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1 Introduction

1.1 Supergravity

Modern theoretical physics bases its work and logic on the belief that a
priori acceptable symmetries should be the background frame of every fun-
damental theory.

This belief has been leading the last sixty years’ research to the Standard
Model and its components, such as Quantum Chromo-Dynamics, but also
towards more fundamental theories such as Supersymmetry, Supergravity
and String Theories. On that track, it has been understood that Supergra-
vity is the low-energy limit of M theory. Thus, it seems interesting to analyse
eleven-dimensional supergravity! in order to look for underlying symmetries

which would help to understand such a fundamental theory.

The first modern theory of gravity, General Relativity, is built on the sym-
metry group of diffeomorphisms. Gravitational effects are understood to be
due to local curvature of space-time, which is locally Poincaré covariant.
The key to understanding this theory is to give oneself convenient math-
ematical tools in order to express these fundamental symmetries. In this
case, the underlying symmetry group is the group of diffeomorphisms on a
four-dimensional manifold (our space-time). Differential geometry allows us
to easily write down a metric, connections and a torsion ; one would then be
able to set up Lagrangians in a coordinate independent way. It is thus the
naturally covariant language one needs to make the fundamental symmetries

obvious.

Several kinds of theories can be built up following the same sort of ar-
guments. For instance, a global Supersymmetry is a symmetry relating
integer-spin particles — bosons — to half-integer-spin ones — fermions. It
is generated by Supersymmetry fermionic operators {Q,, @%} which act on
our particles states.

The Poincaré algebra, defined as the set of translations {P*} and Lorentz

!The number of dimensions of our theory - eleven - is due to the necessity to include
the graviton (< 11) but also the gauge group of the Standard Model (> 11).



transformations {M*”} and by the following relationships:

[P, PY] =0 (1.1a)
[P, M#7) = —i (1! P" — 1" P?) (L1b)
[M* MP?] =i (g MY + 0”7 MM — gl MYP — 5P M) (1.1c)

can be extended. Indeed, one builds up the SuperPoincaré algebra by in-

cluding these new fermionic operators and setting up additional relationships

using them:
{Qu, Q%) =2(o"),} P* (1.2a)
(MM Qu) = —i (0" )ap Qs (1.2b)
(M. Q) = —i (6")38 QF (1.20)

{Qa, Qs} =0=1{Q% Q") {P*,Qu} =0={P",Q%)

The resulting theory is a globally supersymmetric version of General Rela-
tivity.

Pursuing further this extension, the local version of Supersymmetry can be
added via superdiffeomorphisms. Defining a supermanifold as a manifold

with bosonic and fermionic?

coordinates, one can set up local invariance
under some graded diffeomorphisms. Supergravity is the theory formed by

such an extension of General Relativity.

1.2 Generalised Geometry

Generalised Geometry is a mathematical tool which allows to reformulate
our theory in a geometrical picture. Indeed, one can extend the local sym-
metry group to include both diffeomorphisms and gauge transformations.
One would then have a natural language to express a covariant theory with
respect to these two kinds of transformations.

Therefore, one defines several generalised mathematical objects, such as a
generalised tangent space and generalised vectors, with a differential struc-
ture including generalised metric, connections and torsion. The goal is to

introduce them in a coherent way that makes obvious the covariance. It is

2Fermionic coordinates anticommunte since they are Grassman-valued spinors.



believed that this language will shed light on the underlying symmetries and

theories.

The structure group, the group of diffeomorphisms in General Relativity,
has to be generalised first in order to include more fundamental symme-
tries. Since this work is dedicated to the study of Supergravity and to the
clarification of String Theory backgrounds, one should look for symmetries
already present in such theories, such as dualities.

At first, five ten-dimensional String Theories, in which the number, shape,
size and twisting of dimensions beyond the usual 3 + 1 ones influence the
predicted physics, had been developped and seemed unrelated. In the mid-
1990s, a new kind of connections between the distinct theories was found
and called dualities. They linked the theories together and unified them into
a broader eleven-dimensional one, called M theory.

The T-duality expresses the fact that different geometries of the manifold
(and especially of the extra-dimensions) may result in the same physical ef-
fects®. Another duality relates a strongly coupled theory to a weakly coupled
one, the coupling constants being inversely proportional. The combination
of these two gives rise to U-duality.

In the following, two groups will be considered for our extension: the T-
duality and the U-duality groups, that is O(d,d)* and Ed(d)5, with d the
dimension of our space-time manifold. Instead of our usual tangent space
TM, we have generalised tangent spaces such as, in d = 4 dimensions,
TM @ T*M in the first case, and TM ® A?>T*M in the second one. One
can also consider the general case where the dimension d can take any value
d < 7. In any case, the extension allows us to look at all the transformations
(diffeomorphisms and gauge transformations) in this generalised space, that

is on a generalised vector which will include the gauge fields.

In this work, we will aim on Eyg) x RT Generalised Geometry, which is an

3A theory built on a manifold with one dimension compactified over a circle can be
related by T-duality to another theory on the same kind of space-time: the radius of the

circles are inversely proportional.
4The indefinite orthogonal group of split signature.
5The split form of the simple exceptional Lie group Ej.



extension of the U-duality case®. The generalised Eq(a) % RT tangent bundle
will be studied both through the split frames one can define on this space
and the differential structure which is needed for the theory. A particular
attention will be given to the metric compatible, torsion-free generalised
connections.

In order to introduce all the notions and specificities of Generalised Geom-
etry, the first section will focus on the low-dimension case d = 4. The two
generalised tangent spaces mentioned before, stemming from both 7- and
U-duality groups, will be studied with their linear and differential struc-

tures, and especially the connections and metric.

1.3 Notations

In the following, we consider a manifold M of dimension d < 7, with its
tangent bundle T'M. Its restriction to the usual d = 4 Minkowski space-
time manifold is chosen to have (+,—, —, —) signature.

Several generalised tangent spaces can be defined and used:

Ei~TM®T*M (1.3)
Ey~TM @ N2T*M (1.4)
E~TMaNT*Mo AN TM @ (T*M @ AN T*M) (1.5)

In each case, we define a generalised vector V:

V=v+f VeE,veTM, feT*M 1

)
)
)

V=v+w VeEy,veTM,weNTM 1.
1.

co N O

(
(
V=v+twto+r7 VeE veTM, weNTM, (

o€ NNT*M, 7€ (T*M @ A" T*M)

In terms of indices, the space-time representations are covered by Greek
indices such as u, v, p, o... ; if one wants to define an index for a bigger
representation than the space-time one, Latin indices might be used, such

asm, n,p,q...

SKnown as the ”trombone symmetry”, this RT factor is important to specify the

isomorphism between the generalised tangent space and a sum of vector and form spaces.



In the case where one defines coordinates z* on the manifold, the generalised
vector’s components are indiced using a capital letter: for V € E, we would
have:

M _ (. . .
VI = (0" Wy g Opin popispuapss Ty papispuagus pegar )

with p, v, pg...=1...d, and thus M = 1...r where r = (d—i—@—i—...)
is the dimension of the generalised tangent space.

In different kinds of frame, we might prefer using capital letters A, B, ... in-
stead of a couple of letters (such as (p1u2), or rather (myms) as we will see).
This index would then cover the appropriate range of numbers — for instance

A=1,...6 for a four-dimensional two-form field index: V#1#r2 = VA,

One can generalise the usual partial derivative operator 9, € T*M by defin-
ing an operator acting on the dual of the generalised tangent space E. For

the high dimensional version, one simply defines:

0 for M =
=4 0 Tk (1.9)
0 otherwise

with dy; € E*. This is equivalent to an embedding of the action of the usual
operator using the inverse of the isomorphism defining E with respect to

the direct sum of tensor bundles.

