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Abstract

Of the four exclusive normed division algebras, only the real and
complex numbers prevail in both mathematics and physics. The non-
commutative quaternions and the nonassociative octonions have found
limited physical applications. In mathematics, division algebras unify
both classical and exceptional Lie algebras with the exceptional ones
appearing in a table known as the magic square generated by tensor
products of division algebras. This work reviews the normed division
algebras and the magic square as well as necessary preliminaries for its
construction. Space-time transformations, pure super Yang-Mills the-
ories in space-time dimensions D = 3, 4, 6, 10, dimensional reduction
and truncation of supersymmetry are also described here by the four
division algebras. Supergravity theories, seen as tensor products of
super Yang-Mills theories, are described as tensor products of division
algebras leading to the identification of a magic square of supergrav-
ity theories with their U-duality groups as the magic square entries,
providing applications of all division algebras to physics and suggest-
ing division algebraic underpinnings of supersymmetry. Other curious

uses of octonions are also mentioned.
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1 Preface

This dissertation is the outcome of studies undertaken in the months June
2013 to September 2013 under Professor Michael Duff and his students at
Imperial College London. The subject matter is division algebras and their
relations to, first, symmetry, and, second, to supersymmetry.

Ongoing research by this group, which I have been given the opportunity
to get a firsthand account of, seeks to establish the division algebras as the
underpinnings of theories of supersymmetry. This year, the group published
two articles on the subject where super Yang-Mills theories and supergravity
theories were treated using division algebras. [1][2] Earlier work used octo-
nions to relate black holes and quantum information theory. [3] It is the work
of this year that will be described here.

This is an introductory text that assumes no prior knowledge of the sub-
ject. It is developed beginning with division algebras, through symmetry
and finally to supersymmetry. The structure of the text is as follows. After
the outline of the subject matter, basic definitions, which may be skipped
by some readers, are provided. The division algebras are thereupon defined
and constructed using the Cayley-Dickson procedure. The unusual division
algebras, the quaternions and the octonions, are then elaborated on, their
properties described. The split algebras, not division algebras but related,
are also introduced.

Integral division algebra elements are defined and used to describe root
lattices of interesting Lie algebras. The Cayley-Dickson procedure is also

applied here. Using only root lattices described by integral elements, hints



of a magic square are seen. Some preliminaries of the actual magic square
constructions are then introduced, the Jordan algebras and other derived
algebras. Three constructions of the magic square are described. A table
of maximal compact subalgebras corresponding to the magic square is also
provided.

Space-time transformations, spinors and vectors in the critical dimensions
D =3, 4, 6, 10 are then formulated using division algebra elements. Dimen-
sional reduction from D = 10 to D = 6, 4, 3 is described. Super Yang-Mills
theory is further elaborated on, associating also a division algebra with the
supersymmetry of the theories. Theories of supergravity are then constructed
as tensor products of two super Yang-Mills theories. A magic square of su-
pergravity theories is found. A possible generalisation of the magic square is

discussed. The work is concluded and an outlook is provided.

1.1 Acknowledgements

Thanks to Professor Michael Duff for taking me in as a student. Special
thanks to Alexandros Anastasiou, Leo Hughes, Leron Borsten and Silvia
Nagy for invaluable help. Errors that this work may display are due to me
alone and should not in any way be associated with either Professor Michael
Duff or his students.

Thanks go to Mehmet Koca, Anthony Sudbery and Tevian Dray for tak-

ing their time by email to elaborate upon particular aspects of their work.



2 A pressing need

The octonions are infamous for the nonassociativity of their multiplication.
Though their multiplication is nonassociative, the state of things is not so
bad. The octonions have associative subalgebras as well as identities relating
the order of multiplication of four elements. Irrespective of whether the state
of things is ameliorated by their having associative subalgebras and identi-
ties to deal with nonassociativity, and before introducing anything concrete
at all, T feel a pressing need to dispel the aversion and defeatist attitudes
to nonassociative algebras by showing that, with or without the reader’s
noticing, they are already being used. Some readers may find surprising that
there already are at least four nonassociative prevailing operations that enter

mathematics and physics on different levels.

1. Subtraction is nonassociative since a — (b—c) =a—b+c # (a—b) — ¢,

and division is so, too.

2. The vector product is nonassociative since (a X b) X ¢ # a x (b X c¢).

~

For instance, (# x &) x g =0 whilst Z X (Z X §) =& X 2 = —q.

3. The Lie product is nonassociative since [a, [b, c]]+[b, [c, a]]+]c, [a, b]] = 0

means that [a, [b, ¢]] = [[a, b], c] — ¢, [a, b]] # [[a,b], c] in general.

Nonassociative algebras can be interesting. Sometimes, only a product of
two elements is needed and so the nonassociativity, which takes at least
three elements to be noticed, is never relevant, as is the case of the vector

product and its use in electrodynamics or motion of rigid bodies.



3 Introduction

There are only four normed division algebras. These are the real numbers R of
dimension one, the complex numbers C of dimension two, the quaternions H
of dimension four and the octonions O of dimension eight. The real numbers
satisfy N (ab) = N(a)N(b) where N(a) = v/a2 is the norm of the real number
a. Such property holds for the complex numbers as well since N?(ab) =
(ab)(ab)* = aba*b* which after reordering is (aa*)(bb*) = N?(a)N?(b) and
this also holds for the quaternions and the octonions. The division qualifier
comes from the fact that ab = 0 if and only if @ = 0 or b = 0 so there is a
notion of division and a™! = a*/N(a) can be identified as the multiplicative
(left and right) inverse of a. A normed division algebra is one for which
N(ab) = N(a)N(b) and when ab = 0 it follows that either a = 0 or b =
0. Hurwitz’s celebrated theorem [4] states that there are no other normed
division algebras.

A complex number can also be regarded as a pair of real numbers with a
particular rule for multiplication of pairs. Likewise, a quaternion can be re-
garded as a pair of complex numbers and an octonion as a pair of quaternions.
This successive construction of division algebras is known as the Cayley-
Dickson procedure.

Needless to say, the real numbers and the complex numbers thrive in
mathematics as well as physics. The next division algebra after the complex
numbers, the noncommutative quaternion algebra, can be constructed by
introducing further two new imaginary elements 5 and k that together with

i satisfy their squaring to negative unity i? = j2 = k* = —1, cyclicity ij = k,
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Jk =i, ki = j and their noncommutativity where ij = —ji, 1k = —ki and
jk = —kj.

A general quaternion is written ¢ = ag + a17 + aj + ask and its norm
is N(q) = a2 + a3 + a3 + a3 which is preserved by the group SO(4). An
imaginary quaternion is one spanned by imaginary elements alone such that
the quaternion has no real (or scalar) part Re(q) = ap = 0. The three
components of the imaginary quaternion (the vector part), a;, as and as,
can be identified with the z, y and 2 components, respectively, of a vector
in Euclidean space R3. A rotation in three dimensions, fully specified by
an axis of rotation p = pit + poJ + psk and an angle of rotation a about
this axis, is accomplished by a two-sided multiplication ¢ = rqr* where
r = cos(§) + sin(§)p and r* is a conjugation of r, generalising the complex
conjugation by changing the sign of all imaginary units. The scalar and vector
product as well nabla, div and curl, used in vector analysis, arise naturally
from the quaternion product. The quaternion product ab of two imaginary
quaternions a and b is ab = —a - b+ a X b where the scalar product is the real
(scalar) part and the vector product is the imaginary (vector) part of the new
quaternion. Nabla was first introduced as V = i(% + ja% + k% and div and
curl are the scalar and vector parts, respectively, of the quaternion product
of nabla and any imaginary quaternion. These operations were adopted in
vector analysis that superseded the quaternions.

Never mainstream, they have since only resurfaced as curiosities or failed
attempts. As a curiosity, the Pauli algebra which is isomorphic to the Clifford
algebra of R? is also isomorphic to the complex quaternions C x H, and Dirac

theory is 2 x 2 over the Pauli algebra. [5][6] Clifford algebras generalise the
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quaternions in higher dimensions but abandon the division algebra property.
Parallel to establishing the foundations of quantum mechanics, isospin was
an unsolved problem and it was attempted explained within the framework
of quaternionic quantum mechanics. The group SU(2) is the automorphism
group of the quaternions and arises therefore naturally for quaternions. Exact
isospin can be accounted for in quaternionic quantum mechanics but isospin
is now understood as a broken symmetry, to some extent rendering isospin a
nonproblem. [7]

The octonions are nonassociative, and since their multiplication is nonas-
sociative, they cannot be represented by matrices! The subalgebra generated
by one octonion, powers of an octonion, is associative, however. The subalge-
bra generated by any two octonions is also associative. This makes octonions
power-associative and alternative, respectively. The general octonion a can
be represented by eight real numbers, the real part ay and seven other com-
ponents aq, ..., a; associated with seven imaginary elements ey, ..., e; such
that @ = ag + a1e1 + ... + ayey, and, sometimes, a unit e, is associated with
ag but it is not strictly necessary. As with the quaternions, all imaginary
elements square to negative unity e2 = —1. The norm of an octonion is
N(a) = a2 + a} + ... + a2 preserved by the group SO(8). The octonion
algebra has structure constants as any other algebra. These are (excluding
eg) eqep = C%_ e. where the content of C%_ is best illustrated by the Fano
plane, introduced later. Including ey, the multiplication is e,e, = I'%, €., and,
if the first element is conjugated, efe, = 'Y, e.. These structure constants,
[ and T, can be used to construct the generators of SO(8) in its spinor and

conjugate spinor representations, and, as will be seen, generators of SO(7) in
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its spinor and conjugate spinor representations are obtained from the above
by simply restricting e, to be an imaginary unit.

The physical applications of octonions have been scarce and scattered.
Their role in physics is unknown and they are far from mainstream. The oc-
tonions made an appearance in the Jordan program of quantum mechanics.
In establishing the foundations of quantum mechanics, alternatives to the
associative Hilbert space formulation were explored. The Jordan program
proposed to discover a new algebraic setting for quantum mechanics where
operations on observables, represented by Hermitian matrices, were also ob-
servables in principle. [8] In the Hilbert space formulation, the composition
(matrix multiplication) of observables is not an observable unless the ob-
servables commute and the adjoint operator (complex conjugate transpose)
is just the identity map on observables, hence trivial. The Hilbert space
formulation thus has superfluous operations. The only observable opera-
tions on Hermitian matrices are, in fact, powers, scalar multiplication and
addition. Elements of the Jordan algebra, the alternative algebraic setting
for quantum mechanics, are Hermitian matrices and the product is the Jor-
dan product. For two Hermitian matrices A and B, the Jordan product is
AoB = %(AB + BA) which, unlike the matrix product, is commutative.
Further imposing an axiom, the Jordan identity, implies the associativity
(unambiguity) of all powers. Unlike the matrix algebra, the Jordan algebra
is a nonassociative algebra. The complete classification of Jordan algebras
contains amongst other matrix structures Hermitian quaternionic n x n ma-
trices but also 2 x 2 and 3 x 3 Hermitian octonionic matrices. The Hermitian

n X n quaternionic matrices and 2 X 2 octonionic matrices are special. They
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can be embedded in an associative algebra. The Jordan algebra of octonionic
3 X 3 matrices is exceptional. It cannot be embedded in an associative alge-
bra and is hence unreachable by the associative matrix algebra Hilbert space
formulation. Deemed too small to contain quantum mechanics, unique but
only 27-dimensional, and too isolated to generalise to the infinite-dimensional
case, in which there were later found to be no exceptional Jordan algebras,
the program was abandoned.

