € SU(4), Uy € SU(Q)L and UQR S SU(Q)R
With this minimal content, the Yukawa lagrangian is given by

—LP = U V10U, + U Yoe ®*eWp + h.c. (4.29)
or in the form:

£) 0 (f) & ai(f
)+ Y wgglqg] L (4.30)
where € := io9 acts on the SU(2) and SU(2)g indices and Y; and Y3 are 3x 3 Yukawa
matrices in the flavor space. In the case without inter-family mixing, the Y; and Y5

are diagonal and proportional to the mass of the fermions: Y; = diag(yP, y§2), y§3) )

and Y, = diag(yél), y§2), yég)). Once the Higgs fields get VEVs, we can expand above
as:

min U vV !
— L = (g + usys) D (@bl + Tepver) (4.31)

+ (urys + ugyr) (didy + éerer) D4 e
where (f) is the fermion families and k& = 1,2, 3 is the colour index for quarks. We
have m, = m, and mg = m,: the up-quark mass is the same as the neutrino and the
down-quark mass is the same as the electron. Therefore, this model 2 predicts the
inconsistent fermion masses compared to the SM fermions which is the first problem
of the Pati-Salam minimal model.
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4.4 U, Leptoquark in PS model

The second dangerous problem of the Pati-Salam model lies in the interactions of
fermions and gauge bosons, in particular the leptoquarks X/’ * XV * and X £ We
consider the fermion kinetic terms and look closely at the interactions relating to
leptoquarks of SU(4) gauge fields.

ﬁf

kinetic

= Uy D, W, + iUpy* D, Vg
C @uVrar (G50 + gV pait(G,) 505 (4.32)

where the G, is given in the equation (4.19). We can expand it in the form (only
left-handed part) as

ga 4 94 4i 94 4i
——\Ifi“XJr\I/ —i——\I/i”XJF\I/ +—\Ifi"X+\I/

/2 ri*( m) L /2 ra( 2;) L /2 £3i7"( 3;) L
e —g4 X'u (CZL/YIJGL + 'ELL’Y“VL) (433)

V2

where the colour index is absorbed in both for leptoquarks and for quarks. The full
leptoquark interaction is in the form of

Lx = %Xﬂ (diytel, + ay vy, + dpytely + upy*vy) D 4 e (4.34)
where (f) is the fermion families index. The above lagrangian is written in the
flavour basis and thus diagonal and universal. Without the assumption given in the
Yukawa sector that there is no mixing between generations and Yukawa matrices are
diagonal, we can revive the complex 3 x 3 structure of the Yukawa matrix and hence
the CKM structure will appear in the left-handed fermion interactions once we are
in the mass basis after diagonalising the fermion mass matrix.

Obviously, the leptoquark interaction is the source of the violation of lepton
universality as we discussed in section 3.3. This massive leptoquark fits well in the
SU(4) gauge group of the Pati-Salam model arising from the breaking SU(4) —
SU(3)¢ x U(1)p_r. However, the problem arising in the minimal Pati-Salam model
is the strong bounds on the leptoquark (LQ)) couplings to the first and the second
generation fermions. Especially, the FCNC semi-leptonic meson decays K (sd) — pe
put the bounds on the mass of the LQ beyond 200 TeV [15],[18] which gives not
interesting physics since we would like to talk about the TeV scale physics to keep
the naturalness of the Higgs mass around it.

The minimal Pati-Salam group, in particular model 2, explicitly show two prob-
lems. One is that the fermion spectrum does not match the standard model m,, = m,,
and mg = m,.. The other is the processes at tree-level predict the rapid lepton flavour
violation process.
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5 4321 Models

As suggested by the phenomenology of the U;(3,1,2/3) leptoquark in B-anomalies
and the strong bounds from the semileptonic meson decay into lepton pairs, we can
construct a UV-complete model based on the PS group which is flavour universal
model. The way to protect the light families from the new physics problems in the
minimal Pati-Salam model is to de-correlate the SU(4) group from the Standard
model colour group by taking flavour universal Gps C SU(4) x SU(2);, x U(1)g and
enlarge the colour part from SU(4) into SU(4) x SU(3)" in kind of close analogy of
what we have in QED and electroweak theory. That is when we break SU(4) x SU(3)’
to SU(3)¢ of the SM group the SU(3)¢ is a residual subgroup which is similar to the
U(1)q the diagonal subgroup of the electroweak SU(2), x U(1)y group. Without
loss of generality, in electroweak part, instead of using SU(2), x SU(2)g we can
use SU(2) x U(1) to give the electroweak structure as in the SM after symmetry
breaking as well.