We here define carefully different kinds of actions and contractions. Defining;:

he TM®@T*M
z€ N'TM, 1<p<d
peNT*M and y € N*7IT*M, 1<q<d

we first recall the action of GL(d, R) on usual tensors:

(h-v)" =hH, " (1.10a)
(B @) e = —h s Wy — WYy Wiy (1.10b)



We will also need details about the contraction of high rank tensors:

— (1 V...V, 1
(Zoﬂ)m---uqu = (pt) 2" Puy.vppir o pg—p ifp<q (1.11a)
(Zop);ub“ﬂp—q = (1/(1!) V1 Vg1 pp—(q Py ...vg 1fp >q
(Z o T)u1~~-u8—p = (1/(p - 1)!) 2Vt Tvi,va...upp ... u8—p (111b)
(T2 AX pppr e = T/ T =0 Py Xy o] (1.11c)



2 Starting with TM ® T*M and TM & N2 T*M

As mentioned above, Generalised Geometry gives a geometrical picture to
our theory which is naturally covariant with respect to diffeomorphisms and
form field transformations. It can be developped by introducing two different
symmetry groups: T- and U-duality. Equivalently, it can be built on two
different structure groups, respectively, O(d,d) and Eyg). In this section,
the manifold M is a d = 4 spin-manifold, on which we consider a patching

of a local connection and an open covering {U;}.

2.1 Generalised tangent bundle

First, let us give our generalised tangent space a structure, starting with an
inner product between two generalised vectors, V =v+w, U = u+ o, both
in (Ek)zi
(-, ) Ep x By = AFIT* M (2.1)
1
(V,U) = (V, U) = 5 (100 + iut0)
Let us now build a generalised Lie derivative of U = u 4+ ¢ with respect to

V=v+uw:
LyU = [v,u] + (Lyo — iydw) (2.2)

Let us also define the Courant bracket as the antisymmetrisation of the

generalised Lie bracket:

[-.-]: Ex x By — Ej, (2.3)
1
(V,U) — [V,U] = [v,u] + Lyo — Lyw — E(iudw — iydo)
It can be seen that diffeomorphisms preserve the Courant bracket, as they
do with the usual Lie bracket.

Finally, let us look at transformations which preserve the Courant bracket.

For B a (k + 1)-form, one can define the endomorphism”:

BV = P (V)=v+ (w+ Bv) (2.4)

"The choice for the notation of this operator will be clearer in the following,.



where e?(V) € E;, that is (w + B(v)) € T*M or A’T*M. Choosing for
instance B(v) = (—1)¥*1i,B, one can apply this operator to the Courant

bracket and get:
[B(V),eB(U)] = P [V, U] - ivin, dB (2.5)

This shows that the Courant bracket is preserved by such a transformation
if and only if dB = 0.

It can even be demonstrated that for any transformation and to preserve
the Courant bracket, it must be a diffeomorphism, a B-field transformation
with B € AFHT*M such that dB = 0 — as introduced just before under

B

the notation e® — or a composition of the two.

2.1.1 T-duality and O(d,d) generalised tangent space

In the case where we choose to extend the symmetry group with T-duality,
the generalised tangent space is isomorphic to the sum TM @ T*M. The
main object is thus a generalised vector V = v + f.

Let us define a theory where, together with a metric g, a closed form field
F = df plays a central role. Diffeomorphisms act on v € T M preserving
its properties, such as the inner product or the Lie bracket one can define
on the tangent space. They also preserve the metric’s properties since it
is a symmetric (0,2)-tensor. Similarly, the one-form field transformation
f — f + g under the condition dg = 0 preserves the closed form field F.
One thus needs to extend this tangent space TM with its symmetries and
build a generalised transformation which will include the two previously
mentioned transformations. Let us write down the inner product between
two generalised vectors (V,U) € (E1)? in a matrix language. First, one can

write the generalised vector V = (v w)". Thus, defining:

1 0 1
M= - 2.6
: [ - (26)
one has:
(V,U)=V"MU (2.7)

Since M is a symmetric real matrix, it can be diagonalised using a real or-

thogonal matrix P. Its eigenvalues are {—1, 1} with the same multiplicity.

10



The group of morphisms preserving the inner product is thus isomorphic to
o(d,d).

It can be proven that the Lie algebra related to the symmetry group pre-

serving the inner product, denoted by so(E7), can be decomposed as follows:
s0(Fy) = A*TM @ End TM & N*T*M (2.8)

where EndTM =TM & T*M. Indeed,

s0(Ey) ={Q: Q"M + MQ = 0} (2.9)
A€ EndTM
A C
=4Q= ., BeANT*M
B _Atr
C e N’TM

By exponentiating Qp = [g 8], one gets the operator for the B-field trans-
formation, which gives (2.4). Hence the notation, slightly simplified, intro-
duced previously.

Similarly, by exponentiating Q¢ = [8 g] , the bi-vector C' leads to the trans-
formation ¢ (v + w) = (v — i,C) + w (simplifying here again the notation).
Finally, the endomorphisms are represented by the diagonal part of Q). This

gives the decomposition (2.8).

One can finally look for a generalised metric which would combine our fields,
i.e. both the metric g and the form field B.

Let us start by defining a splitting of our space E7 into a maximal subspace
on which the inner product is positive definite, denoted by Ef , and its or-
thogonal complement E; = (E;)*. The inner product is negative definite

on | and we can then define a metric operator:

G: Ei=Ef ®E] - F (2.10)
V=Vr4 V" = GV =AV,") g —(V.") |5

where the equivalence E* =TM @& T*M = E; has been used.
Let us now define an operator ¢ : TM — T*M in order to find an explicit

splitting. We require % to satisfy:
(v+ (), v+¥)) >0 YVveTM (2.11)

11



One can then simply define the splitting via:
Ef ={v+¢(),veTM} (2.12)

The important point here is that ¢, as an operator acting on vectors and
giving one-forms, can be seen as a (0, 2)-tensor, and can thus be decomposed
into a symmetric part and an antisymmetric one. These are the two objects
we wanted to merge into a generalised metric: the usual metric g which
is a symmetric (0,2)-tensor, and the B-field which is a two-form i.e. an
antisymmetric (0,2)-tensor. More precisely, ¢g is a Riemannian metric on
TM. This condition is equivalent to the defining condition of ¢ (2.11): the
B(v) = —i,B part does not contribute to the value of the inner product,
due to the nilpotency of i,.

Noting that eZ(v + g(v)) = v + g(v) — i, B = v + ¥(v), one has:

Ef =ePESF with Ef = {v+g(v), ve TM} (2.13)
E; =ePE with E; = {v—g(v), v € TM} (2.14)

where Ef: is defined with g instead of v, i.e. with B = 0. In this case, one

can note that:

G2v)=G(VT+ V)=Vt -V~ =2¢(v)
GR2g(v) =GVt -V )=V 4V =2v

0
Besides, since E] = ePE]" and GE] = E{, one has e BGe? = G. Finally,

we get in this matrix representation:

where G is the generalised metric when B = 0. Hence G = [2 g ! ]

1 0 0 ¢! 1 0
G = g
B 1 g 0 B 1
i _ —lB —1
- g g (2.15)
| g—Bg™'B Bg™!

