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CHAPTER 1

Introduction

The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence, otherwise known as the
gauge/gravity duality, is one of the major breakthroughs to arise from string theory in recent
years. The correspondence is significant from both a conceptual and practical point of view;
not only does it shed valuable physical insight into both sides of the correspondence, but it also
provides new ways of performing calculations where more conventional methods are intractable.

The correspondence, roughly speaking, states the equivalence between a string theory con-
taining gravity living in a certain geometry, and a gauge theory living on the boundary of that
geometry. More precisely, the strongest form of the original correspondence due to Maldacena
[MAL] states that the 10-dimensional Type IIB superstring theory on the product space AdSs x S®
(with 5-form flux N) is equivalent to N/ = 4 super Yang-Mills (SYM) theory with gauge group
SU(N), living on the flat 4-dimensional boundary of AdS5. What one means by ‘equivalence’ in
this context is something that will be clarified throughout this dissertation; essentially it means
that there is a one-to-one correspondence between all aspects of the theories including the global
symmetries, observables, and correlation functions. The theories are thus considered to be dual
descriptions of each other; this notion of duality is an interesting one because it turns out that
the regimes within which it is possible to perform calculations easily do not coincide on the
two sides of the correspondence. Indeed, the correspondence comes in several forms of different
strengths, related to which restrictions are imposed on the various parameters in the theories;
depending on the form of the correspondence, calculations on either side are possible to differing
extents. No form of the correspondence has been proven in a rigorous manner (leading it to be
known also as the AdS/CFT conjecture), though considerable evidence has been offered in their
support, some of which we shall discuss in the present dissertation.

As we shall see, the correspondence can be motivated by an argument which itself rests
fundamentally on a duality; namely, a dual interpretation of objects in string theory known as
D-branes. On the one hand, these objects are considered to be dynamical hyperplanes upon
which the endpoints of open strings are fixed (but are free to move parallel to the brane); such
objects arise naturally in the analysis of the open string as we shall see. On the other hand,
D-branes can be considered as background solutions (with particular symmetries) to the low
energy effective spacetime theory of string theory known as supergravity; one can then consider
closed strings propagating in such a background. That these points of view are equivalent is of
great importance, since by considering a particular physical set-up from each in turn, we shall see
that (in certain limits) there are two decoupled theories in both interpretations; by recognising a
common theory present, we are then led to identify the other two theories as equivalent or dual
descriptions, which is exactly the AdS/CFT correspondence mentioned above. This decoupling
argument will be described in detail in chapter 6.

The fact that the information of the 10-dimensional dynamics (compactified onto a 5-
dimensional space) can somehow be encoded in a 4-dimensional theory has led to the conjecture
being known as the holographic principle, in analogy to the way in which conventional holograms
encode the information about a 3-dimensional object in a 2-dimensional surface. Indeed, the
question of whether holography may play a role in a theory of quantum gravity has been enter-
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tained for sometime, originating in the crucial result that black holes have an entropy proportional
to the area of their horizon [BEK]; this is in contrast to familiar thermodynamic systems for which
the entropy is an extensive property that scales with the volume of the system. Since the original
Maldacena conjecture the AdS/CFT correspondence has been extended to other cases, contain-
ing, for example, field theories with less supersymmetry or no conformal symmetry on the gauge
side, and different string theories and geometries on the gravity side; in all cases there remains
this holographic aspect, equating two theories in spacetimes of different dimensions. Further-
more, recently there has been considerable work into investigating a possible de Sitter/Conformal
Field Theory (dS/CFT) correspondence [STR], something that would perhaps attract even more
interest considering the positiveness of the experimentally observed cosmological constant.

In addition to these conceptual curiosities, the correspondence is computationally very pow-
erful by virtue of the fact that non-perturbative problems in super Yang-Mills theory can be
studied using perturbative string theory. In fact, in certain limits (to be discussed in more de-
tail later) Type IIB string theory reduces to a classical supergravity theory, and so one may
use the correspondence to study strongly-coupled gauge theories simply using classical gravity
theory. Although the gauge theories in question (e.g. N = 4 SYM with a large number of
colours N) are quite remote from those we believe to be realised in nature (e.g. QCD which
is neither supersymmetric nor conformal and has N = 3), the correspondence is continually
being extended to new cases, and valuable general properties of strongly-coupled gauge theories
are being learnt from these studies. The correspondence has also recently been greatly used
in the field of condensed matter physics, and has led to the creation of a subject now known
as the Anti-de Sitter/Condensed Matter Theory (AdS/CMT) correspondence (see [HAR]). We
shall not discuss such applications in the present dissertation however, and our focus shall be
predominantly on the original Maldacena correspondence; it is nevertheless interesting to note
that a correspondence that appears so fundamental has found application to the physics of large
systems.

The AdS/CFT correspondence brings together many areas of modern theoretical physics. For
example, on one side of the correspondence one has the N’ = 4 SYM theory; this is a supersym-
metric but also a conformal field theory, which in fact combine to form a larger superconformal
symmetry. On the other side of the correspondence one must study superstring and supergravity
theory (including the properties of D-branes), in addition to the properties of a maximally sym-
metric spacetime known as anti-de Sitter space. In Part 1 of this dissertation | will thus introduce
the different components of the correspondence, all of which must be adequately tackled in order
to understand the conjecture; considerable time will thus be devoted to this purpose, and the
relevance to the correspondence will be emphasised throughout. In Part 2 | will then motivate
(via two arguments) and state the original AdS/CFT conjecture in its different forms; | will then
describe the precise mapping between the observables on the two sides, and perform some simple
checks of the correspondence. Finally, in Part 3 | will briefly describe some extensions of the
correspondence to cases other than the original Maldacena conjecture.
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CHAPTER 2

Conformal Field Theory

The study of conformal field theory (CFT) will be crucial in the following since, in addition to
the fact that string theory can be described as a 2-dimensional CFT, the gauge theory in the
correspondence (AN = 4 SYM) exhibits conformal invariance. A CFT is simply a quantum field
theory (QFT) that has conformal invariance; however, this turns out to be a very strict condition,
greatly restricting the QFT and its correlation functions, and requiring the introduction of new
concepts not present in other field theories. In this chapter we will first introduce conformal
transformations and the conformal algebra, and then proceed to review the key features of CFT
relevant for the AdS/CFT correspondence.

2.1 Conformal Transformations

A conformal transformation in R4~! is a local transformation x, — Z,(x) such that the line
element changes by a scaling:

NuwdF*dz” = Q(z)*n,pdz’dz’ (2.1)

for some function Q(z) i.e. angles, but not necessarily distances, are preserved by the transfor-
mation. From the chain rule dz# = (0" /0 )dx” one then trivially derives:

ozt ozv

- = 2
nlwaxg 0P Q)™ npo (2.2)

and we see clearly that Poincaré transformations, for which Q(z) = 1 (forming the isometry
group of R1¥~1)  are a subset of conformal transformations. By considering infinitesimal trans-
formations of the form Z, = x, + v, (x) and Q(z) = 14+ w(x) it is easy to derive from (2.2), by
working to first order in v, and w, the equation:

Opvy + 0pvy = 2w(x) N (2.3)

Taking the trace one finds that w(xz) = (0 - v(x))/d and thus we obtain the conformal Killing
equation:

2
Ouvy + 0y, = g(a V)N (2.4)

Note that in a general spacetime this equation changes by replacing 1, — g and 0 — V,
though our case of interest will be that of flat spacetime above.

One must solve (2.4) for v(z) to obtain the infinitesimal conformal transformations. For
d = 2, it is very easy to show by considering the different possible values of 1 and v that equation
(2.4) is equivalent to the Cauchy-Riemann equations, and thus conformal transformations are
generated by all holomorphic functions v(x) = vi(x) + iva(z). For d > 2 the general solution to
(2.4) is (see [GOM]):

v () = ay + wwa” + Az, + b —2(b- 1)z, (2.5)

8
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where w,,, = —w,,, but a,,b, and X are arbitrary. The parameters a,,w,,, A and b, correspond
to translations, rotations, scale transformations (or dilatations), and special conformal transfor-
mations respectively, giving a total of d +d(d —1)/24+ 1+ d = (d+ 1)(d 4 2)/2 parameters.

In addition to the above continuous transformations generated by infinitesimal Killing vectors,
one can consider a discrete conformal transformation, known as inversion, defined by:

ot — G = gt fa? (2.6)

which is clearly a conformal transformation with () = 1/z%. Note that the term ‘conformal
transformations’ usually refers to the continuous transformations generated by infinitesimal con-
formal Killing vectors as in (2.5) and so does not include inversions (much in the same way that
the term ‘Lorentz transformations’ usually only refers to the proper (orthochronous) subgroup of
the Lorentz group). Importantly, the special conformal transformations can be constructed by
performing a translation, preceded and proceeded by an inversion:

x“—>$—u—>ﬁ+b“—> %+bu = o + b'a®
z? (Zy +b6m)2  1+0%22+2b-

72 =b,—0 (a2 =2 (b - xz)at) (2.7)

which is exactly the infinitesimal form of a special conformal transformation as contained within
equation (2.5).

2.2 The Conformal Algebra

The conformal transformations form a group known as the conformal group. Denoting the
generators of translations, rotations, scale transformations, and special conformal transformations
respectively as P,, M,,,D and K,, we may use the infinitesimal transformations contained in
(2.5) to easily find the following differential operator representations:

P, =—i0, (2.8)
M, = —i(x,0, — 2,0,) (2.9)
D =ix*0, (2.10)
K, = —i(z%0, — 2z,2 - 0) (2.11)

We can then easily calculate the commutators, giving the conformal algebra as [GOM]:

[K;u P,,] = Qi(nwD + M;w) (2-12)

(M, P,] = i(1up Py — 10pP) (2.13)

(M, K] = i(0p Ky — 00, K ,.) (2.14)

[D,P,] = —iP, (2.15)

(D, Ky] = iKy (2.16)

(M, D] =0 (2.17)

[Py, P)] = [Kyu, K] =0 (2.18)

[M;W, Mpo’] =1 (77,upMua = NuoMyp + Mo Myp — nupMMJ) (2.19)

There are several interesting observations to make regarding this algebra. First, the Poincaré
algebra is clearly contained within it (in (2.13), (2.18) and (2.19)), as expected. Second, equa-
tion (2.14) states that K, is a Lorentz vector, whilst (2.17) states that D is a Lorentz scalar.
Third, equation (2.12) shows that dilatations may be obtained simply from combining Poincaré



CHAPTER 2. CONFORMAL FIELD THEORY 10

transformations and special conformal transformations (and thus the entire conformal algebra
can be generated by Poincaré transformations and inversion alone, following the discussion at
the end of section 2.1). Finally, equations (2.15)-(2.16) show that P, and K, are raising and
lowering operators respectively for the dilatation operator D, which proceeds in direct analogy
with the algebra for the harmonic oscillator (and which we discuss further in section 2.3). One
can also interpret D as reading off the length dimension (not to be confused with its inverse,
the mass dimension) of the other operators (as is appropriate for a scaling operator) from (2.15-
2.17), since P,, K, and M, have length dimensions —1, 41 and O respectively, as is clear from
(2.8)-(2.11).

The algebra above turns out to be isomorphic to SO(2, d) (including inversions one in fact has
the full orthogonal group O(2, d)), the dimension of which agrees with the number of parameters
calculated in section 2.1. This can be seen more explicitly by defining antisymmetric generators

Lyn (M = 0,1..d + 1) as the following linear combinations of conformal generators (see
[GOM]):

1 1
where 1 =0,1,...d — 1. Using the conformal algebra, one can then straightforwardly show that
the generators Ly do indeed satisfy the SO(2,d) algebra. This will be important later in the
AdS/CFT correspondence, where we shall see an identification between the conformal group in
4-dimensions and the isometry group of AdSs (see section 6.4).

P+ K,) Ly = 5Py — Ky) (2.20)

2.3 Aspects of Conformal Field Theory

One of the central premises of relativistic quantum field theory is that the field operators transform
under a representation of the Poincaré group. Under a Poincaré group transformation + — & =
g -, a field operator ¢“(z) transforms as (following [GOM]):

¢4 (x) = ¢M(&) = Ri(9)9" (v) (2.21)

or equivalently: )
¢4 (x) = Ri(9)¢" (97" - 2) (2:22)
where R#(g) is a representation of the group element g (for example, RA(g) = 1 for all g for
a scalar field). We see that in addition to the transformation of the field argument, there is
additional information specified about how the internal or ‘spin’ index A of the field transforms;
this additional information is only relevant for Lorentz transformations, as the translations act
only on the argument of the field. For a conformal field theory, one must specify one further bit

of information, namely how a field operator transforms under a scale transformation. Under a
dilatation z — & = Ax we have:

PA(z) = X 2Pa (N ) (2.23)

where A is known as the dimension of the operator ¢A. The dimension of qbg can be defined
equivalently as:

D, 6A] = —iAGR (2.24)
i.e. as an eigenvalue of the dilatation operator.

We define in general a primary operator [GOM] to be one that transforms as a tensor density
under general conformal transformations. For example, a scalar ¢(z) transforms as:

A/d

i (2.25)

QE(I‘) = 9%
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The descendants are then obtained from the primaries by taking derivatives; these do not trans-
form as tensor densities and so cannot be primaries. These concepts can also be introduced in an
alternative way. We mentioned previously that P, and K, act as raising and lowering operators
for the dilatation operator D. We can see this by considering an operator ¢a of dimension A
and finding the dimension of [P,, $a]. Using the Jacobi identity we have;

[D7[PM7¢AH = _[PIMWA,DH - [¢A7[D7PMH (2'26)

and thus using the conformal algebra we find:

(D, [Py, pall = —i(A + 1)[Py; da] (2.27)

showing that [P, ¢a] has dimension A 41 as claimed. An analogous proof shows that [K,, ¢
has dimension A — 1. For a representation to be unitary the conformal dimensions must be
positive, and thus there must be an operator in the representation of lowest dimension (i.e.
that is annihilated by K,), since otherwise one can continuously generate lower-dimensional
operators. These lowest-dimensional operators are the primary operators, now defined by the
condition [K#,(ﬁA] = 0. A unitary representation of the conformal group is then given by a
single primary operator ¢“, together with the set of descendants of this primary which are
obtained by application of the translation generator F,,. We will see a generalisation of this
structure when we consider the superconformal algebra in section 3.3.