Octonions reappeared in another failed attempt to describe the exact
SU(3) symmetry, quark structure and confinement. [7][9] This is no far-
fetched setup. The automorphism group of the octonions is the excep-
tional group Go of which SU(3) is a subgroup. Other work, less known,
claims to fit the Standard Model into tensor products of division algebras
T=Co®H®O. 5

Applications of octonions and Jordan algebras to supersymmetry and
string theory came later. A one-to-one correspondence between the crit-
ical dimensions of supersymmetric theories and the division algebras was
discovered. [10] Later, simple super Yang-Mills theories in dimensions D =
3, 4, 6, 10 were related to the division algebras [11] and elaborated on [12][13].
Superstrings and super Yang-Mills theories exist in two dimensions higher
than the dimensions of the division algebras and 2-brane theories in three
dimensions higher. In D = 3,4, 6, 10, the number of on-shell degrees of
freedom of vectors and spinors match the dimensions of R, C, H and O,
respectively, and, hence, single division algebra elements can be used to de-
scribe vectors and spinors on-shell. The isomorphisms s[(2,R) = so(2,1),

sl(2,C) = s0(3,1), sl(2,H) = so(5,1) and sl(2,0) = s0(9,1) relate space-

14



time transformations in D = 3, 4, 6, 10 to 2 x 2 matrices over the division
algebras. In the dimensions of the division algebras, the vector and spinor
representations are also equal.

It turns out that a vanishing quantity necessary for the supersymmetry
of both super Yang-Mills and superstring theory relies on the alternativity
of the algebra. [12] The only quantum mechanically consistent superstring
and supermembrane theories are related to the octonions, suggesting a link
between quantization of supersymmetric extended objects and nonassocia-
tivity. [7]

In mathematics, numerous works deal with octonions. There is no scarcity
of applications here. Relevant to the research presented here are the mathe-
matical applications of division algebras to constructions of classical and ex-
ceptional simple Lie algebras. Division algebras organise the classical simple
Lie algebras. [14][15] There are three infinite families of classical Lie algebras:
s0(n), su(n) and sp(n). These are constructed in an easy manner. so(n) is
just the set of n x n matrices over the real numbers x € R[n] that satisfy
x* = —ux and are traceless tr(z) = 0. su(n) is defined similarly but with
the n X n matrices over the complex numbers x € C[n] instead. The algebra
sp(n) consists of n X n matrices over the quaternions with * = —x. There
are only six exceptional simple Lie algebras. Are these then related to octo-
nions? It turns out that division algebras also organise the rare exceptional
Lie algebras but the simple construction above does not generalise to the
octonionic case. It is more subtle since matrices over the octonions do not
automatically satisfy the Jacobi identity due to their nonassociativity. [16]

As previously mentioned, the automorphism group of octonions is G5 so for
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at least one Lie algebra, octonions are involved. [7] In fact, octonions are
implicated for the remaining cases f4, ¢6, ¢ and es, too. The construction
that relates the exceptional Lie algebras to octonions is exactly the magic
square construction, often displayed as a 4 x 4 table whose cells are Lie al-
gebras. The construction accepts two division algebras K; and Ky, turns K,
into a Jordan algebra H3(Kz) of Hermitian 3 x 3 matrices over Ky first, and
returns a simple Lie algebra L3(K;, H3(K;)). Details are omitted here but
tensor products K; ® H3(K,) and subalgebra related to K; and H3(K3) enter
the construction. [15] The magic of the magic square is that it is symmetric
even if the division algebras K; and Ky are, a priori, not treated equally.
Later constructions of the magic square are manifestly symmetric leaving
out H3(Kj;) and using only Ky, considering tensor products K; ® Ky but
modifying the inner workings of Lz instead. The rows and columns of the
magic square correspond to K; and Ky that both range from R to @. The
last row (column) relates R® O to f4, C® O to eg, H® O to e; and, finally,
O ® O to es.

The dimensional reduction of 11-dimensional supergravity acquires non-
trivial symmetries known as U-duality groups due to toroidal compactifica-
tion. [17] The series of exceptional groups Fg, E; and Eg appear in reductions
of D =11 to D = 5, 4, 3, respectively. Other slots of the Tits-Rosenfeld-
Freudenthal magic square, arise from reducing D = 9 and D = 8 supergravity
with only one slot of the magic square absent. This was the first instance of
exceptional groups arising as symmetries in physics without being put in by
hand, suggesting deep connections between extended theories of supergravity

and exceptional groups. [18]
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One way to view the content (multiplets) of a theory of supergravity is as a
tensor product of the content (multiplets) of two theories of super Yang-Mills.
Given the former identification of super Yang-Mills theories in the critical
dimensions with corresponding division algebras, a tensor product of division
algebra elements, each representing a super Yang-Mills field, can therefore
be identified with a supergravity field. Bearing this in mind and recalling
the above construction of the magic square consisting in tensor products
of division algebras and the discovery of exceptional U-duality groups in
lower-dimensional theories of supergravity, this suggests that the Lie algebras
of the magic square construction can be identified with the symmetries of
the supergravity theories obtained as a tensor products of super Yang-Mills
theories. In fact, this identification was found to be true in D = 3. |2]

The dimensional reduction of vectors and spinors can also be described
by elements of division algebras. Spinors in a higher dimension reduce to
pairs of spinors in a lower dimension, reversing the Cayley-Dickson proce-
dure. For instance, a spinor in D = 10, described by an octonion, reduces to
two spinors, a pair of quaternions, in D = 6. As a result of the compactifi-
cation, the former space-time symmetries of just one object become internal
symmetries transforming two objects into one another.

Incidentally, integral elements over the four division algebras can be de-
fined. The set of integral quaternions and integral octonions fashion the root
lattices of SO(8) and Eg, respectively. [19] Other root lattices of Lie algebras
can be fashioned in a somewhat unified way ultimately beginning from the
simple roots of SU(2) and the weights of its vector representation. A hint of

a magic square also appears here.
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4 Preliminaries

Definitions of composition algebras, division algebras, polarisation and auto-
morphisms are reviewed. The reader familiar with these concepts may skip
this section and proceed to the next where the division algebras are con-
structed using the Cayley-Dickson procedure. The split algebras will also be

constructed using the same produce modulo some signs.

4.1 Nomenclature

A composition algebra K over R with a nondegenerate quadratic form N
and an associated bilinear form (z, ) is one for which N?(zy) = N?(z)N?(y)
holds.

A division algebra is one for which zy = 0 implies that z = 0 or y = 0
which is true for composition algebras if the form is positive-definite. R, C, H
and O are the only positive-definite composition algebras and hence division
algebras.

Polarisation or linearisation obtains an bhilinear form from the form N.
The inner product (z,y) = 3(N?*(z +y) — N*(z) — N*(y)).

An automorphism of an algebra is a one-to-one mapping of the algebra
onto itself with all operations of the algebra preserved. The set of automor-
phisms forms a group. Often, it is the case that automorphisms are formed
by having elements of the algebra act on itself and at the same time preserve
the algebraic structure. One example is conjugation. Such automorphisms
are called inner automorphisms. These are to be distinguished from outer

automorphisms where extrinsic elements may act on the algebra. Examples
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of outer automorphisms are reflections and symmetries of Dynkin diagrams
such as the triality of the SO(8) Dynkin diagram. The action of the outer
automorphism on the roots of the algebra is to permute the three elements

but permutations are not themselves elements of SO(8).

5 Constructing the normed division algebras

Although there are other composition algebras, Hurwitz’s aforementioned
theorem states that R, C, H and O are the only four normed division al-
gebras. The real numbers of dimension one are real, that is to say, the
action of conjugation acts trivially on them. They are also associative and
commutative. The complex numbers of dimension two lose the property of
trivial conjugation but inherit all the other properties. The quaternions of
dimension four inherit all the properties of the complex numbers but lose
commutativity and the octonions of dimension eight, which otherwise inherit
the properties of the quaternions, lose associativity.

There is a procedure known as the Cayley-Dickson construction that gen-
erates a sequence of algebras that double in dimension and makes manifest
why the quaternions are noncommutative and the octonions nonassociative.
The first four algebras in this sequence are exactly the normed division al-
gebras. The reader is already familiar with the first step of the procedure
and the main features of its generalisation but the trivial conjugation and
commutativity of the real numbers mask the details.

A complex number can be regarded as a pair of real numbers z = (a,b)

which is most commonly written z = a + ¢b with the imaginary unit ¢ intro-
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duced. The multiplication of two complex numbers z; = a+1ib and zy = c+1id
is just z3 = 2120 = (a,b)(c,d) = (a + ib)(c +id) = (ac — bd) + i(ad + bc) =
(ac—bd, ad+bc). If (a,b) were a pair of complex numbers or a pair of quater-
nions the correct quaternion or octonion multiplication, respectively, would
be (a,b)(c,d) = (ac — db*,cb + a*d) with conjugation defined as (a,b)* =
(a*, —b). The norm squared is zz* = (a,b)(a,b)* = (aa* + bb*,0) = aa* + bb*
and the inner product is ((a,b),(c,d)) = 1((a,b)*(c,d) + (¢,d)*(a,b)) =
(3(a*c + ¢*a + bd* + db*),0) = i(a*c + c*a + bd* + db*). Imaginary ele-
ments will greatly simplify these ghastly expressions at the cost of results
dependent on choice of basis.

A pair of octonions (a,b) is called a sedenion which is of dimension 16.

Sedenions are not division algebras. They have zero divisors. [14] They are

not alternative but the power of a sedenion is still a well-defined notion.

5.1 The quaternions

The above construction of the quaternions as a pair of complex numbers may
look obscure, but by introducing imaginary elements, the familiar rules of the
multiplication of imaginary units will arise. Consider two complex numbers
(xo, 1) = xo + 210 and (x3,29) = x3 + x9i where 7 is the imaginary unit
of the complex numbers that satisfies i = —1. A quaternion ¢ is then a
pair of complex numbers ((xg, x1), (z3, x2)) which can also be represented by
introducing a new imaginary unit k such that ¢ = (g, x1) +k(x3, x9) = (0 +
x19) +k(z3+ize) = vo+x1i+kize+kxs. It can be left at this, having just two

imaginary units ¢ and k£ but then the element ki would then have to be used
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throughout which is instead named j = ki such that ¢ = xo+x1i+29j + k3.
Conjugation is represented by ((xg, 1), (r3,22))* = ((xg,x1)*, —(x3,22)) =
xg — 11 — x9j — x3k and the norm is ((xg, z1), (z3, x2))((z0, x1), (23, 22))* =
(20, 1) (20, x1)* + (23, T2) (T3, T9)* = 22 + 23 + 23 + 23.

The imaginary element £ is represented as ((0,0), (1,0)) and its square
is k% = ((0,0), (1,0))((0,0),(1,0)) = ((0,0)(0,0) — (1,0)(1,0)*, (0,0)(1,0) +
(0,0)*(1,0)) = (—(1,0),(0,0)) = —1. By the same procedure, it can be
seen that 17 = k£ and j2 = —k. The full multiplication table can be seen
in Figure 1. This algebra is clearly not commutative. The quaternionic

AERR 0

i =1 k | —j

il =k =1 i a°
Bl g | =i | -1

Figure 1: The multiplication Figure 2: The simple cyclic

of imaginary quaternionic ele- multiplication of the quater-
ments. nionic elements.

multiplication can be summarised with the Levi-Civita symbol: e,e, = —9d,,+

€.pcCc- The group that preserves the norm for real numbers is Z,. For complex
numbers it is SO(2) = U(1) and given that the norm of a quaternion is
N(x) = x% + z3 + 22 + 23, the group that preserves the norm is SO(4).