The resulting model is based on G = SU(4) x SU(3)" x SU(2), x U(1)" gauge
group called "the 4321 model". The scalar content of the 4321 model is summarized
in the table below:

SU)[SUBY[SU2). U1
H| 1 1 2 |1/2
¢ 1 1 1 |=1/2 (5.1)
®| 1 3 1 | 1/6
Q5| 15 1 1 0

Therefore the gauge transformation rules for the fields, written as matrix multipli-
cation, are

H—UH |, €-UE , &= UPUL and Q5 — UiQsU] (5.2)

where Uy € SU(4),Uy € SU(3)" and Uy, € SU(2) .
The breaking chain of the 4321 model is followed as:

G4321 = SU(4) X SU(3)/ X SU(Q)L X U(l)/

l@’)

SU3)e x SU(2), x U(1)y (5.3)

l(H )

SUB)e x U(1)q

From the breaking chain, the only ® = (4,3,1,1/6) suffice for the breaking Gysa;
down to Ggp where the spontaneous breaking proceeds such that SU(3)¢ is the
diagonal subgroup of SU(3),x SU(3)" and U(1)y is the diagonal subgroup of U(1)4 x
U(1). Also, the Higgs doublet ® = (1,1,2,1/2) is responsible for the breaking of
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the SM group Ggy down to SU(3)¢ x U(1) as usual like the SM Higgs. It will give
mass to the fermions. For the other fields, & will play a role in the fermion sector as
induce the mixing of the leptons and vector-like leptons and €25 will distinguish the
mass for the vector-like fermions that we will discuss later.

With the structure of symmetry given above, we can define the hypercharge as

>
Y:¢;%+Y’ (5.4)

analog to the one we have in equation (4.5) of the PS model but without SU(2)g
structure.

5.1 Higgs Potential

Let us construct the singlets out of the representations of ® and £ in order to find
the general Higgs potential term with at most dimension-4 operators to keep the
renormalisable structure of the theory.

We adopt the notation of the fields as £ ~ (4,1,1) and ®¢ ~ (4,3,1) with
a =1,2,3,4 is the SU(4) index and i = 1,2, 3 is the SU(3)" index and define the
conjugate transpose as &, = (£%)* and ®!, = (d¢)*.

5.1.1 Quadratic terms

Consider the group multiplications

33=3d6
33=148
33=336
404=100D6 (5:5)
I4=1a15
124=1086

therefore the only gauge invariant quadratic terms we can write have the form:
(4,3,1) ® (4,3,1) = ®¢®!,  and (4,1,1)® (4,1,1) — £, (5.6)
5.1.2 Cubic terms

Consider the group multiplications

303R3=10838d10
3R3R3=30306d15
3R3R3=30306d15
3R33=108¢8d10
10404=1020520® 20"
444=404020 36
444=404320@ 36
414®4=430203 20 @ 20"

(5.7)
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Although (4,3,1)®(4, 3,1)®(4, 3, 1) can form a singlet under SU(3), it is not possible
to form the singlets under SU(4). So, there are no cubic terms in the potential.
5.1.3 Quartic terms

Consider the group multiplications

33R33=303030606015015015¢ 15
33R3R3=303030606060150156 24 (5.8)
3333=1010808G8E8® 104 10® 27

4444=10150150 15020 20 ® 35045045 @ 45
1240404=6D6D6D10D 10D 10® 10 ® 64 © 64 © 70 (5.9)
44R44=1010150150 150156020 P45 P 45 P 84
The possible terms are
(4,3,1) ® (4,3,1) ® (4,3,1) ® (4,3,1) = PO P10 and DI PLD7  (5.10)
31,1 @4, 1,1) @ (4,1,1) ® (4,1,1) — £°€,£%¢4 (5.11)
The mixing between the two Higgs fields ® and £ has two possible terms which can
form the singlets under the gauge transformation. One is

(4,3,1)® (4,3,1)® (4,1,1) ® (4,1,1) — &Fd! £F¢g (5.12)

As discussed in the Cubic terms, we can form the singlet under SU(3)" out of three ®
fields but the SU(4) part is not singlet. We have to compensate the SU(4) structure

by one £ field in order to have gauge invariant term.