There is an important result that one can derive immediately for field theories that have
(classical) conformal invariance. Noether's theorem proves the existence and provides the con-
struction of a conserved current for every continuous symmetry of the action. In the case of
Poincaré invariance, one obtains the familiar currents given by the energy-momentum tensor T+
as (see [ERD]):

gt =T, (2.28)

where v, is a Killing vector generating Lorentz transformations or translations, and the currents
are conserved in the sense that d,,j# = 0. From translation and Lorentz symmetry respectively
one finds the conditions 9, 7" = 0 and T},, = T,,,, (sometimes after requiring ‘improvement’ of
the energy-momentum tensor). Interestingly, it is possible to show that the currents that arise
due to full conformal invariance have the same form as in (2.28), where now v,, can represent a
general conformal Killing vector. Conformal invariance means that the associated current should
be conserved and so we find:

1
Oui" =0 = 0uT"v, + T Oyvy = T (Ovy + D) (2.29)

where in the last equality we used the conservation and symmetry of TH"

conformal Killing equation (2.4) we find:

, and thus using the

12 0-v
= [ . = H
0=T an,wa v T# 7

(2.30)

which implies that the energy-momentum tensor is tracelessi.e. T} = 0. Classically, a field theory
is conformally invariant if there are no dimensionful couplings in the action (e.g. mass terms); this
is intuitive, since a dimensionful coupling sets a scale, thereby breaking scale invariance. Upon
quantization however, conformal invariance may be broken in the form of anomalies arising from
loop corrections. The form of these anomalies is sometimes in the non-vanishing expectation
value of T}, conflicting with the classical conformal invariance condition we derived in (2.30). In
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fact, a necessary condition for a theory to be conformally invariant quantum mechanically (see
[GOM] for a discussion) is the vanishing of the renormalisation-group beta functions [PES]:

d
Bg(ps) = ”5871 (2.31)

where g is a coupling in the theory and p; is the renormalisation scale, since this quantity directly
measures the scale-dependence of the couplings in the theory. This fact will be very important
in chapter 4 when we discuss the effective spacetime actions for string theories.

The key observables that one wants to calculate in any quantum field theory are the n-point
correlation functions. Conformal invariance turns out to provide very strict conditions on the
forms of the n-point functions (for small values of n). The statement of conformal invariance for
the n-point correlation function of primary operators 9;42' (from which one can derive correlation
functions involving descendants) is:

(O (21)..07 (2)) = (O (21)...027 () (2.32)

where éfi are the transformed operators. We shall illustrate the power of the restrictions that
conformal invariance imposes for the simplest case of scalar primary operators, following [GOM].

e Consider the 1-point function of a scalar primary operator of dimension A. Translation

invariance clearly fixes:
(6a(2)) = C (2.33)

for a constant C'. Scale invariance under dilatations & = Az then imposes (Oa(Z)) =
(Oa(Z)) from (2.32), and since O (&) = A~20a(x) (from (2.23)) we have C = \"2C,
which forces C' and thus the 1-point function to zero unless A = 0 in which case the
operator is the identity. We thus have the result:

(0a(2)) = da,0 (2.34)

e A less trivial example is given by the 2-point function. Recall that in general quantum
field theories the 2-point functions can be very complicated, and are usually only accessible
via the machinery of perturbation theory. Here we shall see that their form is entirely
determined by conformal invariance. By translation and Lorentz invariance we see that the
2-point function of scalar primary operators must take the form:

(0a, (21)0n,(22)) = f(l21 — 22]) (2.35)

for some function f(x). Scale invariance then fixes (0a, (21)0a,(Z2)) = (Oa, (#1)0, (o))
and thus using (2.35) together with & = Az and O (%) = A™20a(x) we have:

F\zy — 22]) = ATEITR2) £(12) — 29]) (2.36)

from which one can inspect the solution:

C
T —x3|) = ——————— 2.37
fllor = 22l) = o xe, (237)
for some constant C'. We are not quite finished however, since we must still impose
invariance under special conformal transformations. Given the discussion at the end of
section 2.1, it is much easier to achieve this by instead imposing invariance under inversion.
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Under inversion ## = z#/x% we have Oa(Z) = Oa(x)/(£*2) and thus using (2.32) and
(2.37) we see that inversion invariance imposes:

1 1 1 1

~ p = 2.38
‘xl — x2|A1+A2 a”':.%Al igAZ |x1 — $2‘A1+A2 ( )
Using the definition of inversion ## = x#/x2, straightforward algebra shows that:
=2 ~2
1Ty 1 (2.39)
|T1 = T |1 — 2f
and thus combining this with (2.38) we obtain the equality:
A1+Ao
~2A1 ~2A ~2~2
I e v (2.40)
|Z1 — Bp|ArtA2 |Z1 — Za|?

from which we can infer the condition Ay = As. The form of the 2-point function is thus

fixed as:
Con,.n,

(Oa, (21)0n, (22)) = o1 — o251 (2.41)

for some constant C' (which can be set to 1 with appropriate field redefinition). We see

that the 2-point functions in a conformal field theory are thus entirely determined by the
spectrum {A}.

e One can proceed in a similar fashion to the 2-point function above to see what conditions
conformal invariance places on higher-point functions. We shall not repeat the analysis
here, but we state that the 3-point function of scalar primary operators is restricted to take
the form:

C
<0A1 <$1)9A2 ($2)0A3(x3)> - |$1 — $2’A1+A2_A3‘$1 — .733|A1+A3_A2’.732 _ $3‘A2+A3_A1
(2.42)
where C' is a constant that, unlike the 2-point function case, cannot be removed by field
redefinition and is in fact theory-dependent. We see that, although the overall normalisation
is not, the spacetime dependence of the 3-point function is still entirely fixed by conformal
invariance.

e For n-point functions with n > 4 the spacetime dependence is no longer entirely fixed
either. This is due to the existence of conformally invariant cross-ratios of coordinates
which the correlation function can thus depend on arbitrarily. We shall not need to discuss
n-point functions with n > 4 any further in the following however.

Although the above analysis was for scalar primary operators, similar results follow through for
higher-rank tensor operators. For example, the 2-point function of two vector primary operators
can be derived in an analogous (and only slightly more complicated) way to the scalar case and
is given by (see [GOM]):

. Vlw(xl - $2)5A17A2

(VA (21) VK, (22)) = 71 = 202D (2.43)

where VW (x) = nHv — 2z#x¥ /2%, We thus see that conformal invariance imposes great restric-
tions on the correlation functions in the field theory, and CFTs are thus considerably simpler than
generic field theories. We shall mention these structures again in chapter 7 when we discuss the
prescription for mapping correlation functions in the AdS/CFT correspondence.



CHAPTER 3

Supersymmetry and N = 4 Super Yang-Mills

On the gauge theory side of the correspondence one finds NV = 4 super Yang-Mills which,
in addition to exhibiting conformal symmetry as described in the previous chapter, is also a
maximally supersymmetric theory. In this chapter, the notion of supersymmetry (SUSY) is
first introduced, followed by a review of the essential features of A = 4 SYM, including its
superconformal symmetry which arises from the non-trivial combination of supersymmetry and
conformal symmetry.

3.1 The Super-Poincaré Algebra and its Representations

The familiar Poincaré algebra may be extended (in a way that circumvents the famous Coleman-
Mandula theorem [COL]) by promoting it to a graded Lie algebra or superalgebra, and including
spinor supercharges )%, where « is the spinor index (which may be Weyl, Majorana or both
depending on the spacetime dimension) and i = 1...\, with A/ being known as the degree of
supersymmetry. The supercharges transform under a spinor representation of the Lorentz group
and commute with translations, and in 3+1 dimensions they further obey the structure relations
[BAL]:

{Qén ng} = 26§Ugf3‘P,u (31)
{QL, QL) = 2¢0327 (3-2)

where P, is the translation generator as in chapter 2, we define Qﬁ-j = (Qp;), o* are the usual

Van-der Waerden matrices, and Z% are the antisymmetric central charges which commute with
all generators. The central charges automatically vanish for N' = 1 but may be non-zero for
N > 1. There is an automorphism symmetry group of the supersymmetry algebra known as
the R-symmetry [FRE]. Indeed, the algebra is invariant under a global U(1)g symmetry which
causes the supercharges to change by a phase rotation (the subscript R is simply notational).
Furthermore, for N' > 1 there is in fact a non-abelian SU(N')g symmetry, rotating the different
supercharges into one another. Thus, for N' = 4 the R-symmetry group is SU(4), which
will be important later (see section 6.4) as it corresponds to the isometry group of S° since
SU(4) =2 SO(6) (see [ZHQ]).

To construct representations of the supersymmetry algebra one proceeds in a similar fashion
to the Poincaré case, by first transforming to a particularly simple Lorentz frame (see [BAL] for a
discussion). One must distinguish the massless and massive cases separately (for non-zero central
charges the unitary representations are necessarily massive), and representations are then again
labelled by the helicity or spin respectively (and, of course, the number of supersymmetries N);
one finds that there are an equal number of bosonic and fermionic states in a given representation,
and that the masses of all states in a representation must be the same. In accordance with CPT
invariance, representations (or so-called supermultiplets) that are not self-conjugate are taken
together with the direct sum of their conjugate. Let us consider, for example, a pure gauge

14
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theory that contains helicities +1 but no higher; in the process of constructing supermultipets,
one finds (schematically) that each non-zero supercharge @’ raises the helicity by 1/2, and thus
the maximal supersymmetry must be A/ = 4 (as can be seen by starting from the minimum
helicity state —1, and acting with the 4 different non-zero conjugated supercharges to reach the
maximum helicity +1). The A = 4 theory that appears in the AdS/CFT correspondence (see
section 3.2) is thus a maximally supersymmetric gauge theory.

Let us as an example briefly discuss the specific case of massive representations with non-
zero central charges, since this introduces an important concept that is later generalised in the
superconformal case. To study massive representations we transform to the Lorentz rest frame
defined by P* = (M,0,0,0) which one can easily show reduces the structure relation (3.1) to:

{QL, (@)} = 2M 560 (3.3)

since 0¥ is the identity matrix. Since Z is an antisymmetric matrix it can be brought to block
diagonal form consisting of 2 x 2 antisymmetric matrices. The real, positive skew eigenvalues
are then denoted by Z; where @ = 1...r and r is defined by N' = 27 or N' = 2r + 1 depending on
whether A\ is even or odd. Defining a particular linear combinations of supercharges (see [KIR]
for details) denoted by Q% , one finds that the only non-vanishing structure relations are then
given by: B

[Qh. (Qh)T} = 665(M + 2,) (3.4)

where the + are correlated throughout. Clearly, for a unitary representation the operator on the
LHS must be positive-definite, and so one derives the following bound on the mass:

M > |Zq) (3.5)

for each value of a, which is known as the BPS bound. There will be partial saturation of the
bound whenever M = |Z;| for a particular value of @; we then see from (3.4) that Q%, must
vanish for either + or —. Since one or more of the supercharges vanishes, the representation
will be smaller than a generic representation (since there will be fewer creation operators), and
the shortened multiplet is known as a BPS multiplet. If the bound is saturated for r, < r of
the @, then the representation is known as a 1/2"> BPS multiplet and its dimension is reduced
to 22V =2ro . We will describe a generalisation of this concept in section 3.3, which plays an
important role in the AdS/CFT correspondence.

3.2 The N = 4 Super Yang-Mills Theory

For any 1 < N < 4 there exists a gauge multiplet which transforms under the adjoint represen-
tation of a gauge group. It turns out that for AV = 1,2 there exist other multiplets which can
be considered as matter multiplets, whereas for N' = 4 the gauge multiplet is the only possible
multiplet. This N' = 4 gauge multiplet is given by [BAL]:

(A 28, X7) (3.6)

where A, is a spin-1 gauge field, A% (a = 1,...4) are Weyl spinors, and X' (i = 1,...6) are
real scalars. Under the R-symmetry group these transform as a singlet, a vector, and a rank-2
antisymmetric tensor respectively; the a and ¢ indices on the spinors and scalars respectively are
these R-symmetry indices.

For N' = 4 one unfortunately cannot appeal to the power of the off-shell superfield formalism
that is so valuable for N' = 1 (see [BAL]). Nevertheless, one can work in terms of components,
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and the Lagrangian for the so-called N' = 4 super Yang-Mills theory (with field content (3.6))
is given by [FRE]:
1 01 - , _— - ,
L= Tr( — %FMVFW + gz Y = ; AGED A — Z D, X'D'X'
b ‘ % i Yb Q%M i vi12 37)
+ gy um Z CON[ X M) + gy 1 Z CiapX*[X", N] + =0 Z[X%, X1 )
a,b,i a,b,i %,)
where gy ) is the coupling constant, ; is the so-called instanton angle, F),, is the usual field-
strength of the gauge field, D, is the usual gauge-covariant derivative, I is the Hodge dual of I,
and C¢# are the structure constants of SU(4). The trace is over the gauge indices (which are
suppressed in (3.7)) and is to ensure gauge invariance of the action. The action given by (3.7)
is invariant under the supersymmetry transformations (where, for clarity, we write the indices
explicitly) given by [ERD]:

((SXZ)Z = [ ani] = Ciab}‘ab (38)

(0X30)s = {Q%, Ago} = Fil (0" )apdy + [ X', X ]eap(Cij)i (3.9)
(57\%)3 =1{Q3, 7\%} = C?bUZBDuXi (3.10)

(0AM) = [Q4, 4] = ot N (3.11)

where F'* is the self-dual part of the field-strength, and the constants (C;;){ are related to
bilinears in Clifford Dirac matrices of SO(6)r.

This theory is classically conformally invariant; indeed, with the standard mass-dimensions of
the fields given by [4,] = [X?] = 1 and [\%] = 3/2, it is easy to see from (3.7) that the single
coupling constant has dimension [gy 7] = 0 (and [f;] = 0) since the Lagrangian must have
[£] = 4 in natural units and in 4-dimensions. The theory is thus scale invariant, which together
with Poincaré invariance forms full conformal invariance. More strikingly, upon quantisation one
finds that the theory is UV finite; since no renormalisation scale is introduced one thus finds that
the B-function vanishes to all orders of perturbation theory (or at least is believed to), and thus
the theory remains conformally invariant at the quantum level as discussed in [FRE].

