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1 Introduction

For QCD scattering problems, e.g. for quarks and gluons, if the t-channel exchanging momentum becomes high
enough (—t > A(QQCD), they are non-perturbative [7][8]. This is especially the case when the scattering angle is small,
1/6%? = |s/(—t)| > 1. This limit in the literature is also called Regge limit. Although perturbative expansion in
QCD Regge limit scattering is not viable, we have BFKL framework [1][13] that offers an iterative calculation of
expansion order by order and thus provides the building block for resuming high-energy Logarithm to all orders. [7]
and [8] have applied BFKL formalism to two-to-two partonic scattering amplitude, and managed to resum infrared
singular or infrared-renormalized amplitude on next leading logarithm accuracy, cf. (3.36) in [8] and (3.18) in [7].
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Figure 1: (a): Wave function diagram; (b): Scattering amplitude. ([8]Fig.2 & 3.).

However, there is still some part of the amplitude we can not do resum following this formalism, as one will see
below.

For partonic scattering amplitude in Regge limit, one can split the amplitude M(s, ) into to odd and even part
according to its symmetry of swapping s and u, s <> u:

ME) (5,) = %(M(s,t) + M(u, 1), (1.1)

[6] further decomposes these amplitudes into real and imaginary coefficients.
We define Ty, k =1,2,3,4 to be the colour-charge operator with parton k, (see (b) in Figure[1)). With

Ts=T1+Ty=-T3-Ty
T,=T)+T3=-Ty —-Ty

T, =T+ Ty=-Ty — T3 (12)
And
T2 — T2
T2 = % (1.3)

Also for future reference (e.g. n = C1/C2)

Ch 204 — T2,
Cy = Cy—T7 (1.4)

where C4 is in the gluon Regge trajectory: og4(t) = %CAagl)(t) + O (a?) (see argument below (1.3) in [8]). The
imaginary part of reduced even amplitude is given in [8] as

1 as
M) ~ir | =2 4 0 (a2L) | T2 M (1.5)
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where a; is the coupling constant, and the signature even logarithms is wrote as L = % (log %‘tio + log %‘tw) All

loop order expansion o, L= lies in O (agL), which we expand as

N s > s\ 11 (i
A (%) =3 () v a0

=1

As a consequence of BFKL evolution|8], when the order is growing, the ladder graph structure becomes manifest

(see (a) in Figure . The loop expansion of the reduced even amplitude Ml(\fL)L is calculated from integrating the

free momentum k of the wave function Q(p, k) as [8]

MP (2 =—in / [Dk]LQ(p, kT2, M) (1.7)
A\ P K2(p — k)2 s—u? tij—ij
where [Dk] = - ( o :E>E (gi;;ilgé and By(e) = eEVEW from dimensional regularization. There are

S

singularities in ./\/ll(\ILL (—) which come from the integral, though the integrand € is finite|8]. One way of factorizing

S

the singular part and the finite part ./\;ll(\IJi)L (ft) is to split the integrand (2 to soft and hard components proposed

in [8]. The wave function Q(p, k) can be decomposed as:

according to the criteria that the hard part got vanished in the soft limit: one of the external momenta tends to
zero, i.e. limy_,0 Qn(p, k) = limy_,, Qu(p, k) = 0. Substituting the splitting of wave function ([1.8) into (1.7),

~(+ S ~ (4 S ~(+ S
Ml(\IL)L (—t) = Ml(\IL)L,s <—t> + Ml(\IL)L,h <—t> : (1.9)

With this splitting, there is no singularity when integrating €25, and the corresponding hard part Ml(\IJi)L h (_%) in

is finite. Thus as one may see in (3.39) of [8], the hard part of the infrared-renormalized amplitude Hl(\?i)L b

coincide with ./\/lNL)L h

() _ Ay
Hyrnn = MNrLn (1.10)
and we won’t distinguish them here.
And all the singularities lie in the integral of soft 25 and thus in ./\;ll(\;i)L s (_it) Moreover, one can do resumming
for the singular and finite part of ./\;ll(\;i)L < (%) [7]18], expressing them to a analytic functions valid at all orders.

As for MNLL h < ) however, there is no general expression of ./\/lNLL h ( ) But it has mathematical structures,

which we will explain below, that enable us propose an ansatz that it may be expanded to all order via some finite
terms of the order expansion of closed string tree level sphere integral.
As computed in (5.19) of [§], e.g.,

- 3
Wity = =) m e

~ (4,5 T 5Cs 45¢s ree
MI(\IEL?h = 5,{ 0102 Ccz} M(t ),

Ml(\fL)Lh <i> has the number-theoretic properties that all the multiple zeta values are single valued (SVMZV)
without any even zeta nunmber. For details of SVMZV, see [4][11][19]. In addition [§], I-loop Ml(\ILL) L ( £ ) contains
weight-l SVMZV or the product of SVMZVs whose total weight is {. With this we call Ml(\;ii) h (_%) is of uniform



weight. So ./\;ll(\;ié) h (—it) is of single-valued and uniform weight. Five-point tree level closed string amplitude also

share the same properties (see the term in the bracket in (L.11)) here or (6.24) in [1§]):
M(1,2,3,4,5) = A'Sg (1 + 2G3M3 + 2¢GsMs...) Ay, (1.11)

where in string theory, « is the coupling constant and M3 is of O(a?), and Mj5 is of O(a”), etc.

That’s why we made an ansatz that the single-valued 5-point string disk amplitude could be the basis to expand
the hard part of two-to-two partonic scattering amplitude in Regge limit. The rest of the paper is organised as
follows: In Section |2 we introduce how to do single value map on harmonic poly-logarithms (HPL) or multiple
poly-logarithms (MPL) with illuminative examples; in Section [3|we describe motivic single value map directly acting
on multiple zeta values; Subsequently, Section 4] and Section [5] give examples, from baby model to complicated case,
on deriving tree-level closed string amplitude from open string amplitude via single value map; In Section [, we
detailed state how we boil the ansatz down to equations, and find the inconsistency in solving the equation set; In
Section [7], we briefly conclude the thesis by stating the result we have found, and describe how to further continue
our study.

2 Single value map

2.1 Words and algebra

The single value map is more conveniently understood via alphabet perspective. We will first define the shuffle
product and then state how to use it to construct a single value map. After that, some easy example will help to
illustrate the mathematics.

Suppose we letters in alphabet: a,b, ¢, d... € C. The concatenation of letters gives us words, such as a, ab, abc € C*.
Meanwhile, introducing addition ”4”, which operates on two words by just adding them together as common
addition, we could construct polynomials as ab + cba 4+ dabb. Restricting the coefficients in rational number Q, one
could construct a Q free algebra Q (C) (also denoted as Q (a,b,c,...)) [14]. Note that this algebra contains empty
word € as unit element.

Definition 2.1. The inner product or say, the duality, of words, is [14]
(u|v)=2¢,, uvel".
Definition 2.2. The right residual of word p w.r.t. ¢ is defined via the inner product|14]
(p>qlz) = (plgz) = 05" VzeC".

Example 2.1. The most important example at this moment is

pwp=w (2.1)
Here is the detail of :
(pw e plz) = (pw|pz) = 6y, Vz e (2.2)
The above equation vanishes unless z = w. So
pw>p = w. (2.3)

2.2 Lexicographic order and Lyndon word

For this topic, we need to introduce an ordering for words.

Suppose we have a set of letters or an ordering, e.g., alphabet ordering (a <b<c<d< .. <z <y < z). Given
two words u, v, U = U1, U2..., Up, V = V1, V2..., Un,

1. when m = n, the number of word contained are the same, we will say v > u if read from left to right,
U = V1, Uy = Vo, ...U;_1 = vi_1 and u; < v;;

2. when m # n, we will first enlarge the shorter one, say u, by inserting n —m smallest (smaller than any letter)
”blank” letters in the end of u and thus u is the same length with v. Then performing the first step again, we should
get the relation between v and v.

With the above Lexicographic order,



Definition 2.3. w is an Lyndon word, if for any splitting of w: w = uv and u, v # ), we have w < vu.
We should also introduce the Lie bracket of the Lyndon word I:

Definition 2.4. Factorizing the longest Lyndon word u in [ = vu, the lie bracket [I] is [14]

[[] = 1 for length (I) =1,
1 = lv,ul.

Example 2.2. Here are some simple examples of lie bracket (a < b)

[a] = a
[ab] = ab—ba
[ababb] = [[ab], [abb]] = [[ab] , [abb]] = [[a,b]  [[a, b] , b]] -

A polynomial f is some linear combination of words and can be expanded as

f=3 (flwpw. 24)

weC*

To do the expansion, we need to introduce the shuffle product.

2.3 Shuffle product and word expansion

Consider words u and v € C* with construction v = uqus...U,, v = V1V2...Up,.

Definition 2.5. The shuffle of v and v, u III v, is the sum of all permutations of the letters in v and v which
preserves the original word orderings, i.e., the letter order uy, us, ..., 4, € u will not change in the result of the shuffle
and so will v's.

Example 2.3.
a IIl bc = abc+ bac + bea.
Note: the shuffle product is commutative and associative, (S.2.3 in|2])

wIllv = vlilllu
(vl v) T w = «III (v I w).

Before doing the Lyndon decomposition, we shall first introduce some basic concepts. Recall the expansion of
polynomial for words (2.4]).

Definition 2.6. The degree of f is defined by the maximum length of w which makes (f|w) # 0.
Example 2.4. If f = ab, the degree is 2. If f = ab+ abb, the degree is 3.

We denote the set of all Lyndon words of length less than the degree of f as L;. The decomposition of f takes
the form [14]

f=> Ay, (2.5)
i=0

where I,,q, is the greatest word in Ly (e.q.(13) in [14]), and n is picked case by case, i.e., the length of IIIl * may

not transcend Lg. This is because one may arrive at vanishing Ay for k > j if the length of 1 already exceeds
the degree of f. We shall also introduce the basic differential formula here. Recalling right residue (2.1]), for shuffle

product we have [14]

(flllg)ep = (fep) g+ f1III (9> p).



Three words getting shuffled case:

(fIll gl h)pp = (fIIlgep) Il h+ fIII g III (h>p)
= ((fep) Ul g+ fIII (gop)) III A+ f 111 g 111 (A > p)
= gIIAII (fop)+ fILAII (gbp) + f I g 1T (A p).

One can prove by induction that

n
(fLIIL fou 0L f)op =) fi III fo 1L ...(fi > p)... TII £, (2.6)
=1
(2.6) shows that
lnligxm > lmax =m lnI11aIxm_l

Now we can do the right residue on f in (2.4]). For instance,

n

fi = folnae=» id NI (2.7)
i=1

fo o= ol = i(i—1)A; T2, (2.8)
1=2

one can easily generate to the case when lnax becomes [lyax]-

Here the A; is obtained via right residual of Lie bracket of Iy and will not contain lyax. Define L, = Lg\ {lmax}-
We can further decompose the A; via I}, € L/, where [}, is the greatest word in L. Examples and [2.6| are
given in the next Section [2.4]

2.4 Lyndon decomposition

In this section, we will decompose word to Lyndon word. Every word can be expressed by a combination of Lyndon
Word [11]. This is a really powerful result as Lyndon decomposition can express some poly-logarithms with a fixed
value to something we know. Moreover, it also simplifies the result of single value map, which can be seen below.

With preparation in we are able to do Lyndon decomposition. We will use the list (given in [14]) to
decompose words that appear in MZV’s.