(£3,1)©(E3.1)® (1.3,1) © (4,1,1) = capac™ (D)7 (@) (@)1 () (5.13)
The most general Higgs potential constructed from these two Higgs bosons that is
gauge invariant is given in matrix multiplication form as

3,\ 1 2
VI(®,8) =y Tr (2T@) + A (Tr (@T®) — 5115) + X Tr (cb*cp - 51;3113)

1,\° 3 1 5.14
Fatlel 2 (168 - 5ot )+ a (1 (@) - Sa2) (1l - gt ) Y
+ AETDDTE + N6 ([PDE], + hic. )
or in form of ®¢ and £* with @/, = (®%)* and &, = (£*)* where o = 1,..,4 and
i=1,2,3

a i aFi 3 ? afi 1 j i 1 7
V(®,6) = i300D], + Ny <<I>i P, — 51}%) + o (cpl. P, — 5@55) (@Bcpf - Qvgaj)

2¢ca a 1 2 ? o xd 3 2 8 1 9
"8 + As (5 fa_E”l) + A4 ((I)i (I)a_EUS) (f 55_51’1)
+ A6 DFPE" + Ag (Eaﬁ'yéﬁijk (®)7(@)7 (®)] (&)’ + hec, )

(5.15)
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where [PDPDE], = e4p,5¢7F (P)Y (@)f (®)] (€)° is the term that breaks explicitly the
global U(1) symmetry of the scalar potential in order to prevent the appearance of

unwanted massless Goldstone bosons (GBs) after spontaneous symmetry breaking.

5.2 Minimizing the potential

We consider first only ® field without mixing terms, the first derivative of Higgs
potential (in the limit pz = 0) is

OV (D)
907

3 :
=2\ ((I)"‘(Iﬂ - évg) PF 4N, ((I)?(I)’“ - —vgak) DL+ X (cp’fcbﬁ —= 25k) ol
o ‘ | (5.16)
We define: X7 = &/ ®% which is hermitian since (X1)i = (X/)* = (®9®!)* =
®J O = X! then

oV (@)
9%7

=2\ (Tr (X) — ;vg) OF 1 2), (Xf — %v%éf) o (5.17)

Since X is hermitian, we can diagonalize it by a unitary transformation

X = X' =X (U)' = U0 0(U3) = Uz 0" (U) U (U3 = (U (Us) ) U@ (Us)" = &%
So, X’ has the form

X' = Tl (5.18)

Since Tr [X] = Tr [UTY'U] = Tr [X'] = S22, we can rewrite (5.17) as

=1 "%

3
3 1
2\ (Z T — §v§> + 2X ( Ty — §U3)] dF =0 (5.19)
=1

We consider only non-trivial solution that can make SSB. Then, the set of equations

ov(e)
007

defining vevs is

3
1
2\ (Z T; — ;v?%) +2X (xk - 503) =0, k=1,---,3 (5.20)
=1

We have

(Z x; — 113> + 2\ (Z Ty — ;v3> =0 (5.21)
> ad = 3032 (5.22)
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and r1 — 19 = x1 — 13 = 19 — x3 = 0, from which we obtain 1 = 29 = 23 = U3/2.

) v 0 0
(X) = 3 0030 (5.23)
0 0 v3

Since we want to break SU(4) x SU(3)'x SU(2), xU(1)" — SU(3)exSU(2),xU(1)y,
we can put the VEV in the form which is given in Georgi’s paper [11] where they
consider the breaking of a partial unification model SU(N+3)g xSU(3)c x SU(2), X
U(1)y: down to SU(N)y x SU(3)c x SU(2)r, x U(1)y which is analog to our case
for N =1.