In addition to superconformal symmetry (to be described in section 3.3), A" = 4 SYM exhibits
a further symmetry (see [FRE]), most easily expressed by first combining the coupling constant
and instanton angle as:
0r 47
w7

T 9ym
Although the quantised theory is already invariant under 7 — 7 + 1, the Montonen-Olive con-
Jecture [MON] promotes this symmetry to a full SL(2,Z) symmetry group, known as S-duality
and realised as:

(3.12)

at +b

cT +d
where ad — bc = 1 and a,b,c,d € Z. This symmetry will feature later in the AdS/CFT cor-
respondence in the context of mapping the global symmetries on the two sides (see section
6.4).

(3.13)

3.3 The Superconformal Group SU(2,2|4) and its
Representations

The presence of both supersymmetry and conformal symmetry in N’ = 4 SYM in fact leads
to an even larger symmetry group of the theory, due to the fact that supersymmetry and
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special conformal transformations do not commute, and thus their commutator gives a new
symmetry generator. The full group is known as the superconformal group and is given by
the supergroup SU(2,2|4), where the notation labels the components of the bosonic subgroup
SU(2,2) x SU(4)g. We briefly sketch the different components leading to this full global con-
tinuous symmetry group of N =4 SYM as in [FRE]:

e Conformal Symmetry: This forms the subgroup SO(2,4) = SU(2,2) and is generated
by P,,M,,,D and K,, with algebra given as in section 2.2.

e R-symmetry: This forms the subgroup SO(6)r = SU(4)g and is generated by T4 with
A =1,2...,15. Note that this commutes with the conformal symmetry subgroup.

e Poincaré Supersymmetry: This is generated by the spinor supercharges Q% and their
conjugates, with algebra given as in section 3.1. This does not commute with the entire
conformal symmetry subgroup.

e Conformal Supersymmetry: This is generated by S,, and their conjugates S, which
arise because of the non-commutativity between supersymmetry and special conformal
transformations. They satisfy the following structure relations:

{Saaa Sﬁb} = {ng gg} =0 (314)
{Saa; Sg} = 20551(#53 (3.15)
{Q2, Sap} = €ap (08D + T{) + 368 My (07 ) o (3.16)

Representations of the superconformal algebra are built in a similar way to representations
of the conformal and supersymmetry algebras (c.f. sections 2.3 and 3.1). We wish to construct
gauge invariant operators which are polynomials in the elementary fields; the gauge invariance is
necessary for the operators to be physical observables, and the polynomial condition means that
the operators have a definite dimension as is required to form a representation of the conformal
group. One defines a superconformal primary operator O by:

[570} =0 (3.17)

which means that O is the lowest dimensional operator in the representation, the existence
of which is again required by unitarity; the conformal supercharges S have dimension [S] =
—1/2 and so successive operation of these supercharges lowers the dimension. The notation
[, } denotes a commutator or anti-commutator for bosonic or fermionic O respectively. Note
that this definition encompasses (from the superconformal algebra relation (3.15)), but is not
equivalent to, the definition of a conformal primary operator, given previously in section 2.3 as
[K,,, O] = 0. One can then define the other operators O" in the superconformal multiplet as the
superconformal descendants of the superconformal primary operator:

o' =1Q,0) (3.18)

where the scaling dimensions are clearly related by Apr = Ap+1/2 since [Q] = 1/2. In analogy
to the conformal multiplet case, a superconformal descendant is never a superconformal primary
operator, since there is always an operator of lower dimension. A superconformal multiplet then
consists of a single superconformal primary operator and its descendants.

With this condition in mind, one can show as described in [FRE] that the gauge invariant
superconformal primary operators in N/ = 4 SYM are given by the scalars only, albeit in a
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symmetrised manner; one shows this essentially by using the SUSY transformations (3.8)-(3.11)
and the fact that a superconformal primary can never be a @Q-(anti)commutator of another
operator, since it would then be a superconformal descendant. The simplest such operators are
the so-called single trace operators (where the trace is to ensure the operator is gauge invariant)
defined as [FRE]:

0, = Tr[ X1 x%2 X)) (3.19)

where we see that the SO(6)p indices are symmetrized in the trace. This is in fact generally a
reducible representation of the R-symmetry, and one may further decompose it into a trace and
a traceless symmetric part. As mentioned previously, all fields in the N' = 4 gauge multiplet
transform in the adjoint representation of the gauge group, and are thus traceless hermitian
matrices. One thus has Tr[X?] = 0 and so the simplest irreducible operators one can form are
given by [FRE]:

Konishi Multiplet: Tr[ XX

- (3.20)
Supergravity Multiplet: Tr[X{lXJ}]

where summation over i is implied in the first expression, and {ij} denotes the traceless part in
the second (with symmetrisation true automatically by virtue of the cyclic property of the trace).
The latter name is pre-emptive of the field/operator map in the AdS/CFT correspondence that
we will discuss in section 7.1.

The supergravity multiplet is the simplest example of a superconformal 1/2-BPS multiplet, so-
called because they are annihilated by half of the supercharges and thus are shortened multiplets,
in analogy with the supersymmetric BPS multiplets mentioned in section 3.1. BPS multiplets
play a very important role in testing the AdS/CFT correspondence and so it is worth unpacking
this analogy a bit. Representations of the superconformal algebra are labelled by their Lorentz
quantum numbers and scaling dimension, as for the conformal case, but are also labelled by the
Dynkin labels [r1, 79, 73] of the R-symmetry group SU(4)g discussed previously; they are thus
labelled fully by the quantum numbers of the bosonic subgroup. In the same way that unitarity
led to the BPS bound in section 3.1, unitarity here requires that the conformal dimension is
bounded from below by the spin and R-symmetry quantum numbers (see [FRE]); considering only
the primaries (since these have the lowest dimension anyway), we mentioned before that these
are scalars and hence have vanishing Lorentz quantum numbers, meaning that the conformal
dimension is bounded below by the R-symmetry charges only. When this bound is saturated
one again has shortened multiplets (i.e. the primary, known in this case as a chiral primary, is
annihilated by some of the supercharges), with the conformal dimension related directly to the
R-symmetry charges. These are known in this context as BPS multiplets and are very important
since the conformal dimension is protected by the representation theory and thus does not receive
quantum corrections; this is useful for testing the AdS/CFT correspondence since, as we shall
see, when one considers the classical supergravity regime on the string side (which is the easiest
for calculations) one simultaneously has the strong-coupling regime on the gauge theory side, for
which it is not possible to calculate quantum corrections using perturbation theory. Protected
or unrenormalised quantities are thus particularly important for testing the correspondence. We
illustrate these concepts by briefly summarising some properties of superconformal multiplets
below as in [FRE]:

] Operator \ SU(4)R primary \ Dimension
1/2BPS | [0,k,0], k > 2 k
1/4BPS | [,k 1, 1>1 k+ 21

1/8 BPS [l, Kk, 4+ 2m)] E+204+3m, m>1
Non-BPS Any Unprotected




CHAPTER 4

Superstrings and Supergravity

The AdS/CFT correspondence states the equivalence between the N = 4 SYM theory described
in chapter 3, and Type |IB superstring or supergravity theory (depending on the regime) defined
on AdSs x S°. In this section we provide a brief review of string theory up to the point of being
able to discuss the essential features of Type IIB superstring theory (such as its field content
and symmetries), as well as its supergravity limit. Properties of D-branes will also be discussed,
which play a crucial role in the AdS/CFT correspondence.

4.1 Review of the Bosonic String

The bosonic string, although fundamentally incomplete, is important as many of its features
still play a role in superstring theory. It is thus worth devoting some time to understand its
analysis. The string action for bosonic string theory in d-dimensional flat spacetime is given by
the Polaykov action [POL]:

1
4o

Sp =

/ o/ —Rh 00 X9 X" 1y (4.1)

Some clarifications of (4.1) are in order: the fields X" (7,0) are the embedding of the 2-
dimensional string worldsheet (with coordinates o = (7, 0)) in spacetime, hqg is the worldsheet
metric, and ' is a constant known as the slope parameter, related to the string tension by
T = 1/(2ma/). This is known as the first-order action, and varying with respect to h,g and
using the resulting equations of motion gives the second-order Nambu-Goto action [POL]:

1
2ra!

Sna = — / d%\/ —det[0a X *O5 X 1] (4.2)
which is simply the proper area of the worldsheet (in analogy to the action for the relativistic
point particle which is given by the proper length of the worldline).

The Polyakov action is more desirable than the Nambu-Goto action for several reasons;
the lack of the square-root allows for quantisation more easily, but furthermore (4.1) exhibits
a symmetry not present in (4.2). Although both actions exhibit manifest spacetime Poincaré
invariance and worldsheet diffeomorphism invariance 0® — 5%(c%), (4.1) also has worldsheet
Weyl! or conformal invariance (see [POL]):

hos(T,0) — €w(T’U)haﬁ(T,0') (4.3)

for any w(T, o). Worldsheet diffeomorphism together with Weyl invariance allows us to fix the 3
independent components of the 2D worldsheet metric, and using the so-called conformal gauge,
where hog = 1,3, the action (4.1) reduces to:

1

So = —
¢ 4o

/dQO_(X2 ~ X7 (4.4)
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where X2 = 0-X"0;X,, and X2 = 0,X"0,X,,. The equations of motion for X* derived
from (4.4) are simply the 2D wave equations, but one must not forget that there are additional
constraints associated with the fact that there is a gauge symmetry (which was exploited in
deriving (4.4)). These Virasoro constraints [CAC]| are simply given by the equations of motion
for the worldsheet metric, which can also be expressed as:
0Sp

i.e. the worldsheet energy-momentum tensor must vanish. Altogether, one must then solve the
set of equations:

(& ~ &) X" =0 (4.6)
(X'+X)2=0 '

In addition to the equations of motion (and the constraints), in the variation of (4.4) one
encounters a boundary term:

o0

5SC’boundary X / dr (X/ : (5X‘0':7T - X' (SX‘g:()) (4.7)

which must also vanish. There are multiple ways of ensuring (4.7) vanishes:

e Open String: If the endpoints of the string (o = 0, ) are distinguished, then (4.7) may
be made to vanish by taking:

X'M(r,0%) =0 or XH(r,0%) = at, (4.8)

for some fixed z%., and where o* represents a string endpoint (¢ = 0 or 7). These are
known as Neumann and Dirichlet boundary conditions respectively. Dirichlet boundary
conditions (for which the endpoint is fixed) lead naturally to the concept of D-branes,
which are objects upon which open strings end; these will be discussed in greater detail in
section 4.4.

e Closed String: If the endpoints of the string are to be identified, then (4.7) will vanish
with the periodic boundary conditions:

XH(r,m) = XH#(7,0) (4.9)

One then proceeds in a similar way to standard QFT i.e. construct solutions to (4.6) via
mode expansions, ensuring that they are consistent with the boundary conditions chosen. As an
example, the mode expansion [CAC]:

M .
XH(1,0) = 2! + V2o afT +iV2/ Z a—me""”cos(ma) (4.10)
m#0 m
is a solution for the open string with Neumann boundary conditions at both endpoints, where

" is some fixed number. One then quantises the theory in the usual way, by imposing the
equal-time commutation relations:

[(X#(r,0), X" (1,0")] =0 (4.11)
[XH(r,0), PY(T,0")] = n* (0 — o) (4.12)
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where P, = 8£/6X“ is the canonical momentum conjugate to the field X*. Using these together
with the mode expansion for X*, one can then find the implied commutation relations for the
expansion coefficients ay,, which are now operators in the quantum theory. One finds (see [ZWE])
an infinite set of harmonic oscillators for the rescaled expansion coefficients aly, = ak,/+/m and
their conjugates, which may thus be interpreted as creation and annihilation operators.

The spectrum can then be constructed in the usual way; define a vacuum state |0) by the
condition ak, |0) = 0 for all values of m, and then construct the rest of the spectrum as the states
almaY...|0). The exact procedure is known as light-cone gauge quantisation and makes use of the
worldsheet symmetries to remove negative norm states which threaten unitarity (see [ZWE] for
details). The spectrum is built level-by-level in the number operator N = >, ZZ.';EQ ma;r,iafn,
where the upper bound (D — 2) on the i-summation is a result of removing redundant gauge
degrees of freedom in the light-cone gauge quantization procedure. One finds the following
particle content (where M represents the mass of the state) in the lower levels of the open and
closed string spectra (see [ZWE]):

Open String | Closed String
N =0 (M?<0) T T
N=1(M=0) A, Juvr By, ®

where the tachyon T has negative mass, A, is a vector, g,, is a 2nd-rank symmetric traceless
tensor (graviton), By, is a 2-form, and ® is a scalar (dilaton). The higher level states are
all massive, and will generally be ignored throughout; we mention in passing however that the
masses depend inversely on o/ and thus become very large in the limit o/ — 0. Note also that,
although in principle problematic, the tachyons are in fact projected out in the full superstring
theory (to be discussed later), via the so-called GSO projection (see [POL]).