{0,00001, 0001, 00011, 001,00101,0011,00111,01,01011,011,0111,01111,1} (2.9)
Let’s see some examples: (the ”bold front” numbers are letters.)

Example 2.5. We will be following the process described at the end of Section[2.3. Let’s look at Lyndon word list
(2.9) from right to left (the greatest to the smallest), we can first assume:

10= A, T 1 M2 4 4y TIT 1 + A,.
We derive the expansion coefficient as follows:

1051 =1001=0=24, 11 1 + A;.

0> 1=0=2A4,

So
Ay = 0
Ay = 0,
and Ag = -01.
To sum up:
10=-01+0III1. (2.10)



End of calculation.

Example 2.6. For 100, from calculation in example we may not have too many 1's in our assumption, as n
in 1M ™ should not exceed the number of 1 in the word we want to expand. Looking at list ([2.9) from right to left,
and we may conjecture that

100 = A 11T 1 + Ay. (2.11)
Then
100> [1] = 00 = A;. (2.12)

Now we further decompose A1. Ayis of length 2. Apart from 1, the greatest Lyndon word for length 2 is O1.
However, notice that A1 in does not have any 1 or 01. So we may not use 01 to expand Ai. Further
observation shows that what is left on the list for length 2 is Lyndon word 0. As there are two 0’s in A1, we
can conjecture that

Ay = Ao TITOM2 4 Ay TIT O + Ay (2.13)
We derive the coefficients Aoy, A11, Ag1 here:
Ai>0=00>0 = 0=2A45 1110+ Ay, (214)
050 = 1=2A,. (2.15)
So
1
A9 = 5 (2.16)

Since Ag1 is already a number, we can omit the shuffle as,
const 111 w = const X w.

Substituting (2.16)) into (2.14), A1 =0, Ap1 =0, so in (2.11)

1
A = A50I1I10 = 50 IIT0 . (2.17)
One can arrive at
Ay = —010- 001, (2.18)

via expanding equation (2.11), and make both side equal.
With @11) and @17) (©15),

1
100 = 0 II1 0 11T 1 — 010 — 001. (2.19)

Further proceed: decomposing Ag. Reading the list (2.9)) from right to left, the greatest word for length three
containing only one 1 s 01, so

Ag = Ay IIT 01 + Agg (220)

As 001 is already a Lyndon, we don’t need to do any thing for this. So decompose Ay only need decomposing 010

010> [01] = 0.
After fizing the constant term, 010 reads
010 =0 IIT 01 — 2 x 001. (2.21)
Substitute (2.21)) into (2.19),
1
100 = 50 IITOIII1—0IIT 01 + 001. (2.22)

End of calculation.



2.5 Single value map

Single value map on words is defined in [19]. For u,v € C*

sV w = Z w 11T 9. (2.23)

Uv=w

Note: here we have used a different convention from [19], in order to be compatible with the result with
PolyLogTool [11].

Some note about the notation: Tilde means the reversal of word while bar means the complex conjugate of words
which corresponds to the complex conjugate of MZVs.(see below). The single value map is linear |11] (S.9.1).

Assuming that we only have 0 and 1 in the alphabet C, we could have:

Example 2.7.

sv0l = II10L+01III1+ III01. (2.24)
sv001 = II1 100 + 0 IIT 10 + 00 III T + 001 III (2.25)

Although we have this map on words, our ultimate purpose is to map them back to multiple poly-logarithms
and then MZVs.
The multiple poly-logarithms is defined iteratively via integral below.

G(0;2) = 1,

G(0;w;z) = G(O;alagag...an;z):/ dt
0

t—a

G (0;a2a3 . ..an;t), (2.26)

where the second argument ajas...a, is a word, and others are number or variable. The remarkable duality is that
they have a one-to-one correspondence with the word in w [11] (S.4.2).

we G(0;w;z). (2.27)
Note also that [11],
a 111 b < G(0;a;2)G(0; b; 2). (2.28)
So from ([2.23)) and ([2.28)),
Gsyv(0;w; 2) = Z G(0;u; 2)G(0;0; 2). (2.29)
wo=w
Example 2.8. From (2.24) and (2.25)),
Ge(01;2) = G(0;01;2) + G(0;0; 2)G(0; 1;7) + G(0; 10; %), (2.30)
Ge(001;2) = G(0;001; 2) + G(0;0; 2)G(0; 10: 7) + G(0: 00; 2)G(0; 1;7) + G(0; 100; 7). (2.31)

Note: we have used: empty word € < G(0;z) = 1. One can also directly take single value map on multiple
poly-logarithms. this time the sv map is not only linear but also preserves multiplicity, i.e. svG(0;w; z)G(0;u;2) =
svG(0; w; 2)svG(0; u; 2).

There are also some important definitions that we shall list here:

Definition 2.7. Harmonic polylogarithms (HPL)

H(...010...01---0...01;2) = (—1)°G(0;0...010...01---0...0L; z). (2.32)

ni no Ne ni n2 Ne
Definition 2.8. Definition of mulit-zeta value (MZV):

Covmgne = (—1)°G(0;0...010...01---0...01;1) = H(0...0L0...0L---0...0L;1). (2.33)
e S = A e Ve

ni ng Ne ni ng Ne
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2.6 Single valued map of (; and (3

With equation (2.10)), (2.30) and also the correspondence (2.28|) between words and poly-logarithms, we can write
our Gg(01; 2) as

Gsv(01;2) = G(0;01;2) + G(0;0;2)G(0; 1;Z) — G(0;01;2) + G(0;0;2)G(0; 1; 2)

Gsv(01;2) = G(0;0;2)G(0;1;Z) + G(0;0;2)G(0; 15 %) (2.34)

If we want to know what’s going on for the MZV, we have to set z,Z — 1. This process has some subtleties that we
should state here. (e.q.(3.2) in [11])

lim G(0;0; 2) = lim In(2) = 0. (2.35)
z—1 z—1
With ([2.28)),
G(0;0,...,0;1) = 0, for n > 1. (2.36)
——
Loat ,
G(0;1;1) = -1 diverges. (2.37)
o t—

Note, however, we can renormalize G(0;1;1) as G(0;1;1) = 0 (section3.3 in [10]).

Substituting (2.36)(2.37)) into (2.34)),

G (01;1) = 0. (2.38)

With (2:33)

sv(e = 0. (2.39)
End of calculation

Let’s go to Gsy (001, z). Substitute (2.22) (2.10) into (2.31)

Gsv(001;2) = G(0;001;2) + G(0;0; 2) (—G(0;01;2) + G(0;0; 2)G(0; 1;2)) + G(0;00; 2)G(0; 15 Z.)
+ G(0;00;2)G(0;1;2) — G(0;0;2)G(0;01;Z) + G(0;001; 2)

When z,z — 1,
Gsv(001;1) = 2G(0;001; 1) — 2G(0;0; 1)G(0; 015 1) + 4G(0;00; 2)G(0; 15 2). (2.40)
With ([2.33)),
sv(s = 2C3. (2.41)

End of calculation

A more general proof of single valued single zeta value sv ¢; will be given in the motivic single value map (see
Example .
Remark 2.1. These are just very elementary example of doing single value map in alphabet perspective. If we go to
a word of length of 4 and higher, i.e. 0010, 0011 etc, an auxiliary y-alphabet is included to do single value map in
a sense of series expansion. See section 3.3 in [10] for more details. The next section will give a motivic version of
single value map.

10



3 Single valued map in motivic contest

There is another effective way to construct a single value map directly on MZV’s. To perform this, we may upgrade
the MZVs to motivic version (™. There is a detailed description in section 3.2 in [5], but, in a word, we can view
¢™ and (.. as the same in doing single value map.

3.1 Duality
The ordinary MZVs span a rational vector space

Z:Q<C2>C37<5a"'>? (31)

with basis and dimension conjectured in Table
Introducing a new alphabet:

fieF,ie2n+1,n>1, (3.2)
F together with fo, the similar basis space structure is also manifest in Table [2| for space HMT+ = U, where
U=Q(F)®qQ[f]. (3.3)

So Brown conjectured that they are not only similar but isomorphic (see the argument from (3.3) to (3.8) in [5] for
more details):

Z 2 yMT+ (3.4)

Note: in Brown’s original notation U = Q (F) ®g Q [fa], but U = HMT+. We just use H7+ here for simplicity.

Weight N[1] 2 | 3 | 4 5 6 7 8
Basis for [ 0|¢(2) [¢(3) [¢(2°] <¢(6B) [<¢B)*] <¢(7) ((3,5)
Zn C(3)¢(2) | ¢(2)? | <(5)¢(2) | <(3)¢(5)

dimVy |[0] 1 1 1 2 2 3 4

Table 1: Conjectural basis of vector space spanned by MZVs [5].

Weight N |1| 2 | 3| 4 5 6 7 8
O fo|lfa| f5] f5 | f3HIf3| fr f5f3
Basis for f3.f2 5 | fsfe | fsIILfs
Hy T 313 | fsllLfsfs
/3
dim 0o} 11]1 1 2 2 3 4

Table 2: Basis for vector space spanned by F [5].

Remark 3.1. Note also that: one may find in Table the shuffle product for f; basis corresponds to two zeta value
basis times together, except for fo or (5. The difference between fs or (s from others is that fo or (s is viewed as a
constant|[5].

Why we introduce the space HM7+? Because when a general ordinary MZVs G(ao; a1, a, ..., ap; Gpt1), which
span a ring R, are upgraded into G™ (ag; a1, a2, ..., ap; ant1), the G™(ag; a1, az, ..., an; ant1)’s expand a space H which
is isomorphic to H/(¢F*H) ®q Q[¢"]. One can see that H/(¢F"H) ®q Q[¢5"] is similar to ([3.3), and indeed H can be
embedded into HM7+. (Section 3.2 of [5]). Note also that there is also a ring homomorphic from H to R spanned
by G(ag; a1, az, ..., n; any1) [3].

11



Moreover, denoting the space of sum of module of weight less than or equal to N as H<y = ©<yH and
HMT+ oy = @< NHMT+, H<n can be mapped into HM7+ <y (U< ) via an normalized isomorphic trivialization ¢ as

(18], [18]):
¢> H<N — HMT+ (U<N)

G e
Ggro— fi fori=2k+1, k=1,2,3,..

Conclusion: so this means that given a specific weight N, one can say that
Hoy 2 HM oy = 2oy, (3.5)

where the last = we have used (3.4]). So we can make the duality that (" < (.. < fi...f;.
The relation of all above spaces can be summarize in Figure

QF) ® Qlf] Q(¢2,¢3,¢5..-)

AN /
.~
Q \&\ ¢ @@b = S
= S &
IA = §S .
z | = S 3 UJSf
55 3
|5 FHMT ?
o S &
=3
IA O &’3) . %
4 &.\05’ S s
m %
qnl,nz,...,ng :]_[ . R
Ring homomorphic
® ¢ S
G™(ag; A10203 ... An; Apy) G(ag; a1a,0A3 ... Ay; Gy y1)

Figure 2: The relation for all the spaces mentioned in Subsection

3.2 Motivic single value map

Knowing that any structure in ¢”* will be inherited ¢ . is not enough. Doing Motivic Single Value Map requires also
first decomposing a motivic MZV to Motivic Basis as in Table [2| Luckily, [5] gives us a very detailed description on
how to map (.. to fi...fj. See definition 4.3 4.4 and 4.6, also example 4.7 and Section 6 in [5]. We will just list
what we will use here, which are given in [18§].