In general for division algebras, and not just for quaternions, the inner
product defined earlier as ((a,b),(c,d)) = 3((a,b)*(¢,d) + (¢,d)*(a,b)) =
t(a*c+ c*a + bd* + db*) can also be seen as: (z,y) = Re(zy*) = Re(z*y) =
%Re(my* + x*y) and collective conjugation conjugates each element but re-

orders the multiplication: (zy)* = y*z*.

Since quaternions do not commute, the commutator may be a convenient
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quantity to consider: [z,y] = xzy — yz. If any argument is conjugated, the
commutator changes sign. For quaternions [e,, ep] = 2€,; €.

Rotations are two-sided operations. The axis of rotation and the angle
of rotation is set by a vector b and «, respectively. Another vector ¢ =
cos(§) + sin(§)b is formed and the rotated vector is v' = cvc*. Rotation is
reversed by conjugation of the vector c.

The left L. and right multiplication R.« determined by one element c is
isomorphic to SU(2) which SO(3) is isomorphic to. By making the elements
of left and right multiplication distinct this becomes an SU(2) x SU(2) =
SO(4) transformation. [20]

The elements 7, 7 and k are not the only that square to —1. As long as it
is an imaginary quaternion and it has unit norm then it squares to —1. There
are also complex subalgebras in the quaternion algebra. They are spanned
by a real part and a unit imaginary quaternion such that C = {a + bm}
where m is an imaginary unit quaternion. In analogy to complex numbers,

me = cos(a) + msin(«) and any quaternion ¢, or octonion if m is a unit

e
octonion, can be written ¢ = re™* where r = |g|. [21]
The automorphism group of the quaternions, the set of transformations

that preserve the quaternionic multiplication, is SU(2).

5.2 The octonions

The octonions can now be constructed as a pair of quaternions and a simi-
lar procedure to the one in the preceding section can be followed to obtain

their multiplication rules. By introducing imaginary elements, their multi-
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plication can be made easy, though dependent on basis. Since the procedure
is analogous to the one for quaternions, only the results will be given here.
Consider two quaternions, p and p’. The octonion k will then be a pair of
those such that k = p + e;p/, and by expressing the quaternions in terms
of their three imaginary elements, labelled for convenience, ey, ey and ey,
p=p1+eipr + eaps + eaps and p’ = pr + pzer + peea + pseq, the octonion k
is written k = (po + pre1 + paea + paes) + e7(pr + pser + peea + pseq). The
elements ereq, eres and erey could be used throughout or new elements could
be introduced for convenience es = ereq, eg = ereq and e5 = eyey. All ele-
ments square to —1 and the full multiplication table can be seen in Figure 3.

From the multiplication, The index cycling rule (modulo 7) can be read off,

€1 €9 €3 €4 €5 €g €7
€1 -1 €4 (&4 —€9 (&1 —e€5 | —€3
€y | —€4 —1 €5 €1 —E€3 €7 —E€g
€3 | —€7 | —€5 —1 €g €9 —€4 €1
eq | ey | —e1 | —eg | —1 er es | —es
es | —eg | es | —ea | —e7 | —1 el es
eg | es | —er | es | —es | —e; | —1 ey
(& €3 €6 —e1 (&5 —€4 | —€9 —1

Figure 3: The multiplication of octonionic imaginary units.

eieir1 = €ir3, as well as the index doubling identity (modulo 7) that says
that e;e; = e implies eg;eq; = eg,. Noncommutativity ejeq = e4 # ege; and
nonassociativity can be seen. Nonassociativity takes three so (ese3)er = —1
whilst eg(eser) = ege; = —eyq # (eze3)er = e4. However, there are also
quaternionic subalgebras in the octonion algebra for which there is associa-

tivity. There are also complex subalgebras, for which there is commutativity.

The multiplication of octonionic imaginary units can be illustrated by the
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Fano plane, which also happens to be the smallest finite projective plane. [14]

It has been drawn in Figure 4. The seven labelled points correspond to the

Figure 4: The Fano plane. Multiplication of imaginary units.

seven imaginary elements. There are seven lines each connecting three points.
They close as circles e; — es — e4 — €1, ea — €3 — e5 — e and so forth.
The circle on the picture also counts as a line. On the drawing, it is the
most truthful as all the other lines in fact close like the circle. There are
arrows on the lines to denote the direction of multiplication. Going against
the arrow gives the negative result. The lines (circles) are the quaternionic
subalgebras. This section began with only ey, es, e4 and one more element
e7. It is now easy to see that this is enough. The other elements can be
reached by multiplication of e, e5 and e, with e;. Conjugation changes the
sign of all the imaginary elements and the norm is the sum of the squared
components. The group that preserves the octonionic norm is SO(8). The
transformations that preserve the octonionic multiplication is isomorphic to

the exceptional group Gy. SU(3) is the maximal subgroup of Gy. It is the
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automorphism group involving six octonionic units. [9]

The octonions are power-associative which means that the subalgebra of
any one element is associative. This is easily explained. Without loss of
generality, it can be assumed that the octonion sits in a complex subalgebra.
The octonions are alternative which means that the subalgebra formed by
any two elements is associative. Since there are only two octonions, they
can be assumed without loss of generality to sit in a quaternionic subalgebra
which explains alternativity. Furthermore, the octonions satisfy the Moufang
laws involving four octonions which say that (zyz)z = z[y(z2)], z(xyx) =
[(z0)yle, and (ay)(22) = a(y=)e. [4

If eq is included as the basis of the real part, then the octonionic multi-
plication rule can be written as e;e; = (Ji00;x + 09 0;, — 6;; 0y, + Cjjp Jex Where
C,jx, 1s totally antisymmetric, zero if any index is zero, and equal to +1 when
17k coincide with the lines of the Fano plane 124,235, ...,713.

Since the algebra is nonassociative, the associator is nontrivial [e;, e;, ex] =
2Q; ;€1 where @), s equal to 1 on the quadrangles of the Fano plane which
are 3567, 4671, 5712, ..., 2456, equal to —1 for odd permutations of these
numbers and zero otherwise. Actually, Q55 = —3Clp€apeijir- [1] Quadran-
gles can be seen as those points left over after removing a particular line.
The associator itself is imaginary. Permuting the elements in the associator

has the effect of changing the overall sign. Conjugating an element in the

associator also changes the overall sign.
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5.3 Split algebras

The Cayley-Dickson procedure can be used to construct other algebras known
as the split algebras C,H and O which are also composition algebras. It
involves changing signs in the Cayley-Dickson construction. [22]| The first step
to get other 2-dimensional hypercomplex numbers (algebras) is to introduce
a real number p in the Cayley-Dickson procedure and let multiplication in
the new algebra be (a,b)(c,d) = (ac — ud*b,da — bc*). As before, an element
(a,b) in the new algebra may be represented as z = a + eb and it is readily
found that e* = —p. This follows from starting with e = (0,1) and so
e? = (0,1)(0,1) = (—u,0) = —pu. The squared norm of a N(z) = zz* =

2*z = a® + pb? and so three algebras distinct algebras can arise:
1. the complex numbers, C when p = 1 with norm N(z) = a® + 7,

2. the split complex numbers C(—1) with ¢ = —1 and norm N(z) =

a’ —?
3. the dual numbers C(0) with g = 0 and norm N(z) = a*.

Of these, only the complex numbers form a division algebra.
Continuing by now considering a pair of complex numbers z; and z, such
that 2 = (21, z2) represented as z; + ez where, as before, €2 = —u. Again,

there are three nonisomorphic algebras:
1. the quaternions H = H(1,1) with x = 1 norm N(z) = 23+ 2} + 23+ 23,

2. the split quaternions H = H(1, —1) with g = —1, norm N(z) = z2 +

r? — 23 — 22 and imaginary elements > = —1 but k% = j2 =1,
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3. the semiquaternions H(1,0) with 4 = 0, norm N(z) = 22 + z? and

imaginary elements i2 = —1 and j? = k% = 0.

Starting with a pair of quaternions, analogous considerations generate the
octonions Q(1,1,1) (i = 1), the split octonions O = O(1,1,—1) and the
semioctonions Q(1,1,0). The split octonions have three imaginary elements
that square to —1 and four that square to 1. Their norm is N(z) = 22+ 23 +
x%er%—xi—xg—x%—x?.

In general, H(pq, po) and O(uq, pe, 13) could also have been considered
and the forms N(z) = 22 + p12? + pex3 + pipers and N(z) = 23 + py2? +
HoT3 + p3xs + p1p3TE + pop3 s + pypapizrs would have been found.

Incidentally, there is a reason for their being called split algebras. [15]
The equation defining the square of some of the imaginary elements can be
split into two factors: > =1 = —1=0= (i +1)(i — 1) = 0. It is here
easy to see that this is not a division algebra: There are zero divisors since

two nonzero elements ¢ + 1 and ¢ — 1, not zero themselves, multiply to give

zZero.

6 The integral octonions

Any element z of a division algebra A satisfies the rank equation: 22 — (z +
z*)z 4+ xza* = 0. [19] The factor in the second term (x + z*) is twice the real
part and the last term is the norm squared zz*. If the elements of a set A
obey the rank equation with integer norm, if the double scalar part is integer,

and if
1. A is closed under multiplication and subtraction,
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2. A contains the identity,
3. Ais not a subset of a larger set that also satisfies 1 and 2,

then the elements of A are called integral elements. There is a set of 240
(integral) octonions that satisfies these properties. This corresponds to the
scaled root lattice of Eyg. There is also a set of 24 quaternions that satisfies
these properties. This is the scaled root lattice of SO(8). The roots here
are normalised to unity as opposed to the standard v/2 norm in the Cartan-
Killing classification.

Weyl reflections applied to the simple roots generate the remaining. Con-
sider two roots r, and r,. The reflection of r, with respect to the hyperplane
that has 7, as normal vector generates a new root r,, = —ryriry,. |7]

In the following, for convenience, the permutations e4 <+ e3, eg <> e5 will

be made that differ from the rest of the text.

6.1 The root lattice of SO(8)

The root lattice of SO(8) which has a quaternionic description is given by the
set Ag = {1, ey, Teq, tes, %(iliel +ey+e3)}, which give the required 24
roots. The root lattice of SO(8) could have been made from SU(2)%. Tensor
products are just weights added in the Cayley-Dickson fashion. The root
lattice of SU(2) is simply {£1} and the weights of the spinor representation
are {1}. The adjoint representation of SO(8) decomposes to SU(2)* as
28 = (3,1,1,1)+(1,3,1,1)+(1,1,3,1)+(1,1,1, 3)+(2, 2, 2, 2) from which
one can easily obtain the roots of SO(8). The roots (3,1,1,1) are made of

the roots (adjoint) of one SU(2) and zeros (((£1,0),0),0) = +1. The roots
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of (1,3,1,1) are (((0,£1),0),0) = £e; and so (1,1,3,1) corresponds to
(((0,0), £1),0) = Ze, and (((0,0),0),£1) = Ze;. Finally, (2,2,2,2) =

(((£3,£3), £3), £3) = 5(x1 £ 1 L ex £e3).