It is worth noting that, as is clear from the stated form of the number operator IV, manifest
Lorentz invariance is lost in the light-cone gauge quantization procedure (this is not so in the
more complicated covariant quantisation procedure [ZWE], but we will not discuss this further).
The requirement that Lorentz invariance be preserved actually leads to a remarkable prediction.
One can construct worldsheet currents associated with Lorentz transformations in the usual way,
and the associated conserved charges are given in the string theory by [CAC]:

1 ™ . .
T = — | do(X1XY - XV X"
2reJo (4.13)
1 .
=atPY — 2" PF +1 g — (ot ok —a¥, al)
m
m##0

Using the commutation relations for the oscillators ciy,, one can then check whether the J# obey

the usual Lorentz algebra. It turns out that they do indeed satisfy the Lorentz algebra provided
that D = 26, known as the critical dimension; in this manner, the requirement that the theory be
Lorentz invariant essentially predicts the dimensionality of spacetime. Since we seem to observe
D = 4, we are led to the idea of Kaluza-Klein reduction [FRE], which involves compactifying
certain spatial dimensions on compact spaces such as circles or tori, and then letting the size of
these compactified dimensions go to zero. In this way, one can derive a lower dimensional theory
from a higher dimensional one. We shall mention this procedure again in chapter 7.
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4.2 Coupling the Bosonic String to a Background and Effective
Spacetime Actions

The natural generalisation of the previous section is to consider the string propagating in a
background of its own massless modes (for the graviton this corresponds to the string propagating
in a curved spacetime, for example). For the closed string this can be achieved via the action
(see [CAC)):
1
4o

/ o (09, X105X" B (X) — Ve R)9(X) )

1 (4.14)

4o/

where R is the Ricci scalar on the 2D worldsheet, and ¢*? is the 2D antisymmetric symbol.
This is known as the non-linear sigma model; note that the first term is just the Polyakov action
(4.1) but with a general target space metric g,,(X), and the other two terms are appropriate
generalisations to the other massless fields of the closed string spectrum. The quantity:

% /dQO'\/ —hR®) =y =2-2¢g (4.15)

is a topological invariant known as the Euler characteristic [FRA], where g is the genus of the
worldsheet i.e. the number of holes. In string perturbation theory, one calculates amplitudes by
considering a path integral of the form (see [VIE]):

String amplitude = » (g)* 2 | DXe *™Vi.V, (4.16)
g g

where g is the genus as above, ¥, represents all surfaces of genus g, g, is the string coupling
constant, and V; are so-called vertex operators. The string coupling constant can be understood
as follows. If the dilaton acquires a non-zero vacuum expectation value, & — ¢ + ®, then we
see from above that the path integral includes a multiplicative factor of e X% = ¢?(29-2) From
(4.16) we thus see that it is natural to identify the (closed) string coupling constant as g, = e?;
increasing the genus by 1, and thus adding a hole to the worldsheet, then contributes a factor
of 2¢ = g2. For the open string one has instead gs = /2. These facts will be important when
we state the AdS/CFT correspondence in chapter 6.

In making the transition from the action (4.1) to (4.14), it is important that we maintain
worldsheet Weyl or conformal invariance. As mentioned in section 2.3, this can be expressed as
the vanishing of the renormalisation-group beta functions; there will be three independent beta
functions here, as g,,, By, and ® can each be interpreted as a coupling in the string action
(4.14). To leading order in o (which corresponds to the low energy limit i.e. o/ — 0), one finds
the beta functions (see [CAC]):

Bi(tgv) =d (RW +2V,V, 0 — iHu/\pHuAp)
B = o <—;VAHAW + VA(I)H)\,W) (4.17)
B = o (—;v% + VOV — 214HWHW>
where H3 = dBj3 is the 3-form field-strength associated with the 2-form Bj, and R, is the

spacetime Ricci tensor associated with the graviton g,,. Clearly, the vanishing of the beta-
functions in (4.17) looks like a set of field equations for the massless spacetime fields of the
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string spectrum. The natural question arises as to whether these fields equations may be derived
from an action principle; this is a non-trivial statement since the existence of an associated action
in general depends on certain integrability conditions. Remarkably, the field equations can be
derived from the following spacetime action [CAC]:

1
Ses. = [ d*0x\/—detge>® <R — g HunH" + 4VM<I>V“<I>> (4.18)

which is known as the effective spacetime action of the (closed) bosonic string theory. This
procedure of deriving an effective spacetime field theory by demanding conformal invariance of
the worldsheet theory is crucial, and in the superstring case leads to the derivation of supergravity
theory as the low energy approximation of string theory.

4.3 Superstrings and Type IIB Theory

The bosonic string, although illustrative, is incomplete for several reasons. Perhaps most im-
portantly, the spectrum does not contain any fermions, and so there is no hope of somehow
recovering the standard model of particle physics. Furthermore, both the open and closed string
spectra contain a problematic tachyon state, and the critical dimension D = 26 is somewhat far
from the 4-dimensions we appear to live in.

Following the RNS formalism, we thus consider a supersymmetric completion of the Polyakov
action by introducing worldsheet fermions (which, note, are still spacetime vectors) W* via the
action (expressed in conformal gauge) [CAC]:

1 o
S = T /dQJ (0a X0 XH + iWHp* 0,0 ) (4.19)
where {p®, p%} = 2n®8 and ¥ = iTTp0 (we use the notation p® to emphasise that these are not
the familiar 4-dimensional ~-matrices). Decomposing the worldsheet fermion into Weyl spinors
UH = (¢t wi) choosing a particularly simple representation for p®, and using worldsheet light-
cone coordinates o = T + o, the fermionic part of the action can then be written as [CAC]:

Sy =

2ma’

/ d*o (P! Otby— + Y O_tus) (4.20)
One can then vary this action to obtain the equations of motion:
Oyl =04 =0 (4.21)

and so there are separate right and left-moving waves, as in the bosonic case (c.f. solutions to
the wave equation in (4.6)). There are again additional constraints associated with the gauge
invariance, which are still expressed as T,,3 = 0, though the introduction of the fermionic action
now changes the form of the worldsheet energy-momentum tensor.

Furthermore, in varying the action (4.20), one encounters a new boundary term:

5S\I/‘bounda'ry o8 /dT (1/]551/}—;1 - wi(h/}-ﬂt) |gz(7jr (422)

which must be made to vanish (note that the first-order nature of the fermionic action has led to
there being no derivatives in this boundary term, in contrast to the bosonic sector). For the open
string (which has distinct endpoints and thus the o = 0,7 contributions must independently
vanish) this can be achieved in two ways:
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e Ramond Sector (R): ¢/} (7, 7) = +¢ (1, 7).
o Neveu-Schwarz Sector (NS): ¢! (7,7) = = (7, 7).

where, note, there is also a freedom in choosing ¥/ (7,0) = £4"(7,0), but these are redundant
(i.e. not physically different) and so one imposes ¥/ (7,0) = +(7,0) by convention (see
[CAC]). For the closed superstring, the vanishing of (4.22) must occur in a different manner
i.e. by cancelling the contribution ¢4 894 ,|s=r with ¥} 611, |s—0, where the + are correlated
throughout. There are 4 different ways of achieving this:

1/Ji(7', o) = :tl/)i (r,0 + )

W (1,0) = £ (1,0 + ) (4.23)

leading to 4 sectors of the closed superstring theory: R-R, R-NS, NS-R, and NS-NS, where R
refers to periodic and NS to anti-periodic boundary conditions.

One then proceeds as in the bosonic string case, by considering mode expansion solutions
of the equations of motion consistent with the relevant boundary conditions, and quantizing
by promoting the fields to operators; the expansion coefficients of the worldsheet fermions now
become operators satisfying certain anti-commutation relations. One uses again the light-cone
gauge quantization procedure, now appealing to the superconformal symmetry of the theory to
remove negative-norm states and preserve unitarity. There is a different vacuum state for the R
and NS sectors; the NS vacuum state is a tachyon whereas the R vacuum state is a spacetime
spinor (we thus see that spacetime fermions have indeed arisen from the inclusion of a worldsheet
fermionic action). The GSO projection mentioned previously projects out the tachyon, as well
as one of the chiralities of the R vacuum. For the closed string (which, recall from above, is
like a tensor product of open strings), it turns out there are then only 2 inequivalent choices of
vacuum, which give rise to different closed superstring theories known as Type IIA/B, both with
critical dimension D = 10 (see [POL] for details). Our focus for the AdS/CFT correspondence
will be on Type IIB, which has the following massless spectrum [CAC]:

RR Ag, Ay, A
R-NS vl
NS-R U2, X2
NS-NS | @, Ba, g,

where A, is an n-form (and A; is self-dual), U1 (I = 1,2) are right-handed dilatini, x"
(I = 1,2) are left-handed gravitini, and the NS-NS sector is just the massless sector of the
closed bosonic string spectrum that we have seen previously. We see that the theory is chiral
since the 2 dilatini and the 2 gravitini have the same chirality.

As in the bosonic string case, Type IIB string theory has a low energy effective spacetime
theory, which remarkably turns out to be a supergravity theory (i.e. a supersymmetric theory of
gravity, here with A/ = 2). It is not possible to write a complete action for the theory due to the
presence of the self-dual 4-form A, but one can write an action that includes both dualities, and
then supplement this with the self-duality condition x£5 = F5 where Fy is the 5-form F5 = dAy
and x is the Hodge dual. The bosonic part of this action then has the form [FRE]:

1 -
St = 15 d"z+/—detge *® (2R + 8V, &VH D — |H;|?)
1

. 1 .
_4/€2/d10$ |:\/ _detg (|F1‘2 + |F3|2 + 2F5|2> +AI N H3z N\ F3 +Sfermions

(4.24)



CHAPTER 4. SUPERSTRINGS AND SUPERGRAVITY 25

where «k is the coupling constant, F,, = dA,,_1 is the n-form field-strength, H3 is the 3-form
Hs = dBy, F3 = F3— AgHz and Fs = F5 — 1 Ay AH3 + 1By AF3. The Type IIB action exhibits
a non-compact SU(1,1) = SL(2,R) symmetry (see [FRE]), most manifest in the Einstein frame
which is obtained from the string frame above as:

Guv — 6_®/2guy (4.25)

The Einstein frame is so-called because, as is clear, the Type IIB action then contains the usual
Einstein-Hilbert action familiar from general relativity. Combining the axion Ay and the dilaton
into a complex scalar 7 = Ay + ie~®, the symmetry transformation is then given by:

at +b
—
ct +d

(4.26)

where a,b,c,d € R and ad — bc = 1. Note that in the quantum theory there is a quantization

condition 7 = 7 + 1, and thus the symmetry group reduces to the subgroup SL(2,Z). This
symmetry will feature later in the AdS/CFT correspondence (see section 6.4).

4.4 Branes in Supergravity and Superstring Theory

We have seen previously that objects known as D-branes arise in string theory as hyperplanes
upon which open string endpoints with Dirichlet boundary conditions are fixed. D-branes can in
fact be seen to arise from a different point of view; indeed, this dual interpretation is of great
significance in motivating the AdS/CFT correspondence as we shall see in section 6.2. We now
discuss this alternative point of view by considering particular solutions to supergravity theory
following [FRE], and then mention how the two points of view converge. We will then briefly
discuss the important subject of gauge theories living on the worldvolumes of branes.

It is natural to consider a (p + 1)-form A, as coupling to an object ¥, of dimension
p + 1 because one can construct the action:

Sp+1 X / Ap+1 (427)

Xpt1

which is diffeomorphism invariant since the form is being integrated over a manifold of dimen-
sion equal to the form’s rank (see [NAK]). The action (4.27) is also invariant under the gauge
transformation A, 1 — A,4+1+dpp, and we note that the field-strength F},1 o = dA, 1 is clearly
gauge invariant since the exterior derivative is nilpotent (the field-strength also has a conserved
flux). We can then define a p-brane to be a solution of the supergravity field equations that has
a non-zero charge associated to the gauge field A, 1. The possible brane solutions in a given
supergravity theory are thus limited by what p-forms are present in the field content. Type |IB
supergravity, for example, contains the following brane solutions:

Brane | Couples to: | Dual Brane
D(-1) T D7
F1 By NS5
D1 Ay D5
D3 A7 D3

Some clarifications of nomenclature are in order:

e A p-brane associated with a gauge field A, 1 that is in the R-R sector is known as a
Dp-brane. The similarity of name with the aforementioned D-branes is not an accident,
and will be explained later in this section.
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e The 1-brane that couples to the NS-NS field Bs is known as the fundamental string F1,
this is intuitive, given the coupling of the original string to this 2-form in the action (4.14).
The prefix ‘NS’ in NS5 simply labels the fact that the 2-form B is an NS-NS field.

e The D(-1) brane is localised not only in all spatial directions but also in time, and is thus
an instanton.

e The dual of a p-brane (coupled to a (p+ 1)-form) is the (D — 4 — p)-brane coupled to the
(D — 3 — p)-form that is the Poincaré dual of the (p + 1)-form, defined by:

dABY = *dApi (4.28)

We will focus here on Dp-branes, and in particular D3-branes (which, note, are self-dual), since
these are of most relevance for the AdS/CFT correspondence.

In D = 10, a p-brane solution to supergravity theory has symmetry group RP*! x SO(1, p) x
SO(9 —p) i.e. the solution contains a flat hypersurface of dimension (p+ 1) which has Poincaré
invariance RP*1 x SO(1,p), and the (9 — p)-dimensional transverse space has maximal rotational
invariance SO(9—p). Each brane solution breaks half of the supersymmetries of the supergravity
theory [FRE] i.e. it is an example of a 1/2 BPS solution (c.f. section 3.1). Denoting the
coordinates parallel to the brane as z* and those perpendicular to the brane as 3°, an ansatz
that has the above symmetry and satisfies the supergravity field equations is given by:

1
ds? = ———=mn,,dz"dz” + /H(§)dj" (4.29)

Vv H(Y)

where, furthermore, e® = [H (4)]®*~P)/* and H (i) must be a harmonic function of ij. Requiring
that flat space be recovered far away from the brane (i.e. in the limit y = /- § — o0) fixes
the function H (%) to take the form:

H(y) =1+ (5) o (4.30)

where L is some scale factor; we write D for generality, but recall that the case of interest is
D = 10. Of particular importance to the AdS/CFT correspondence will be the solution for a
stack of N coincident Dp-branes, for which one finds:

LP=73 = Ng,(4m)5-P)/2p (?) o/ D=P=3)/2 (4.31)
where the factor of N comes from N units of 5-form flux sourced by the N branes. We will use
the solution (4.29)-(4.31) in chapter 6 when we discuss the decoupling argument.

In addition to the supergravity limit of superstring theory (o/ — 0) discussed previously,
another well-defined limit of string theory is the weak coupling limit gs — 0, which is the string
perturbation theory regime (c.f. equation (4.16)). It turns out that Dp-branes also have a
gs — 0 limit, whereas other p-branes do not. Indeed, we see from (4.29)-(4.31) that in this
limit H(y) — 1 and thus the metric becomes flat everywhere except at y = 0; on this (p + 1)-
dimensional hypersurface the metric is in fact singular. Thus we see that, in the weak coupling
limit, Dp-brane solutions to supergravity become localised defects in spacetime; as discussed
in [FRE], it turns out that the interaction with a string propagating in such a background is
described entirely by the boundary conditions of the string on the brane, which turn out to be
Neumann conditions parallel to the brane and Dirichlet conditions perpendicular to it. In this
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manner, we see that the Dp-branes introduced as solutions of supergravity are precisely the
D-branes introduced earlier in open string theory.