V3 00
1 0 V3 0 Vs
Py = — LFN 5.24
= 00w| "5 (5.24)
000

For the other scalar fields, the breaking pattern is proceeded by acquiring the VEVs
in the form:

0

= —=0as, (H)= 7

\/5 ) s and <Ql5> = E5A15 (525)

V2

v

If we consider together the p, pu3 and also the mixing terms with (A\g # 0), we can
have conditions on p; and pg by minimising the first derivative of the full Higgs
potential as:

a;/q()jf) = 3% + 2\ (@acbz - %%) Oy, + 2), (q)?@l - —v35l)
(5555 - %) D, + As€y D
3 et B0 + s B+ s 2] (520)
and
R e (s - 3ot & (100 - 2t

+ FAEa®F P + Ascagoc " (€)7(2)](D)] (5.27)

After ® and ¢ getting VEVs, where (®1) = (®2) = (®3) = v3/+/2 and (¢*) = (&) =
v1/v/2, we have
for [ =1 and o = 1 in the first derivative with respect to ® fields:

Bl o Vs

—v3 + 3)\66a5146”1®a®5 =0 — /ub3 = —3)\61)11]3 (528)
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and for o = 4 in the first derivative with respect to ¢ fields:

oV (®) us o s 3
=1L A6€apra€FOODPDT =0 —  u2 = —3\— 5.29
[ gt :|VEV \/ivl T Ao R Dy B i o (5:29)

Thus, the stationary equations are satisfied by

3
ps = —3X\ev1v3, and pui = —3)\6% (5.30)

1
5.3 Higgs Masses
We start with Gygo; = SU(4) x SU(3)' x SU(2), x U(1)" which has 27 = 15 + 8 + 3+1
massless gauge bosons, coming from 15 SU(4) generators, 8 from each SU(3)’, 3 from
SU(2), and single U(1)" generator, and we end up with the SU(3)cx SU(2), xU(1)y
symmetry group which has 12 = 8 + 3+1 massless gauge bosons, coming from 8
SU(3) generators, from 3 SU(2)., and single U(1)y generator. So, we expect to see
27 — 12 = 15 massless goldstone bosons corresponding to 15 broken generators or 15
massive gauge bosons after the Higgs Mechanism.

For the Higgs spectrum, we can derive from evaluating the second derivative of

the Higgs potential with respect to all possible combinations of ®, &, ®* and &* fields
and impose the VEVs structure.

V@O [, 3, i
N d 2 Pt Pt — = B8 —.2 1 sp
3@?3@}’ |::u3 + )\1 ( ata 2US> + )‘4 (555 201):| 5m50

1 .
+ 20,0 0P 4 2), (cbgcb;; - §v§5£n) 62 + 20, 16!

+ AsE,E78, 00 + B (ea&,,,eijk@g@f) (5.31)
% = 20 PLOT + 22,07 D) 43X [eaméml@? + epﬁogemjlq>§?] £° (5.32)

% — 125+ 2 (w - %v%) 5+ 2N
+A\4 <Tr(X) — gvg) 52 + A\ PP D! (5.33)
% = 2)\36,€, (5.34)
a;‘gp(—;;? — MBLE, + sl DL + 3 [eaﬁg,,eiﬂ@g@ﬂ (5.35)
% = MPLE + A7 D) (5.36)

The scalar ® and & can be decomposed into the SM fragments as
o = (\%03;34‘)()7 and €= (LUT23> (5.37)
3 V2 1 1
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where 13 is the 3 x 3 identity matrix, ¢* are the SU(3) generators and y = %653]3 +
0%t*. These complex Higgs fields are decomposed under the unbroken SM gauge

group as
(I)—>53N<1,1,0)@T3N(3,1,2/3)@03““(8,1,0) (538)
=S~ (1,101} ~(3,1,-2/3) ‘
More explicitly, we can write
Jrvs+ S5 + 5 (05 + J505) L(0y —i0y) L (04— i05)
P — % (01 +1037) %U!g + %53 + % (—03 + %Og) % (O — 107)
% (O4+105) % (O6 +107) %vg + %Sg — %Og
(Ts) (T5), (T3)3

The scalar spectrum is not trivial to derive since we have to collect all the masses
from the above second derivatives of the Higgs potential and use the definition of the
decomposition above. By sorting the fields according to the SM quantum numbers,
the scalar spectrum is as follows:

For octet fields O%, we collect all the possible fields corresponding to the octet fields.
For example, in the diagonal elements of the ® field, we collect all the combinations
of ®1, ®2 &3 1, (®])*, (®2)* and (P3)* at dimension 2 associated with the combi-
nations of O3 and Og and use the definition (Re(0))? = (00 +20*0 + O*0*) /4 and