1
2

6.2 The root lattice of Ejy

The root lattice of FEg consists of the set £1, +e;, %(iej tepte te,) and
S(£lte,+e,te,) wherei =1,...,7, jklm = 1246, 1257, 1345, 1367, 2356,
2347, 4567 and npq = 123, 147, 165, 245, 267, 346, 357. Incidentally, the
subset of imaginary roots form the Fy; lattice. Given that there is an arbi-
trariness in the choice of imaginary elements, it is to be expected that this is
not a unique set of roots and, indeed, that is the case. There are seven other
octonionic integer sets of Eg roots. [19]

By considering the decomposition of the adjoint representation of Eg un-
der SO(8) x SO(8), this list of Eg roots can easily be generated. The de-
composition is 248 = (28,1) + (1,28) + (8,,8,) + (8s,8.) + (8.,8;). The
weights of the vector representation 8, are Ay = {3(+1 £ e1), 3(tes £ e3)}
which can be obtained by knowing that 8, = (2,2,1,1) + (1,1,2,2). The
weights of the spinor representation are 8, = (1,2,2,1) + (2,1,1,2) are
Az = {3(£1 + e3), 1(£e1 £ e)} and those of the conjugate spinor represen-
tation 8, = (2,1,2,1) + (1,2,1,2) are Ay = {5(£1 £ e2), 3(Fes £ e1)}.

Incidentally, description makes the triality of SO(8) manifest. Clearly,
permutations of the three imaginary elements eq, ey, e will map the repre-
sentations A; — Ay — Aj into one another. Looking at the decomposition,

the root lattice of Eg is (A(), 0) + (0, Ao) + (Al, Al) + (1437 AQ) + (AQ, Ag)
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The maximal compact subalgebra of Fg is SO(16) and its root lattice
consists of the set +1, e;, %(:l:ej +terte e, and %(:l:l te,te, ey
where, now, ¢ = 1,...,7, jklm = 2356,2347,4567 and npg = 123,147, 165.
Curiously, these are quaternionic subalgebras and their quadrangles!

These roots may become important for a division algebra formulation of
the supergravity Lagrangians. Root vectors already appear in Lagrangian
descriptions of supergravity theories where they are used to describe the
cosets that scalars of compactified theories parameterise. [17] The N = 16,
D = 3 supergravity theory has scalars that parameterise the 128-dimensional

FE5/SO(16) coset. Here, roots of both Eg and SO(16) have been given.

6.3 A first magic square

Interesting root lattices arise by pairing roots of the algebras SU(3), Sp(3)
and F; with one another in the Cayley-Dickson fashion. [19]

The F} root lattice turns out to be just the sum of the weights of the
vector, spinor and conjugate spinor representations of SO(8) and the roots
of SO(8): 48 =24 + 8, + 8, + 8..

The SU(3) root lattice is {£1(1+e1), £5(ea —e1), 2 (14 e2)} generated
by the simple roots {1(1+e1), 3(e2 —€1)}

The Sp(3) roots are {£1, £e1, +es, £(£1 £ 1), 3(Fey £e3), 2(£1 £ e3)}
generated by the simple roots {3(—1+e1), (1 —e3), e3}.

The result of matching roots amongst the Lie algebras above can be
summarised in a 4 x 4 table with the three aforementioned Lie algebras

in the margins. Short roots are matched with short roots and long roots
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are matched with zeros. The result is shown in Figure 6. Save the empty
upper left corner, this is curiously the magic square, albeit without much
explanatory power. It is presented here as a curiosity.

In a subtle way, this construction is probably establishing the simple fact
that (K;®R)®(R®K,) = K; ®K, since the Cayley-Dickson procedure, which
was used for matching, itself is related to tensor products and the algebras
in the margin come from tensor products where one division algebra is R.

This is just a guess.

L sUB) s R

SU(3) | SU(3) x SU(3) SU(6) Eg
Sp(3) SU(6) SO(12) E;
Fy Eg E; Ey

Figure 5: The magic square. Paired roots of algebras in the margin produce
root lattices of curious groups.

Ramond notes that the Lie algebras of the magic square are interrelated,
allowing embeddings to be read off the magic square. [20] Division algebras
also finds applications in establishing other embeddings, not necessarily re-
lated to the magic square. [16]

It has been shown how integral elements of division algebras can be used
to describe root lattices of interesting Lie algebras. It is curious that the set
of integral octonionic elements coincides with the scaled root lattice of Fjg
and the set of integral quaternionic elements coincides with the scaled root
lattice of SO(8). Triality was manifest in the quaternionic description of the

SO(8) roots and weights.
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7 The Jordan Algebras

The remnants of the failed Jordan program, the Jordan algebras, first in-
troduced as an alternative formulation of quantum mechanics centred on
observables, was picked up in mathematics and used in the first construction
of the magic square.

The Jordan algebra is a real vector space with a commutative bilinear
product xoy = yox which satisfies the Jordan identity (z%0)ox = 2?0 (yox).
The Jordan identity implies that Jordan algebras satisfy power-associativity.

A classification of Jordan algebras exists. Simple finite-dimensional for-
mally real' Jordan algebras are isomorphic to one of five types of Jordan
algebras. [14][8] Four of the five types, one per division algebra, are n x n
Hermitian matrix algebras b,,(A) over a division algebra A with the Jordan
(anticommutator) product a o b = (ab + ba) where ab and ba are matrix
products. When the division algebra is O, there is a further constraint to
n < 3. The case n = 3 is an exceptional Jordan algebra which means that
it cannot be realised as a subalgebra over some real associative algebra with
multiplication given by z oy = $(zy + yx). It is also the only exceptional
Jordan algebra. The (infinitesimal) transformations that preserve the Jordan
product form the exceptional Lie algebra f,!

The last type of Jordan algebra is the spin group that lives in R*@®R. An
element in this space is represented by the pair (x,¢) with Jordan product o
represented by (x,t) o (x/,t') = (tx' +t'x,x-x" 4 tt"). All spin groups can be

realised as a certain subspace of Hermitian 2™ x 2" matrices.

!Sum of elements squared is zero only when the elements are individually zero: z? +
...+x%:0:>x1:...:mn:0.
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The algebras h;(Q) and h2(Q) are not exceptional. They are special which
means that they can be realised as a subalgebra of an associative algebra al-
gebra over the real numbers. The Jordan program sought an algebra that
could not be made from a real associative algebra where the Jordan product
o was implemented as (ab+ ba). Only bh3(0) is exceptional but it was too
small and too isolated for it to be useful in formulating quantum mechan-
ics. There was a hope that exceptional Jordan algebras would arise in the
infinite-dimensional case. For instance, as a matrix algebra the Heisenberg
algebra can only be infinite-dimensional, since, by taking the trace of the
commutation relations: Tr([q,p]) = 0 # iATr(I). [8] No infinite-dimensional
exceptional Jordan algebras exist.

Later works have disputed that the 27-dimensional exceptional Jordan
algebra is too small. [23][7] The space of all quantum states of the excep-
tional Jordan algebra is the coset Fy/SO(9) which is also called the Moufang
projective plane. SO(9) here acts as a stability group leaving the quantum
state invariant, analogous to phase transformations in quantum mechanics.
It has been speculated, that this SO(9), also the little group of SO(11),
refers to the Poincare transformations that leave a quantum state, a particle
with a particular momentum in an 11-dimensional theory of space-time, in-
variant. Curiously, a combined Fj transformation and an SO(9) translation
leave behind SU(3) x SU(2) x U(1) as the stability group. [7|

This could also have relations to bosonic strings. Fj has a curious em-

bedding inside SO(26) as 26 = 26. [23] Unfortunately, nothing concrete has

yet emerged from these reflections.
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8 Preparations

Current constructions of magic squares patch together algebras and subsets
of algebras in tensor products and direct products to make the Lie algebras
of the magic square. These subsets and subalgebras will now be introduced.
Only the absolute minimum is introduced. Proofs are omitted. The defini-
tions as well as the constructions of the magic square are taken from a review
of the constructions. [15]

Consider an algebra A. The left and right multiplication maps take an
element y of this algebra A and left or right multiply it by another element
x such that L,(y) = zy and R,(y) = yx.

The derivation algebra DerA of an algebra A is a Lie algebra with el-
ements D € DerA which are maps that act on elements x,y of the orig-
inal algebra A in such a way that D(zy) = D(x)y + xD(y) where the
bracket is the commutator. The derivations are essentially the infinitesi-
mal analogues of automorphisms. For alternative algebras, which include
the division algebras, and for Jordan algebras, derivation algebras can be
constructed from left and right multiplication maps. Take two elements of
the alternative algebra z,y and to each pair can be associated a D, , such
that D,, = [L,, L,| + [L., Ry] + [R., R,] so its action on an element z is
D, ,(2) = [[z,y], 2| — 3[z,y, 2] where the last term is an associator. The real
numbers and complex numbers have trivial derivation algebras. This also
follows from the above action of the derivation. The real numbers and the
complex numbers are commutative and associative so the derivation algebra

is trivial since the commutator and associator vanish.
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Another very important algebra is the triality algebra. It is a triple of
linear maps A, B and C' that map elements of the algebra back to the algebra
itself A — A. It is defined by the relation A(xy) = (Bz)y + z(Cy) for all
x,y € A. For composition algebras, this triple (A, B, C') must furthermore be
a subset of (s0(K),s0(K), s0(K)) also written 3s0(K) = s0(K)+s0(K)+s0(K)
where 4 denotes a direct product. so(K) is the norm-preserving algebra of
the composition algebra K. It is empty for R, u(1) for C, so(4) for H and
50(8) for Q. The triality algebra of Q is s0(8). For H, it is su(2) ®su(2) Dsu(2)
and for C it is u(1) ® u(1).

9 The magic square constructions

Three magic square constructions are presented here: the Tits-Freudenthal
construction, the Vinberg construction and the triality construction. All
constructions have as input two composition algebras and return a Lie al-
gebra. The three constructions are isomorphic to one another. If the two
composition algebras are division algebras, the result is a Lie algebra from
the magic square. The last two constructions are manifestly symmetric in

their treatment of the two composition algebras K; and K.

9.1 The Tits-Freudenthal construction

The magic square is shown in Figure 6. It is, remarkably, symmetric. Choos-
ing K; = O and Ky = O gives Fk.
This was first obtained by considering two composition algebra K; and

Ks. One composition algebra is used to form a Jordan algebra J = H3(Ky).
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R C H | O
A A |G| Fy
A2 A2 D AQ A5 E@
A5 DG E7
F4 E6 E7 ES

o|=|a| =
&

Figure 6: The famous magic square.

An inner product can be defined on this Jordan algebra given by (X,Y) =
sTr(X oY) where o is the Jordan product X oY = XY 4+ Y X, the anticom-
mutator.

T is a Lie algebra and it is defined as T(K;,J) = DerK;+DerJ+K)| ® J.
Had J just been a composition algebra like KKy then the definition would have
been manifestly symmetric.

The prime (") here means orthogonal to identity. When K is a composition
algebra the prime means an imaginary element of the division algebra, hence
orthogonal to the identity. J’ are those elements of the Jordan algebra that
are orthogonal to the identity of J. Since there is an inner product, there is
also here a notion of orthogonality.

It is useful to define a product that only takes place on J' as Ax B =
Ao B — 2(A,B)I where [ is identity and n is the matrix row and column
dimension of the Jordan algebra.

The prescription DerK+DerJ+K’' @ J' should be understood as follows.
There is the Lie subalgebra DerK ¢ DerJ and it can act on K' ® J' just the
usual way since DerK has already got a defined action on K’ and Der], too,
already has a defined action on J'. The only undefined product is what it
means for a ® A € K'® J to act on b® B € K ® J. This is given by
l[a®A,b@ B] = 1(A, B)D,; — (a,b)[La, Lg| + 3[a,b] ® (A* B) where (a, b) is
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the inner product of the composition algebra and (A, B) is the inner product
of the Jordan algebra. The first term containing D, is an element of DerK.
The second term containing [L 4, L] is an element of Der]J and the last term
5la,b] ® (A x B) is an element of K' ® J.

The split algebras can be used instead of the division algebras in K; and
valid Lie algebras are obtained. The algebras are of the same kind except
they differ in numbers of noncompact and compact generators. They are

shown in Figure 7.