Note that the need for B to be a closed form is equivalent to the one for e?

to preserve the Courant bracket.

12



2.1.2 U-duality and E;4 generalised tangent space

A three-form field, that we will denote by B in the following, is appearing
in Supergravity (especially in four dimensions) as well as in several String
Theories. It would thus be interesting to write down a Generalised Geometry
language including such a field and the related symmetries. One can build
the generalised tangent space Fy = TM @ A?T*M on a d = 4-dimensional
manifold M and a theory where a metric g and a closed form field F' = dB

play a central role.

The first important thing to note is that the inner product (2.1) defined
above is no longer bilinear, and is thus no longer preserving the group of
transformations. We then need to find another general linear group on our
generalised tangent space. Looking at the natural group of transformations
on TM, GL(4,R), and at the U-duality symmetry group, Fy4) =~ SL(5,R),
one can choose to use GL(5,R) which include both these groups®.

Let us first find another representation for our generalised vector that makes
more sense regarding the symmetry group. In the following, the Latin indices
will cover the GL(5,R) dimensions m, n, p... = 1...5, whereas the Greek
ones will still denote the manifold dimensions p, p;, v;...=1...4.

Our generalised vector is written as V™" ; the vector v, element of T'M, as
v# = V. Using the isomorphism presented in details in appendix A, one
can express our two-form field w as V*1*2 = %6”1”2“1“2 Wypps- Finally, we
have V™" = —V™" hence a generalised vector V = v 4w written as a 5 X 5

matrix.

In this representation, we now need to express our transformations in a
coherent way, that is with V! = QV Q" with Q € GL(Ey) ~ GL(5,R),
or equivalently V74 = Qh,V™Q,!. As for the previous case (Fi), the
transformations can be decomposed into several specific cases. Naturally,
the first one is the linear transformations represented by a block diagonal

matrix:
A (det A)~ 0
Qa = 2.16
A 0 (det A)> (2.16)

8Even if SL(5,R) seems to be enough at first since we could include GL(4,R) in it,

we will see later that this extension is necessary.

13



with? A € GL(TM) and k, A € R. One thus has:

V= (Qa), (Qa) VP = (det AY™H A, VEF (2.17)

v

VI = (Qa)¥ (Qa)", V7 = (det A)*™ AF AY VP7 (2.18)

In order to preserve the symmetries, one needs to fix kK + A = 0 (hence
Vo € TM) and 2k = 1 (hence VA € (det TM) @ N*T*M).

Note that these conditions on x and A, i.e. on V°* and V¥ to transform as a
vector field and a two-form density field, are too restrictive to be compatible
with Q4 € SL(5, R). Indeed, one could not impose det (Q4) = 1 without
restricting A to be in SL(T'M) (instead of GL(TM)). Hence why we choose
GL(E>) to be GL(5, R) as opposed to SL(5, R).

Glancing at the way an object such as P™ = (p* p)tr transforms under

this operator, it can be seen that we have:

pH = (det A)? AR p¥ = pte (det TM)'? @ TM
p = (detA)"p = pe(detTM) '/

Therefore P™ € (det TM)'/? (TM @ (det TM)™1).

Let us now look at the two other kinds of transformations, i.e. the shear

transformations in the A2T*M and TM directions as defined by e and

e in the previous case!’. First, we define (Qp)™ = [§ %] such that

e?B ¢ GL(5, R) (in the following denoted by ). One has:

V/mn — (eB)"rrIL; (eB)nq VPrd

= VP 4 (2.19)

0 0

BtyY — BYoH 0 ]

Indeed, Qp does generate a shear transformation in the A27* M direction by
shifting the two-form part of V' (the w part) by an antisymmetric product of
the vector part of V' (the v part) and the parameter of the transformation

(the B-field).

“Note that here, the morphism A € GL(T M) is different from the one A € End (T M)

used previously in (2.9), even if they could be closely related.

OExcept in the fact that e? was a shear transformation in the T*M direction since

the generalised tangent space was By ~TM & T M.

14



Furthermore, we define (Qc)™" = [ & §] such that e?¢ € GL(5, R) (in the
following denoted by e®). Again, one has:
V/mn _ (eC)n; (eC)nq VPe
0 —C,Vrr
c,ver 0

— VP4 (2.20)

Here too, Q¢ generates a shear transformation in the T'M direction by
shifting antisymmetrically the v part by a contraction of the w part and the

parameter of the transformation (the C-field).

Finally, the space of transformations can be decomposed as follows:

GL(Ey) = GL(5, R) ~ GL(4, R) ® N3T*M © A3TM (2.21)

2.2 Differential structure

Since our generalised tangent spaces have been previously provided with a
common differential structure, that is a generalised Lie derivative (2.2) and
a Courant bracket (2.3), we will now focus on the latest tangent space. Let
us then rewrite our Courant bracket in a matrix language as developped for
Ey ~TM & N*T*M:
[[V, U]] _ [[V5“ + kK2, {5k + Umuzﬂ
1
=V, UP*+ (LvU — LyV — 5 AV - ivU))
= (V¥O,UM — UM, Vo) + (VVO,Ur k2 — U9,V HHz)

_ § (V[M1M2QUU5V] _ U[Mluzayvfw} 4 V[5V8VUM1MQ} _ U[Suayvuwz])
2
or, in a matrix layout:

Ve, Utk — U,V ik
_% (V[mmay(ﬁu] — Ulmnzg vl Vor g, Ut

v, o™ = +V By, Urnal — U[5”6,,V“1M2]) —U9,Vom

Vg, U — U,V ok 0
(2.22)

15



In order to check the consistency, we need to verify that B-field transforma-

tions are still a symmetry of the Courant bracket, i.e. that they satisfy:
BV, U] =[PV, PU] < dB=0 (2.23)

It can firstly be noted that, defining B* = ¢**#? B, ,, i.e. the dual for the
three-form field B, one has %e“l’@”p Voo Byjpo = —2Blm yr2l5 - Also, the v
part of our generalised vector is invariant under the action of e”, whereas

the w part is modified into:
V’#lm = [ H1H2 + %GHUQVP V5U B,,pg = H1H2 23[#1 Vu2]5 (2_24)
One can then compute:

[[GB v (eB)t'r’ BB U (eB)tr]]mn

|

Vikpz  _1/5m U'mkz  _ydm

I

|

15k 0 [J5H2 0
(vov 0,Ubk2 _ 75V 8VV5[“2) B
= [V, U™ +2 — Volmyrl g, B ’
0 0

and identify (ijyB)"""* = 2(V® 9,U%Mk2 — U 9,Voln2) Bl e the
first part of the extra term, as well as (iyigdB)*'*2 = Vol ymls 9, BY .

the second part. Hence the final equality:

[[eB 174 (6B>tr7 6B U (eB)tr]]mn
= [V, U]™ + (ipy,00B)"™"* — 2 (iviy dB)*1#2 (2.25)
= (P [V, U] (&)™ & dB=0
which implies!'! the conservation of the Courant bracket under B-field trans-

formations, under the necessary and sufficient condition that the three-form
field B be closed.

1 This was known but has now been proven in the matrix language previously devel-

opped.