(Im(0))? = (OO — 20*0 + O*0*) /4 together with the masses derived from (5.31)-
(5.36). We obtain:

Mz o = 2 (Xav3 — 3Ngv103)
M o=0

In this case, we have 8 goldstone bosons associated to the Im O fields that will be

(5.39)

eaten to give mass to the coloron (¢') in gauge sector. The positivity of the mass
eigenvalues yields the condition Ayvs > 3Agv;

For triplet sector, we repeat the same procedure by collecting &1, @3, ®3, ®} &2
and ®3 associated with the T3 fields and &, &, &3, €1, €% and &3 associated with the
Ty fields. Therefore, we have the mass matrix in the basis (73,77):

M2 — (%/\50% — 3103 %)\51)12}3 — 3)\GU§ )

= 5.40
T IAs01v3 — X603 SA50% — 3AgUS /vy (5-40)

We can rotate the basis:

() = 7 () (7) o4
Tes vi4vi \ U3z U1 T

to diagonalise the matrix above. We obtain the mass eigenvalues:

1 V3
M%R == (5)\5 — 3)\6’(]_1) (’U% + Ug)

M3, =0

(5.42)
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In this case, we have 2 x 3 = 6 goldstone bosons associated to the Tgp fields that
will be eaten to give mass to the leptoquark (U;) in gauge sector. The positivity of
the mass eigenvalues yields the condition A\sv; > 6Agvs.

For the singlet sector, we collect the same fields as in the octet sector with two
additional fields £, and &* associated with the Sz, S%,S; and S}. We obtain the mass
matrix in the basis (S3, S5, S1,.S7) as

% (3)\1 + )\2) U% + 3Agv1v3 % (3)\1 + )\2) U% — §)\67)11)3 \/g (3)\6U§ + %/\41)17)3) %\/%)\4111213
% (3/\1 + )\2) 1}32’ )\61)1’[)3 5 (3/\1 + /\2 1}3 + 3AgU103 %\/g/\ﬂ}lvg \/g (3/\6?}§ + %/\4@11)3)
3
\/g (3>\6U§ + 5)\41}11)3) \/>A401U3 )\31)% )\31)% — 3/\6£
%\/g)\zﬂ)lvg \/g (3)\6’03 + 5/\41)1’1)3) )\31)1 — 3)\67 /\32)%
(5.43)
Upon diagonalization,
0 0 0 O
0 3X\v3 (3v1 +v3/v1) 0 0
MG = 2 s 5.44
o 0 MZ 0 (5.44)
0 0 0 M2

in the basis (Sgg,50,57,52) where M gl and M §2 have a complicated expression given
n [14]. The zero eigenvalue corresponds to the eigenvector:

1

V3 U3 U1 U1
————-—&——@——&+—ﬁ)
A /U% -+ %U% <\/§ \/g \/§ \/§

and the M? 5, = 3AeU3 ( vy + > eigenvalue corresponds to the eigenvector

Sap = (5.45)

1 U1 U1 U3 U3
Sp= e [~ LSy LS — 28+ 5 5.46
’ +(\/§\/§\/§\/§> 40
3 271

and thus gives the condition on mass positivity as A\¢ > 0. In this case, we have a
single goldstone boson associated to the Sgp field that will be eaten to give mass to
the Z’ colorless gauge boson.

In analogy with the breaking chain in the equation (5.3), we have total 15 =
8 + 6 + 1 goldstone bosons, coming from 8 GBs in the octet sector, 3 x 2 =6 GBs in
triplet sector and single GB in singlet sector which will give mass to 15 gauge bosons
after Higgs mechanism.

5.4 Gauge Sector

The gauge fields corresponding to the Gz = SU(4) x SU(3) x SU(2), x U(1)
gauge group are denoted respectively as Hy, G/, Wli, B/’J, the gauge couplings by

— 30 —



J1, 93, G2, g1 and the generators by 7% 7% T Y’ with indices o = 1,...,15,a =
1,...,8,2=1,2,3. The gauge spectrum can be derived from the kinetic part of the
Higgs boson after we introduce the covariant derivative on each scalar field ¢ and &
where A = 9,10, ..., 14 spans over the SU(4)/(SU(3)4 x U(1)4) coset.