R C H @)
R | so0(3) su(3) sq(3) | Fu(52)
C | sl(3,R) | sl(3,C) | sl(3,H) | Es(26)
H | sp(6,R) | su(3,3) | sp(6,H) | E;(25)
O | Fy(—4) | Es(—2) | E7(5) | Es(24)

Figure 7: The split magic square.

The number in the parenthesis denotes the difference between the number
of noncompact generators and compact generators of the algebra. The ap-
pearance of noncompact generators can be traced back to the Cayley-Dickson

procedure where the signature of the forms were changed.

9.2 The Vinberg construction

A clearly symmetric construction of the magic square is the Vinberg construc-
tion which takes in two composition algebras K; and K, and forms the tensor
product K; ® Ky. Multiplication is defined very simply as (u; ®v1)(ug @) =
U1V @ UgVs.

The vector space V3(Ky,Ky) = A5(K; ® Ky)+DerK;+DerK, is clearly
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symmetric with respect to the two composition algebras and it is a Lie algebra
once the Lie product is defined as follows. The vector space DerK; @ DerKs is
a Lie subalgebra. A/ (K;®K,) stands for nxn traceless (') and antisymmetric
matrices over K; ® Ks.

Given two elements D € DerK; & DerKy and A € A4(K; ® Ky) in the
vector space, the action of D on A is such that [D,A], written D(A), is
the matriz on which the derivation algebras have acted element by element
where DerKy, naturally, acts on K; of K; ® Ky and DerK, on Ky of Ky ® Ky
alone.

For two elements A, B € A{(K; ® K;), the Lie product is [A, B] = (AB —
BA) + 33215 Day; by, where Dygg sy = (p, 1) Dy + (¢, v) Dy The first term
is the traceless part of an ordinary matrix commutator. The second term is
an element of the direct sum of derivations DerK; @ DerKy where a,; and b,

are matrix elements and there is a sum over the indices.

9.3 The triality construction

The triality construction makes the Lie algebras as L3(K;,Ky) = TriK; &
TriK,+43K; ® Ky where the all-important Lie products will now be defined.
The significance of 3K; ®Ky is a direct sum of tensor products such that 3K;®
Ky is made up of elements (21 ® 2,71 ® Yo, 21 ® 29) where subscripts denote
which composition algebra the elements belong to. This direct product of
tensor product elements is then split into three terms themselves elements
like (21 ®x2, 11 @Y, 21 ® 25) such that F(z1 @x2)+ Fo(y; @ye) + F3(21 @ 22) =

(71 ® 2,91 ® Y2, 21 @ 22).
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Let T} be an element of the first triality algebra, itself a triplet, (Th1, Ta2, Th, )
and T, of the second triality algebra, also a triplet. The bars denote that the
element which the triality acts upon is conjugated before triality acting on it
and the result of the action is then again conjugated. The action of T can
only be on parts that have K; so [T}, F;(x1 @ x9)] = F;(T1;x1 @ 25). Here, the
¢ in the subscript of T7; determines which element of the first triality triplet
acts.

Given two elements of the composition algebra, x and y, an element of the

triality algebra T, = (4S5

T,y

R,R; — R, Ry, L,L; — L,Lj;) can be associated
where and the action of S, ,(2) = (z, 2)y — (v, 2)z.

A map 6 takes the triality triplet (A, B,C) and acts with combined
conjugation on the first and third element after cyclically permuting the
first to be the last: (B,C,A). The Lie product of two F; and Fj is an
Fy, (where ijk is a cyclic permutation of 123) [Fj(z1 ® z2), Fj(y1 ® y2)] =
Fi.(y171 ® Y2T2), and when Fj(z; ® x5) acts on F;(y; ® yo) then the result is
(T2, y2)0 " Ty, 4 + (x1,y1)0" Ty, 4, which is an element of TriK; @ TriK,. If
i =1 then 8'~% = §° = id, the identity map, and if i = 2 the inverse map 6~}
acts. For 072 the inverse map acts twice, as the notation suggests. This is

the content of the triality construction.

9.4 Maximal compact subalgebras

The maximal compact subalgebras of Lie algebras in the magic square are
shown in Figure 8. They can also be constructed by prescriptions based on

division algebras. [2][15]
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R C H O
R 50(3) 50(3) u(3) 5q(3) @ s0(3)
C 50(3) 50(3) @ s0(3) 50(6) 5q(4)
H u(3) 50(6) 50(6) @ s0(6) su(8)
O | sq(3) @ so(3) 5q(4) su(8) 50(16)

Figure 8: The maximal compact subalgebras.
10 Division algebras in supersymmetry

The dimensions of the division algebras 1, 2, 4 and 8 are also the dimensions of
the little groups of D = 3,4,6, 10 theories. Pure super Yang-Mills theories,
which have a gauge field A and a gaugino A but no scalar fields ¢, only
exist in these dimensions. Superstrings also only exist in these dimension.
Depending on the dimension, the on-shell degrees of freedom of the super
Yang-Mills theory can therefore be described by either one octonion, one
quaternion, one complex number or one real number. This holds not only
for the vector but also for the spinor so that each is described by an element
of the same division algebra A. The work presented in the following sections

can be found in the recent publications of Duff et al. [1][2]

10.1 Spinors and vectors

The isomorphism s0(1, 3) = s[(2, C) states that space-time with the vector z#

and Lorentz transformations M*, can equally well be described by Hermitian

40



2 x 2 matrices and their transformations such that

x
x! 20+ a3 ol —aa? / / ;
at = S r= , ot =M"x" < a = AzAl.
x? ot i 20— 2
3

In the new language, the Minkowski norm becomes the determinant and to
preserve the Minkowski norm, the Lorentz transformations represented by
the matrix A must be unimodular. The matrix x in which the space-time
vector is encoded, is partitioned into the Pauli matrices o1, 09, 03 and the
identity matrix I such that x = 2°1 4+ 2'o + 2205 + 2305. This familiar case
is repeated because an unconventional extension follows.

The claim is now that just as so(1,3) = sl(2,C), and, in fact, so(1,2) =
s[(2,R), it also holds that so(1,5) = sl(2,H) and so(1,9) = s((2,0). The
last statement, in particular, will need further elaboration, since, for in-
stance, Az AT is a product of three elements and possibly ambiguous for the
nonassociative octonions. So considering the D = n + 2-dimensional theory
means looking at so(1,n + 1) = sl(2,A) where n is the dimension of the
corresponding division algebra A.

The appeal of the division algebra approach to describing so(1,n + 1)
is that the matrices stay 2 x 2 and the 2 x 2 matrix elements stay simple.
In D = 4 there is 0, = " = (—1,01,02,03) and 7, = 0" = (I,01,02,03)

where the middle two matrices o1, o9 will now be reconsidered. They are the
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special case of the collection 0, = " = (=1, 0441, 0y41) Where

0 e 0 1 0 —1 1 0
Oag4+1 = = > and Opy1l = 03 =
ea 0 10 i 0 0 -1
where, above, A = C and son = 2, eg = 1 and e; = 7. This means

that for A = H, two additional matrices are added where o3 and o4 that
look like oo but have units j or k instead where oy has i. These satisfy
ota? +ovat = 20" [ and o*o” 4+ o¥o* = 2n*'I and can therefore be used to
generate space-time transformations of spinors and conjugate spinors.

A generalisation of the spinor transformation 0¥ = %1)\’“/0'“”\1/ = I\"0,5,¥
and that of the conjugate spinor transformation §® = iMV&uv@ = i)\“”@tayfb
is now due. A priori, it cannot generalise directly since, in the octonionic
case, this will be a multiplication of more than two elements and is hence
generally ill-defined for octonions unless order of multiplication is provided.

If the generalisation of this expression is simple it could be that it is
(0[u0v))¥ or op,(0,) V). By counting alone, it can be seen that (o,0,) cannot
add up to the 10-9/2 = 45 generators of SO(1,9). The latter can be shown
to be the right ones by checking the commutation relations, considering the
action of the purported generators on an arbitrary octonion and finding that
the commutation relations are those of the Lorentz algebra. The generators

are the octonionic operators

A

6, () = 3l04(6,-) = 0,(,-)] and G,,,(-) = 3[6,(0,) — 5,(0,-)] where (-)
is a slot for an octonion. The Hermitian matrix X associated with the vector

X" can be constructed as X#5, and X = Xto, = X — (TrX)I.
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For sl(2,C), the transformation of X was 0X = A\ (0, X — X7,,).
The right transformation in s[(2, A) turns out to be 0X = M (0,(5,X) —
X(0,0,)). Since vectors can be constructed from spinors, this result can also
be derived from the spinor and conjugate spinor transformations alone.

Now, the little groups will be considered. As noted above, the on-shell
degrees of freedom of the spinor, conjugate spinor and vector representations
of SO(n), will each be represented by just one division algebra element.
Restriction to SO(n) transformations are made by setting the first and the
last element of the antisymmetric A% = \(*+D# = 0. Tt is convenient because
the transformations then only involve the generalised oo matrices and so

* 1
SV — ik“”%‘l’ - ieab calert)
ca(e;V?)
and the transformation of the spinor and the conjugate spinor can be read
off directly as dW' = 6y = 10’ (eptp) and 002 = 6y = 16%¢,(e;¢) where ¢
and y were introduced in place of W' and W2, respectively. For the vector,
the situation is analogous. The transformation is
X — i@ab 0 el (epr™) — x*(eqet)
eq(efr) — x(etey) 0
such that 6z = 10°[e,(ejz) — x(etey)] where x are the components of X
discounting the first and last component. This is frugal. Transformations
are formed by simply multiplying unit imaginary elements.

Recall that the multiplication of two division algebra elements is e,e, =
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I'%,.e. and multiplication by a conjugated unit element e is ele, = ['% e,
where T = (8,004 +03000c —0200e+Clpe) and T, = (3400~ 0a0+0000.—
Cpe)- A multiplication of a division algebra element x by e, results in e,z =
Tpeqep = Tpl'Yy e = ecf“cbxb which is a multiplication of the components of
x by a matrix. It was here used that I'%,, = ',

The structure constants satisfy ['*I'® + I'’T'* = 20 and T°T® + I'*T¢ =
26°I which imply that % = il and % = 1T are generators of
SO(n) in the spinor and conjugate spinor representations, respectively.

Likewise, an expansion of the vector z = x,e, in the expression for dx
yields 6z = e,0%x;, from which can be deduced that Tt = OriOj1 — OpjOy-

The SO(n — 1) generators in the spinor and vector representations are
easily obtained. Simply disregard left multiplication by ey such that there
is only e;e, where a is allowed to range from 0 to 7 but ¢ only from 1 to
7. This makes I , antisymmetric in the lower indices and they satisfy the
Clifford algebra of SO(n — 1) such that [TV + VT = —26“] so the gen-
erators are L9 = 117 = ITUTY) and the spinors, conjugate spinors and
vectors transform as before except with the transformations consisting only

of multiplications by imaginary elements.

10.2 Dimensional reduction

The process of dimensional reduction can also be described using division
algebras. In the critical dimensions D = 10, 6, 4, 3 the dimensional reduction
of spinors assumes a simple form on-shell. The decomposition of a spinor is

seen as a case of Cayley-Dickson construction. In D = 10 the spinor, written
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as an octonion, decomposes into two spinors expressed as two quaternions in
D = 6, four spinors expressed as four complex numbers in D = 4 or eight
real numbers in D = 3.