16



2.3 Generalised connections and metric

In order to complete the structure of our generalised tangent space, an

affine connection is needed, as well as a metric, both being invariant under
GL(5, R).
Let us first introduce an affine connection:
V: E2 X E2 — E2
(V,U) — VyU (2.26)

satisfying the following properties, ¥ V,U, T € (E3)% and V f € €>°(M)!%:

Vv (U+T)=VyU+VyT (2.27a)

Vvir T =VyT + VyT (2.27b)
Viv(U) = f(VvU) (2.27¢c)
Vv(fU)=VIf]+ f(VvU) (2.27d)

where we define V[f] = (v + w)[f] = v[f].
We also define a basis for Fy with antisymmetric matrices labelled by A and

with only —1 and 1 at the position (m + 1, m) and (m, m + 1):

{eAE woe Tl ,A_1,...10} (2.28)

and connections {2 ACB € K — K the space of connection — with!3:
O 5ec=Vaen (2.29)
Then, one can work out the properties (2.27) in terms of {e4} and get:
VyU = VA (ealUP] + Q50 ep = VA (04U + QU ) e

since the form part of e4[U?] vanishes. Here, one can recognise and define

the usual form of the covariant derivative in terms of partial derivative and

12Note that here and in the following, f is no longer an element of T* M but a continuous

function over the manifold M.
13We slightly simplify the notation again, assimilating V., = Va

17



connection.
The last point to check is the invariance of these connections under GL(5, R)

transformations, by defining an action over our tangent space Es (in (mn)

indices):
(,): KxEBE — E (2.30)
(Qpg" s V) = (- V)" = (Qg)" V™ = () VI

Note that this definition is coherent with the action of the affine connection
Vy on P™ € (det TM)'? (TM @ (det TM)~1).

Finally, let us find a generalised metric on Es as we did for E;. As usual, it
must satisfy several key properties, such as being covariant under GL(5, R)
transformations, and including the fields our theory would need in one ob-
ject, mathematically coherent.

Our theory contains at least the usual metric g and the three-form field
B. Using the isomorphism between A3T*M and (det TM) ® T*M, our first
assumption could be that G € ((det TM) ® T*M) @& S*T* M, which seems
reasonable apart from the number of degrees of freedom. Indeed, given that
our generalised metric G must be symmetric (since g is), it should have
5x6/2 = 15 d.o.f. ; the usual metric contains 4x5/2 = 10 d.o.f. and the
three-form field 4*x3x2/3x2 = 4. There is an extra freedom that we will
include either as the G® term or as an overall multiplying factor.

Finally, recalling V € T*M @ A?T*M and that we need to apply the same
transformations on our generalised vectors V™" and on the inverse of the
generalised metric G™", we assume G~! € S?TM © TM @ (det TM).

Hence:
Grkz  Gmd

G5,u2 G55
with a density scalar field v € det T'M, a vector field X € T'M such that
Xt ~ Bt = 7 B,,,, and an inverse metric g € S?TM. Note that

gk XM

X H2 ~

G = (2.31)

this metric is not necessarily g, the one on our manifold M, but has the
same signature (1,3). This point raises the question of the signature of
our generalised metric G: we choose it to have a (2,3) signature — and

not (1,4) — in order to be adequatly developped for our physical theories.
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Indeed, the fermionic sector of four-dimensional Supergravity is built with
the subgroup Spin(2, 3) of the Clifford Algebra, leading to such a signature.
Moreover, one of the three-form supergravity solutions, that is AdSy, is

naturally embedded in R?3, confirming the choice for G.

Let us now apply the GL(5, R) transformations on the different components

of the generalised metric, starting with the linear operator Q) a:

XM =Ar X" = GHeTM (2.32a)
7 = (detd) "ty = G e (det TM)™* (2.32b)
Gl = (detA) Ay AF2 g2 = GRE2 € (det TM) ® S°TM (2.32¢)

One can see that this is not coherent. Recalling the determinant of the
metric is a density scalar of rank two and writting /|detg| = g, we redefine
the generalised metric’s components. The metric part is a density and should
include a v~ ! factor: GHH2 = g~ G*1#2. The vector part needs to include
this extra-factor as well: G°*2 = ~ X*. Finally, we adjust the rank of the
density scalar: G° = g~ .

Hence the final form of the generalised inverse metric:

G™ = g~y (2.33)

guwz gfl Xt
g—l X M2 g—2

€ (det TM) @ (S2TM & (det TM) ™' TM & (det TM) )

We also define, in the case B = 0 and using here the usual manifold metric,

(2.34)

~mn g.u‘l:MQ 0
G =gy [

0 9_2

which should satisfy G=! = e® G~1 (ef)"" under a shear transformation in
the A2T*M direction — as was developped proviously for V™. This leads

to:
ghiHe 4 g—2 BH1 Bu2 g—2 BH1

o . (2.35)
g “°B g

Gm"—gfy[

Given that B* € (detTM) ® T*M, this is coherent with the definition
of the generalised metric. One thus has gHiH2 = ghik2 4 g=2 B BH2 and

g X* = B*, which are once again coherent with the previous work.
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Finally, let us check the consistency with the other shear transformation,
generated by Qc: one should have G=! = ¢ G~ (). One gets:
ghine g C,

2.36
gv C, gH’VCMCV + 9_2 ( )

G = m[

which is again coherent, since C), € (det TM YL TEM ~ AT M.

Lastly, one wants to construct the generalised metric G, (not its inverse).

Let us start with the easiest case:

_ 0
el I (2.37)
0 g°

One can then invert one of the relationships between G™" and G™", giving

G = (e B)" G e=B ; therefore:

1 g — 9B

— 9 BY 92 + B*g,, B”

Not only does this transformation give a coherent metric, but it also confirms
that G € (det TM) ™" @ (21" M & (det TM) T*M & (det TM)?).
One can finally check that the other shear transformation gives a coherent

result:

G =

g ly! [ Gprpe + g’ CCpy —g? Cuy (2.39)

—g?Cpy g

As a conclusion work on our generalised tangent space Fs, it would be in-
teresting to look at metric-compatible connections, i.e. connections which
preserve the metric defined above. A torsion-free condition can be added
in order to develop the generalisation of the Levi-Civita connection, that is
the metric compatible torsion-free connection.

First, we recall that in conventional geometry, one has a unique Levi-Civita
connection, since its 64 degrees of freedom (d.o.f.) are constrained by 64
equations: 24 from the torsion-free condition and 4 x 10 to be metric com-

patible:

r/, suchthat 7,/ =T, -T), =0 and V,g,=0 (2.40)

Here, the connections contains 250 d.o.f, since it is a five-dimensional (1, 3)-

tensor with two antisymmetrised indices'* (that is 5 x 5 x % d.o.f).

*One can write the connections as §,,", from its action over F> defined in (2.30).
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The torsion is a generalised (1,2)-tensor, or equivalently a map defined as
T : Ey x E5y — Es and such that:

T(V,U)=VyU - VyV - [V, Ul = Q8. (VAU — VU ep (2.41)

for any (V, U) € (E»)*. Although the torsion can be seen as some anti-

symmetrisation of the connections on the lower indices (A, C'), one can note

15

that the symmetric part of the trace of the connections remains™. It is a

symmetric (0,2)-tensor with 15 d.o.f ; the traceless part of the torsion is

5x4x3 — 50

a (1,3)-tensor with three antisymmetrised indices giving 5 x *353

d.o.f. Therefore, the torsion-free condition restricts the connections with 65
equations, 250 — 65 = 185 d.o.f. remaining.