6 (CFha) = o s (FolTTs) + 2 fof5 — §f7f§ 45fefs

6 ((as) = 1799f9f3—32f7f3f2+ f7f5+29f5f7—11f5f2— 2 s tsf3

+ f3 (f3 III f3 IIT f3) — @fsfg + 10f3frfo — f3f5f2 — %fs?fg
¢ (Cs3) = 25f5 fs — 10fo f3 — Tfnfz
407

¢ ((Fs3) = 30f3 fs — Tf7 (f3 11 f3) + %f?fg f9f2 - 7f11f2
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With these examples, we are able to introduce the motivic single value map for f; € F c.f. (3.2)).
The single value map is quite the same as (2.23). However, there is no bar, (see e.q.(7.3) in [4]):

svw= Y wlll@. for fi € F (3.6)

Uv=w
This is meaningful, because f; € F is directly related to MZVs. When we convert multi poly-logarithm to MZV’s,

we take z — 1, so there is no difference between z or Zz.

Example 3.1.

svfe = 0;
svfi = fi+fi=2f for i=2k+1, k=1,2,3.., (3.7)

where the the reversal of a single word f; = f;. When we go back to MZVs, this becomes:

svie = 0;
sv@; = 2¢G for i=2k+1, k=1,2,3..., (3.8)

Some more example is given in section 7.2 of 4]
We will construct more complicated motivic single value map in Section [5.2] So far we have complete our
introduction of single value map. Next, we will go into some specific example in string theory.

4 A baby model for single value map in four-points amplitude

It is proved that the single value map bridges the disk integral for open string tree-level amplitude and sphere integral
for closed string tree-level amplitude in string scattering [19]. The core of doing this is to calculate single-valued
MZVs in the expression. We will give a very simple example svZyp; = Jyp¢ to illustrate how this works. Consider
the scattering of n massless particles. Choose a frame where > | k; = 0 and k? = 0. We then define the kinematic
factor as [18][19]

Sij 1= 2aek; - ]Cj = Sji, Sij € R, (41)

with .
sii=0, Y si;=0Yj=12..n (4.2)

=1

Note in high energy k? =0, so sj; = 2ak; - kj, si; = 2ak; - kj; are equivalent.
Define Beta function:
I'(z)I'(y)

1
B(z,y) := /0 dt t*7 11—ty = Taty) (4.3)

and C function:
w['(a)I'(b)(c)

Ir'l—a)l(1-0)T(1-c)’
where we have applied the convention:d?z = dxdy. For more details, see proof of (4.3) and (4.4) in Section 6

Appendix of [9]. The 4 point disk Zspy and 4 point sphere integral Jype for a specific choice of kinematic factors
read:[19)

C(a,b) == /d2z 1222721 — 2|72 = (4.4)

1
d
Z it ::/ sz (] — g)ses (4.5)
0 <
1 d?z
Japt 1= — — T |zP2|1 — 2|52, 4.6
w1 [ gl (16)
We will now try to expand Zypy and Jyps:
1
d
Zapt = iZSIQ(l — 2)*
0o <

1
/ d22512_1(1 — z)1+523_1.
0
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Comparing (4.7)) with ., we get
F(Slg)F(Sgg + 1)

T =
T T(1 + 510 + 523)
_ 1 Dl t Dl(sas +1) (4.8)
s12 T(1+ s12 + s23)
1
= s—exp[ln I(s12+1)+InT(s23+ 1) — InT(1 + s12 + $23)]
12
Using the identity logT'(1 + z) = —yz + >, )(—x)k, we further get
1 o C(k)
Z4pt = —exp —7(812 + 893 — (812 + 823)) + Z 7(—1)k [S’fz + 8153 — (512 + 823)k]
512 — K
(4.9)
= C(k 1)k [k, + ob k
- —exp Z — [812 + 853 — (S12 + 523) ]
512 =k
So
1 = C(k
Zapy = —exp [Z M(—l)k [8?2 + 8153 — (s12+ 823)]9}] (4.10)
S12 —2 k
Now let’s take a look at Jypi. We want Jypy to have similar form as C(a,b) (4.4)).
1 d?z
J I 2512 1— 2s23
wo= 1 [ gl
1
= / d%z |z]21272)1 — 2|2272(1 — 2). (4.11)
TJc
We may Change the 1ntegrand to some mtegral with the use of the definition of Gamma function
22072 = F(l ) fo dt t—ae 1=t |1 — 2|22 = F(l 7 Jo° duu~ be~I1=="u For convenience, we will set 515 = a sg3 = b.
1 dgzdudt 2 2
Jipt = — oy be 1A e — 2P 4.12
apt W/HL%WG—M wee e (1-2) (4.12)

If we take z = x + iy, we have

1 dxdydudt —a, ~b —(t+u) (22+y?) +20u—
— t a u)(z“+y )+ TU—U 1—
Japt Tr/F(la)F(lb) vl (1-2)
1 dzdydudt Ca —b [ u \? 2- u? .
== e —(t - - 1—z—
Tr/F(l—a)F(l—b) “ eXp( (t+u) (x t+u> Ty mut g | e i)

! / dedydudt t7ube (t 4 u) - T u_)” + 2_ U+ v (1 “ x -
= — X —_ —_ —_ _—— = —_
7] T1—a)(1—-0) P ttu) Y t+u t+u t

! / dedydudt t7ube (t 4 u) - x u_)” + 2_ U+ o ( ! x
= — X — — _— - -
7] T1—a)(1-0) P ttu) Y ttu) ttu

w \2
The purpose of the above is to cook a vanishing integral like [ dz (az — L) —(t+u)(e—7)” = 0, [dy ye~(trwy* —

t+u

and also Gaussian integral [ dz e~ (tH)(—57) = /5w Jdye —(truy? = /i

So
1 dzxdydudt e — uw \?
J4pt:7r/F(1—a)F(1—b)t ubexp<—(t+u) <x_t+u> +y°
:/ dudt t~ % exp (—u—i— o ) !
I'l—a)'(1—-0) t+u) (t+u)?’
_ / dudt b exp <_ ut ) t
I'(l1—a)l(1-0) t+u/) (t+u)?

14
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We then change (t,u) — (o, ) with t = af,u = a(1 — ), € [0,00) and 5 € [0,1]. The absolute value for the

jacobian determinant is
e 9 8 a
o = =|—al=a.
| P [ R

So

_ L > ! —ap—a,. b _b_—B(1-B)a OB
Japt = T(1 = a)T(l _b)/o da/o dpg aa™ 7% (1 - B) e 2 (4.15)

Note the integral inside Jyp; which we denote A, can be modified as:
o0 Q
A= / da aa % 0= e PP
0 a? ’
o0

—/ da =@ e AU=B)a
0

= (B(1 = p))*! /OOO daB(1 — B) (aB(1 — B))~* e B0-Fe (4.16)
= (B(1 - p)*+ /0 " daB(1 - §) (aB(1 — B)) A0,
= (B(1—B)* T (1 —a—1b).
So
—a— 1
I = B [ e = ) g - g,
_ Tl-a-b) [ _ .
T T —a)l(1—0) /0 dg gL - By (4.17)
Tl —a—-bI(1+0b)I(a)
T T(1—-al(1-bIT(1+a+b)
Note: if we have ¢ = —a — b then
i — N1+ e)l(1+b)(a) (4.18)

I'l—a)l(1-0)T(1—-c)
From momentum conservation, ky +ka+ks+ks = 0, we have k3 = 0 = 2(ky-ko+k1-ks+ko-k3), s0 s12+ 813+ 523 = 0.

Thus, the kinematic factor has the correspondence with a,b,c in (4.18). So we write the kinematic factors sj2 = a
se3 = b, and then follow the same step of (4.9)). We get

P(l + 813)F(1 + 823)F(812)
F(l — 312)F(1 — 323)1“(1 — 813)7
B iF(l + 813)F(1 + 323)F(1 + 812)
N S12 P(l - Slg)r(l - 323)F(1 - 813)’

J4pt =

1 [ ®© (k
= EGXP —7(812 + 823 + 513 + S12 + S23 + 513) + Z C(k, ) <(_1)k(812k + s23F + s13k) - (suk + s95F + Slgk))] ,
L k=2
1 [ & ¢@k+1)
= —exp stev ) ((_1)(8122k+1 4oL g 2Ry (g, 2L g 2k 8132k+1)) 7
812 — 2k+1
1 [&¢@k+1) o
- SUERT Y (o +1 2k+1 2k-+1 )
519 exp Z 2% 1 ( (512 + s23 + s13 )) |
Lk=1
1 2k + 1) 2%t 1 2%+1 2%+1
TP Z o+ 1 (—2(512 + 523 — (s12 + s23) )) :

(4.19)
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(2k+1)
Japt = [Z o ( 2(8122k+1 + 5932k HL _ (s12 + 823)2k+1)>] . (4.20)

As we know, the sv map for Riemann zeta values is[19]:

(ow(2k) =0, Co(2k+1) = 2¢(2k + 1) (4.21)

So form (4.10]) and (4.21))

SV Zapt = SLGXP [SV Z k) (1) [Slfz + by — (512 + 823)]6}] )

12 — k
= (4.22)
1 2¢(2k +1) 2btl | 2kl 2%+1
= —e€ — (-1 [ + + s + S12 + 8 } .
519 Xp [; 2% + 1 ( ) — (512 23)
Compare (4.22) with (4.20),
SA% Z4pt = J4pt. (4.23)

For those who may have the interest, there is a general proof of svZ = J in section 3.2 and section 3.3 of [19].

5 Single value map for 5 points

5.1 Hypergeometric function and scattering amplitude

The five-point tree-level open string scattering amplitude and tree-level closed string scattering amplitude is cal-
culated in [18]. Here we would show how the 5-point disk amplitude and the 6-point are related via the single
value map. Before we proceed, we would first introduce some formula related to hypergeometric function|12]. A
hypergeometric function of parameter ay...ap, b1, ...b; is defined as

Definition 5.1.

arrg ey ) (0), (@2), (), 2
qu( b1, b, ..., bq 7Z> _nZ:O (b1),, (b2),, -~ (bg),, mn! (5.1)

where (a), means (a), :=a(a+1)(a+2)---(a+n—1) and (a)y = 1.