The on-shell vector of D = 10, also written as an octonion, decomposes
into a vector of D = 6 expressed as a quaternion and four remaining com-
ponents identified as scalars. The imaginary elements associated with the
scalar components disclose the existence of an internal symmetry. Upon
compactification, the former space-time symmetry manifests itself as an in-
ternal symmetry.

Reducing the supersymmetry of the theory amounts to removing vectors
and spinors. These vectors and spinors are associated with imaginary divi-
sion algebra units and so it will turn out that reduction of supersymmetry
amounts to a consistent deletion of points in the Fano plane.

The N' = 1 pure super Yang-Mills theory in D = 10 has two fields,
the vector x and the superpartner spinor v that on-shell transform as rep-
resentations of SO(8). There is no internal symmetry here. All symmetry
is space-time symmetry. The vector and spinor are parameterised as octo-
nions such that zg = x.e, and g = Y,e,, respectively, which transform as

described before.

10.2.1 Reduction to six dimensions

In D =6 and N = 2, the little group of the space-time symmetry is SO(4)
and there will be an internal symmetry that is also SO(4). Both can be
described as SU(2) x SU(2) = SO(4) but SU(2) is also isomorphic to Sp(1)

which can be realised as a multiplication by imaginary quaternions. Recall
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that the family sp(n) is generated by anti-Hermitian matrices of quaternions.
For n = 1, there is just one element in the matrix, an imaginary quaternion.
In total, the embedding is SO(8)s D (Sp(1) x Sp(1))s x (Sp(1) x Sp(1))int
where the subscript st denotes space-time symmetry and the subscript int de-
notes internal symmetry. Vectors decompose as 8, = (2,2;1,1)+(1,1;2,2)
whilst spinors decompose as 8, = (2,1;2,1) 4+ (1,2;1,2). This will now be
realised with elements of division algebras. The vector xg is grouped and

renamed as

To = To + X161 + Teeo + Tze3 + Ty€y + Ts€5 + Tep + Tre7
= (20 + x4e4 + T5e5 + X7€7) + T1€1 + To€2 + T3€3 + Teeg
= (o + T4€4 + T5€5 + T7€7) + Pr€1 + P26z + P3e3 + Pses

= Ty + OHe.

where the subscript H refers to the quaternion subalgebra eq, eq4, €5, e; and
H€ is the associated quadrangle 6123. The spinor g is grouped and renamed

as

Yo = Yo + Yrer + Paeg + Pzes + Pueq + Pses + Yses + Prer
= (Yo + Yaes + VYses + Prer) + e3(Vs + Yees + oes + Pre7)
= (Yo + Yaes + VYses + Prer) + es(xs + xe€a + X265 + x1€7)

= Yn + esxm

which is an undoing (Cayley-Dickson) of the octonion into the quaternion

subalgebra ey, ey, e5, e;. The associated quadrangle is 6123. These refer
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to the compactified directions. Given that there has been a partitioning, it
is useful to consider what set multiplied elements of lines and quadrangles
belong to. Demarcate elements on the line with a hat (") and elements
on the quadrangle with a check (7). When referring to imaginary elements
alone subscripts or superscripts ¢ and j will be used. Two units on the line
multiplied together give units on the line ee; = F%éeé. They sit in the
quaternion subalgebra. A unit on the quadrangle multiplied by a unit on the
line gives units on the quadrangle e;e; = deéeé. Two units on the quadrangle
multiplied give units on the line eze; = F‘ibée@. In short, lines map objects
into themselves and quadrangles map into opposite objects.

Given that es has been singled out it is also useful to consider its prod-
ucts with the other elements. Unambiguous left multiplication of —e3 on
both sides of ezes = I'°_e; gives ez = —esl™ ¢, and, similarly, for the quad-
rangle elements, e; = —631“3&565. It is in both cases unambiguous with no
parentheses needed because only two imaginary elements are involved.

Now, the transformations of the spinor and vector will be considered.
The transformation parameters #?° are split as 9&5, 0% and 6% but with
9% = 0. The transformation of the spinor g proceeds as follows. The
starting point is the D = 10 space-time transformation which is split into

lines and quadrangles. The transformation of the spinor is

1
SYo = ~0%€: (epibo)

4
1 ab 1 ab x

= 19 ez (e3v0) + 19 ez (exvo)
1

ab 1 ab %
= Zeabed(ei)(d}@e@ + esxeee)) + 19 bek(ep(vsee + esxees))
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where the split into internal and space-time parameters was made in go-
ing from second line to third line. Notice that the first term containing
el (e;(1zez) has space-time indices only so the multiplication is amongst el-
ements of the associative quaternion subalgebra and therefore the paren-
theses can be moved to group the unit elements (e}e;)ize:, abbreviated as
ugtm. An important identity that is useful here is that e;(ese.) = 63(6260).
This can be used to manipulate the second term to pull e3 out to the left
such that it becomes e3(uS"* yy) where uo™e refers to some product of unit
elements associated with space-time. The third term is manipulated into
et (ezes) = 0%es(ete;), which can be checked to hold. It is a reordering

that frees the space-time unit and displaces the internal indices and multi-

plies them with one another, abbreviated as ¥gu;,. The last manipulation,

*
a

the manipulation of %9‘156 (esxeee) is the most nontrivial. The resort is to

write the product in terms of structure constants and reorder them by using
the fact that they obey the Clifford algebra and by also using the aforemen-
tioned identity involving I'® to eventually separate and order es to be on the
far left. The net effect of these manipulations is e3(xgudi).

The transformations should of the form dvg = dYg + ezdxm which ex-
plains why it was important to manipulate the expressions to get es sepa-
rated and on the far left. The transformations are 0Yg = ug¥u + YHlint

and dxym = vy + xrull® where ug and uiy, turn out to be imaginary

other
int

unit quaternions and u2"®* and u

turn out to be other imaginary unit
quaternions.
This establishes that ¢ and x transform as representations of (Sp(1) x

Sp(1))st x (Sp(1) x Sp(1))int- As stated earlier, the left or right action of
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imaginary quaternions is isomorphic to Sp(1). The action of the four Sp(1)
in (Sp(1)xSp(1))s X (Sp(1)xSp(1))ins correspond to g, US| usy, and uQther,
respectively. The infinitesimal transformation of an object that transforms
as a tensor product is a sum of terms where each term corresponds to a factor
of the tensor product and is a multiplication of the object with that factor
alone. The conclusion is that ¢ transforms under the first and third Sp(1)
and y transforms under the second and fourth Sp(1) as anticipated.

The transformation of the vector proceeds in a similar way and starts
with the full space-time transformation dzg = 10%(e,(ejz0) — zolekes))
which after the split of the vector and the transformation parameters into

internal and space-time parts xze; + ¢zey is also

1 .5 1 .5
oxr = Zﬁab(ed(e})‘a@) —agp(eze;)) + 19‘”’(6&(62@@) —aplezey))

_ iedi)(ea(eZ(l’@e@ + deed))) — (zeee + dece) (eier))

+ %0@(6@(62 (ze€s + deee))) — (veee + dece)(esey))

= (" xsee — Taeting) + es(Ufn Paee — Peeatling) = 0m + €300
where in the last line the same identifications of unit imaginary quaternions
were made, but as can be seen, the imaginary elements are differently ar-
ranged. They are arranged in such a way that, unlike the spinor, only imagi-
nary unit quaternions associated with space-time transformations transform
the vector and only imaginary unit quaternions associated with the internal
transformations act on the scalars. As anticipated, the vector only trans-

forms under the first and second of (Sp(1) x Sp(1))s x (Sp(1) x SP(1))int
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corresponding to ug and uSh® whilst the scalars only transform under the

other
int

third and fourth Sp(1) corresponding to wu,, and u

10.2.2 Reduction to four dimensions

The more intricate decomposition is the reduction from D = 10 and N =1
to D = 4 and N = 4. The SO(8)4 space-time symmetry becomes an SO(2)
space-time symmetry and an SO(6);,; internal symmetry. The original D =
10 vector is decomposed into a D = 4 vector and six scalars. The original
D = 10 spinor is decomposed into four spinors. SO(6);, is also isomorphic
to SU(4)ins and, as is well-known, SO(2)g is isomorphic to U(1)g.

The decomposition of the vector representation is to the U(1)s neutral
second rank antisymmetric representation of SU(4);,, and two singlets, one
singlet with charge one and the other with charge minus one: 8, = 6y +
1, +1_;. The spinor decomposes into the fundamental and antifundamental
representation of SU(4)in with opposite charges of one half: 8; = 4;/5+4_ 5.

The starting point is again the octonion vector zg which is split into a
subalgebra zo = zc + ¢ce = Tata + Ppes = (To + T3€3) + 161 + P2e2 +
baes + Pses + dges + drer where, now, a = 0,3 and b=1, 2, 4, 5, 6, 7. The
vector is represented by a complex number and six scalars associated with the
remaining six imaginary elements. The original octonion spinor is split into
four spinors, each represented by a complex number. The original octonion
spinor effectively becomes a quaternion over the complex numbers:

Yo = (Vc)aca = (Yotesths)+(YatrPses)est (Vs +paes)es+(Yrt+ihies)er =
(¢c)es where @ = 0,4,5,7 is a basis for quaternions, each element now a

complex number ¢.
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The effect of multiplying the octonion spinor by an imaginary unit that
is internal, e;, conjugates the complex components of the quaternion and in
addition multiplies them by a 4 x 4 matrix ngb whose commutator with a
complex conjugated T*jai) = Tjég turn out to be one of the 6 -5/2 = 15
Hermitian and traceless generators of SU(4). There are 6 elements in the set
1=1,2,4,5,6,7 and so there are 6 - 5/2 = 15 commutators (generators).
Since the matrices are furthermore 4 x 4, this means that this is the fun-
damental representation of SU(4). The generators in the antifundamental
representations are obtained by conjugating these generators.

The transformation parameters #° are again divided into 6%, 02 and
0°2 = 0. The spinor transformation is 6vg = 10" (epibo) = 30%es(hies) +
L677¢1 (5 (Vkea) = 30%eqvitea — 307(T), l)es

The spinor transforms by left multiplications of two unit elements, where
the last unit multiplied is conjugated. FEach multiplication by an imagi-
nary element produces a factor of T, one of them conjugated. Since the
transformation parameters are antisymmetric 9@67 this matrix product is an-
tisymmetrised and therefore generates SU(4) in the fundamental represen-
tation. For the space-time transformation there is only one parameter °.

The spinor is multiplied by %63 which is an infinitesimal transformation of

1
5

U(1) with positive charge In total, the complex spinor ¥% transforms as
415+ 4_15 of SU(4)iny X U(1)s as anticipated. One term comes from the
real part and the other term from the imaginary part of the complex number.

The octonion vector transforms as dap = 10%(eq(ejan) — ao(ejes)) =
10%(—esac — aces) + 30%(—esdee — deees) + 107 (es(ejac) — acleie;)) +

i@gj(eg(ejqbcc) — dce(ete;)) = —0%ezac + %Hﬁeﬂ[mﬁgqﬁg which establishes that

o1



the vector transforms according to 1; + 17 of SU(4)iy, X U(1)s and the
scalars according to 6. Instead of looking for the second rank antisymmet-
ric representation of SU(4) the vector representation of SO(6) was identified
as the representation that the scalars transform according to.

Admittedly, some steps have been omitted in this derivation which is more
of a sketch of a derivation. The reader has already seen enough manipulations
with division algebra elements and a full-fledged derivation of the above

would be very detailed and as a result too tedious to read.

10.2.3 Reduction to three dimensions

The simplest reduction is the reduction from D = 10 to D = 3 since, here,
the space-time symmetry is trivial. The decomposition of SO(8)y is into
SO(7)int- The spinor of SO(8)s becomes the spinor of SO(7)iy such that
8; = 8. The vector of SO(8) becomes a vector and a singlet of SO(7)iy
such that 8, =7+ 1.