Similarly, the generalised metric is a symmetric (0, 2)-tensor, i.e. contains
15 d.o.f., and the covariant derivative is antisymmetric, giving 10 d.o.f.
Thus, the compatibility condition DG = 0 combines 150 equations, leav-
ing 185 — 150 = 35 d.o.f. for the generalised Levi-Civita connections.

The unicity of such connections is thus lost. This is not a problem for the
framework developped above, mainly because a Ricci curvature tensor can
still be built up uniquely. Indeed, even if the Riemann curvature — which
can be defined as the commutator of the covariant derivative — is no longer

a tensor, its contraction is and constrains all the freedom left.

'5Indeed, when expressed with the (m,n) indices instead of the A ones, the trace of

the connections does not vanish.
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3  Eyqg x R" Generalised Geometry

From its original version where the tangent space is F1 ~TM & T*M and
the underlying structure relies on O(d, d), Generalised Geometry has been
extended to include the symmetries appearing in M theory. The generalised
tangent space B~ TM @ N2 T*M & NS T*M @ (T*M @ AT T*M) is relevant
for the low dimensional d < 7 restriction of eleven-dimensional Supergravity
— the low-energy limit of M theory. It admits an Eyg) structure, which is

completed by a "trombone symmetry” to give the Eqq) x R* structure.

In the following, the manifold M is a d-dimensional spin manifold, restricted
to d < 7. Note that if d < 7, one would need to ignore one or several terms
in the direct sum of tensor bundles that our generalised tangent space F is

isomorphic to. One also defines a patching {U;} on M.

3.1 Generalised tangent bundle

The tangent space F is isomorphic to a sum of tensor bundles. To be more

accurate, the space E springs from a series of exact extensions:

00— AN2T*M — E" —TM — 0
0— AN°T*M —F — E"—0 (3.1)
0—TMONTM —FE —E —0

One can see this in a more practical way when looking at the elements of
sections of E and the way they are patched. Indeed, for V(;y, V() elements

of a section of I over patches Uj, Uy, one has:

Vi) = vi) +wi) T og) +706) (3.2)
eI (TU; & N’T*U; & N°T*U; & (T*U; @ N'T*Uj))
and, locally defining A(jp) and Z(j;) two- and five-forms on the overlap

U; N Uy, one gets:
Vi) = edAGm T A=) Viry (3.3)
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i.e. V() = V() (3.4a)
W(j) = Wk) + oy A i) (3.4b)
() = (k) + dAr) A wir)
gy A=k + 1/2 dA iy Adug, dA G (3.4c)
() = Ty +J ARy Aoy — T d= Ry A wi)
+§ dA iy Aoy AE(ry + 12 5 dAGry A dA Gry A wiy
+ 16 5 dA gy A A Gy A g dA Gy (3.4d)

Note that v(;) is a globally defined vector, whereas w;), o(;), 7(j) are only

7)
locally defined tensors. Note also that the generalised tangent bundle E

contains all the topological information for our supergravity background.

This generalised vector bundle structure means that from every point x € M,
there is a fibre denoted by E,. Since we have an Eyq x RT principal
bundle, this fibre forms a representation space of the group FEgyg) X RT.
The bundle is also defined by an action of this group, which acts here on
the component spaces T, M, A2T; M, A>T M and T} M ® ATT;M via the
GL(d,R) subgroup.

Thus, we note that the exact extension (3.1) defining E is directly linked
to the structure group. Indeed, without the extension by an R factor,
sections of the vector bundle would not transform as tensors ; they would

get an additional power of (det T*M).

Moreover, one can define a superstructure, a frame bundle F, for E. We
define {FE4, A =1...r} a basis for the fibre E,, where r is the dimension
of the representation of the Ejg4) x R* group, i.e. the dimension of the
generalised tangent space. One can check the values presented in Table 1
below by computing the dimension of each tensor bundle in the sum (the
number of which depends on the dimension) and adding them.

The frame bundle F' is formed from all the bases and is therefore a GL(r, R)
principle bundle. This means that F is seen as a sub-bundle, the natural
Eq) x R* principle sub-bundle of F' which is compatible with the patching
defined earlier in (3.3).

Let us define {é,} a basis for T, M and thus {é*} a basis for Ty M. One
then has {é#1#2} for A2TF M, {15} for A°TF M and finally {P17} for
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# of
d terms r
7 4 56
6 3 27
) 3 16
4 2 10

Table 1: Dimension of the generalised tangent space

(T; M@ N'T;M ) Using these, we can easily construct a basis for F, just

by combining them. Hence the expression of a generalised vector V € E,:

Af 5 5 A1V
V=V3Es=0vlé,+ 12wy, "2 + 1510, 5 €775

11 Ty €1 (3.5)

If U; is endowed with a certain choice of coordinates, the natural basis on
T.M is {9/oz+}, hence {Ey} = {9/oa#} U {da# A dz#2} U ... Note that
through the GL(d, R) subgroup of our Eyg) x R* action, one acts on the
bases such as {€,} and {é##?} in the usual way, separately. A general
Eqq) % R™ transformation, including the patching (3.3), gives an Eqa) % R*
basis {E4}.

Let us have a closer look at these transformations, that is at our group
Eqq) x RT and its subgroup GL(d, R). One has a manifold M defining
TM, the usual tangent space, and FE, the generalised tangent space. In
order to define the Lie algebra of the group Eyq) x R*, we need to define a

space ; let us call it §:

F=RO(TMT*M)® AN T*M & N°T*M & N3TM & \°TM  (3.6a)
F=ct+h+ata+a+a €F (3.6b)

and its actionon V= (v+w+o+7) € E:

F-v=cvt+h-v+aow—aoo (3.7a)
F-w=cw+h-wtvoataco+aor (3.7b)
F-o=co+h-o+voat+aAw+taoT (3.7¢)
F-r=ct+h-7+joaNc—jaNhw (3.7d)
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For more details on the contractions, see Section 1.3, (1.10) and (1.11).
Starting with the action of m € GL(d, R):
(m-v)t =mt, v

(M )y = (M), (M7, Wi,

H1H2 M1

and adding the exponentiated action of o and &, a and a:

TV = v+ (WHiya) + (0 FaAw+ 12 aAi,a+i,a) (3.8)
+(T+janc—jaNw+ljaNaNw
+lejanNia—1LjaNi,a+16jaNaliyo)
TV = (vtaow—aoo+llacaco (3.9)
+l2acaoT+1acaoT+1savcacaoT)
+(w+avo+aoT+avaco)
+(c+aor)+T

and the R scaling factor via ¢, § € R, one finally gets an element of

Ey(q) X RT which takes the form:
M-V = e ettt . v (3.10)

Note that the exponential expansion is limited to cubic terms. It is linked

to the nilpotency (of rank two) of both the actions of a + & and a + a.

One can also define generalised tensors as an extension of generalised vectors.
Indeed, for instance, an element of the section of the dual generalised tangent
space E* ~ T*M @ N2TM © N> TM @ (TM @ A" TM) can be expressed in
the dual basis {E4} as W = W,y EA.

We also need to define the generalised Egg) X R* structure bundle E:

F= {(:c {EA}) : 2 € M, {Ea} an By x RT basis } (3.11)

This sub-bundle of F (the frame bundle for ) is an Eyg) x R* principle
bundle in the exact same way as in conventional geometry where the frame
bundle is a GL(d, R) principle bundle.

The adjoint bundle ad F' associated with F is actually the space acting on
the generalised tangent space to build our group Eyg) X R*:

adF =5 (3.12)
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An element of a section can be written R = RAB E4 EB sincead F ¢ EQE*.