We could also have an integral representation: for Re ¢ > Re b > 0, hypergeometric function

a,b I'(c) /1 b—1 b1 -
F T = t 1—-1%)° 1— 2t)"dt. 5.2
R (0 5) = ey [ £ a0 s (5:2)
And the recursion relation:
a1,a2,...,0p,p41 .
P+1Fq+1 < bl, bQ, . bq, bq+1 ’ Z) -
F(qu) /1 -1 bgr1— 1 < ai,az,...,ap >
AR O Ul ) A SR T dt, 5.3
I‘(ap+1)I‘(bq+1—ap+1) 0 ( ) bl,bg,...,b ( )

for Reby41 > Reay11 > 0.
Let’s go back to our disk integral. A general disk integral with colour indices 7 and p is given by [19]

dzidzg...dz, (1) H1§i<j§n |2 — 2[*

o= | ,
ooz (1) S S S <oe VOISL2(R) - 25(1),p(2)2p(2).0(3) " Zp(n—1).0(n)Z0(n).p(1)

(5.4)
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where n is the number of external points. To fix the gauge freedom volSLz(R), we have to set z,(1) = 0, 2-(—1) =
1, 27(ny = 00 and also inserting [(2-(1) = 2r(n-1))(2r(1) = Zr(n)) (Zr(n=1) — Zr(n))| in the numerator. So

Z(1,2,3,4,5/1,2,5,3,4)
812 813|0 _ 1|s14|22 _ 23|523|22 _ 1’524|23 _ 1|834

i dood |21 — 25]"1% 22 — 25" |23 — 25["° |1 — 25|*°
= 1m 220%z3
25—>00 0<22<23<1 22 — 25)('25 - Z3)(Zg - 1)(1 - O)

1 2 13 54525 5
/ s /23 dZQOO 2512235) (23 722)523( : 22)524(1 23)8340081 +s25+535+545 .
(22)00%(23 —1)(1 = 0)

Note that from identity for Mandelstam variables (4.2)), cos15+525F535+545 — 500 = 1 50 there is no divergent in the
integrand. With this,

(0= 1)(0 — 25)(1 — z5)] (
2

(5.5)

1 23 512 513 523 (] S24 (1 _ 534
Z(1,2,3,4,5|1,2,5,3,4):/ dzg/ dzy 2228 (28 = 22) (< 122) (1= 2)
23 —

)
/ d / d 81222122313 823 ( u)823 ( ) 24 (1 _ 2’3)834
V4 zZ3du
3 3 zgu (1 — 23) ’

(5.6)

where for the second equation, we have changed the variable zo — u : 29 = z3u, trying to construct an integration
of hyper geometrical function like the one in ([5.2]). With this in mind,

Z(1,2,3,4,5|1,2,5,3,4) / d23/ duz§2 o492 (1 pgyssalysiz=b(] p)523(] — yyz3)524)
(5.7)
/ dzs 2512+S13+823 834 1/ du us2~ 1 u)523(1 _ u23)824.
From observation, b = s12 ¢ = s93 + s12 + 1, so we write:
Z(l 2.34.5 ‘ 1.2.5.3 4) _ _/1 dz Zs12+513+s23(1 — 2 >534 1F(312)F(823 + 1) o F —824, 512 . (5 8)
9 Ly Dy Iy g Ly dy 9y 0 3 3 F(823+812+1) 1 812+823+1’3 .

Then comparing (5.8]) with the recursive relation of hyper geometric function (5.3)), we have ag = s12 + s13 +
s23 + 1, by = s12 + s13 + s23 + s34 + 1. So

I'(s12)(s23 + 1)I'(s12 + 513 + s23 + 1)I'(s34)
[(s93 + s12 + )I'(s12 + $13 + S23 + 34 + 1)

2 —594, 512,512 + 513 + 593 + 1
X 3L'2 ;23
S12 + 823 + 1,812 + 513 + 823 + 534 + 1

7(1,2,3,4,5|1,2,5,3,4) = —
(5.9)

End of calculation

We may use the above five-point open amplitude. But currently the five-point open amplitude we are working
on is in [18]:

Definition 5.2.

AL, N) = Y Ay (1,25,...,(N =2),, N — 1,N) F

0ESN_3

n) (sij) (5.10)

3y

where o the permutation group element of Sy_2[18|. E.g.

(23...N—2) N-2 22 Rl k Skn
Fo iy 7 (sig) = (—1)N_3/ H dz; (H!ZMS”) H Z B H Z n . (5.11)

. . z
Zi<zit1 j—9 i<l k=2 m=1 "k —[NJ2+1n—k+1 “kn

and other permutations are just swapping indices.
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For five points amplitude, according to (5.10)), one may have

_ (23) (32)
.A(l, 2,3,4, 5) = AYM(l, 2,3,4, 5)F(1’273’475) + AYM(l, 3,2,4, 5)F(172’3 4,5) (512)

A(1,3,2,4,5) = A(1,2,3,4,5)|2 « 3.

Although 5.11)) and ([5.4]) are different, one may arrive at similar mtegral expression for F® and F®% via

(1,2,3,4,5) (1,2,3,4,5)
and Euler or Selberg integrals|18]. Below integrals are just as .
1
F((1232)345 = 312334/ dx/ dyx®45ys127 (1 — )54 (1 — )23 (1 — 2y)*, (5.13)
0 0
F ;3 45) = 813524/ d””/ dya* 12 (1 — 2)™1(1 - )™ (1 — ay)*> (5.14)
From procedure (5.7) to , we are able to arrive at
results
F(32) _ F(l+812)F(1+523)F(1+534)F(1 +S45) —S24, 812, 1 + 845 -1 (5 15)
(1,2:3:45) I (1+ 512+ 823) I' (1 + 834 + 845) Lts12+s23, 1+ 830 +505 7 |7 '
L' (14 s12) T (14 523) T' (1 + 534) ' (1 + 545) 1 — 524,14+ 512, 1 + 545
£ = F ’ ’ (1] . (5.16
(1,2,3,4,5) 513524 r (2 + S12 + 823) r (2 + 834 + 845) 2+ 512 + So23,2 + S34 + S45 ’ ( )
So with ((5.15])(5.16[)(5.12), we have an analytic 5 point disk amplitude A(1,2,3,4,5) and A(1,3,2,4,5).
_ D(14512)0(1+523)T(1+534)0(1+545) —824, 812, 1 + 845 .
A(1,2,3,4,5) = Aym(1,2,3,4,5) P(1+s12+s23)T'(1+s34+545) 3b2 [ 1+ 512 + 823, 1 + 534 + 545 1]
T(1+512)T(14525) (14 534)T(1+5435) 1 —s94, 1+ 512,1 + 845 (5.17)
FAaL 32,4 5)513524 TG e st 8 { 2+ 512+ 523,2 + S34 + Sa5 )

A(la 37 27 47 5) - A(la 27 37 47 5)‘2 <~ 3-
One can have a more compact form (useful in the next subsection):

(23) (32
F F
Aoy = < A(1,2,3,4,5) > _ < Gzren Fizaso > < Ayr(1,2,3,4,5) ) (518

AlL3,2,4.5) Fiasas Fuasas )\ Avml:32,:45)

End of results

In principle, performing single value map on amplitude A(1,2,3,4,5), A(l 3,2,4,5) is a problem of svF ((1 2)3 45) and
SVF((l 2)3 45 To do so, we need a formula as log F(l4+z)=—yz+Y 10, k (—a?) in four point case, making MZVs

manifest. Unfortunately, we don’t have one for hypergeometric function. But there is an ”intriguing observation”
given in [18], which we will mention in next subsection.

5.2 Single value map on five-point disk amplitude

The 5 point single-valued open string tree-level scattering amplitude may appear to be a basis to expand hard part of
a 2 to 2 partonic scattering amplitude in Regge limit, which is the problem we want to study in this paper. There is
another advantage of doing the single value map: one may only compute the 5 point disk integral in string theory and
the do the single value map to obtain a spherical one without calculating the complicated spherical integral. Let’s
now continue our calculation.We have calculated in Subsection the compact form of five-point disk amplitude
Aspt . The ”intriguing observation” is that the compact form can be expanded as:

Aspt = PQ : exp ZC2n+1M2n+1 s Ay, (5.19)

n>1
in which MZVs are manifest. Note: Ay = (Ayar(1,2,3,4,5), Ayar(1,3,2,4,5))T is an irrelevant constant vector of
single value map. The rest of As in ((5.19)) has three main part we should focus: P, Q and : exp {Zn21 Cont1 M2n+1} .
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Each is a 2 X 2 matrix and the "normal order” we mean put the greatest index of M in the front. The expansion
below will be better illustrate the above description.

texp Q> ContiMangr ¢ =14 (Ms + (Ms + (M3 + (EM7 + GGMsMs..., (5.20)
n>1

P=1+) Py,
n>1
Q=1+Qg+ Qg+ Q1o+ Qi + Qi3+, (5.21)

The detailed value of Q is given in [1§].
The single value map or sv in this chapter are the motivic version described in Section [3} We should mention
here that the motivic single value map acting on specify MZV will also preserve multiplication:

SV Cningyemg Cmama,emy = SV Cnyng,onge SV Cmyma,...omy - (5.22)

So the single value map on A is

sv Aspt = (sv P) (sv Q) |sv :exp Z Con+1Mont1 0| Ay (5.23)

n>1

In the below calculation, we will just omit Ay, but will recover it in the very last end.

5.3 Single value map on P QQ and the Exponential term

Single valued P to all orders:
As P part only contains 1 and multiples of (3, the single valued P is unit matrix 1.

svP=1+ > sv(Py =1 (5.24)
n>1

Single valued Exponential term to order 11:

SV : exp Z Cont1Mont1 ¢ 1 = 14 2Ms(s + 2M5(s + 2Ms. M35 + 2Mr(r + 4¢3¢:M5. M3

n>1
4
+ §M3-M3-M3C§’ + 2MgCo + 4¢3¢rM7. M3 + 2M5. M5¢2 + 2My1 i1
4+ 4C3¢sM;5.M3. M3 + O(12). (5.25)
Calculations of sv Q to order 11

The most non-trivial bit of calculation is the single value map on Q where some complicated MZVs are presented.
We will first give the result of the single value map and then state the details on how to get it.
Calculation of svQg:

Qs = %45,3 [M5, M3],
sv Qg = é(SV (5,3) [M5, Mi3] = —2(3(5 [M5, M3]. (5.26)
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Here as one may see, we have to do the single value map on (53. As we described in Subsection there is a
one-to-one correspondence between (™ < (. <> fi...f;. So from [5] e.q. (6.2),

¢ (Cs) = —5fsf3

svo (CFy) = —5TII f3fs — 5f5 III f3 — 5f5f3 111
= —5x (2fsfs +2f5f3)
— 10/ I f5 (5.27)

From Subsection we know that (5.27)) has already encoded the information for sv(s 3. Also from Remark
the shuffle of words in F corresponds to the produce of two MZVs: fs I f5 <+ (3(5, so

sv(s,3 = —10C3C5. (5.28)
End of calculation of svQg:
Calculation of svQyg:
Qy =0, sosvQy = 0. (5.29)
End of calculation of svQq

Calculation of svQ:
3, 1
Qyp = {14(5 + 14C7,3} M7, M3],
svQy = {134 (sv &) + i (sv C7,3)} (M7, M3],
= {ﬁ({? - (ﬁé? + 2C3C7> } (M7, M3],
= —2(3(7 [M7,M3]. (5.30)

The detailed calculation of single valued (73 is given here. From [5] e.q. (6.3),

¢ (CFs) = —14f7f3 — 6 f5 5.

svfzfs = I fsfr+ fr I f3+ frfs L = 2(f3f7 + frf3) = 2f3 111 fr,
Similarly svfsfs = 2(fsf5 + f5f5) = 2f5 111 f5.
So
svop (C7) = —28f7 111 fs — 12f5 111 f5,
svGrs = —28(rGs —12¢3 (5.31)

End of calculation of Qg

If we encounter some more sv (., in the subsequent calculation, we will only offer the result directly.
Calculation of svQ:

6 4 1
Q= {9C2C9 + 2*5C22C7 - £C3C5 + 5(5,3,3} [M3, [M5, M3]], (5.32)
As all the first 3 terms have (o which vanishes after the map, we will only have

v Qui = 25V G M, [ My (5.33)
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As given in e.q.(4.28) in [1§],

6 (ha) =~ s (SLfs) + 2o fd = SIS} = 45 fol, (534

Here we have f; in or expression. As it corresponds to (2, we will have sv...fa... =0, (see below).

sv (—2f5 (flllfs) + 2 3 — 2 fof3 45f9f2> — s (—Zfs (szIfs)> ,

= —10(f3f3fs + f3fs.f3 +2f5/3/3),
= —5f5 III f3 III f3 —5f5(f3 III f3). (5.35)

The first term in (5.35) is easily identified with (5(3.
The second term will go into the 2Q;;. See below. We just copy equation ([5.35) and add those ...f5... terms
back which we have erased due to sv map.

s (=3 s (AIf) ) = =53 T fu 01 fy = s (o 101 ) 42 (15353 = L83 = 15001
(5.36)

-2 (;1f5f23 - §f7f22 - 45f9f2) -

As we know in subsection the trivialization ¢ is an isomorphism.
We can consider the inversion map ¢! to get MZVs expression based on (5.36). ¢ 1(f2) = ¢, ¢~ H(fi) =
Gt fori=2k+1, k=1,2,3,.... We also have

¢71(—gf5 (f3IILf3) + %f&sfﬁg - gf7f22 —45f9f2) = (55 3- (5.37)

So one may see what we want to do in (5.36)): we try to cook an MZV part in Q; (something we know already).