To conclude this chapter we discuss the important subject of how gauge theories arise on
the worldvolumes of D-branes; this is of utmost relevance to the AdS/CFT correspondence, and
so we shall review the topic but not discuss the exact details of open string quantization in the
presence of D-branes (see [ZWE] for details). Let us first consider an open string with both
endpoints fixed on a single D-brane. Clearly, the length of the string may become arbitrarily
short in which case there is no tension; the string mode must then be massless, and it is possible
to show that it is in fact a vector A* in the worldvolume i.e. there is a U(1) gauge theory on
the worldvolume of the brane. If we consider instead a stack of N coincident branes then we
must further label the string states by indices which denote which brane the endpoints lie on.
These are known as Chan-Patton factors [ZWE], and for N branes there will be N2 — N possible
string configurations leading to N2 — N massless modes [A#];; on the worldvolume of the branes,
where i, j = 1...N. One then finds a U(N) gauge theory on the brane worldvolume; in fact, the
factor of U(1) = U(N)/SU(N) corresponds to the overall position of the branes in spacetime,
and thus is not relevant for considering the dynamics on the brane worldvolume itself, which is
then described by an SU(N) gauge theory (separating the branes would give the modes mass
and thus correspond to spontaneously breaking the gauge symmetry, but we shall not need such
mechanisms in the following). As mentioned previously, each brane solution breaks half of the
Poincaré superymmetries and so, in particular, for a stack of NV D3-branes, the brane dynamics
is described by 4-dimensional N' = 4 SYM theory with gauge group SU(N) (see [FRE]). This
fact will be very important in chapter 6 when we discuss the decoupling argument.
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Anti-de Sitter Space

The Type 1IB theory on the gravity side of the correspondence is taken to be in an AdSs x S°
background. In this chapter we define the anti-de Sitter space AdS,; and discuss its essential
features including isometries, important coordinate systems and the conformal boundary.

5.1 Definition of Anti-de Sitter Space

Let us first define the concept of a maximally symmetric space of d-dimensions [ZEE], meaning
that it has the maximum number of Killing vectors possible for a d-dimensional manifold, namely
d(d + 1)/2 (corresponding locally to d translations and d(d — 1)/2 rotations). A maximally
symmetric space can be understood intuitively as one that is homogeneous and isotropic at some
(and thus every) point, meaning it looks the same in all directions and at all positions. Maximal
symmetry provides d(d — 1)/2 constraints on the Riemann curvature tensor, which turn out to
be enough to fix its form uniquely as (see [ZEE]):

R,uzzpa = C(g,upgz/a - g,uagup) (5'1)

for some constant C, and thus one finds by contracting that R,, = (d — 1)Cg,, and R =
d(d — 1)C i.e. maximally symmetric spaces have constant curvature scalars.

The anti-de Sitter space (AdS) is a space of Lorentzian signature and (as we shall see)
constant negative curvature. In a similar fashion to other constant curvature spaces (e.g. the
sphere), AdS space may be defined as an embedding in a higher-dimensional space. If we consider
a flat embedding space R%%~! with coordinates X, (a = 0...d) and metric:

d—1
ds® = —dX§ —dXj+ ) dX} (5.2)
i=1
then we may define AdSy as the set of solutions of:
d—1
Xg+Xi-> xp=1? (5.3)
i=1

where L is known as the AdS radius. We also mention briefly that Euclidean AdS; may be
defined in an analogous way, but embedded instead in R'® and with the defining equation:

d—1
Xg-Xi-> x; =1’ (5.4)
=1

Indeed, the Euclidean version of AdS will in fact be used later in chapter 7 when we discuss tests
of the correspondence, and the results discussed below translate simply.

It is obvious from the defining equations that the isometry group of AdS; is O(2,d — 1) (or
O(1,d) for the Euclidean case); restricting to our case of interest, AdSs, we thus see that the

28
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isometry group is O(2,4), a group we encountered previously in section 2.2 as the (extended)
conformal group in 4-dimensional Minkowski space. The space AdSy can also be expressed as
the coset manifold SO(2,d — 1)/SO(2,d — 2) i.e. the isometry group minus (by quotient) the
subgroup that leaves a point in the space invariant (in the same way that S? = SO(3)/S0(2)).
Since the dimension of O(2,d—1) is d(d+1)/2 we see that AdSy is indeed a maximally symmetric
space, and thus should have constant curvature scalars.

By eliminating the final coordinate via (X%)2 = L% + 1, X*X", where 1 = (0,1...d — 1)
and 7, is the d-dimensional Minkowski metric, we may provide a set of coordinates for AdS;
and write the metric as:

N X XP v
0 = (= B v &

where in an obvious notation X - X =7, X*X". One can then calculate the Riemann tensor
from this (bearing in mind that, since this is a maximally symmetric space, only the constant C'
in (5.1) needs to be fixed) and one finds [ZEE] that C = —1/L?. From the expressions for R,
and R underneath (5.1) we thus see that AdS; has constant negative curvature scalar and that:

1 (d—1)(d-2)

R,uu - iguuR = 272 Guv

meaning that (in d > 2) AdSy is a solution to the vacuum Einstein field equations with a negative
cosmological constant.

(5.6)

5.2 Coordinate Systems on AdS;

Let us for convenience now set L = 1 in (5.3). We may introduce a set of coordinates on AdSy
by writing:

Xo = rcost
Xd = 7sint (5.7)
Xi=rx;

where Z?:_ll z7 = 1, and the other coordinates range over #,r > 0 and t € [0,27). The
defining equation (5.3) then clearly implies #2 — 72 = 1. Finding the differentials dX,, of the
coordinates (5.7) and substituting into the metric (5.2) (together with the fact that >, 2? =
1 — Y, xdx; = 0) we thus find after simple algebra that:

ds® = —di? — 7#2dt* + dr® 4 r2dQ3%_, (5.8)

Using the constraint 72 — 72 = 1 we find that di? = ;—zdrz and thus more simple algebra gives
the metric:
dr?

1+72
We have thus eliminated 7 and now have a set of d coordinates for AdSy. We see from (5.9) that
t acts as a time coordinate, yet from it's definition in (5.7) this coordinate appears to be periodic.
As discussed in [ZEE], to avoid the existence of closed timelike curves and casual inconsistencies,
we thus unwrap the time coordinate (technically, we move to the universal cover) and simply
define the space AdS; by equation (5.9) (which is, after all, a solution to the Einstein field

ds? = —(1 4 r?)dt* + +r2dQ3_, (5.9)
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equations) for t € R. Note interestingly that the metric (5.9) for AdS,; has the same form as
the Schwarzchild metric:
dr?

ds® = — f(r)dt* + o) + r2dQ3 (5.10)

but here f(r) = 1+72 > 0, and thus we see that the anti-de Sitter space does not have an event
horizon, unlike the Schwarzchild spacetime for which the horizon is defined by the coordinate
singularity when f(r) = 0.

We now make a further coordinate transformation in (5.9) given by r = sinhp for p > 0.
Since dr = coshpdp and 1 + r? = cosh?p we easily find:

ds® = —cosh?pdt? + dp? + sinh?pdQ2_, (5.11)

These are known as global coordinates [ZEE] (so-called because they cover the entire AdS
space). We can make instead a different coordinate substitution in (5.9) given by r = tan /3 for
B € [0,7/2). Since dr = sec?3dj3 and 1 + r? = sec?3 we easily find the metric:

1
ds? (—dt?* + dB* + sin®BdQ3_,) =

= —dt? + dO> 5.12
COSQB + d—l) ( )

1
cos?3 (
where the second equality follows by the general relation ale,Jrl = d52+sin2ﬁd§2§ with 5 € [0, 7]
(we return to this matter in section 5.3). These are known as conformal coordinates [ZEE], so-
called because we see manifestly from (5.12) that AdSy is conformally equivalent to the cylinder
R x S9! with metric ds? = —dt? + dQ2_| (note that flat space R1?~! is also conformally
equivalent to this cylinder; we return to this in section 5.4).

5.3 The Conformal Boundary of AdS,

We now introduce the important notion of the conformal boundary of AdS,; space, a concept
that may be visualized in a number of ways. We introduce it as in [ZEE] by building on the
material in the previous section, and in particular the set of conformal coordinates that defined
the metric (5.12).

The coordinate (3 in the first half of (5.12) clearly plays the role of a latitude; strangely,
however, we saw from its definition that it ranges over the values 3 € [0,7/2) rather than the
usual 3 € [0, 7]. Thus, identifying dQ2 | = dB? +sin?3dQ?2_, in equation (5.12), although true
locally, is somewhat misleading since the spatial part of AdSy really only covers the northern
hemisphere of S¢~! and not the full sphere. Thus, we really have a hemisphere (after a conformal
transformation, of course) for the spatial part of AdSy, with boundary at the equator; topolog-
ically this is equivalent to the ball B4~! (e.g. a hemisphere of S? is topologically equivalent to
the disk B2, as seen via a direct projection onto the plane). We thus see that the spatial sections
B! of AdS, are bounded by S92 (since 9B? = S9=1), which we commonly associate with
R9=2 with spatial infinity identified as a single point (c.f. the Riemann sphere [FRA]). Taking
the time coordinate into account we thus arrive at the important result that AdS; is bounded
by Minkowski space R4~2:

(AdSy) = RM42 (5.13)

This result is of crucial importance in the AdS/CFT correspondence, and is at the heart of its
holographic nature.
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5.4 Poincaré Coordinates

It will be instructive to introduce one further set of coordinates for AdS; which are particularly
useful in the AdS/CFT correspondence. We will here restore L since we shall refer back to
the Poincaré form of the metric when we consider the decoupling argument in chapter 6. We
introduce for AdS, the coordinates y > 0 and (t,Z) € R%! via:

1
Xo=—(1+y*(I*+ 2% - t%)
2y
Xa= Lyt (5.14)
| . :
Xg1= ?(1 — Yy (L* — & +17))
Yy
X; = Lyx;

where (i = 1...d — 2) and #? = Zf:_f x2. It is simple to check that the coordinates in (5.14)
do indeed satisfy (5.3). Straightforward algebra then gives the metric in these coordinates as
[ERD]:
o LP o W
v
ds* = ?dy + ﬁnﬂydx“dx (5.15)

where z# = (t,Z). We shall see this metric arise in section 6.2 as the near-horizon limit of a
stack of D-branes discussed in section 4.4.

Making the coordinate substitution u = L?/y we have dy? = L*/u*du® and L?/y? = u?/L?
and thus we find:

2
(du® + nydatdz) (5.16)

ds?® = )
which is the metric in Poincaré coordinates. From this form of the metric we see that AdSy is
conformally equivalent to Minkowski space R14~1; this is not surprising since we saw in section
5.2 that AdS, is conformally equivalent to the cylinder R x S9!, as is Minkowski space R4,
We also notice that the slices of constant u are copies of Minkowski space R1¥2. In particular,
the conformal boundary discussed in section 5.3 is given by the slice u = 0 (i.e. y = oo in
(5.15)); this can be seen, for example, by recognising (5.16) as a Minkowski version of the
Poincaré half-plane [ZEE], with spatial boundary at u = 0. In Poincaré coordinates one can also
see the manifest isometry given by:

U — AU
xt — At (5.17)

for any A € R. We saw such transformations previously in section 2.1; they are conformal
transformations known as dilatations or scale transformations. That they form an isometry of
AdS space can be see trivially from the metric (5.16), since the scaling of the denominator u?
cancels any scaling in the numerator. This isometry will play an important role in section 7.1
when we discuss the field /operator map in the AdS/CFT correspondence.
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CHAPTER O

Motivating the AdS/CFT Correspondence

In this chapter we motivate the AdS/CFT correspondence via two arguments. The first argument
suffers a shortcoming in that, although it motivates a duality between string theory and gauge
theories in a certain limit, it fails to provide more concrete information about the precise corre-
spondence. The second argument, due to Maldacena, is a more specific situation and directly
motivates the duality between A" = 4 SYM and Type |IB string theory on AdSs x S°. After
these motivations we will state the correspondence precisely, and perform the first basic check
by mapping the global symmetries on both sides of the correspondence, relying heavily on the
material discussed previously.

6.1 Motivation: The Large N Limit of Gauge Theories

We sketch here an illuminating argument to motivate the claim that string theory (as defined
by a perturbative expansion) can be considered a dual description of non-abelian gauge theories
when the number of ‘colours’ N is very large, following closely the logic of [VIE]. For simplicity
(and since it captures all the essential features) we consider a O-dimensional quantum field
theory, otherwise known as a matrix model (the discussion can indeed be generalised to higher-
dimensional quantum field theories).

Consider a 0-dimensional non-abelian gauge theory of N x N hermitian matrices. The n-point
correlation functions of operators are defined by the usual expression:

. f DM@‘S[M]OlOg...On
(0102.-00) =+

(6.1)

where DM is the path integral measure, integrating over all N x N hermitian matrices (which
have no spacetime dependence since we are in O-dimensions), given explicitly as:

DM = HdMiiHd(Re[MijDHdUm[Mij]) (6.2)

1<j 1<j

where we need only integrate over i < j because the matrices are hermitian. The action S[M]
takes the general form:

S[M] = —

—Tr [M? + V(M)] (6.3)
9y M

where Tr[M?] is the kinetic term, and V(M) = }_,_,a; M’ gives the potential term for some
constants a;. We note that this theory has the non-abelian gauge symmetry given by M —
UMU™! (for some group with representation matrices U) by virtue of the cyclic property of the
trace.