The spontaneous symmetry breaking Gy3s1 — Ggps will give rise to the 15 mas-
sive gauge bosons: a leptoquark, coloron and a colorless boson. Here, we neglect the
effects of {215 and the electroweak symmetry breaking. The covariant derivatives are
defined (recall that the scalar field are in ® ~ (4,3,1,1/6) and £ ~ (4,1,1,—1/2) )
as

rarpag L , - arpa L.
D,® = 0, +igiHiT*® + igy H TA® + igy )T ® — igs GAT*® — i1 8@

Carmae : 1.
D& = 0,8 +igsHTE + zg4H;‘TA§ + zg4H;5T15§ + 52913/25

(5.47)
which transform in matrix multiplications as
D& —U;(D,£) and D,® — U;(D,®)Us, (5.48)
The gauge invariant terms for the Higgs kinetic part are written as
Liinectic = Tr (D, ()T D (@) + (D, (€))" D" (€) (5.49)
The generators are normalized in such a way that Tr [TaTﬁ} = %5“5 in the funda-

mental representation. We can derive for example the diagonal terms:

93 Tr [HL®T T H* T ®o, | = gt HiH" Tr [(®F )i (T*)ji(T") 1 (Prev)im] — (5.50)

M vev vev
U3

V2

where QY = 0ij, ®ia ~ 0;4 = 0 and given the normalization above. Thus,

2 r7a Iypb a b 921}23 a rp,b arb gzvz a Irp.a
= g HH" T [045(T) ji(T°) a6 ]| = 5 HiHW Tx [TT°] = THMH »
(5.51)
for the mixing HZH“’A term:
M2~ Tr [(Ta)ij 8 (T, 5,4 =T [T°T4] ~ 54 =0 (a # A) (5.52)
for the mixing with B,,, we have
M?* ~ B,H"*Tr [T = 0 (5.53)
Repeating the same procedure for the other fields, we obtain:
auge 1 ala gi —3493 U?% Hb“ 1 2 2 2 A A
came = g i) (0 TU) S (L) g )

9194 (_371% - U%)
16

H15u

H B 8y6 5.54

+ ( " u) G194 (—3v? — v3) 192 ﬁ/7 U_?Q) B+ ( )
8v/6 471\ 2 " 6

1
— (3g3vi + g5v3)
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diagonalize the two mass matrices with the new basis given by

1
1,2,3(+ 9,11,13 _— ; 7710,12,14
U, () 7 (Hu FiH, ) (5.55)

as we have in the Pati-Salam model for leptoquarks. and

/a — g4'[i/(j B g?’G:f

g
! V9i+ g3

ey 59
peo 2,22
g5 + 391

We obtain the gauge boson spectrum as

1

Mz =Lt (3 43)
1

M= Lt o)t 557)
1/3 1

My = 1 (EQZ + 9%) (U% + g“g)

for leptoquark, coloron and colorless gauge bosons respectively. The massless or-
thogonal counterparts of (5.56) corresponding to SU(3). x U(1)y are given by

4o = g3H}; + G}
VAt g

N/%”fﬁf‘%g432 (5.58)

9+ 2g}

B, =

Totally, after the breaking G4327 — Gsyr, we have 15 massivw gauge bosons: 6
leptoquarks in the representation U; ~ (3,1,2/3), 8 colorons ¢’ ~ (8,1,0) and a
single colerless boson Z’ ~ (1,1,0).

If v, = v3 = v and in the limit g;3 < g4, the massive gauge bosons have

degenerate masses
1

—=(4v
\/§g4

which shows us that there should be a global symmetry associated to this in order

MU:Mg’:MZ/:

to protect this structure. The underlying symmetry is analogous to the one we have
in the electroweak part of the SM in the absence of the gauge coupling ¢’ and the
Yukawa couplings. In this case the Higgs potential has an accidental symmetry, the
SU(2) xSU(2)g global symmetry which is broken by the VEV structure of the Higgs
bidoublet down to SU(2)p, the custodial symmetry, as we discussed in the section
2.4. In the same spirit that we have in the SM, the 4321 models have the accidental
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global symmetry SU(4) x SU(4)" which is broken by the VEV structure of a bi-
fundamental scalar down to the SU(4)p. The subgroup SU(3)’ x U(1)" of the SU(4)’
group and the full SU(4) group are gauged. Hence, the global symmetry breaking
leads to the breaking of the SU(4) x SU(3)" x U(1)" down to the SU(3)p x U(1)p.
This SU(4)p symmetry cannot distinguish the spectrum of the gauge bosons since
it imposes the symmetry of rotating the gauge fields in the mass matrix.