As you can see the last 4 terms on the first line of (5.36)), they are just like 2x ([5.34]).
All in all, we have,

8 12
VGl = GGG 2 — 2 GG+ TG+ 90¢"G (5.38)

The first term comes from f5 III f3 III f3. And the second term comes from the rest of the first line of (5.36)). The

second line of (5.36)) corresponds to the last 3 terms of (5.38)).
The procedure for Q5 and Q3 are almost the same, except that there is a special term in Q5 that needs special

care. Multiplying ((5.38)) by %, we have

1 2 8 12
SVgCgfg,s = —(5' 3G+ 5(573,3 - g%n(@n)?’ + %C?(C?)Z + 18¢¢"¢y". (5.39)
Compare (5.32)) and (5.39),
1
svQp = gSV (53,3 [M?n [M5-M3H )
= 2Qq; — ¢5'¢3"¢3" [M3, [M5.M3]] . (5.40)

End of calculation of Q;

Calculation of svAsp:, 11th order.
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Now we can expand our svAs,: to order 11: substituting ((5.24),(5.25)),(5.30) (5.40)), we have

svAspe = svPsv (14+ Qg+ Qg+ Qo+ Q) :exp Z sVGan+1Mantr ¢ o,
n>1

(1 — 2¢3¢5 M5, M3] — 2(3¢7 [M7, M3] + 2Qq; — ¢I"¢5" ¢ [M3, [M5.M3]]) x
14 2M3(3 + 2Ms(s + 2Ms - M(3 + 2Myr(r + 4¢3 M5 - M3
+  §Ms - M3 - Ms(3 + 2Mo(y + 43¢z My - M + 2M; - M5¢2 ’
4+ AC3¢M5 - M3 - M3 + 2Mi1(in

1+ 2M;3(s + 2M5(s + 2M3 - M3(3 + 2Myr(r + 2(3¢s {Ms, Mg}
4
= +5Ms - My - My(3 + 2MoCo + 2C3¢r {Mr, M} + 2Ms - Mis(5 +2Quy
—4(3¢5 [Ms, M3] M3Cs — (5G3C3 [Ms, [M5. M3)] +  4¢3¢:Ms - My - M3 + 2My1Cip
( 1+ 2M;3(s + 2M5(s + 2Mj3 - M35 + 2Myr(r + 2(3¢s {Ms, M}
4
= +§M3 M - M35 + 2MgCo + 2¢3¢7 {M7, M3} + 2M;5 - M5¢2 +2Qy; ¢
(43¢ M3M5M3(3 + 2M11¢11 — (5(3¢3 {2M3M5M3 — M3M3M;s — MsM3M3}
1+ 2Ms(s + 2M5(s + 2Ms - M3(3 + 2Mr(r + 2(3¢5 {Ms, M3}
4 ]
= +§M3 - M3 - M35 + 2MgCo + 2¢3¢7 {M7, M3} + 2M;5 - M5¢2 +2Qq; ¢
2M11Ci1 + (5¢3¢3 {2M3Ms M3 + M3sM3sMs + MsMsMs}
1+ 2M3(s + 2Ms(s + 2M35(5 + 2Mr(r + 2¢3¢5 {M5, M3}
= +*M3 - M3 - M35 + 2Mglg + 2¢3¢7 {M7, M3} + 2M5 - Mi5¢2 ¢ - (5.41)

3
L +2M11C11 4 2Qqq + (5¢3¢3 {M3, {M5, M3} }

End of calculation of sv.Asy,; to 11th order

Calculation of sv.Asy, 12th order.

Calculation of sv Qq,.
Data of Q4 is from e.q.(3.17) in [18].

Qo = {2C5C7 + 1(9,3} My, M3]

48 (18 4 3
691 { (G5 + Cg (3¢5 — 10¢2C3¢7 — C2§52 - gC%CE),:s — 3¢2(7,3 (5.42)

2665
—_——— 4 [ — PR J—
12@3 10845(7 + - C3C9 + 613 ——Co3+ (6 4,1,1} {{My, M3] — 3 [M7, M5]}.

Cancelling those with (3, we have

{§C5C7 + 21769,3} [My, M3] +

_ . (5.43
Qi = sV g { Loy 167 799 2665 (5:43)
T 1953

691 T8¢+ g Gl + g ot <64,1,1} {[My, M) — 3 (M7, M)}

We then do the sv map on zeta values with odd subscript and also on (g3 whose trivialization map value is from
(4.35) in [18]. We won’t give too much information on sv(g 3 here as one could easily do it when referencing to (4.35)
in |18] and the previous method for doing sv(s 3 and sv(; 3.

{SQ)C? + % (—42¢5¢7 — 54C3C9)} My, M3] +

svQpy = | 48 { 4., 467 2665

o1 59 g G GGt g

{[My, M3] — 3[M7, M5]}

(—42¢5Cr — 54C3Co) + SV<6,4,1,1} (5.44)
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Now we do sv map on (g’ ; 1, Following the same procedure in calculation of Qyy or Qy;, we first have from 18]
(4.35):

6 (i) = oo fofs — 821 fs o+ 110 fufs + 29fsfr - 11f5 fo = fsfsf3

799 (5.45)
+ §f3 (Fs L f5 TIL f) = —=fafo + 103 fz > - f3f5f2 - £f3 i3

When we ignore all the (o terms and make all the words shuffled, we have

. 1799 1133
SV (g6’4,171) —fo I f3+ —f7 IIT f5 +29 x 2f5 111 f7

799
+ f3 I f 10 f3 100 f — e f 1O fo.

(5.46)

Doing inverse map of trivialization and also making the correspondence of (" <> (., we have

1799 1133
sV (C6,4,1,1) = ——Co3 + ——C7Cs + 29 x 2(5Cr

(5.47)
+ §C3C3C3C3 - 799 C3C9

Substituting (5.47) into (5.44)), we have

svQis = 2[Ms, M7](5¢r + 2[M3, My (3. (5.48)

End of calculation of svQ;4
Expanding : exp {Zn21 anHMgnH} : to 12th order, we can then have sv.As, to 12th order:

SV.A5pt = SV (1 + Qg + Qg + Ql() + QH + ng) . exp Z C2n+1M2n+1 5

n>1
=..0(11) + 2M§§§1 + AM7M5C5¢r + AMoMs(sCy + svQqq + O(13), (5.49)
=..0(11) + gM (3 + 4M7M5(5C7 + 4MgM3(aCo + 2[Ms, M7]¢s 7 + 2[M3, M| G3Co + O(13),
=..0(11) + 2M 5C3 4+ 2{Ms, M7} (5¢r + 2 {Ms, Mg} (3¢9 + O(13).
End of calculation of sv.As,; to 12th order
Calculation of sv.Asy, 13th order.

Calculation of svQ3

Q13 = {141C2411 - %C%(Q - 245C2C7 - 4553 + ! C733} [Mda [M75M3H7

(5.50)
11 2 , 1
+ {2<2C11 + 54249 + 5C5C5,3 + 25(5,5,3} M5, [M5, M3]| .
Again, erasing all the (o bits, we have
3 1
sv Qi3 = { 355V (5,53 + a5 C733} M3, [M7, M3]]
(5.51)

1 1
+ { gSVC5SVC5,3 +sv 25(5,5,3} (M5, [M5, M3]] .
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We obtain trivialization data for ¢ (Cg’}573) and ¢ (C%’?)) from e.q.(4.42) in [18].

275
¢ (C5%53) = 2512 fs — 10fo f35 — — fuf (5.52)
Erasing f> bits in the trivialization and performing motivic sv map based on equation (3.6)):

svo (Bs8) = 25 svfifs

5.93
=25 (4f3f3 + 2f5f3f5 + 2f3 f3) o

Observing (5.52)), we will modify (5.53)) as:
275 275
svo ((Fs3) = 25(2(fsfs 11 f5) +2f3 f3) — 2 <10f9f22 + 2fnfé) +2 (10f9f22 + 2fnfz) . (5.54)

This is the reconstruction for MZV (55 3 of Q3. One may take a look at context around (5.36]) and ([5.37) for more
details on how we reconstruct Q;;. From inverse trivialization and equations (5.52))(5.54)),

7
W5y = 2L+ o 50ff5 T f5) — 20068 (G + e (5.55)

¢~ 1(50f3f5 111 f5) is a highly non-trivial term that we should illustrate below. Next we go to trivialization of (7.3 3:

32 56 407
O (CTha) =30f3fs = Tfr (fs T f) + o= fofd = = fof3 — =~ fufo. (5.56)
Again eliminating fs bits and doing sv map based on ([3.6)):

svo ((Fhs) = 30 (2(fsfs 111 f5) + 2f2 f3) — 14 (4f7f5 + fafr + fsfrfs) .

= 30(2(fsfs 1 fs) +2f2fs) — 14(f7 (f3 11T f3) + f3 11T f3 11T f7)
2 <§)§f7f§ f9f2 - 407f11f2> -2 (?jﬁfg’ f9f2 _ 407f11f2> (5.57)

where the last equation is the reconstruction of (7% 3 in Q3. So looking at (5.56) and (5.57)), we have

407
VG = s PG+ 0067 (afs T fr) = 2 (oGP = (@ = Grner) . 659

With sv(s 3 (5.28)) which we have calculated earlier, also (5.55)), (5.58) and the duality between (" and (., we are
able to write:

35 <553+ﬁ><2C733
_ 3;52 ( 0C942 + 275(11(2) 114 <§§<7€23. C9C2 _ 407@“11@) <
3 1 60
sv Qi = — 35 X500 (fafs T f5) — 77 X 14G5Gr + 567" (fafs 11T f5) J (5.50)

[M37 [M7’M3H +

1 1
{—4C§C3 +2x %C5,5,3 + —x2

o (10C9C22 C11C2> = x 50 ¢~ (fafs 11 f5)} X

25

[Ms, [M5, M3

— X 2
35 C553+14>< (7,33

—£C9C22 245C7C2 *C11C2 [M3, [M7, M3]]

1
= - 14¢2¢, - (5.60)

+{ -4 2x st S+ GG+ op x50 071 (s T fo) |

[M5, [Ms5, M3]]
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The ¢~ (f3f5 I f5) seems weird. Although it gets cancelled in the coefficient of [M3, [M7, M3]], it still remains in
M5, [M5, M3]]. It’s not a bad news, as comparing we may need this to reconstruct %(573(5 so as to recover
2Q, 3. Next we will try to see what exactly ¢! (f3f5 III f5) is mapping to.