The vector zg is trivially split as x¢g = g + ¢re = 2o + ¢;€;, the spinor
is expressed as g = (Vr)a€qs = Yotq and the transformation parameters 0%
are split as 0% and 6. As before, 6% = 0. The transformations are d1)g =
107€;(ejeqa)tq and dxg = 1079 (e;(eferdn) — drer(eje;) but it was already
mentioned in a previous section that by restricting the spinor and vector
transformations to only involve imaginary unit elements are transformations
of spinors and vectors of SO(n — 1) are obtained, which here is SO(7).

It can also with a tedious but straightforward computation using the
structure constants be shown, directly, that dv), = —%QUE[mab@bb and d¢; =

%6“ J[Z.j]lk ¢ which is a spinor and vector transformation of SO(7), respec-
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tively. Though elementary, such computations can easily occupy whole sheets

of paper.

10.2.4 Reduction of supersymmetry

A theory in D = 10 and N/ = 1 was the starting point. Each step down
doubles the supersymmetry such that D = 6 gives N = 2, D = 4 gives
N =4 and D = 3 gives N = 8. These are the maximal supersymmetries.
For each step down, the spinor splits into two spinors of the lower-dimensional
theory. This is the Cayley-Dickson procedure in reverse.

The content of nonmaximal supersymmetries can also be obtained using
the division algebra formalism. Think about the truncation in terms of the
spinors. In order to halve the supersymmetry in D = 6, a quaternion subal-
gebra must be preserved and four imaginary elements must be removed. This
corresponds to a deletion of those components associated with the quadran-
gle 3612 from 1o = (Yo +aes+1Pses +1hrer) +es(xs + xeea + X265+ X167) —
o + Waeq + Uses + Prer. For the vector, xg = (xg + x4e4 + 565 + T767) +
P11 + Poes + P3es + Pgeg — o+ x4e4 + T5€5 + r7e7. There is nothing special
about this quadrangle. What is important is that it is the quadrangle corre-
sponding to the quaternion algebra that will be preserved. An equal number
of bosonic degrees of freedom ¢; will also disappear. One is left with a line
in the Fano plane and hence a theory defined over the quaternions.

In obtaining a D = 4 and N = 2 theory from D = 4 and N = 4 theory,
two of the four spinors are removed. The quadrangle 5271 may be chosen such
that 1o = ¢gea = (Yo+es1s)+ (Va+vses)es+ (s +1hges)es+ (V7 +res)er —

(Yo + e313) + (Y4 + Vses)eq and, correspondingly, for the vector zg = (2o +
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r3e3) + ¢1€1 + Paez + Paes + Pses + does + Prer — (w0 + T3€3) + Pacs + Poes.
A further reduction is to remove 46 which leaves only one spinor and one
vector and gives a D = 4 and N = 1 theory.

In the case of D = 3, the difference is that all imaginary elements can be
deleted. Deleting a quadrangle brings it to N/ = 4, deleting two imaginary
elements to N' = 2 and deleting the last imaginary element gives N = 1

which is a rather uninteresting theory.

10.3 Super Yang-Mills

The dimensional reductions and truncations of supersymmetry of an N' =1
and D = 10 pure super Yang-Mills theory done in the preceding section sug-
gest that two division algebras A, and A, can be used to specify a pure su-
per Yang-Mills theory with extended, possibly nonmaximal, supersymmetry.
The on-shell degrees of freedom were described by an element of a division
algebra A,,. In D = 4, A, was C. The vectors and spinors were here rep-
resented by complex numbers. The maximal supersymmetry is in this case
N = 4 and the spinor, originally an octonion, was rewritten (in the manner
of the Cayley-Dickson procedure) as a complex-valued quaternion H @ C.
Truncation of supersymmetry from N = 4 to N' = 2 amounted to deleting
two of the three imaginary elements associated with the quaternion resulting
in a complex algebra that can thus be associated with A/ = 2. This suggests
that a division algebra A, also be associated with extended supersymmetry
such that NV = 1, 2, 4, 8 correspond to R, C, H and O, respectively. An

oxidation algebra? A, can be associated with the two algebras A, and Ay

2There was no name for it in the article [1] so this is my suggestion.
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Before truncation of supersymmetry was considered this oxidation algebra

was always 0. An overview is given in Table 9. Before introducing trunca-

(D, N) 1 2 4 8
10 |OR~O
6 |HR~H|HC~O
i |CR~C|CC~H|CH~O
3 |RR~R|RC~C | RH~H|RO~O

Figure 9: Division algebra formulations of n+2-dimensional super Yang-Mills
theories with N' = 1,2,4,8.

tion of supersymmetry, only the theories with maximal supersymmetry were
dealt with, corresponding to the theories in the diagonal. Dimensional re-
duction is a step down the rows and a truncation of supersymmetry is a step
to the left.

Before proceeding to theories of supergravity, triality will first be dis-
cussed. It was a component in the later manifestly symmetric magic square
constructions and it was introduced as a triplet of so(n) elements (A, B, C)
for which it holds that A(zy) = (Bz)y + x(Cy) for all z,y € A but this
sounds very abstract with no clear physical picture. One way to think about
triality is in the following manner. A spinor and a conjugate spinor can be
used to form a vector x = x¥* = x*9°T'% e,, or a spinor can be made from
a vector and a conjugate spinor ¢ = x*y = x*x“I'?, e}, or a conjugate spinor
can be made from a vector and a spinor x = 2%)°T'%, e,. Supposing that all
three objects x, y, ¥* are then transformed such that dx = A(x), dx = B(x)
and 0¢* = C(1*), then, still insisting that z is made from v and x, these

transformations would have to be related, and their relation is such that A,

B, and C satisfy 6z = A(x) = 6(x1*) = (6x)¥" +x(0¢") = (Bx)¢"+x(Cy*)
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which is exactly the condition that defines triality! These triality algebras
exactly match the symmetries of the ¢ = 0 Lagrangian of D = 3 super
Yang-Mills. [1]

Super Yang-Mills theories were identified using two division algebras so
the triality definition is undefined for cases when there is more than one
division algebra involved. The D = 3 case is an extreme case where space-
time symmetry is trivial. A generalisation is needed. It turns out that
to get the full symmetries of the Lagrangian of any super Yang-Mills theory
discussed here it suffices to consider a subset of the oxidation algebra A,z re-
stricted such that the transformations of the vector A must respect the space-
time symmetry of the vector: Tri(Any, A,) = {(4, B,C) € so(n)|A(zy) =
B(z)y +zC(y), A(An) € Apy = An}. [1]

10.3.1 Lagrangians

Briefly, attention will now be turned to the super Yang-Mills Lagrangian. It
will not be treated in detail but merely presented. Supersymmetry transfor-
mations will be introduced, written using division algebra elements.

The n + 2-dimensional N' = 1 super Yang-Mills theory has a gauge field
AHA and a spinor field U4 that transform as the adjoint representation of
a gauge group G where A = 0,...,dim(G). The field strength is FWA =
0.4, =0,A, +gfpc*A,PA L and the covariant derivative acts as D, ¥ =
9,4 + ngCAAuB\I/C.

As discussed earlier, the spinor is an element of s[(2, A,,). Tt is furthermore
a Grassmann variable, so the division algebras used here are not defined over

the real numbers but rather over Grassmann variables. The Lagrangian needs
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a kinetic spinor term that is real, invariant under space-time transformations
and bilinear. One such product is given by Re(1¥1®) = L(U1d — 1),
adapted here as Re(iW5+9, V). There is no ambiguity in having a multipli-
cation of three division algebra elements here since the associator is purely
imaginary and only the real part is considered so any reordering of multipli-
cation order would contribute with an associator whose real part is trivially
Zero.

The action is

o

1
S = /d(”+2)x (—ZF AF, " —Re (i\I/TAa”DM\IfA)) : (10.3.1)

The supersymmetry transformations are A 4 = Re(i¥0145,¢) and §04 =
%F ¢ where F = F 1w 0. Packaged as a matrix, the supersymmetry transfor-
mation of the vector is 644 = §A Ao = i(UAe" — eWt4).

The action of the general super Yang-Mills theory associated with an

algebra A, and an oxidation algebra A,/ is

n 1 A A 1 xA A
S(An, Apy) = /dx( +2>(— ZFW F,A = §DM¢ Dt
— Re(4¥M5" D, 0% — gfpo*Re(iWHepP W)
1 * * * *
- T692chAfDEA(¢ Bol 4+ ¢*P¢P) (9" 9" + ¢ E¢C))

(10.3.2)

where € is a 2 X 2 matrix like the Pauli matrix oy but without the imag-
inary elements. Vectors decompose as Ay, = Aa, + ¢ace where the sub-

script A, refers to the subalgebra of the division algebra corresponding to
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space-time symmetry and A’ refers to the remaining elements, that is to
say, the elements complementary to A,. The supersymmetry transforma-
tions become JA4 = i(UAeh — UT4), ~ dpt = —LTr (e (et — e\I/TA)A%)
and 004 = %ﬁAe + s0te(Dudte) + 1 fpe o (9Pe).

The proof of supersymmetry on-shell turns out to rest on the alternativ-
ity of the algebra which is a property shared by all division algebras. [12]
Off-shell, closure of the supersymmetry algebra requires addition of aux-
iliary fields. The spinor has dimension 2n and the vector has dimension
n+2—1=mn+1. Intotal, 2n— (n+2—1) = n— 1 additional degrees of free-
dom are needed. The counting suggests that an imaginary division algebra
element carrying scalars be added. The usual nondynamical term associated
with these scalar fields is added to the action. A careful analysis finds that,
unless this field transforms according to the fundamental representation of
(G5, the supersymmetry transformations break the Lorentz invariance of the
theory. For quaternions the auxiliary fields must transform as the adjoint
representation of Sp(1). [1]

To further obtain closure of the supersymmetry algebra in D = 10, the
supersymmetry parameter, the spinor €, must be restricted to have its first
component ¢; have no imaginary part. This restriction is ultimately due to
the nonassociativity of the octonions. [1| Associators which are nontrivial
for the octonions obstruct the closure. The off-shell closure of the D = 10
supersymmetry algebra is intricate but the octonions elucidate its failure and

subsequent patching.
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10.4 Supergravity and the magic square

In more than one context theories of supergravity arise from (tensor products
of) super Yang-Mills theories. The multiplets of D = 10 Type ITA and
Type IIB supergravity can be obtained from a tensor product of D = 10
super Yang-Mills multiplets. |24] The difference between Type ITA and Type
IIB supergravity is then whether or not the same spinor representation was
used in both the left and right super Yang-Mills multiplets. Type ITA is
nonchiral whilst Type IIB is chiral. Before proceeding to construct theories
of supergravity from theories of super Yang-Mills using division algebras the
construction of Type ITA from two D = 10 super Yang-Mills theories will be
presented.

Dynkin labels will be used in the following to denote irreducible rep-
resentations. The irreducible representations of D4 are denoted [1,0,0,0]p,
(fundamental representation), [0, 1,0, 0] (adjoint representation), [0,0, 1,0]p,
(spinor representation), [0,0,0,1]p, (conjugate spinor representation) and
[0,0,1,1]p, (third rank antisymmetric representation). The irreducible rep-
resentations of By are denoted [1,0,0,0]p, (fundamental representation),
[0,1,0,0]p, (adjoint representation), [0,0,1,0]p, (third rank antisymmetric
representation) and [0, 0,0, 1]5, (spinor representation).