We also define the projection on the adjoint representation:
®ad: E* @ FE — ad F

Following the same path, we introduce the sub-bundle of the symmetric

product of two generalised cotangent bundles:
N~T*M & A'T*M & (T*M ® \T*M) (3.13)
& (NT*M@N'T*M) & (NT*M @ N'T*M)

Sections can also be written S = S48 F4 E and the projection defined as
n: F®FE — N.

E* ad F N
56 1334+ 1 133
27 78 + 1 27
16 45 + 1 10
10 24 + 1 5

= Ot O | X

Table 2: Dimension of the generalised tensors

The dimension of such generalised tensors — that is the dimension of the
representation they belong to — can be computed by adding the dimensions
of each term in the direct sum. Table 2 gives their dimensions with respect
to the dimension d of our manifold M. Note that higher rank generalised

tensors can be built using the same procedure. For more details, see [4].

3.2 Split frame

So far, we defined a frame bundle F' for E and its sub-bundle, the generalised
Eq) % R* structure bundle F. We now want to define a special class of
Eq(a) % R* frames via a splitting of the generalised tangent space E following
the isomorphism (1.5).

Let {é,} be a generic basis for TM and {é*} its dual, that is a basis for
T*M. Let A € R be a scalar field, A and A be three-form and six-form
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connections and let us patch them on U; N Uy:

Agj)y = Aw) + dA i

W - (3.14)

Agy = Ay + dEgr) — 12 dA g A Ay

We can then define a conformal split frame {E4} for E:

E,=e® (éy+ie, A+ic, A+1/2 ANig, A
+ jJANi, A+ 16 JANANig, A) (3.15a)
Framne — A (é#luz + AN EME2 A A pHiH

12 AN AN EH2) (3.15b)
Bt = e (pM1H5 4 AN @S (3.15¢)
Eronvt — oA g (3.15d)

The term ”conformal” refers to the RT factor and we would have a split
frame in the case A = 0.
The isomorphism (1.5) is actually realised via the definition of the connection

forms A and A since one has, in the conformal split frame:
VA = =8 e~ A0 ~An) v
=0l e, + 12wy, €2 + 1510y, €70 (3.16)
+ Y0 T pr o €77
which is an element of the section of
TM &N T*M &N T M & (T*M @ A" T*M)

Note that the way the connection forms are patched in (3.14) implies that
e~ A =Aa) Vij) = e~ Aw—Aw) V(x) since we patched the generalised vectors
according to (3.3).

Finally, the class of split frames — which is a sub-bundle of F — can be
defined as:

Pyplit = {(1’, {EA}> .z € M, {E4} a split frame } CF (3.17)

The exponentiated action of (o 4+ &) on such frames shifts the connection
forms: A — A4 a, A — A+ & Thus, transformations such as M =
et m with m € GL(d, R) are endomorphisms of Pipji. They transform a
split frame into another split frame, in opposition with the other kinds of

Eq(qy X RT transformations with a e*"® term — as defined in (3.10).
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3.3 Dorfman derivative and exceptional Courant bracket

As mentioned initially, one of the main goals of this structure is to build
a transformation which combines infinitesimal diffeomorphisms and gauge
transformations. This is the role of the generalised Lie derivative, commonly
called Dorfman derivative, which acts on any generalised tensor. As will be

seen below, it also encodes the bosonic symmetries of our theory.

Indeed, let again V = v +w + 0 + 7 be an element of the section of our
generalised tangent space E and let us define Ly this operator, acting on

U=u+&+ ¢+ 7 a generalised vector:

LyU = Lyu + (Ly€ — iydw) + (Lyop — iydo — £ A dw)

(3.18)
+(Lym—jdANdw —jE Ndo)

Here, U is transformed by the action generated by both the vector part
v — infinitesimal diffeomorphism — and the form parts w and o — gauge

transformations, under the A- and A-form fields.

In order to extend this Dorfman derivative to a derivative on other Ey4) ¥ RT
generalised tensors, we should make the symmetry more obvious, that is
rewrite the definition (3.18) in a covariant way.

Using the generalised partial derivative operator dys defined in (1.9) for high
dimensional manifolds, and defining the action of the Dorfman derivative on

a function as the one of the usual Lie derivative Ly f = L, f, one can write:
LyUM = vNoNUM — (0 @.q V)" UY (3.19)

with (0 ®aq V) = dv + dw + do the projection of the generalised partial
derivative and the generalised vector onto ad F.

Written in this form, one can simply extend the Dorfman derivative action
to any kind of generalised tensor by taking the projection map’s action on

the appropriate Eq(g) X R representation.

Then, the Dorfman derivative can be antisymmetrised, defining an excep-

28



tional Courant bracket as:

[V, U} = 12 (LyU — LyV) (3.20)
= [v, u] + Lo€ — Luw — /2 d(iv€ — iuw)
+ Lot — Lo — 12 d(ivd — iy0)
+ (LpwAdE —1/2 € Adw)
F 1o (Lom— Lo) + 12w Add— j ¢ Adw)
—1/2(j¢ Ado — jo AdE)

It can be noted that the full automorphism group of the exceptional Courant
bracket, that is the group of transformations generated by this bracket, is
the local symmetry group of Supergravity: local diffeomorphism and closed
three- and six-form connections gauge transformations. It can be written as
a semi-direct product: Ggugra = Diff(M) x Q3 (M) x QS (M).

Finally, the Dorfman derivative satisfies the Leibniz identity:
Ly (LyT) — Ly (LyT) = Liyy)T = LryvT

with V| U, T generalised vectors. Thus, F has a ”Leibniz algebroid” struc-

ture.

3.4 Compatible, torsion-free generalised connections
3.4.1 Connections and torsion

We first need to introduce generalised connections in a way that would be
compatible with the Fjyg) X R* structure. Let us define Q an element of
a section of E* indiced by M and taking values in Ey) x RT. Hence the

first-order linear differential operator D acting on a generalised vector V:
Dy VA =0y VA + Q5 VB (3.21)

In such a covariant way, one can naturally extend the action of the differen-
tial operator D to any higher rank Eg(g) x R™ generalised tensor.
One can also build up a generalised connection on a conventional one V

acting on conventional tensors. Indeed, we embed the action of V in E*,
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acting now on generalised vectors (and tensors):

(Vyv?) E, + 1/2(VyWayas) Faaz
+1/50(Vy0ay..as) Fai--as for M = p

V = A~
DM V = + 1/7! (vu Ta,bl...b7) Ea,bl...b7 (322)

0 otherwise

where V,v%, V, wg,a, - .. are the usual tensors under the action of a con-

ventional connections.

The definition of the generalised torsion follows directly the one for the gen-
eralised connection.

First, one needs to define L as the Dorfman derivative in which the partial
derivative 0 has been replaced by the covariant one D defined above. It
acts on any generalised tensor with respect to a generalised vector as it did

before. Hence the generalised torsion:
T(V) U= (LY - Ly)U (3.23)

T can be seen as a generalised tensor, element of a section of E* @ ad F'
even if some of the components actually vanish'®. T can also be looked at
as a linear map acting on a generalised vector and leading to the adjoint
representation: T : E — ad F. T (V') then acts on any generalised tensor as
the Dorfman derivative does.