At length N = 13 the basis (c.f. Table 1) for motivic MZVs reads ([18] (4.44)):

13

a1(75 3 + a2(5s 3 + a3(s + as(7'5C3" + a5(5'5¢5" + ap(r” (¢m?
+ar (G577 ¢ + asCls 55 + agls Gy CE" + a10CT ¢ + ann ¢ (G2 ¢
Fara (G2 (C)? + aaCl (G + anaC (&) + a8 (G)* + arl§ (GB)° (5.61)

where the coefficients are given by derivatives in (5.62)) acting on the trivialisation ¢ (£13). For more details, see
(4.24) and (4.24) in [18] also 4.1 in [3]. We gave a detailed example in ([5.64) to illustrate how it works.

1 1 3

T [03,[07,03]] , Da = % [05, (05, 03]] — 35 [03, [07,05]] , D3 = 013,

1 1 1 3 1

ﬂ [87,03] 83,D5 = 585 [35, 83} ,Dg = 5878%, D, = ﬁ [87, 83] O3 + 585263,
1 1

e (03, [05,03]] , Dg = €2 (05, 03] 03,

11 11 1 1
62811 + ? [857 [85783]] + Z [837 [87783]] 7D11 == 562858%, D12 == écgaga

2 2
309 + 9c (03, [0, 93]] + R [05, [05, 0s]] — 35 [0, [07, 0],
6 16
307 + 25 C2 [03, 05, 03]] — oY (03, [07,05]]
4
6385 - %62 [837 [85, 83“ 7D16 = Cga?n (562)

where the derivatives in ((5.62)) are defined as [5] [18]:

g’iQ“'f’ir7 Z1:2n+]— (563)

, otherwise .

Oont1 (fir - fi) = {

Let’s return to ¢! (f3f5 III f5). We already have a word f3f5 III f5. So in order to reconstruct (5,3C5, we let Dy

act on it:

Ds (fafs I f5) =

So

£ 05105, 05] (o T J5) = £ (950505 (Jofs T f3) — 050505 (fo s 111 f5)),
%(3535 (O3f3f5 111 f5) + 0505 (f3f5 111 O3 f5) — 0503 (05 f3f5 111 f5) — 0505 (f3.f5 111 05 f5)) ,
%(3535 (O3f3f5 111 f5) — 0505 (f3.f5 111 Os f5))
% (0505 (f5s 11 f5) — 0503 (f3f5)) ,
(05 (055 T f5) 405 (5 T 05 f5) — 1),
S @S+ 05— 1) = . (5.64)
Fofs TIT f5 = .. %45,345 L (5.65)
One may notice that there are ... in (5.65). We can not exclude the possibility that other coefficients are non-zero.
Dy — % 105, 95, 8]] , Dr — 134 (07, 0] 05 + %agag,
Do = cadhu+ o [0, 05, 05]) + 7 105, 0n, 4],
Dis = 20y + 9ca (05, (05, 03] + % 105, (95, 5] — % 105, 67, 3] (5.66)
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What we get is:

Dy (f3fs 111 f5) =0, Dz (fsfs IIL f5) =1, Dig(fsfs I f5) =0, Dig(fsfs 11 f5) = 0. (5.67)
So with (5.67)), by comparing equation (5.62)) (5.61),
ar = 1. (5.68)
So (5.65) becomes:
1
sfs L f5 = =G58G + GG (5.69)

Plugging (5.69) into (5.60), one exactly obtains 25 3¢5 and thus 2Q3:
3 1
~ 2 w2 = %2
ar X2 G581 X 201338

4 32 11
- gCgCg - %G@ + ?Cn@ (M3, [M7, M3]]

svQu3 =

1
-1 14¢3¢;

{102 G 500 + 110G+ 5ata + 2636 | (M. [Ms, M.

= 2Qu3 — (37 [Ms, [My, Ms]] — 22Cs [Mis, [Mi5, Ms]] . (5.70)
End of calculation of svQ3

We then expand : exp {Zn>1 C2n+1M2n+1} : to order 13. The single value map on As,; reads:

sv(l+ Qs+ Qo+ Qi+ Qi + Qo+ Quz) 1 exp{ Y Gonp1 Mgy ¢,
n>1

= ..+ 0(12) +2Qq3 — (3¢7 M, M7, M3]] — 2(3¢2 [Ms, [M5, Mi]] +
+4AM;M2C3Cr + 2My3G13 4 svQg X 2¢Ms + svQ x 23 M3 + O(14),
= ...+ 0(12) +2Q3 — (3¢7 M3, M7, M]] — 2¢3¢s [Ms, [M5, Mis]] + 4AM2M3(s(?
+4M7M35(5¢r 4+ 2MasCrs + (—2¢3¢s [Ms, M3]) x 26 Ms + (—2¢3¢7 [M7, M3]) x 2¢3 M3 + O(14),
= .+ 0(12) +2Qq3 + 263G {MZ, M3} + (5¢r {M3, {M7, M3}} + 2M3¢13 + O(14). (5.71)
End of calculation of Asp, 13th order

Final result:

4
svAsp = (1 + 2M3(3 + 2M5 s + 2M32C3 + 2M7Cr + 2¢3¢5 {Ms, M3} + gMg M3 - M3(3 + 2MoCo

2
+23Cr {Mr, My} + 2M; - Mis(3 + 2MunGin + 2Quy + (5GaCs {Mis, {Ms, Mg}} M5

+2 {Ms, M7} (5¢7 + 2 {M3, Mo} (3602Q 5 + 2¢5¢3 { M2, M3} + (5¢7 {M3, {M7, M3}}
+2M13C13 + O(14)) Ay s (5.72)

This coincides with single-valued and uniform weighted part of five-point spherical integral (6.24) in [18]. A more
compact form reads:

SV.A5pt = FAYM. (5.73)

Finally, the result useful in our paper is

4
F = (1 + 2M3(3 + 2M;5(5 + 2M3¢5 + 2Mr(r + 2(3¢s {Ms, M3} + §M3 - M3 - M3(3 + 2Mog(o

2
+2¢3¢7 {M7, M3} + 2M5 - M5¢2 + 2M11(r1 + 2Qyq + (5G3C {M3, {M5, M3} } §M§C§

+2 {Ms, M7} (57 + 2 {M3, Mo} (3(02Qy3 + 2¢3¢3 {M32, M3} + (5¢7 {M3, {M7, Ms}}
+2M13¢13 + O(14)) . (5.74)
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6 Expanding hard part of scattering amplitude with single-valued string five-
point tree-level disk amplitude

We would first introduce some basic information of polynomial analysing as used in this Section. Then we are going
to describe how we cook equations by matching coupling constant weight by weight and n = —C1/Cy(see (1.4)))
order by order. After this, we are going to partially solve the equation set. Some discussion will be given based on
the result we have.

6.1 Polynomial and ideal

Denote a polynomial ring as P. Introducing an variable ordering: z; < x2 < ... < x,, we will give some basic
concept of polynomials,[15][20]. We define a term ¢ in the ring P:

Term: t = B(ci, ¢2, ..., cn)27 25 ... xo",
where B(cy, ¢, ..., ¢,) is the coefficient of 2{'z5? ... 25" depending on the power of each variable. A more compact
form would be as
t = B(c)x",

— Cc _ .C1,.C2 c
where ¢ = (¢1,¢2, ..., ¢,) and x© = a7 x5 ...zl

A polynomial F' is defined as,

Polynomial: F' = Z B(c)z°.

Since we have the ordered variable 1 < z9 < ... < z,, we can introduce the leading variables of F'.

Leading Variable LV (F) = The greatest variable w.r.t. Lexicographic order (see def. in Section[2.2).  (6.1)
With the leading variable of F', we are able to define the class of F.
Class of F' CL(F') = The subscript of the greatest variable w.r.t. Lexicographic order. (6.2)
The ’power’ of a variable in a term ¢ is called ’degree’.
The degree of term t w.r.t.x, DG(t,z,) = The power of z, in term t.

A polynomial F' contains some terms, F' = t1 + t2 + ... + t,,, and each term ¢; has a degree DG; for a given x,.
The degree of z, for F' is thus defined as the maximum degree for a term ¢ in F' could have for x,.

The degree of F w.r.t. . DG(F,z,) = max{DG(t,x,), fort e F}. (6.3)

As we have defined leading variable (6.1)) and also the degree of a polynomial F' (6.3]), we can define leading degree
for F' as

The leading degree of ' LDG(F) = DG(F,LV(F)). (6.4)

So far as we have introduced leading degree (6.4]) and class of F' (6.2]), we could ask what is the coefficient of

$é€5§f ) in F', which is also called the initial of F'

Leading coefficient of F' (initial of F') INI(F) = Coefficient[F, xégg,(f)}

Example 6.1. Fy = 3aiz3z3 + a2y + 323 then CL(F) =3. LV(F) = x3, DG(Fy,25) = 3, LDG(Fy) =
3, INI(Fy) = 1.
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As we know from linear algebra that 1,z, 22, z3,...2" ! form a basis of n-dim vector space. Here suppose we have a

polynomial set F = {F}, F, ..., F}}. It also forms a basis. We can use some polynomials in ring P to construct ideal
generated by F denoted as (F):

<F> = {PlFl + P2F2 + PnFn . VPl, PQ, ,Pl S H’D} . (65)
Note: the solution structure of ideal and the original polynomial set reads|15][20]:
Zero((F)) = Zero(F). (6.6)

For the spirit of elimination, one may see the importance of an ideal: we could modify the polynomial, and see if
there is a possibility of eliminating some F;. If so, this can simplify the equations without losing any information on
ZEros.

On the other hand, the ideal of F can also extend our polynomial set to more complicated ones. However, there is
a interesting extension: if 3Q1, Q2...Qn € P s.t. Q1F1 + Q2Fo +...Q, F,, = 1, then Zero(F) = 0,[15]. This conclusion
is from Hilbert’s Nullstellensatz.

Hilbert’s Nullstellensatz:[15][20],

Zero(F) = 0,iff 1 € (F). (6.7)

Remark 6.1. Why 1 € (F) means there is no solution? As we mentioned in (6.6), Zero((F)) = Zero(F), so 1 € (F)
means that we can reduce the polynomial ideal

(F)y={(1,F],..F},) = (1) (6.8)

where the second equation, we have changed our generator in the ideal of (F) and make a 1’ by action Q1F; +
QoFo + ...QnF, =1 for Q1,Qs...Q,, € P. The last equation comes from that all the polynomials in P is in the ideal
(1). And clearly Zero((1)) = 0. Thus, Zero(F) = Zero({F)) = Zero({1)) = (.