Let us consider v}, = (1,3,1,2/3), the would-be SM right-handed down quark,
under the 4321 group with the assumption that it is singlet under SU(4) group. Then,
writing out the part of the covariant derivative belonging to this representation:

2
Dy = Ouulp —igsG T up — gingLu’R (5.59)
We can rewrite the expressions (5.58) as

9495 — 939,;

o
g
o BB 952 (5.60)
' 9i + 393
then
2 rz!
Dyl = D1y, — igs (—g“gf‘_z_ 99y ) ot gy | PO IVER
na 9+ 5t (5.61)

2

Vi + d; 3 o2+ 2g?

Comparing with Dyuf = 8,uf—igsg2T“uy — 3igy Buu/p, we conclude that the match-

C Oupy —1

ing condition with the SM gauge couplings is
_ 9483 _ 9194
= Tivad YT Taria
giT 95 91 T 391 (5.62)
U =091 Gy =V~ 93 9z = 550\/91 3%
5.5 Yukawa Sector

In this section, we consider the flavour universal model developed in [1],|7] where
all the would-be SM fermions denoted with prime are singlets under SU(4) group
and are charged under the SU(3)" x SU(2), x U(1)" with the quantum numbers
as in the SM (the hypercharge U(1)y as their U(1)" charge and SU(3)c as their
SU(3)"). The would-be Sm fermions transform trivially under SU(4) and hence we
cannot construct the leptoquark interactions among them which are the source of
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LEFV. In order to have the leptoquark interaction with the would-be SM fermions,
we introduce three vector-like heavy fermions \I/’L r With ©« = 1,2, 3 and assign the
SU(4) x SU(2), structure to them. The fermion content is summarized in the table

below:

Field [SU(4)|SU3)'|SU(2)|U(1)

qy 1 3 2 1/6

u’ 1 3 1 2/3

d’fé 1 3 1 -1/3

; (5.63)

E’L 1 1 2 —1/2

e 1 1 1 -1

v 4 1 2 0

\I/% 4 1 2 0

where ¢ = 1, 2, 3 denotes the flavour index and \I”L r decomposed in the SM as ¥y, p =
(QL.r» L’L,R)T in the representations: Q7 » ~ (3,2,1/6) and L} , ~ (1,2,-1/2).

The invariant Yukawa Lagrangian is

Ly =—q YsHdy — q;;Yu]:fulR - Z’LY;He'R + h.c.

- 7\ T = (5.64)
— qL)\q(I) ‘;[IR — gL/\gf \I’R — \I]L (M + )\15915) \I’R + h.C.

The first line is the SM-like fermion lagrangian and the second line associates to
the mixing among the SM-like and the vector-like fermions where H = iosH* and
Yides Age15, M are 3 x 3 complex matrices.

As implied by the large global symmetries U(3)% of the SM-like fermion ki-
netic terms, one can transform each field by a unitary transformation in the basis
that Yy = g, Yo, = V), and Y, = A\, where where \; = diag (ya, Vs, %) , \u =
diag (Yu, Ve, y¢) and A\ = diag (ye,y,, y-) are diagonal matrices. The SM-like la-
grangian becomes

Lovi ke = =@ VINURH — @ gdwH — 0 M€ H + h.c. (5.65)
We can write the mixing term in (5.64) as
Lo = T AT R® — O \T e — T, (M n >\15£215> Ui+ he.
— ~ @V APRUNR® — VN U] W g = Ty, (M 4 Aisis) W+ D
(5.66)

We can redefine the V, matrix to Vp and absorb the changes to Ul — U, ;r, and also
redefine the V; matrix to V. and absorb the changes to UZJr — UlT,. We obtain

Emix = _qILVD)\;ﬁaquT/\I/R(I)_Z/L‘/e)\?iagUlt\PRg_gL (M + )\15915) \I/R+ h.c. (567)
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One can transform:
q’L — VDq/L, l/L — V'ellL, and \I[L,R — Uq"I}L,R (568)
Finally, we have