Using {E4} and {E4} an Eyq x RT frame and its dual and recalling
EA (EB) = 6AB, one can get:

(V) =VC [QCAB — QA - BA <LECEB)} B4 ®aq EP (3.24)

Note that if we use a coordinate frame, the ”"frame term” E4 (L E‘CEB>
vanishes. We then recognise the usual definition of the torsion, that is the

antisymmetric part of the connections: T(V) 45 =2V Q[CAB].

Finally, as in conventional geometry one could want to define a generalised
curvature in order to complete the picture. However, since the Dorfman

derivative is not antisymmetric, which also means that the exceptional

16The generalised torsion is an element of a section of E* @& K where K € E* @ ad F

has elements decomposing as T = T, E* @ Ep @ EC. For more details, see [4].
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Courant bracket does not satisfy the Jacobi identity, one cannot obtain

a generalised tensor by using the usual definition:
R (Vv, U) T = [Dv, DU] T— D[[V, U] T (3.25)

Although Ricci curvature tensor and scalar could be defined, they would

need some extra structure on F.

3.4.2 Metric

In order to continue our study on the connections, and especially to look
for compatible torsion-free ones, we need to build up a generalised metric.
This additional structure generalises the set of orthonormal frames related
by O(d) transformations in conventional geometry. Here, we would have
an Hy structure, where Hy is the maximally compact!” subgroup of Eqa)-
Thus, the generalised connections D preserving this H,; structure would be
considered as compatible, as we will see below.

Note that the double cover of Hy, denoted by Hy, is physically more relevant.
Indeed, the fermionic sector of Supergravity — through spinor representa-
tions — would require such an extension. These groups are exposed in Table

3 with respect to the dimension d of our manifold.

d Eaa) Ay

7 L7 SU(8)

6 Eg(6) Sp(8)

5 Es5y =~ Spin(5,5)  Spin(5) x Spin(5)
4 Ey) ~ SL(5, R) Spin(5)

Table 3: Double cover of the maximally compact subgroup of Eyqg)

This set of frames forms an Hy principle sub-bundle of F , the generalised

structure bundle for E, and we denote it by P C F.

We would like to identify explicitely the frames which are in P. First, in any

"In the physically relevant case, one might prefer to consider non-compact versions of
Hg, that is modify the signature of the metric to get for instance an SO(6, 1) subgroup of
GL(7, R). One would get the same results as here and would be able to discuss consistent

dimensional reductions of eleven-dimensional Supergravity with a timelike dimension.
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H, structure'®, the Hy frame can be chosen to be a conformal split frame
with no loss of generality. Equivalently, any Hy frame can be transformed
into a conformal split frame via the definition of three- and six-form field
connections over a patching of M. Thus, one gets (3.15), and any other

frame by an Hy transformation defined as:

Eavs By =Eg(H ), and VAo v =g VP (3.26)
with H = Tt (3.27)

with h € O(d) and the same exponentiated actions as in Ey(g) X RT trans-
formations, set up in (3.10).

The action of h € O(d) C Hy on an Hy frame keeps it both orthonormal for
a conventional metric — since it simply transforms an orthonormal frame
{éy} for TM into another one — and in its conformal split form. There-
fore, the set of H; conformal split frames forms an O(d) structure on E:
(PN Pyie) C F.

In an Hy frame, one can easily define a generalised G metric such as:

GV, V) =)+ w*+ |o]® + |72 (3.28)
= v, V" 12wy W L

v 1% 1%
= 0y vV VH 12 0V GV w0y Wi -

with V' a generalised vector and §,,, the flat frame metric. But this defini-
tion has to be independent of the choice of frame and thus is valid in any
conformal split frame. The fields determining the coset element and thus the
frame, i.e. g the conventional metric, A and A the three- and six-form field
connections and A the scaling factor, are entirely defining the generalised
metric G.

Finally, it is useful to define a "det E*” density scalar the same way we had
V9, an SO(d)-invariant det T7*M density. In conventional geometry, this
was possible because of the embedding SO(d) C SL(d, R) C GL(d, R) ;

it is also feasible in our Generalised Geometry since we have the parallel

8The choice of an Hy structure is equivalent to the choice of an element of the coset
(Bacay x RT) /Ha
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sequence Hy C Eyq) C Eg(q) X R*. Thus, we define an Hy-invariant density

in terms of the conformal split frame:

volg = /g (e2)" 71 (3.29)

Note that this density is also Ejg)-invariant and that one can define it as

the determinant of the generalised metric G to a suitable power.

3.4.3 Generalisation of the Levi-Civita connection

In conventional d = 4 geometry, the Levi-Civita connection is the unique
connection which is both torsion-free and metric compatible. Here, we want
to extend this notion and look for the constrained generalised connection,

with its possible multiplicity.

Let us first look at the compatibility of our generalised connection. To be
compatible with the Hy structure P C F, it has to satisfy DG = 0, that
is to act only in the Hy principle sub-bundle. Defining V the Levi-Civita
connection with respect to the usual metric g, one can lift it to an action on a
generalised vector V' in an H, conformal split frame, as in (3.22). Moreover,
the Levi-Civita connection V is H, compatible since it is O(d) compatible,
O(d) being a subset of Hy.

Note that even if we formally work out the compatible connections in a
restricted set of frames, the resulting form can easily be adapted to any other

frame via an H, transformation — since the connection is H; covariant.

Though, in this form, DV is not torsion-free even if V is by definition torsion-
free!®. Indeed, we can calculate the (generalised) torsion of the generalised

connection DV in an Hy conformal split frame:

T(V) = e (—ipdA +v®dA — i, F + dA Aw
—iyF+wAF+dAA0) (3.30)

19Beware here of the notion of torsion: when we deal with the generalised connections
DY, we do mean that the generalised torsion is vanishing, whereas we actually imply con-
ventionally torsion-free when we explicitely refer to the usual connections in conventional

geometry, such as the Levi-Civita connection V.
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where F and F are the field strengths of the A and A form field potentials
set up in (3.14) and are defined by:

F=ddg (3.31)
F = dA(]) — 1/2 A(]) ANF

In order to get a generalised Levi-Civita connection, i.e. a torsion-free com-
patible one, we need to modify the embedding of our (usual) Levi-Civita
connection (3.22), that is the definition of DV. One can always write for an

H,; compatible generalised connection D the relationship:
Dy VA =Dy, VA + 8,/ VP (3.32)

where ¥ is an element of a section of (E* ® ad P), that is a generalised (0, 1)-
tensor (index downstairs M) taking its values in the adjoint of Hy (indices
upstairs and downstairs A and B).

By fixing in the appropriate way this ¥ to make the torsion of D vanish, one
would define a torsion-free compatible connection. If we have a closer look at
the decomposition under H, of the representations appearing in the torsion,
we note that they are all contained in the ones defined by ¥. This means
that solutions for this problem exist but not uniquely. Indeed, except for the
d = 3 case, some of the components of ¥ are not contained reciprocally in the

torsion representations?’, leaving some unconstrained degrees of freedom.

In order to write down the explicit solution for ¥, we contract it with a
generalised vector V to get X(V) € ad P. We can then express it in the
basis for the adjoint of Hy:

E(V),u,l/u = eA (2 (2%‘11) U[,U»laHQ}A + 1/4! UJV1V2FV1V/211,U2 (3 33&)
+ 17 O'VL..VSFVL”VE;HM + C(V)’”m)

S(V) papons = € ((d—l)c% (AN W) 41 1o
+ /a0 Fypy ppps + C(V)uluws)

SV esis = € (170" Frpros + COV Vs ) (3.33¢)

(3.33b)

20The torsion is actually an element of the section of K @ E*, where K C E* ® ad F
has not been explicitely defined here (again, see [4] for more details). In general, we have
E*®adP ~ (K ® E*) ® U, where sections of U contain the unconstrained part of 3. In
d = 3, we simply have E* ® ad P ~ K ® E™.
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where C' is the unconstrained part of the connection?!.