So far we have completed a very brief introduction of polynomial analysis. Let’s expand the hard part (6.11]) of
two-to-two partonic scattering amplitude in Regge limit with the single-valued five-point string disk amplitude. (5.72))

6.2 Solving ansatz

As we have seen that the single value map would change the disk amplitude to spherical one. Now we will try to
consider the single-valued uniform-weighted five-point tree-level closed string amplitude(e.q.(6.24) [18]) as a basis to
expand the hard part of 2 — 2 parton scattering amplitude in Regge limit which is also single-valued and of uniform
weight (see e.q.(5.19) in[g§]). For the mathematical details, see introduction

6.2.1 Setting up equations

The spirit here is that we only match the part that are single-valued uniform-weighted, e.g. F in (5.72)). Other
constant part or common part,e.g. Ayjs in single-valued disk amplitude or ¢7 (irrational an imaginary bit) and

T2 Mltree) in (6.11) will NOT be included in our equations. In below (RHS part), one may see that there is also

an overall colour factor Cgil which will also be excluded in Ml(\?ii) h

RHS
/\;ll(\?}i) ,’s are integrated from the hard part of the wave function € (see (L.8))), which is derived order by order
via BFKL equation:[§]

d asBg(€) -
L oo k) = 22 1, (o, ), (69)
dL s
where the hamiltonian H reads,
fir = (20A—T?)ﬁi+(CA_Tt2)ﬁm7
= Clﬁi + CQﬁm (6.10)
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So we can have Ml(\?i’i)h’s expressed in terms of C1,Cy ((5.19) in [§]):

M( LL)h =0,
+,2
MI(\ILL)h =0,

Ml(\l—;’i)h = %T,r {3530102} T2 Mree),
+.4

Ml(\ILL)h - O’

s i 556G C1 2 455

NIk = T 0102} M(tree )7

(6.11)

N &
—C

_2135¢ 102 | 30135( 3 20111Gr 50, 6111§7
2 _

M(—h?) - ! Cl Cz

503 Ch 02} _mtree)

NLL,h — 7! 32

8597¢3¢s
4

256
643C3C5

256
~(+8) _ im [ 611G3Gs

Myt =g\ 32

Tg_uM(tree )

Co03 — CtCs +

N i [ 39 45 225
M) { C?’ cics - C?’ B8 oy + 226 0102} M),
{ C3Cy — T086(3¢5CECS + 13230@@0@3} X

where for definition of colour factor C; and Cs, (see (1.4)).
The superscript (+,1) for Ml(\?i’i) 1, denotes the [ loops order, or also the [th weight of as. One can easily see what

we mean from below equation:
(4 s o~ (@s\ il +,1
MGy <_t> =3 (%) LMy, (6.12)
=1

We make some further modification before obtaining weight matching equations.
We first ignore i (irrational and imaginary bit) and Tg_uM(tree> These are the common part of /\/ll(\ILL) and

are not possible to be expanded by F in (5.74). Then what is left is the dimensionful expression in the curly bracket

in ./\/ll(\ILL) which contain colour factors C'1,Cy. We then divide the curly bracket terms in Ml(\;i) by C’éfl to make
them dimensionless. What we get are

JYISIE)
MP =,

3 1 [3GC
M, 1{42 !
MY =,

2

G _ 1] 56 (C1 45¢ Cy
M, _5!{ 2 <CQ T 2 Oy (6.13)
M _ L89G (C1\? A5G (G 2256 C

b6l ) 16 \Co 2 02 2 Cof’
M@ L) 215 (C +30135g7 C1\°  20111¢ (Cy 2+6111g7g

b 256\ Cs 256\ C» 32 Cy 4 Oy

5 4 3 2
@® 1 J611¢3¢5 (Cy 643¢3(s [ Ch 8597(3¢s ( C1 Ch Ch
=_ “1) - ~1 2PN (2L ~1 132 1.

M 8!{ 32 \C > \&) T 1 \g) TG (g, ) FI8B0GGE

We observe that all odd or even power of C; shares the same sign separately. We then set n = —%. After
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factorizing an overall minus sign, we have all the rest bits positive definite (See below).

H[0] = 0,
H[l] = 0,
H]2] = 0,
HE = —— ¢
EEVIVETE
H[4] = 0,
5
3
Hl6] = —m@?n (1352 + 1201 + 600)
7
H[T) = =G (3051 + 43051% + 22984n + 55872) ,
1
H[8 = - 25 1S3 (611" + 10288n> + 687761 + 2267521 + 423360) ,
1
H[9] = ~ 1096 01" [192¢3 (199n° + 38160 + 29958n* + 1238921 + 2657761 + 411264) ,

+ (o (2621437 + 51354247 + 41853124n° + 1819848321 + 4465102721 + 589248000)] ,
(6.14)

where the ¢ index in H[i] denotes the weight of s (See (6.12])), and weight 0 is assumed to vanish. Now we have
complete setting equations on the right hand side.

LHS

For the five-point single valued disk amplitude we have just calculated , we will only use the 2 x 2 matrix
part F while the Ay is not of our interest. We substitute each M;(s;;) into F (sourced from [16]) where M; is
of a weight ¢. This is because each entry in M; has i s;;’s multiplying together, and each sj; has a of weight one
(recall our definition of s;; in (4.1])). This is also the case for Q,, which is of & weight m.

So we now get an expression for F of o weighting from 0 to 13.

4
F = (1 + 2M3(3 + 2M;5¢5 + 2M3¢5 + 2Mr(r + 2(3¢s {Ms, M3} + §M3 - M3 - M3(3 + 2Mo(o

2
+2¢3¢7 {M7, M3} + 2Ms - M5(2 + 2M11Gin + 2Qy + (5¢3Cs {Ms, {Ms5, M3}} + §M§C§

+2 {M3, M7} (57 + 2 {Ms, Mo} (3¢ + 2Q3 + 2¢2¢3 {M2, M3} + (3¢ {M3, {M7, M3}}
+2M13¢13 + O(14)) . (6.15)

Remark 6.2. Note that in , the weight can be easily seen from the subscript of M by adding subscripts together,
e.g. { M%, M3} has « of weight 13, (5 x 2+ 3). This information is also stored in ¢ subscripts, e.g. ng“g corresponds
to the term of weight 13.

As we see in ([6.15]), each weight of « is distinguished clearly, for example 2M§C§ is of weight 6; 2(3(5 {Ms5, M3}
is of weight 8; (3¢7 {M3, {M7, M3}}, 13, etc. We will denote a general one as

! ~( FEL) FECL)
)= < F:?(C[...]) F}(C[...]) ) XL (6.16)

for o of weight k, and a ¢ configuration (| j, (e.g. (3, (3(s, (5... ete).
Here k is the sum of all the subscripts of ¢ configuration. For example

Ezample 6.2.

2 2
{Ms, M5}, {M:, M}, ) x C2Cs. (6.17)

1372 —
F(GG) = ( {M5, My}, {M5, M3},
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We set all dynamic variables sj;, in F as:
Definition 6.1. s;;1) = s; (s51 = 515 = s5) and
S; = oz(ai + bin), (618)

where a;, b; are rational numbers because we are expanding (6.14) in which numerical coefficients are all rational.
Note: the « in s; = a(a; + b;n) is suppressed in actual calculation as we know which weight we are working on (see

Remark .

We have now make the n manifest in F. As one may find in , the hard amplitudes are just functions,
while the single-valued disk amplitude is a two by two matrix F . With this observation we make use of all
four entries of F as basis and expand the corresponding function in . To do so, one may need four rational
coefficients A1, Ao, Az, A4 as defined in as a linear rational function of n:

A; = Ay + Apn. (6.19)

We take each entry Fik(C[m]) in (6.16), (e.g. {Mg, Mg}ij in example to be a basis for the coefficient of (|
configuration at weight k, i.e., 7

(AVFE(Gp) + A2FF(Gp) + AsFF (GL) + ASFF(G.) ) G (6.20)

The corresponding coefficient for a given (| ) configuration (at given « weight) on RHS (6.14) should equal to
(6.20) on the LHS. The equation building process in this paragraph can be summarised as follows:

(AlF{“(q.._]) + A Fy () + AsF5(G) + A4Ff(<[___})) = Coefficients[H[k], ¢ j]- (6.21)

Remark 6.3. Here we have used an implicit correspondence that the expression at given weight k of o, in partonic
scattering should be the same as weight k of « in string scattering.

And with the above weight matching equation, we are able to arrive at a polynomial of variable 7 in both sides.
We further match the coefficients of 7 at given order m:

O [(AFF( ) + AoFE()) + AsFE(C ) + AFE(C ) In™}] = O [Coefficients[HTK], ], {n™}]  (6:22)
With Ay = Apo + Agin for k = 1,2,3,4 and also 5 kinematic ansatz s; = a; + b;n for i = 1,2,3,4,5, (see),

we will get a equation set of 18 variables ai,as, as, aq,as, by, ba, bz, by, bs, A10, A0, As0, Aso, A11, A21, A31, Ag1. The
equation structure is as in Table [3), where E#1(n*?) means the equation of O(a, #1) for O(n, #2).

O(a,0):  E0(n")
O(a,3): E3(n)  E3(n') E3(n?)
O(a,5):  E5(n")  E5(n') E5(n*)  E5(°)  E5(n?)
O(a,6):  EG(°)  E6(n') E6(y°) E6(n®) EG(H') E6(1°)
O(a,7): ET(°)  E7(n') E7(y*) E7(p®) E7(n') E707°)  ET(n°)
O(e.8): E8(1°)  E8(n') ES(n*) ES(y°) ES(y') E8(n°) ES(°) E8(y)
(G0(a,9):  E9(°)  E9(m') EIm?) E9n*) EI(y') EI(’) EIMS)  EI(T)  EI(F)
(O(,9): E9()  E9(n') EBI(m?) EIM) EIMY) EIR)  EN®)  EIMT) EIn®)
Table 3: The red group (with variables A,a’s) and are of rank 3 w.r.t A’s individually.
Variables A, a,b's are coupled in homogeneous equations for , subsubleading order of 7,
(black group), and subsubsubleading order of 7, (gray group). Red, groups, together with the are of rank 7.

Adding the inhomogeneous one E3(n!), one can finally determine all the A’s with respect to a’s and b's.
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I will list some simple equations here:

E0(1°) = A+ Ay =0, (6.23)
= A+ A4y =0, (6.24)
E3(7]0) = —2(&%1420 + agag(QAgo — A40) + a%(Agoag — a3A30 + a2(A20 — A40) — a3A40 + Alo(ag — CL5) — A20a5)

—a4(Aroas(as + aq) + Agoas(ag + as) + Ago(as — as)(as + ag + as)) + al(A20a§ — CL%A?,U +

2a3A30a4 + a3(2A20 — Ago) — a3 Ag0 + 2a3a4A40 + 2a3A30a5 + 2a3As0a5 — Asgal +

az(2A10as + 3Ag0as — azAso — 2a3 A0 + 2a4A40 — Agoas) + Alo(a§ — ag)) —

as(Ag(as — 2azas — 2a4a5) + Asp(—a3 + azay + a3 + agas + a?))) =0, (6.25)
= (—Ap1b2b3 + A31b%b3 — 2A11b1bobs +

Az1bibabg — Ap1bib3 + Az1bib3 — 2A31b1b3by 4 A11b3by + Ap1bgb] + Ay1bibs — 2A31b1b3bs 4+ Aq1bibE —

Ag1(by 4 by — by) (b + b3 — bs) (b1 + ba + bz + ba + bs) 4+ Aay (b3b3 + b3 (b + b3) + babs (b + bs) +

by(b — 2b3bs — 2b4bs) + by (b3 + 2ba(bs — ba) + (b3 — 2(bs + b5))))) = 0. (6.26)

We can make some observations of the equations:
1.all the variables in red ones of the first column of Table 3| are a’s and Aj;s;
all the variables in of the greatest n order of Table |3 are b's and Al;s.
3. all the equations are linear in A’s.
Pick the first 3 or 4 equations in red sector, say E0(n") ,E3(n°),E5(n"), or adding E6(1”). We have solutions
for A;p. With this the rest of equations of red sector is automatically satisfied which was checked up to «
weight 12. This shows that the red sector is of rank 3. Here is the solution of A;qg:

~Awo ((—a3 + as) as® + (a3 — as) (a1 + ag — as) as + as a1 (az + az — as))

Ay = ,
20 (as + as) (a2 + a3 — as) (a1 + az — as)
Ay — ((a2 aq + a3 (as + as)) a1 + azas (a3 + aq)) Al(], (6.27)
a1 az (as + as)
Ay = —Amp.

With (6.27), we are able to eliminate 3 capital A’s by expressing them via Ajo and other a’s and b's.