Loix = —TA5% 050 — [ \EW T e — T, (M v A15915) Up+t he  (5.69)

where W1 = Ul,U » and with assumption that A5 o M x 1. Following the assump-
tions given in |7], we have

g = diag (A, A3, Xf)
10 0

A 5.70
ARV = diag (AL AL AE) [ 0 cosbrg —sinbiq (5.70)
0 sinfrg cosfrg
As in the PS model, we can represent the ¥  in the matrix form as
U, D, ¢3)
; Us D
\Ilocz(f) _ 2 2 571
LR U3 _D3 ( )
V FE LR
We consider the first term in (5.69), after getting VEV:
— BV pOypy + hoe. = \/_Aglag( T;)5¥%60e + hoc. = \/_/\;hag( 7;)5(Vg). + h.c.
= \/_)\glag [ULUR—FJLDR—FULUR—FDLCZR}C
(5.72)

where ¢ = 1,2, 3 is the colour index, ¢ = 1,2 is SU(2), index and a = 1,2, 3,4 is the
SU(4) index. Repeating the same procedure for the other terms, we obtain the 6 x 6
mass matrices:

v . Us U3
Vi, g S Ao Aine L
o= [V EE) e (M
0 Mg 0 MQ
oo Uy v . (5.73)
MN - “ \/§ 5 Me == \/_ \/_
0 ML ML
For example, the M, is in the basis (e, u, 7, E', E?, E3) where
. ~ A - 3\
Mo =M+ 2575 and N, = M — 2285705 (5.74)
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The interaction of the vector like fermions with leptoquark U, can be obtained by
considering the kinetic term of the fermion lagrangian together with covariant deriva-

tive as we have in the PS model:

1 0 0
Wy DUy > %U,@LWWLL - %U,@ﬂ“ 0 cosbpo sinfrg | Ly (5.75)
0 —sinfrg coslrg
Upon diagonalization of the fermion mass matrices (5.73), the mass eigenstates are
the combinations of (e, u, 7, E', E* E3). So, the SM quark and lepton interact with

the leptoquark as

ga 4 1
EﬁiquQLV#% (5.76)
where
0 0 0
B = diag (5q15; Squas Sg5) W diag (0, 50,5 805) = | 0 Cop5q1,5, S0105q125¢3 (5.77)

0 —501,05¢3502 COrgSqsSts
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6 Conclusions

The lepton flavour universality (LFU) is not only the global symmetries of the kinetic
lagrangian of the SM but also the physics probing a way to new physics beyond SM as
well. The violation of the lepton flavour universality enlarges knowledge on how we
understand the flavour puzzle (the hierarchical structure of Yukawa) together with
the stabilization of the Higgs mass. U; leptoquark is the component that we need to
construct the UV-complete theory which predicts the existence of this gauge particle
suggested from the low-energy data of the effective single mediator simplified model.
We identify it as the best single mediator for B-anomalies which couple quark and
lepton directly.

The Pati-Salam model is the first model that contains the right quantum numbers
of the leptoquark and gives mass to its after Higgs gets VEVs. Since we unify the
quark and lepton together in a single representation under SU(4) group, the fermions
content will inherit the structure of the SU(4) as well and hence the fermions can
couple to the leptoquark directly. However, two serious problems of the PS model
are 1. It predicts the wrong fermion spectrum and 2.The interaction between quark
and lepton via leptoquark when we consider the semileptonic meson decay will give
the constraint on the mass of leptoquark which is beyond 200 TeV scale that is not
of our interest.

We extend the colour part of the PS model to get the 4321 model. Since the
4321 model contain SU(4) gauge group, it can also have the exotic leptoquark with
the right QM numbers as we have in the PS model. With the appearance of the
mixing term which breaks the global U(1) symmetry, we have a consistent number
of goldstone bosons and gauge bosons corresponding to the broken generators. The
Yukawa structure gives rise to the definitions of the coupling mixing matrix for
the leptoquark interactions in our flavour universal model since by introducing the
vector-like fermion we have more freedom to define the CKM structure than in the
PS model in order to match the phenomenology of the low-energy physics.

Another model that we can consider related closely to this flavour universal 4321
model is [2] where they give the SU(4) charge to the third generation fermion and
hence flavour non-universal from the beginning. Also, in the three-site model where
we give PS groups belonging to the different generations and break them with the
different scales we can have a non-universal structure from the starting point.
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