We wish to compute the propagator (M;; My;), which involves using (6.1) for the case of the
free action (i.e. Tr[M?] term only). Recall from quantum field theory that for a free theory with
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i <€ l
J » k

Figure 6.1: Double-line notation for the propagator (M;; M) = gs0;19;p.

partition function:
f Dxef%a:-A-erJ-z

J-A"LJ
J Dge~ 2% AT (64)

(S

Z[J]

=€

we have (z,23) = A_' and for higher-point functions we obtain Wick's theorem, expressing them
as a sum over all pairings of 2-point functions [PES]. Since Tr[M?] = Y, (M?);; = > Mij M,
1

for our case we have z- A -z — 7 Mij5il6jkMkl (using the summation convention) and thus
Y M

we have:
(MijMy) = g3 nrdadjn (6.5)

We may represent this diagrammatically with so-called double-line notation, as in Figure 6.1.
This notation will be important as, in a certain limit, it will in a sense begin to resemble string
perturbation theory.

Consider, for example, using Wick's theorem to compute <921 TrM4> in the free theory.
Y M
We have:

1 1
< 5 TrM4> = <22MiijkMklMlz’> (6.6)

9y m IYM

and since the trace is cyclic we see that contracting the first M with the 2nd or the 4th will
produce the same result (since they both involve contracting nearest neighbours), and thus using
Wick's theorem we obtain:

< 21 TrM4> = QL > (M My} (M My + (Mg My ) (M M) (6.7)
9y M ijkl

and so using (6.5) we get:

1 1
< 3 TrM4> = —5—(9vm)° Z (203103 0ki0u + 0u0j16;i0k) = gy (2N®> + N)  (6.8)
9y M 9y m ikl

upon performing all delta index contractions. We notice that the first contribution is clearly
dominant in the large N limit. The interest arises when we start considering diagrammatic
expansions for these contributions using the double line notation. The operator we are considering
is given diagrammatically in Figure 6.2, and the two types of contraction we found can be drawn
as in the same figure. The first diagram (which, recall, is the dominant one in the limit of large
N) is known as a planar graph, so-called because it can be drawn on the sphere. The second
graph cannot be drawn on a sphere, though it can be drawn on a torus; it is an example of a
non-planar graph. Note that the first graph has 3 closed loops whereas the second has only 1,
corresponding to the powers of N3 and IV that these two diagrams contribute. This example
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Figure 6.2: Vertex Tr[M*] and two different contractions
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gives the first hint that, in the limit of large N, it may be possible to organise the perturbation
theory into a topological expansion based on the topology of the manifolds that the corresponding
diagrams can be embedded in.

With this example in mind, and considering now a general diagram in the full interacting
theory, we see that a general diagram will contribute a factor of (¢2,,)f~V NI where E is
the number of edges (number of propagators), V' is the number of vertices (both internal and
external), and F' is the number of faces (number of closed loops). Since E —V — F = 2g — 2
by Euler's theorem [FRA], we see that a general diagram contributes (g2 ,,)%2(¢2,,N)¥, and

thus for a given genus g depends only on the t’Hooft coupling defined as A\ = g%MN. We thus
see that a general observable (...) is given as:

(o) = D (o) 2 F (V) = Y NP2 F,(N) (6.9)

g

where F,(\) is some function that represents the summation of all diagrams of a given genus g,
and F is clearly a function that is simply related to F. In the t’Hooft limit:

N — o0 gym — 0 A= g% N fixed (6.10)

we thus see that the perturbation theory organises itself into a topological expansion in the
genus, with small coupling constant g%M ~ 1/N, analogous to equation (4.16). It is thus
natural to associate the gauge theory and string theory coupling constants as g%M = g5, and
A= g%,MN = ¢, with the string tension. We see that perturbation theory will be valid for
small values of the t'Hooft coupling ).

We have thus seen that, in the t'Hooft limit of non-abelian gauge theories, perturbative
string theory seems to provide a dual description of the gauge theory's perturbation expansion
(although we only considered the 0-dimensional case, the argument can be generalised to higher-
dimensional gauge theories). Although illustrative, this argument falls short in that it does not
provide a precise map between a particular gauge theory and a particular string theory, and
merely provides a hint of such a duality. Nevertheless, the ideas introduced here are important
and indeed we shall see that the t'Hooft limit will reappear when we state a particular form of
the AdS/CFT correspondence in the following.
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6.2 Motivation: The Decoupling Argument

The original argument providing direct motivation for the AdS/CFT correspondence (as opposed
to the mere hint towards a connection between gauge theory and string theory as in section 6.1)
is due to Maldacena [MAL] and is known as the decoupling argument. The argument does not
amount to a proof, but provides motivation which can then be tested using a variety of checks
(see for example chapter 7). As we shall see, the argument rests directly on the dual interpretation
of D-branes as discussed in section 4.4; by considering the branes in each interpretation, we find
(in certain limits) two decoupled theories in each point of view, and are led to identify N' = 4
SYM in 4D Minkowski space with Type IIB string theory in AdS5 x S°. In this section we follow
the form of the argument as portrayed in [VIE].

Before discussing the argument itself, it is illustrative to consider an analogy. Consider the
interaction of an electron and a heavy proton. Such an interaction may in fact be described
using two different interpretations, analogous to the brane case we will consider shortly. On the
one hand, one may sum up all Feynman diagrams contributing to such an interaction, including
the tree level diagram and the radiative corrections such as Bremsstrahlung, vertex corrections,
photon self-energy etc. On the other hand, one may think of these diagrams as providing
corrections to the familiar Coulomb potential that arises from the tree level diagram. In other
words, one may remove the heavy proton from the picture entirely, and instead consider the
electron moving freely (i.e. non-interacting) but now in some non-trivial background, represented
by the corrected potential.

Turning now to the decoupling argument, the set-up in question is a stack of N D3-branes,
as found in the Type IIB theory described in section 4.3. As discussed in section 4.4, we may
think of D-branes in two ways (just as we may for the physical situation described above) which
is fundamentally linked to an open/closed string duality; on the one hand they are hyperplanes
upon which open strings end (or dynamical walls with open string excitations), and on the other
hand they are solutions to the supergravity field equations, and thus deform the background
and can be considered to emit closed strings (e.g. gravitons). This already indicates that there
should be some correspondence between the theory of open string excitations on D-branes (i.e.
super Yang-Mills gauge theory) and the theory of closed strings in the bulk i.e. Type IIB string
theory. We now consider the set-up from these two points of view in turn.

D-Branes as Dynamical Walls with Open String Excitations

From the open string point of view, the action describing the physical set-up has the form:

Sbulk + Sint. + Sbranes (611)

where Sy is given by 10D supergravity plus massive modes (which scale as o), S+ describes
the interaction between the branes and the bulk theory (and scales with Newton's constant
VGN ~ gsa), and Spranes is given by N = 4 SYM (with gauge group SU(N)) plus massive
modes (which scale as ). In the low energy limit o/ — 0 we thus see that the interaction term
drops out, and the bulk and brane terms simplify, giving us two decoupled theories:

(N =4 SYM in 4D) & (Type IIB Supergravity in 10D) (6.12)

Note that, as mentioned in section 6.1, A' = 4 SYM is a useful description in the regime A << 1,
since in this regime perturbation theory is valid. We repeat for clarity the fact that gravity
becomes free at low energies or large distances; as is well known the coupling G is dimensionful
and thus the effective dimensionless coupling scales with energy, causing it to vanish in the low
energy limit (see [VIE]).
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D-Branes as Supergravity Solutions

In parallel to the proton/electron analogy discussed previously, we now no longer think of the
branes as physical objects, and instead look for solutions to the supergravity field equations that
describe a charged ‘heavy body' and create some non-trivial background which closed strings
propagate in. In fact, we already discussed such solutions in section 4.4, which are given by
equations (4.29)-(4.31). For convenience we express here the solution specifically for the case of
N D3-branes, focusing on the gravitational part which is given by:

1 L4
ds® = ————ndatde” + |1+ = di? (6.13)
S vt
yt

where equation (4.31) gives L* = g;N4ma'. Note that the supergravity description is useful

when the curvature (which is set by the scale L) is large compared to the string length I since
otherwise string effects are important and cannot be ignored. The useful regime is thus given by
L~ \/a(gsN)i > Iy ~ V' and thus we require A = g;N > 1. We thus see that this is the
opposite regime to which the gauge theory description is useful in.

As discussed in section 4.4, in the limit y > L (i.e. far away from the branes) the solution
becomes that of 10-dimensional flat Minkowski space, which is easy to see from (6.13) since
V1+ L*/y* — 1. Another interesting limit however, considered by Maldacena, is the near-
horizon limit y < L (i.e. close to the branes). In this limit we have \/1 + L4/y* — L?/y? and
thus the metric becomes:

ds® — e dztdz” + Ljd*? (6.14)
L2 77,Lw y2 Y .

Writing the 6-dimensional Euclidean metric in spherical coordinates as dij? = dy? + y?dQ2 we
have in the near-horizon limit:

2 2

dsy o = (%an,dx“dxy + ;dgﬂ) + L2dO? (6.15)

We recognise, using (5.15), that this is nothing but the metric for the product geometry AdS5 x

S®, where the corresponding radius for both parts of the geometry is L. The geometry near to
the branes is thus regular and highly symmetrical.

We saw that, from the open string point of view, there are two decoupled theories in the
low energy limit. As we shall see, a similar decoupling occurs in the present case. Note that,
as discussed above, the metric (6.13) becomes flat at y — oo and thus the coordinate ¢ is the
proper time for an observer at infinity. In contrast, as is familiar from general relativity, the
proper time elapsed for an observer at some other spacetime point is given by A7 = /=g, At,
and correspondingly the energies are related by £ = 1/\/—guFoo. In particular, close to the
branes we have from (6.15) that Eo, = yE/L and thus, for fixed E, the energy as observed at
infinity goes to zero as y — 0. For an observer at infinity in this point of view, there are thus
two decoupled low energy regimes:

e 10-dimensional supergravity close to the observer, since gravity becomes free at low en-
ergies/large distances.

e Full Type IIB string theory close to the branes (i.e. in the geometry AdSs x S°); everything
(i.e. all strings) becomes a low energy effect close to the branes for an observer at infinity,
and thus there is no restriction to low energy massless modes.
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We thus have the two decoupled theories:
(Type IIB String theory on AdSs x S°) @ (Type 1B Supergravity in 10D) (6.16)

Thus, we finally reach the celebrated AdS/CFT correspondence, by looking at (6.12) and
(6.16) and noticing that we can ‘cross off’ Type IIB supergravity on either side and thus identify:

(Type IIB String theory on AdSs x S°) = (N =4 SYM in 4D) (6.17)

The fact that D-branes have a dual interpretation has led us to identify these two theories as dual
descriptions of each other. Although not generally regarded as a proof (because of, for example,
the subtleties to do with the various limits), the decoupling argument provides strong motivation
for the above correspondence.

6.3 Statement of the Correspondence

With the correspondence motivated we can now state it in its different forms; these differ in their
strengths based on the conditions they impose on the various relevant parameters that appear in
the theories. The precise form of the correspondence is given as:

Type IIB string theory on AdSs x S® (both with radius L) with 5-form flux N and string cou-
pling gs is equivalent/dual to 4-dimensional N' = 4 SYM with gauge group SU(N) and coupling
constant gy .,

where the couplings are identified in the following way:
gs = 9% L* = dng,Na' (6.18)

(and one further identifies the axion expectation value with the instanton angle as (C) = 6;
[FRE]); the motivation for the second equation in (6.18) is clear from the previous section, and
the motivation for the first (in addition to the argument presented in section 6.1 concerning the
large N limit of gauge theories) comes from the fact that the closed string coupling constant
is the square of the open string coupling constant (see section 4.2). This is referred to as the
strong form of the correspondence as it is supposed to hold for all values of the coupling constant
gs = g%M and all values of N. The strong form is extremely difficult to check however, namely
because the theory of string quantization on general curved manifolds such as AdSs x S° is
not yet adequately developed. We will thus shortly state two progressively weaker forms of the
correspondence which admit more tangible checks.

Before doing so however, it is instructive to make contact with the holographic nature of the
correspondence alluded to previously. We saw in section 5.3 that AdS5 has a boundary given by
Minkowski space R'3, and we have now seen that on one side of the correspondence we have
N =4 SYM in RY3. Indeed, it is in fact possible to consider this gauge theory as living on the
boundary of AdS5. We saw previously that rather than having branes at the origin, as in the open
string picture, we may replace them with AdSs x S° space, whose Minkowski boundary will then
patch onto the full solution. Clearly, in the open string picture, it must be the information of the
branes themselves that provides the boundary conditions for patching onto the full solution. In
this manner it is then natural to identify the branes as being in some sense on the boundary of
AdSs5, and thus the gauge theory (which lives on the branes) can be said to live on the boundary
of AdSs. This is the sense in which the correspondence is a holographic principle, since the
5-dimensional dynamics of Type IIB theory (after compactification on S®) can be encoded in a
gauge theory living on the 4-dimensional boundary.
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Returning now to stating the correspondence, we can state a slightly weaker form, which we
shall call the t’Hooft form, by going to the t'Hooft limit. Thus, in this form of the correspondence,
one claims the above equivalence with the added conditions that N — oo, gyys — 0 and
A= g%MN is fixed. On the gauge theory side this then corresponds to a perturbation theory
topological expansion in 1/N as we saw in section 6.1, and on the string theory side one has
classical Type IIB string theory with small expansion parameter gs = A/N, as we also described
in the same section; this form of the correspondence thus coincides (albeit in a more precise
manner) with that which the argument in section 6.1 pointed towards. Finally, we have the weak
form of the correspondence which, after taking the t'Hooft limit, involves taking the large A
limit. On the gauge theory side we know from section 6.1 that this corresponds to the strong
coupling (i.e. non-perturbative) regime, whereas on the string theory side we have classical Type
[IB supergravity, with an expansion in small o’ (as is clear from (6.18)). Although the weakest
statement, this final form of the correspondence turns out to be extremely powerful, since one
may use classical gravity to perform calculations in non-perturbative gauge theory (see chapter
7).