Remark 6.4. Tt is excited to find such structure as we want to solve only 18 (finite) variables (see our setting for 4; and
s;). If the red sector is of infinite rank (each equation itself is independent of others), we would need infinite variables
which is not viable. We can now mention our expectation of the whole equation set Table|3} all of them are of rank 18.
If we are able to find 18 independent equations and solve a1, as, as, aq, as, by, b2, bs, by, bs, A1g, A2g, As0, Asg, A11, A1,
As1, A4q, the rest of all the equations will automatically be satisfied! Unfortunately, we don’t seem to have such
beautiful structure and solution here. See below.

For , we also use the first 3 or 4 equations, say , , , or adding , to solve
and thus have solution (6.29)). Equations in are also of rank 3, i.e. the rest of the equation in

are automatically satisfied. Here is the solution of A;;:

 An (b3 +bs) ba® + (bg — b5) (b1 + by — bs) ba + bs by (b + b3 — bs))

Ay =
. (ba + bs) (b2 + by — bs) (by + b2 — ba)
by (bsa + b boba) by +babs (b +b4)) A
Ay = ((b3 (ba +bs5) + b2 bs) by + babs (b3 + ba)) 1 (6.28)
b1 b3 (bs + bs)
An = —An.
So we are able to eliminate another 3 capital A’s by expressing them via Aq; and other a’s and ¥'s in (6.29)).

We can further use the homogeneous in subleading , to eliminate one capital A. This is
because when we substituting all the current solutions (6.27) (6.28]) into (6.29)) (see below), the only remaining
variables are A9 and Aq1. So then, becomes Ajof(a,b) + Ajig(a,b) = 0, and thus, the eliminating A;g or
All.
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So adding , we have eliminated seven capital A’s(combining (6.27))(6.29))(6.30))).

= Agobl + 2a3 Ao b3 + 2As1a3b5 — a1 Ay b3 — azAg1bs 4+ 2A90b1 b3 — Agobiba + 2A0b3b3 — Agobsb3 + Aggbiby
—Agob3by + Aggbiby — Agobiby — Aggbiby — Aggb2by + 2a1 Ag1biby + 3Ag1azbiby — azAz1biby — 2a1 Agybiby

2A40b1b3bs 4+ 2A21a4bsbs — 204 A41b4bs + 2A21a504b5 — 2A41a504b5 + Aqy

(a1b3 — aab3 + 2a1b1bs + 2a1babs — 2a4babs — a1b3 + az (b] + 2(ba + b3)by — ba(2b3 + bs)) — 2a1b1b5—

asby(by + 2b5)) + az ((2411 — Az1)bibs — Agy (b 4 2(ba + by — ba)by + b3 + 2bobs — 2b3bs — 2babs) +

Agy (b7 4 (4ba + 3bs — bs )by + 3b3 + b3 — b — b3 + 4babs — bby — babs)) =0 (6.29)

—A10b1b3(b1 + by — by)(bg + b5)(bs — by — b3)(a1(((az — as)as + ... + (a3 — as)as)(—bs + bs)arasz)as)
((a1 + ag — aq)...(=bs + b5)b1 (b1 — bg)bs)as)

Could we further use homogeneous equations in , black sector and gray sector to eliminate the rest one
capital A? No we can’t. It is not because that the current solutions for A’s (all other 7 A’s expressed by Ajp) make
them already identities, but the remaining one A, say A already become an overall factor of those homogeneous.
See example If we solve them w.r.t. Ajg, we will get zero for all capital A’s which contradicts our assumptions.
And the vanishing solution won’t satisfy inhomogeneous equations e.g. E3(n') (6.32)).

Example 6.3. Here is what we get when we substituting (6.27))(6.29))(6.30]) into remaining homogeneous equations
. A10 X (h(a, b)) _ A10 X (h’(a, b))
N t(a, b) t'(a,b)

where a = (a1, az,as,aq,as), b= (b1,ba,b3,by,bs), h, b, t,t' are just functions of a, b.

All =

. (6.30)

=0, E3(n®) =0, (6.31)

So we cannot pursue further with inhomogeneous equations to eliminate all A’s. And we should now make use
of those inhomogeneous ones.
E3(n') = 1/8+2(—(a3As1)+ Aj1a3ay + Agiazas + Ajjazal + Asiazal — Asiajas + ajAgas — Agyagal +
asApai — Ajpa3by — Asgazby + ajAsoby — 2a3Azoasby + a3Asb — 2aza4Asoby — 2a3Azpasby
ag(a§A41 — 2a4As05 + A21(—a§ + azay + ai + asas + a%) — 2a4A40b1 + Agpasby + Asgasbs — 2A40asb3
+2A30a4bs + Azpasby — 2A40a5b4 + Azgasbs — 2a4Agobs 4+ 2Az0asbs + az(—2A4105
—2A10b1 — 3A50b1 + Asgb1 + 2A40b1 — 4A50bs + 2A40by — 2A50b3 + 2A40b3 + Aggbs — 2A40b5))) =0. (632)

‘We combine
{BO(°), E3(n°), E5(n"), JE3(°), E3(n")} (6.33)

And eliminate all A’s and express them with a's, b's, e.g. {A10(a,b), Ay(a,b)...A41(a,b)}. These lead to some really
interesting expression. After the submission of {Ajp(a,b), Aso(a,b)...A41(a,b)}. We have a's decouple with b's in
(3 related equations:

E6(n")] a(ap) for ¢3; EI(n")| a(ap) for ¢§; E12(n")| aap) for G-

E6(771)\A(a,b) = (—4day—4as)a® + (—4a22 +8asas+ (8aq +8as)as — 4a52) a; — 4as’as
+ (—4a32 + 8asas +8a4a5) as — 4asz?aq — dazas® — das’as —4dagas’ + 5= 0,
E9IN)|a(ap = (—80as®>—80asas —80as”)ar* + (—160a2® + (320 as — 80 as) az?
+ ((320a4 + 160 as) as + 160 as a5 — 80 as®) az + 320as (as (as +as) — 1/2a5%)) ar®
T,
— 2a4as5)as — 80 a34a42 — 160 a33a43 + (—80 as* — 80 a43a5 — 80 a42a52) a32
—80a4%as (a4 + as)az — 80as*as? — 160 as®as® — 80 as’as* + 51 =0, (6.34)
E12(7)1)\A(a,b) = —(ag +as)(a? + a?)ab + (=3a3 + (6as — 2a5)as + ((6ays + 2as)as +

dasas — 2a§)a§ + ((8aqas + 4a§)a3 + 2a§(a4 —as))az + 6a§(a4 + as)as — 3a‘51)a?

5_ 4 3 2\ 4 6 5 4 2y 3 6 5.2
(=3ay — ajas — aya;)as + (—ay — 2a3a5 — 2aaz)a; + (—ajas — 2a3a; —

2a4ai — a3ai)a? — ajai(as + as)’as — aSad — 3ajas — 3ajai — alal + 119429640 = 0. (6.35)

We can proceed with these three equations and see what happens.
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6.2.2 Evidence that the ansatz should be generalised

Here are the equations we have used:

O(a,0): EO(R")  EO(n'

O(a,3): E3(n°) E3(n') E3(»?) E3(y') E3

O(a,5): E5(”)  Es(y')  E5(n°) Es5(°)  E5(n") E5(n

O(a,6): E6(Y) E6(nY) E6(n?) E6(;3) E6(Y)  E6(n®) E6(E) E6(T

O(e,7): E7(y°)  E7(n') E7(4?) E7(y*) ET(4*) E7()°) E7(n°) E7

O(a,8): E8(5")  ES(n') ES(n?) E8(»*) ES(*) ES(n°) E8(®) ES(n") ES
GO(a,9): EIRY)  E9n') EH*)  ENn®) EInY) EIn®) EIn)  EIyT) EIR®  EY J
GO(a,9):  EI")  E9(nY EIH*) EI»*) EIn*) En®) EIRSY  EInT)Y  EI(n®) J
GOl 12} E12 (n') 12 (')

Figure 3: The yellow denote the equations we have used, including some automatically satisfied.

Although E6(n1)|A(a7b), E9(U1)|A(a,b)7 E12(771)]A(a7b) for (3, get decoupled with ¥'s, they don’t yield a solution. As
they are all polynomials of (a1, as, as, a4, as), we can construct the polynomial ideal (see (6.5))) to study the property
of zeros. In another words, we use all the possible polynomials P;, P», P3 with variables a1, as, a3, a4, as to make the
set of PE6(n")| a(a,p) + P2EI(M)]A(ap) + PsE12(n")| A(an):

(E6(n")| A(ap) O Aap)» E12(0) [ agan) ) - (6.36)

Unfortunately we have (from Polynomialldeal in Maple, Solve in Mathematica and Singular)

1€ (E6(n")] a(ap), EIM) agp), E120") | aap)) » (6.37)

which according to that there is not solution.

So E6(771)\A(a7b), E9(771)\A(a7b), E12(771)]A(a7b) are inconsistent polynomial equations and will not yield common zeros.
This is the evidence showing that our ansatz of expanding hard part of scattering amplitude with single-valued string
5-point disk amplitude needs further generalization.

7 Conclusion and discussion

We have found that in tree-level string scattering, spherical integral in four-point closed string scattering amplitude
to all order can be derived via the single value map of disk integral in four-point open string scattering amplitude.
Furthermore, we find that the single valued uniform weighted matrix part of five-point closed string scattering
amplitude to 13 order can be derived via single value map of the matrix part of the disk integral for five-point open
string scattering amplitude. On the process of deriving these, we have detailed studied single value map and relevant
operations.

We make an ansatz that single-valued five-point open string scattering amplitude could be the basis to expand the
hard part of two-to-two partonic scattering amplitude in Regge limit and set up equations to solve the coefficients.
We eventually find that there is inconsistency in the solution which may lead to generalizing the ansatz.

For future arrangement, although we find that E6(771)|A(a7b),E9(171)|A(a7b),E12(n1)|A(a7b) do not have common
zeros, we still need to further check before getting into generalization of ansatz. One immediate step, based on current
observation, is to directly check the consistency of first column of blue sector without solving any variable in advance.
As in remark|[6.4] we need 18 equations of 18 rank to solve a1, as, as, as, as, by, ba, bs, ba, bs, A10, Ao, Aso, As0,A11, A21,
Asq1,A41. The inhomogeneous blue sector has a great possibility that the equations we pick here are of different rank
(unlike those cf. red sector, ), but may also result in inconsistent equations. So one may get more
persuasive result from further analysis on this sector. However, there is a technical problem in blue sector. As
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one get in deeper in blue sector, i.e. second column and third column, equation become extremely long and a PC
with 24GB RAM will not able to handle this using Maple, Mathematica or Singular. As most of the cluster is not
supporting these software, we may, in the future, try to make C++ code to make the equation analysing available
on super computer.

If the above analysis in blue sector confirms with current finding, we may consider adding another five point
spherical amplitude. As in (5.12)), we only consider string disk amplitude A(1,2, 3,4, 5) and A(1, 3,2,4,5) so far. We
could consider other permutations of 1,2,3,4,5 in A: A(p1, p2,p3,p4,p5). If the resulting closed string amplitude
for A(p1,p2, p3, P4, ps) after the single value map also has uniform weight properties, we may add it to our ansatz by
setting B; = B;p + nB;1 and also si = ¢ + nby, for this new closed string scattering amplitude basis. If all five-point
amplitudes do not work, we may consider six-point further. Furthermore, to greatly speed up the analysing and
solving polynomial equations, we may also systematically study and apply finite field method [15]|17] in the future.
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