The D = 11 supergravity which is understood as the infrared limit of
M-theory with SO(9) as the little group has a graviton [2,0,0,0]p,, a grav-
itino [1,0,0,1]p, and a 3-form [0,0,1,0]p,. Dimensional reduction of the
graviton to D = 10 where the little group is SO(8) gives [2,0,0,0]|p, +

[1,0,0,0]p,+[0,0,0,0]p, which is another graviton, a gauge field and a scalar.
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The gravitino [1,0,0,1]p, reduces to two gravitinos with opposite chirality
[1,0,0,1]p, +[1,0,1,0]p, and two fermions [0,0,1,0]p, +[0,0,0,1]p,. The 3-
form [0, 0, 1, 0], reduces to [0,0,1,1]p,+[0,1,0,0]p,, a 3-form and a 2-form.
The resulting D = 10 theory is the Type ITA supergravity with the field
content [2,0,0,0]p, +[1,0,0,0]p, +[0,0,0,0]p, +[1,0,0,1]p, +[1,0,1,0]p, +
[0,0,1,0]p, +[0,0,0,1]p, +[0,0,1,1]p, +[0,1,0,0]p,.

The D = 10 super Yang-Mills theory whose little group is SO(8) has a
vector [1,0,0,0]p, and a spinor [0, 0, 1, 0] p, or a conjugate spinor [0,0,0, 1]p,.
When performing the tensor product of two super Yang-Mills multiplets, a
left one ([1,0,0,0] 4 [0,0,1,0]) and a right one ([1,0,0,0] + [0,0,0,1]), the
result is the field content of Type IIA supergravity. There are four tensor
products to be computed. The first tensor product [1,0,0,0][1,0,0,0] =
[2,0,0,0]41[0,1,0,0]+[0,0,0,0] gives the NS-NS sector. The tensor product
[0,0,1,0][0,0,0,1] = [0,0,1,1] 4+ [1,0,0,0] is the R-R sector. The last two
parts are [1,0,0,0][0,0,0,1] = [1,0,0,1]+10,0,1,0] and [1,0,0,0][0,0, 1,0] =
[1,0,1,0] 4+ [0,0,0,1]. Collecting all terms gives the Type ITA supergravity
[2,0,0,0]+[0,1,0,0]+[0,0,0,0]+[0,0,1,1]+[1,0,0,0]+[1, 0,0, 1]410, 0, 1, 0]+
[1,0,1,0]+[0,0,0,1]. The chiral Type IIB theory arises from considering the
product ([1,0,0,0] + [0,0,1,0])([1,0,0,0] + [0,0, 1,0]).

Other work has looked at relating supergravity scattering amplitudes to
scattering amplitudes of super Yang-Mills theories. [25]

Also, given that the infrared limit of a string theory is a theory of su-
pergravity it is not unreasonable to expect a manifestation of the relations

between supergravity and super Yang-Mills in string theory as well. In-

deed, that turns out to be the case. Relations exist, the KLT relations, that
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describe closed string tree amplitudes (gravity) as products of open string
(gluon) tree amplitudes. |26]

Obtaining supergravity fields by a tensor product of super Yang-Mills
fields will now be done in D = 3. The graviton and gravitino have D - (D —
3)/2 = 0 degrees of freedom. 2-forms have (D —2)(D —1)/(2-1) = 1 degree
of freedom and are hence dual to scalars. It has already been shown how
the super Yang-Mills fields are formulated with division algebras so all that
needs to be done is perform the tensor product of two division algebras Aj,
and Ag. The spinors are not division algebras over the real numbers but
division algebras over Grassmann variables. The D = 3 supergravity fields

as tensor products of super Yang-Mills fields are listed in Figure 10.

AL/AR (AH)RERGAR (bREImAR Ar € Ag
(Au)rL €ReAr | g, + 9 € ReArL @ ReAr | p € ReAL ® ImAgr | ¥, + x € ReAp ® Ay
o1 € ImAp, ¢ € ImAp ® ReAg @ € ImAr ® ImAg x € ImA; ® Ag
AL € Ap @#+XEAL®R6AR XEAL@)IHIAR (,OEAL@)AR

Figure 10: The fields of supergravity as tensor products of super Yang-Mills
fields.

The supersymmetry of the resulting supergravity A is equal to the sum of

supersymmetries of the respective super Yang-Mills theories N' = N + Ng.

AL & RGAR AL
The gravitino is grouped such that ¥, = = and
RGAL (029 AR AR
. Ap ® Ag
9, € R. The spinors and scalars are grouped so that ¢, x =
Ar ® AR

The three-dimensional theory has a trivial space-time symmetry and only
internal symmetry. The former space-time symmetry manifests itself as in-
ternal symmetry as a result of compactification. As a result of toroidal com-

pactification, hidden symmetries of the theory known as U-dualities appear.
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It may be seen as a generalisation of electromagnetic duality. U-dualities
also appear in string theory where they are combinations of T-duality and
S-duality mixing radii and couplings. [27]

In contrast to dimensional reduction, oxidation goes the other way and at-
tempts to identify the higher-dimensional theory from which a lower-dimensional
theory originates. The highest-dimensional theory that a low-dimensional
one comes from is called the oxidation endpoint. The U-duality groups de-
pend on this oxidation endpoint. For theories whose oxidation point is the
D = 11 supergravity, the exceptional groups Eg, F7 and Eg arise as U-duality
groups in dimensions D = 5,4, 3, respectively. [17] The U-duality groups of
theories in D = 3, 4, 5 whose oxidation points are D = 11, 10, 9 supergravity
form a subsquare of the magic square! However, one slot of the magic square
containing the Fy does not appear in this scheme of dimensional reduction.

A whole magic square of theories of supergravity has been found using the
approach outlined in this dissertation. [2] The rows and columns of this magic
square, which are associated with the four division algebras, are identified
with left and right super Yang-Mills theories where each cell in the magic
square, a symmetry, corresponds to the U-duality group of the supergravity
theory that arises as a tensor product of the respective super Yang-Mills
theories (division algebras).

A magic square construction that treats the left and right division alge-
bras Ay and Ar symmetrically has been crucial to this identification. As has
been described, the triality construction is a construction of the magic square
that is manifestly symmetric in its two parameters. Furthermore, the triality

algebras on their own have been associated with full symmetries of super
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Yang-Mills theories. Using the triality construction, but modified in some
of the commutators using the Weyl unitary trick to get the right number of
noncompact and compact generators, L3 = Tri(A) @ Tri(Ag)+3(Ar ® Ag)

gives the U-duality groups shown in Figure 11.

R C H O
R[N=2 N =3 N=5 N=9
F=4 F=38 f=16 F=32
G = SL(2,R) G = SU@2,1) G=USp4,2) | G=Fy_an
H = S0(2) H = SUQ2) x |H = USp4) x | H=S0(9)
SO(2) USp(2)
C|[N=3 N =4 N =6 N =10
F=8 F=16 F=32 f =64
G == SU(Q, 1) G - SU(Q, 1)2 G == SU(4, 2) G - E6(714)
H = SU2) x |H = SUQ2?2 x |H = SU@4) x| H = SO@2) x
SO(2) SO(2)? SU@) x S0(2) | SO(10)
H|N=5 N =6 N =38 N =12
F=16 f=32 f =64 £ =128
G=USp4,2) | G=SU(4,2) G = SO(8,4) G = Ev_s,
H — USpd) x | H = SUM) x | H = SO(8) x | H = SO(12) x
USp(2) SU2) x S0(2) | SO(4) SO(3)
O|N=9 N =10 N =12 N =16
F=32 f =64 f=128 =256
G = Fy_2p) G = Eg(—14) G = E7(_s) G = Ey(s)
H = 50(9) H = SO@) x| H = S0(12) x | H = 50(16)
SO(10) SO(3)

Figure 11: Supergravity theories with extended supersymmetry N, f degrees
of freedom, U-duality groups G' and their maximal compact subgroups H.

The U-duality group G is a global symmetry of the theory and H which
is the maximal compact subgroup of G is a local symmetry. The scalars of
the theory parameterise cosets G/H. In the special case of R® Q), the scalars
are points in a genuine projective plane, the aforementioned Moufang plane
OP?. Save the scalars, the fields transform as representations of H.

The supergravity theories with A/ > 8 are pure. The supergravity the-
ories with A/ < 8 are coupled to matter such that the squaring to get

N =2, 3, 4,5, 6,8 supergravity theories gives supergravity coupled to an
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additional £ =1, 1, 2, 1, 2, 4 matter multiplets, respectively.

This construction is not directly applicable to supergravity theories in
D =4, D =6and D = 10 theories. The method works in D = 3 because the
space-time symmetry is trivial and therefore, effectively, the triality algebras
only depend on one division algebra, which is what the triality construc-
tion of the magic square requires. A generalisation of the triality algebra
f;i(AnN,An) has been introduced in a previous section to account for the
full symmetries of super Yang-Mills theories, but a construction that yields
the U-duality groups of the higher-dimensional supergravity theories is still
under development. Such a construction will depend on three division al-
gebras. One division algebra will account for the space-time symmetry, one
division algebra for the left super Yang-Mills theory and one for the right
super Yang-Mills theory. In D = 4, the division algebra associated with the
supersymmetry of the super Yang-Mills theory is at most the quaternion al-
gebra so the square at this level is a 3 X 3 square. In D = 6, the division
algebra is at most the complex algebra and so the supergravity theories that
can be made form a 2 x 2 square. In D = 10, the division algebra associ-
ated with the supersymmetry is real (trivial) and there is only one theory.
This pyramidal collection of supergravity theories parameterised by the three

division algebras, has been dubbed a magic pyramid.

11 Summary

The division algebras were introduced. They were then constructed in a

unified manner in accordance with the Cayley-Dickson procedure. The prop-
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erties of the quaternions were discussed. The properties of the octonions
were then discussed. Split algebras were constructed and listed using a mod-
ified Cayley-Dickson procedure. Jordan algebras were briefly introduced and
classified. A description of root lattices of interesting Lie algebras were then
described using integral division algebra elements. Considering only root lat-
tices, an informal hint of a magic square was noted. Relevant subalgebras
of algebras and their maps were then described. These subalgebras were
then used to construct the magic square. The Tits-Freudenthal, Vinberg
and triality constructions of the magic square were then presented. Finally,
recent work of the department was described. After introducing space-time
transformations described using division algebra elements symmetries, di-
mensional reductions and truncations of supersymmetry of super Yang-Mills
theories were described using division algebras. Supergravity theories were
then constructed as tensor products of super Yang-Mills theories. A magic
square of supergravity theories was found. It was discussed how this can be

extended to a magic pyramid of supergravity theories.

12 Outlook

A generalisation of the magic square, the magic pyramid, is not yet complete
since a generalisation of the magic square triality construction is needed, pos-
sibly involving the new triality algebra definition. Lagrangians of supergrav-
ity theories described as elements of division algebras and the Lagrangians
of dimensionally reduced theories have not yet been developed. These are

under development.
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It was noted that the exceptional Jordan algebra has a relation to SO(9)
(and possibly SO(26) through Fj) which is the stability group of quan-
tum states in octonionic quantum mechanics. The little group of an 11-
dimensional theory is also SO(9) and these Poincare transformations leave
a quantum state with a particular momentum invariant. Interestingly, the
Standard Model was found to also arise as the stability group after a joint Fjy
and a unidrectional SO(9) transformation. Although no major results have
emerged from these considerations, physically relevant groups do appear.
These could be further hints of something significant yet to be discovered in
these octonionic structures.

Division algebras failed to explain, first, isospin and, later, quark struc-
ture. Maybe they describe an even deeper layer, and maybe that deeper layer

is string theory or M-theory.
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