6.4 First Check: Correspondence of the Global Symmetries

The first check of the correspondence that we may perform, which is simple but necessary, is
to map the global symmetries on the two sides of the correspondence. Luckily, we have already
done most of the work for this check in previous sections. We saw in section 3.3 that AV = 4
SYM has a global symmetry group given by the superconformal group SU(2,2|4) which arose
from the non-trivial combination of supersymmetry and conformal symmetry, together with the
R-symmetry group SO(6)r = SU(4)r. The bosonic subgroup of this supergroup is given by
the product of the conformal group and the R-symmetry group i.e. SO(2,4) x SO(6)g. On the
string theory side we recognise this bosonic subgroup as the isometry group of the spacetime
AdSs x S5, since we saw in section 5.1 that the isometry group of AdSy is SO(2,d—1) (and of
course the isometry group of S is SO(6)). Furthermore, as discussed in [FRE] although the D3-
brane breaks precisely half of the Poincaré supersymmetries (i.e. 16 of the 32), in the AdS5 x S°
near-horizon limit, these are in fact supplemented by a further 16 conformal supersymmetries,
enhancing the overall symmetry group to the full SU(2,2/4) in correspondence with the field
theory side.

In addition to the global symmetry group SU(2,2[4), we saw in section 3.2 that SYM also
has the (conjectured) S-duality symmetry group SL(2,7Z). However, we also saw in section 4.3
that Type IIB string theory has an SL(2,R) symmetry that when quantized reduces to SL(2,7Z),
in accordance with the field theory side. This agreement only holds in the strongest form of the
correspondence however, as it is only in this form that we have the full quantum Type IIB string
theory. We thus see that, at the level of the global symmetries at least, the correspondence in
its strongest form seems to be valid. We shall provide more thorough tests in the next chapter,
though for weaker forms of the correspondence as these are easier to check.



CHAPTER

The Field/Operator Map and the Witten Prescription

In the previous chapter we saw the motivation of the original AdS/CFT correspondence due to
Maldacena, as well as its statement in three forms of differing strength. We also saw a first basic
check of the correspondence, which involved mapping the global symmetries of the theories on
the two sides of the correspondence. In this chapter we shall investigate the subject of testing
the correspondence in more detail. In particular, if the two theories are supposed to be dual, then
there should be some mapping between the fundamental observables i.e. the fields/operators, as
well as the correlators. We shall thus provide such a field/operator map as well as a prescription,
due to Witten, for mapping the correlators between the two theories; we well then discuss some
simple checks of the correspondence. We will be working in the classical supergravity limit and
thus considering the weak form of the correspondence.

7.1 The Field/Operator Map

In section 6.4 we saw an agreement between the global symmetries on both sides of the cor-
respondence. In addition to this it is important that there exists a correspondence between
the specific representations of the symmetry group that the observables of the two theories lie
in. In particular, we would like a correspondence between the supergravity fields in AdSs and
observables in N’ = 4 SYM (which are the local gauge invariant operators described briefly in
section 3.3). Consider a free massless scalar field ¢ in AdS5 x S°. The Kaluza-Klein procedure
of dimensional reduction involves decomposing this field into a basis of 5-dimensional spherical
harmonics on S° as (see [FRE]):

$(x,y) =Y bn(@)Yn(y) (7.1)

where x are the AdSs5 coordinates and y are the S° coordinates. The equation of motion
(106 = 0 on AdS5 x S5 then implies (05 + m?)¢, = 0 for some mass m on AdSs. The 10-
dimensional massless scalar fields, when compactified on S®, thus becomes massive scalar fields
on AdSs, with particular masses determined by the original action. We will see now that this
mass is in fact related to the scaling dimension of the field, which allows for a correspondence
between the scalar fields and the SYM observables (similar arguments hold for higher-spin fields,
but we restrict the discussion to the simplest case of scalars).

We wish to study this 5-dimensional massive wave equation on AdSs. Let us in fact consider
general Euclidean AdSg.1 space with unit radius for convenience (there are subtleties with the
Minkowski case), in Poincaré coordinates x = (o, Z) with metric analogous to (5.16) given by:

2 _ dad + da?

ds o
0

(7.2)

where dz? = E?:l dx?. The Laplacian for a spacetime of metric g, is given by [ZEE]:

1
O=-—— #r o, 7.3
\/g u\/§9 ( )
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Using this together with the metric (7.2), for AdSg41 one finds:
Oagp1 = —x203 + (d — 1)z00y — 2 Z 0? (7.4)

We thus have the wave equation (g1 +m?)¢ = 0 with Oy, as in (7.4). Let us in particular
assume solutions that asymptotically are eigenstates of dilatations in the x-direction (this will
be important for the correspondence below); in other words, we assume solutions of the form
¢(z) ~ xk for some k. The wave equation then becomes:

—a2k(k — D)ak™2 + (d — DaokaE™ —0+m%zf =0 (7.5)
which implies the quadratic equation:
k? —dk —m? =0 (7.6)

The solutions to this equation are found easily as:

d d\?
k=% <2> + m?2 (7.7)

and so such solutions to the wave equation are given by :r:OA and xg*A where:

d d\?
== — —_ 2
A_2+ <2> +m (7.8)

These are known as normalizable and non-normalizable modes respectively [FRE], so-called
because the latter are not square-integrable, whereas the former are. They are linearly indepen-
dent modes, and describe the asymptotics at the boundary g — 0 of a general solution to the
wave equation. A general solution then asymptotically has the form:

O (w0, T) ~ 8 f(Z) + 282 g(Z) (7.9)

Recall from section 5.4 that AdS space in Poincaré coordinates has a manifest dilatation isometry.
Indeed, the metric (7.2) is invariant under the simultaneous scalings 9 — Azg and & — AZ.
The scalar field ¢a should be a representation of the isometry group and thus should be left
invariant by this transformation. Given the form (7.9), we thus see that under this dilatation we
must have:

- “A g
f(fﬁ))—M f(@) (7.10)

g(E) = A3 g(D)

Recalling (2.23) we see that A can thus be interpreted as a conformal dimension for the 4-
dimensional field f(Z), and that g(Z) has a related dimension. This observation is crucial in
forming a map between observables in the AdS/CFT correspondence as we now discuss. Plugging
d = 4 into (7.8) for our case AdS5 we find the following relationship between mass and conformal
dimension:

m? = A(A — 4) (7.11)

Since the representations (of the conformal group in SYM and the isometry group of AdS) on
both sides of the correspondence should match, we thus associate a field of mass m in AdS5 with
an operator in SYM of conformal dimension A, where m and A are related as in (7.11). The
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correspondence is in fact more specific than this; as argued in [KRA], the non-normalizable modes
(or, more specifically, their coefficients g(Z) in the solution (7.9)) correspond to sources for the
associated SYM operators, whereas the normalizable modes correspond to vacuum expectation
values for the associated operators. Indeed, the normalizable modes define 4-dimensional fields
with conformal dimension A, whereas the non-normalisable modes define a field g(&) which is
an appropriate source field for a CFT operator O of dimension A since the coupling integral:

/ d?Zg(Z)O () (7.12)

that appears in the exponent of the CFT generating functional is then invariant under dilatations:

/ diZg(7)O(Z) — / Mg Adg(B)A\20(Z) = / d?Zg(Z)O () (7.13)

In particular, the non-normalizable modes define associated boundary fields which we now denote
as [FRE]: )
PA(T) = lim G (xo, T)xs ™4 (7.14)
zo—0

These will be important in the following section.

Although the above discussion has been for scalars, similar correspondences exist for higher-
spin fields. As discussed in [FRE], one finds that (7.11) also holds for spin-2 fields, and for other
spins one has the following relations between mass and conformal dimension:

Spin 1/2 and 3/2: |m| =A—-2

p-form: m? = (A —p)(A+p—A4) (7.15)

As an example we briefly mention that the supergravity modes (which include both a 5-dimensional
supergravity multiplet plus an infinite tower of Kaluza-Klein modes obtained from compactifica-
tion) correspond to SYM operators given by chiral primaries (such as the SO(6)-traceless parts
of the single trace operators given in equation (3.19)) and their descendants; for example, the
supergravity multiplet defined by equation (3.20) is such a chiral primary (hence its name). The
massive Type IIB string modes however are given by non-chiral operators and their descendants,
such as the Konishi multiplet Tr[X?X?] also introduced in (3.20). A complete mapping between
SYM operators and the supergravity modes is provided in Table 7 of [FRE].

7.2 The Witten Prescription for Mapping Correlators

We saw in the previous section a correspondence between the fields on the supergravity side
and the operators on the SYM side of the correspondence. However, we would also like a
correspondence between the correlation functions on the two sides. Note that, since the field ¢
has no gauge index, the associated operator O should clearly be gauge invariant (the associated
operator must thus be composite since the elementary fields in SYM all have gauge indices; see
section 3.2). Considering what we said in section 7.1 regarding non-normalizable modes as
defining sources for the associated operator, the SYM generating functional for operators Oa
then has the form [NAS]:

Zolpal = / D[SYM Fields]e~Ssvur+[ d*FOA@)da () (7.16)

which, upon differentiation with respect to ¢ (Z), gives correlation functions for the operators
in the usual way:

(O(71)...0(Zn)) = —= Sz 20l9ll5=0 (7.17)
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where we have temporarily dropped the subscript A for notational convenience.

Since the correspondence states that SYM is dual to a string theory, there should be some way
of computing this correlation function on the string/gravity side. Clearly, the above generating
functional (7.16) should be equivalent to some string theory generating functional for the field
¢ (after compactification on S%) with boundary value ¢. If we are in the classical supergravity
limit however, this generating functional becomes particularly simple since the phase oscillations
cancel (i.e. the stationary phase approximation; see [ZEE2]) and thus the only contribution to
the path integral comes from the extremum i.e. the classical solution to the equations of motion.
Following [NAS], the Witten prescription [WIT] for mapping correlators in AdS/CFT (in the
classical supergravity limit) is then given as:

Zo [QBA] _ /D[SYM Fie|ds]€*SSYM+fd4foA(f)q§A(f) _ ¢ Ssucral¢ld]] (7.18)

where Ssyaral¢[@]] is the supergravity action evaluated at the classical solution @[¢] which
has boundary value ¢ (note that this supergravity action is obtained by compactification of the
Type IIB action on the 5-sphere, and becomes a gauged supergravity theory since it is in an
AdS background (see [NAS])). Correlation functions in SYM can then be calculated in classical
gravity by using equations (7.17)-(7.18).

An important step in using equation (7.18) to computing correlation functions is to be able to
construct the classical bulk solution in AdS5 space, since this is substituted into the supergravity
action on the RHS. To this end, we may use the method of Green’s functions familiar from classical
field theory. Here there is in fact a slight generalisation since AdS space has a boundary (see
[FRE] for a detailed discussion of AdS propagators). We define the bulk-to-boundary propagator
by:

OsKp (%, z0; &) = 6 (7 — &) (7.19)

where (s is as in (7.4), and the RHS clearly represents a delta source on the boundary of AdS
space. We then construct the full bulk solution as:

(f)(f, (L'()) = /d4f/KB(f, xo;f’)é(f’) (7.20)

From (7.19) (generalised to AdS;1) and using (7.4) one finds the solution:

d
Cx

Kp(Z,10;7) =
S e R O

(7.21)

where C' is a normalisation constant. We shall use these expressions in the example discussed in
the next section.

7.3 Example: Calculation of the 2-point Function for Scalars

One of the simplest checks we can provide is that of computing the 2-point correlation functions
of scalars. This is an illustrative example because we saw in section 2.3 that the 2-point functions
of scalars in a CFT are entirely fixed to have the form (2.41). If we are able to derive this form of
the correlation function (for an appropriate dimension A) from the associated supergravity theory,
using the Witten prescription (7.18), then we will have our first check of the correspondence. In
this section we follow closely the argument presented in [NAS].

Let us thus consider the 2-pt. function of a scalar CFT operator O corresponding to a
massless scalar ¢ in the gravity theory. From (7.17) and (7.18) we have:

(O(7)O(#)) = fe—SSUGRA[‘ﬁ[(%]HQ—S:O (7.22)
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The 5-dimensional supergravity action, after using (7.20), has the following schematic scalar field
contribution:

Ssvanal6id) ~ [ oy [ AT, K@ 00 7)6()V K (7,00 )07 ) + OF)
(7.23)
where, schematically, V,,V# = 05 is the kinetic operator. From (7.23) we see clearly that:

Ssvaraldldlll5—0 = W

since all terms include at least two fields ¢, and thus non-zero contributions begin at second
order derivatives, giving (abbreviating the action as S for convenience):

- . 0 0S g 528
©@)0@) = 520 (~530¢ ) oo = ~sama e 1)
For the 2-point functions we may thus ignore the interaction terms implicit in (7.23), since we
take only 2 derivatives before setting ¢g = 0; this greatly simplifies the problem, and only applies
to the computation of the 2-point function (and not, for example, to the computation we shall
discuss in section 7.4). We can thus effectively consider a free massless scalar field with equation
of motion [U5¢ = 0 and action given by the usual expression:

1
S = 3 / d°11/90,00" ¢ (7.26)
which upon integration by parts and using the equation of motion to kill one term becomes:
1 1
S = 3 / d°x1/g0,(¢0"p) = 3 / dZVh(oT - V) (7.27)
boundary

where h is the metric on the boundary, and 7 - V is the component of the gradient normal to
the boundary.

Let us unpack each of the terms on the RHS of equation (7.27) individually before taking the
boundary limit zp — 0 of the full expression. Since the boundary is defined by a slice of constant
o, from (7.2) we thus have vh = 5% and 7 - V = xd/dxg. From (7.27), we see that we
also need to investigate ¢7i - V¢ = ¢xg0d¢/0x( at the boundary. Clearly, by construction, in this
limit we let the scalar field become its associated boundary value i.e. ¢(Z,z9) — ¢(&). Note
that from (7.20) we have:

K _
rogn (@) =z [ 5P (@ )30 (7.28)
and furthermore from (7.21) we have:
OKp,, 4 dCzdt dC2zxd
A — 7.29
a0 ") T G- FPR @ - PR (729

In the limit z9p — 0, the factors of g in the denominators in (7.29) become negligible, and
furthermore 24t — 0 faster than 2! does. The first term is thus clearly dominant, and we

have:
8JI{B - —
20— (Z,20: &) —29—0

81'0

dCzd

—_ 7.30
’f_ f/‘?d ( )
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and so using (7.28) we obtain:

3925
83:0

H(&")

|l‘—$’|2d

(&, 20) =200 dCxZ/dd*’ (7.31)

We are now in a position to compute the 2-point correlator. From (7.27) for a general d we
have:

1
S == / dEVh(oit - Vo)
2 boundary
BT 1 d—- —d — a¢ —
= $101§O§ d*Zz, gb(a:,xo)xoa—:m(x,xo) (7.32)

=g [ [

From equations (7.25) and (7.32) we thus find by simple differentiation that the 2-point function
is given by:

cd 1

2 |7 — 7|
Comparing back to equation (2.41), we see that this is exactly the form we derived for a 2-
point correlation function of scalar primary operators of dimension A = d in a CFT, which is
consistent with the fact that here the field in question is massless (c.f. equation (7.11) for general
d). We thus have our first check of the AdS/CFT correspondence, since we have derived a CFT
correlation function from classical supergravity, and confirmed that it is indeed of the correct
form.

(O(Z1)0(%q)) = — (7.33)

7.4 Example: The 3-point Function for the R-Symmetry
Currents and its Anomaly

The example provided in the previous section, although illuminating, is somewhat restricted in
its scope as evidence for the correspondence, since the calculation was performed at the level
of the free theory i.e. the supergravity interaction terms did not contribute to the correlation
function. Indeed, notice further that the analysis was in fact entirely done for a general spacetime
dimension d, and was thus not specific to the original correspondence. We thus here provide
another example, again closely following [NAS]; this example is considerably more involved and
we by no means perform the calculation in full, instead being content with briefly highlighting the
general structure of the computation. The argument sketched will also illustrate some aspects of
the general method used (i.e. Witten diagrams) when calculating CFT correlation functions from
the associated supergravity theory (in general, as discussed in section 3.3, correlation functions of
BPS operators provide important checks since their conformal dimensions are protected against
quantum corrections; details of how to perform such calculations are provided in section 8 of
[FRE] and chapter 5 of [ERD]).

We introduced in section 3.1 the concept of R-symmetry; indeed, the N' = 4 SYM theory
has an SU(4) r symmetry and thus will have conserved currents Jy (which are composite, gauge
invariant operators) arising from Noether's theorem in the usual way. As mentioned in section
2.3, classical symmetries may sometimes be broken upon quantization giving rise to anomalies;
there is such an anomaly for the R-symmetry currents meaning that:

0

Oz,

o (L@ T, () T5(2) # 0 (7.34)
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and this anomaly is antisymmetric in u, v, p and appears at 1-loop order only, meaning that it can
be calculated exactly i.e. it is an unrenormalised quantity. This is extremely useful as it allows
the computation of the anomaly from the AdS side to be directly compared to the known answer
computed using CFT (recall the importance of unrenormalised quantities, due to the fact that
the classical supergravity regime is the strong-coupling regime on the gauge side as discussed in
sections 6.2 and 6.3).

From the Witten prescription we know that the composite, gauge-invariant R-currents Jj;
will couple to the non-renormalisable modes of some associated supergravity field, and from the
index structure this will have the form AZ, with associated boundary value flz. We know that
a is an R-symmetry index in the algebra SU(4) = SO(6); it turns out that on the supergravity
side the fields A}, are then the gauge fields of the 5-dimensional gauged supergravity obtained
by compactification of Type IIB supergravity on S° (with isometry group SO(6)). The Witten
prescription, analogous to (7.18), then states the following:

Z;14] = / D[SYM Fields|e~Ssv [ d@IE (DA — o=SsuaralAlA]l (7.35)

where, again, on the RHS one substitutes the classical solution A[A] in Ssycra with boundary
value A. In analogy to (7.22) and (7.25) one then has:

§3e—SsuaralAlA]l §3SsuaralAlA]]
J(l — Jb — JC — — _ _ _ - _ B £ £ .
< ,u(l‘) l/(y) p(z)> 6AZ(£)(;A{;(17)5AZ(Z)|A_O 5AZ(£)6A3(§)(5A2(2)|A_0

(7.36)

The bulk solution is then given in terms of the boundary value via the bulk-to-boundary propagator
as in (7.20):

A%, z9) = / BT G o (7, w0; ) A% (F) (7.37)

except now the bulk-to-boundary propagator G, is gauge-dependent since Aj is (in actually
doing the calculations it is useful to choose a bulk-to-boundary propagator that is conformal on
the boundary).

Given (7.36)-(7.37), we see that for the 3-point function we are only interested in terms
in Ssygra that are cubic in the gauge field. The 5-dimensional supergravity action has the
following schematic form for A,, [NAS]:

SsuGrala, ~ / [(A)2 term + (AI‘ZAZ;AZ) term + ] (7.38)

where the quadratic term determines the propagator, and one may then perform classical per-
turbation theory in the interaction terms using tree-level diagrams known as Witten diagrams
(the restriction to tree-level comes from the fact that we are in the classical limit; loops would
correspond to quantum corrections). Witten diagrams are essentially tree-level Feynman dia-
grams, but there is an extra feature present due to the fact that AdS space has a boundary;
the bulk of the spacetime is then represented as a disc, with the outer circle representing the
boundary of the space. Propagators are then represented as usual by lines (and may be either
bulk-to-bulk, bulk-to-boundary, or boundary-to-boundary), and the vertex factors are determined
in the usual way from the supergravity action. As an example, the only diagram that contributes
to the calculation of the 3-point function in question is given in Figure 7.1, which consists of 3
bulk-to-boundary propagators and a single 3-point vertex.

Let us consider specifically the anomaly of the 3-point function. In addition to a term that
is cubic in the gauge fields, the contribution from the action should also be antisymmetric in the
spacetime indices, since we mentioned previously that the anomaly has these properties. Such
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Figure 7.1: Witten diagram contributing to the 3-point R-current function.

a term does appear in the 5-dimensional supergravity action and is known as the Chern-Simons
term which has the form:
iN2 5,. UVPoT

One can determine the R-current anomaly from the gravity side rather neatly in the following
way. Under a gauge transformation §Af, = (D,A)* = 9, A% + QYMfgCAZAC (where fupe are the
structure constants of the gauge group) one finds (see [NAS] for all details):

iN2 4 Vpo A a b c 1 c Ab Ad pe

OASCs = ——=dape d*xe"PT N D, | ALO,AL + — f5.ALASAS (7.40)
1672 boundary 4 p

where dgpe = Tr(To{T},1¢}), and since the integral is performed on the boundary we may replace
A — A throughout. However, from the Witten prescription (7.35) we also have:

SaSsucralAlA] = 65(~InZ|A]) = / d* w6 A1 (2). T () = — / dizA*(DMJ,)" (7.41)

and thus by comparison one finds the following operator equation for the covariant derivative of
the R-symmetry current:

iN?

(DHJu)a(x) = 1672

G770, <A§;apzxg +l f§ﬂf’,f1ﬁfi§> (7.42)
It turns out that this agrees exactly with the CFT 1-loop anomaly computation (given via (7.34)),
thus confirming the validity of the correspondence in this case.

In addition to the anomalous part, one may proceed to compute the full 3-point function using
the method sketchily laid out in this section, and proceeding roughly in a similar fashion to the 2-
point function calculation done previously (though in the present case the supergravity interaction
terms cannot all be ignored). After some work (again see [NAS] for details), one finds that the
function has the correct spacetime dependence for a CFT 3-point function, and furthermore
agrees exactly with the result one obtains at 1-loop order in the CFT computation. This latter
result is perhaps somewhat surprising, since we mentioned previously that the supergravity limit
on the string theory side corresponds to the strong-coupling regime on the gauge theory side;
we would thus not expect the supergravity result to precisely agree with the result one obtains
from the lower orders of CFT perturbation theory. Clearly then, for the above to be true, there
must be a non-renormalisation theorem which means that the full 3-point function (not just the
anomaly) is in fact 1-loop exact; as discussed in [NAS], such a theorem was indeed proven, using
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the superconformal symmetry of the theory. We have thus seen another check of the AdS/CFT
correspondence, and indeed one that is more powerful than that in the previous section, since
the current check is performed at the level of the full interacting theory. There is, however,
a limit to how far the scope of these tests extends related to the fact that they are based on
unrenormalised quantities; we shall briefly discuss this issue in section 8.2.
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CHAPTER 8

Conclusion

8.1 Extensions of the Correspondence

In this dissertation we have been primarily concerned with the original AdS/CFT correspondence
due to Maldacena, relating Type 1IB theory on AdS5 x S° to N' = 4 SYM. This required con-
siderable background since we saw, for example, that the gauge theory in the correspondence
is both supersymmetric and conformal, leading to a larger superconformal symmetry (which we
mentioned has special representations of particular importance in testing the correspondence).
These need not be general features of a gauge/gravity duality however. Indeed, the original
correspondence has been extended to other cases containing, for example, less supersymmetry
and/or no conformal symmetry on the gauge theory side. The original correspondence is par-
ticularly powerful since the high levels of symmetry available allow numerous computations to
be performed. Conceptually, however, it is fairly remote from the gauge theories we see in na-
ture, which seem to be neither supersymmetric nor conformal. These extensions of the original
correspondence are thus important, and are being continually studied in the field.

Before briefly mentioning such examples however, we note that there are in fact other cases
which relate a string theory in an AdS background to a gauge theory with conformal symmetry
and maximal supersymmetry, much like the original correspondence. The string theory in question
is now the somewhat elusive M-theory which, although not very well understood, is known to
have as its low energy limit the D = 11 supergravity theory. In the same way that AdS5x .S arose
as the near-horizon limit to a stack of D3 branes, the maximally supersymmetric backgrounds
for D = 11 supergravity given by AdS; x ST and AdS; x S* can be seen to arise from brane
solutions known as M2 and M5-branes. Indeed, in a similar fashion to the decoupling argument
discussed in chapter 6, Maldacena motivated [MAL] that M-theory in these backgrounds is in
fact dual to particular conformal field theories in 3 and 6-dimensions respectively.

Furthermore, there is a class of correspondences relating a string theory in the background
AdSg11 x X (for some space X) to a gauge theory in d-dimensions with conformal symmetry but
less than maximal supersymmetry. Indeed, recall from section 6.4 that the presence of an AdS
background relates to the presence of conformal symmetry in the gauge theory, since the isometry
group of AdS,;.; is the conformal group in R14~1. Furthermore, we saw that for X = S° the
isometry group was equivalent to the R-symmetry group of the gauge theory, which is directly
related to the degree of supersymmetry N (see section 3.1). We thus see that we can modify the
degree of supersymmetry by modifying this space X. For example, by starting with a maximally
supersymmetric theory, we may divide the corresponding space X by some discrete subgroup,
thereby reducing its isometry group and thus reducing the number of supersymmetries on the
gauge theory side (more details and an example of such a correspondence are provided in [NAS]).
In this manner we may produce correspondences with less supersymmetry on the gauge theory
side, as is important for the reasons mentioned previously. Such cases may be tested in similar
ways to those described in chapter 7 for the original correspondence, though generally fewer tests
are possible since the presence of less symmetry means that fewer quantities are protected against
quantum corrections. It is also possible to break the conformal invariance of the gauge theory,
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which is important for practical applications. This may be achieved, for example, by considering
the gauge theory at finite temperature; the introduction of a temperature sets an energy scale
and thus breaks the scale (and thus conformal) invariance of the theory. The energy scale of the
gauge theory then becomes significant since the theory is no longer conformal, and is identified
with the additional dimension on the gravity side (see [NAS]) e.g. the radial dimension z or r
for AdS,; defined in section 5.4. It turns out that the UV regime of the gauge theory corresponds
to the IR (or large distances) regime of the gravity dual, leading to what is sometimes known as
the UV-IR correspondence.

We briefly summarise some general properties of gauge/gravity dualities relevant to the as-
pects we have discussed in the present dissertation (a more complete mapping is provided in
[NAS]). First, the gauge group (which in addition to SU(N) may be other groups such as
SO(N) or Sp(N)) has no analogue in the gravity theory (e.g. SU(N) in the original corre-
spondence does not appear on the gravity side); indeed, only gauge invariant observables can be
calculated, such as the correlation functions of gauge invariant operators discussed previously.
Second, the global symmetries of the gauge theory (e.g. the R-symmetry of N =4 SYM) corre-
spond to gauge symmetries in the compactified gravity theory (e.g. the gauged supergravity one
obtains from compactifying Type IIB on S°); the Noether currents in the former then couple to
the gauge fields in the latter, as in the example we saw in section 7.4 (in general, the gravity
fields correspond and couple to some gauge invariant operators in the gauge theory, similar to
that in section 7.1). Finally, the couplings are always related by gs = gg where g, is the gauge
theory coupling; this fundamentally arises from the fact that the closed string coupling constant
is the square of the open string coupling constant, as discussed in section 4.2. We see that there
are thus many structural similarities between different gauge/gravity dualities.

8.2 Closing Remarks

The AdS/CFT correspondence is a continuously growing field of active research. We have seen in
some detail how the original correspondence is motivated and formulated, and described how tests
of the correspondence are possible. There is however a subtle point worth mentioning regarding
these tests as alluded to at the end of chapter 7. The tests we have predominantly described
involve unrenormalised quantities on the gauge theory side, which are important since they allow
for computations in the CFT that can be compared with the results obtained from the associated
gravity theory. However, there is some debate concerning how deep the evidence that these tests
provide for the correspondence really runs, since the results are essentially consequences of the
symmetries (which we have already checked agree on the two sides) and so do not necessarily
prove that the dynamics of the two theories are equivalent in a non-trivial way. There has
however been much work in attempting to provide non-trivial checks of the correspondence at
the dynamical level, for example by studying integrability in AdS/CFT (see [INT]) and gauge-
invariant quantities known as Wilson loops (see [GRO] for example). Many such checks have
indeed been performed in the literature, providing strong evidence for the conjecture, even if it is
yet to be fully proven in a rigorous manner. We have also briefly seen how the correspondence can
be extended to other cases; some of these, for example, are of particular interest in applications
to condensed matter physics and the study of realistic gauge theories. In addition to these
applications, it is of course also of great conceptual interest that the bulk gravitational degrees
of freedom may be encoded in a boundary theory via holography; this is an idea that has captured
scientists and philosophers alike, and is likely to be one that will be investigated for sometime.
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