Finally, we define the Clifford algebra Cliff(d, R) and its gamma matrices
y# satisfying {7*, v} = ¢". As well, we denote by H1-#n = Al ]
the antisymmetric product of n of them. Using this and the embedding of

the double cover Hy in this algebra, we can finally write the connection:

D:e (V—i— ( >8A ,LFVVV"YVIZQVS
a O A)%" = 2 Fn e (3.34a)
- 2_77!F;Ll/1...l/6'7 ; + >
Drts = A (B 5y + gy (9p8) 110 (3.34b)
+ ¢u1u2> ’
DH1ts — oA (45;' FH M51y27yll}2 + @”1 ”5> (3.340)
DLV — eA (¢M,V1...V7) (334d)

where (' is the embedding of the unconstrained part of the connection in
Cliff(d, R), that is:

Co=
aal...an _

pipz 1 pHipzps 1 M1 16
( i Capnpe? — 31 Covpapaps Y o1 CoposY )

1
2!
(hom

for n € {2,5,7}.

As wanted, this defines the generalised Levi-Civita connections, i.e. Hy

[ T

Hip2 af. pip2p3 1 Ot1 an H1-..p6
Lc 51 Ot gyt

e finpiapsY

compatible torsion-free generalised connections, here expressed in a basis
for the adjoint of H; and embedded in Cliff(d, R).

21This element of a section of E* @ ad P actually leaves on a section of U. Indeed, if

we define the projection map on the torsion representation K @ E*, C' is in its kernel.
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4 Conclusion

Through the extension of diffeomorphisms to include gauge transformations,
Generalised Geometry gives us a powerful tool to express dimensional re-

ductions of M theory in a simpler way.

As has been shown, the bosonic sector of eleven-dimensional Supergravity,
reduced to d < 7 dimensions, can be rewritten in a larger structure which
includes all the symmetries. The generalised tangent space can be endowed
with a coherent linear structure. By adding U-duality symmetries, the un-
derlying group defines transformations which combine local diffeomorphisms
with three- and six-form field gauge transformations.

Moreover, the whole differential structure, which consists mainly in a Dorf-
man derivative and connections, is covariantly defined. The generalised
metric contains the several bosonic fields of our theory. Together with a
subset chain Hy C Egq) C Egq) X R*, it allows us to generalise the notion
of torsion-free compatible connections — even if we lose the unicity.
Finally, it is noticeable that the generalised tangent space is actually in-
cluded in a much broader structure. Higher rank generalised tensors are
sections of larger Fy) x R* bundles. More importantly, we defined several
kinds of frames that build up a principle bundle and sub-bundles structure

in a coherent and physically meaningful way.

Moreover, it is remarkable to see how all of this work is perfectly suited
to the fermionic sector. Indeed, this development has been done in a spin-
manifold and with the double cover of Hy, in order to include spinor rep-
resentations. In addition, the generalised Levi-Civita connections defined
here are expressed in an embedding of H; the maximally compact subgroup
of Eg(g) into the corresponding Clifford algebra Cliff(d, R). This defines
{7*} the gamma matrices necessary for the extension of this structure to

the fermionic sector.

This work could be extended further. Indeed, one could first define tools
to express the curvature via a generalised Ricci tensor and the associated
scalar. This would allow us to write a Supergravity action in comparison

with the Einstein Hilbert action of General Relativity. One would therefore
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be able to derive equations of motion in such a framework. So far, this work
has mainly been carried out by A. Coimbra, C. Strickland-Constable and
D. Waldram in [4].

However, several important questions remain, amongst which the question
of how extra-dimensions are truncated or wrapped is obviously worth exam-
ining. Indeed, it may have several consequences on the lower dimensional
cases and thus on the physical interpretation of the action and equations
of motion. Besides, the timelike dimension has to be considered carefully,
even though this work can easily be modified to non-compact structures —
for instance using the non-compact subgroup SU*(8) instead of its compact
version SU(8) in the Er(7) case.

Finally, one of the most important issues remaining is the extension of these
tools to d > 7 dimensional reductions of Supergravity and M theory. Indeed,
as mentioned briefly in this work, the case d = 7 already shows the tip of
a broader problem through the symmetric part of the Dorfman derivative
that we cannot express in an Fjy) covariant way. This is linked to the fact
that the exceptional Courant bracket does not satisfy the Jacobi identity.
In larger dimensions, the Dorfman derivative itself cannot be written covari-
antly.

Solutions could emerge from the constraints one can identify in such higher
dimensional extensions or even in String Theories, and apply to our mani-
fold. These links would probably enlighten the way our lower dimensional
cases are embedded into the eleven-dimensional structure. Another track
may also lie in the study of various other formulations, whether or not they

are built on geometrical considerations.
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A The isomorphism APT*M ~ (det TM) @ A PT*M

In order to describe our mathematical objects in a clearer way, and especially
to make the RT factor more intuitive, one has to look at the isomorphism
APT*M =~ (det TM) ® A“PT*M.

Before any further analysis, this isomorphism can simply be interpreted by
using the Hodge dual in the case of a manifold M allowing a metric g.
Indeed, for a p-form w = }%!wmlmmpdmml A...Adz"™, one has:

*W = \/m my...Mmp dz™et1 A LA da™ (A1)

= m Wmi..mp € mpi1..mg

One can also use the metric to transform a (d—p)-form into an antisymmetric
(d — p,0)-tensor (i.e. raising the indices) and get the metric dual:
¥ __ _vIiJl M mi1..Mp Mp41...M¢q a 8

(*W) = p!(d _p)! Wmy...my € PP Y VANV py (AQ)

This gives the isomorphism we are looking for.

Still, one can set it up without any metric and get the following relationship
between x € (det TM) @ A*PT*M and w € APT*M:

Mpt1..mg — 1 mi.mpmpi1..mg
x ks Wrny...mp (A.3)
_ 1 Mp+1...Myg ’
Wmy..mp = [@—p)l Emar.mpmpi1..mq T Pt

This representation allows us to define all the usual operations on p-forms.

Indeed, one has the interior product, with v € T'M:

iyt APT*M — (det TM) @ AN PHIT* M (A.4)
1 . -1 d—1
ﬁ Wmy..my 7 (iyz)tP="d = 7( d—)p gpt1nd o]
the exterior derivative:
d: NPT*M — (det TM) @ NP1 T* M (A.5)

1

d—p+1
iy > () = (1) g, gl

the exterior derivative of the interior product:

diy : AP T*M — (det TM) @ ANPT*M (A.6)

1
17! Wmy..mp 7 (diyz)"rtt-" = (d —p+1) anp(’l)[npxnp“”'nd})

38



and finally the Lie derivative (with respect to v):

Ly: \PT*M — (det TM) @ APT*M (A7)
1

melmmp — (ﬁvx)np+1...nd — Unpanp(xnp+1...nd)

+(d —p+ 1) (9, vlr) grwer-mal

B Eleven-dimensional Supergravity

In order to embed this work into a more physical point of view, let us have a
look first at eleven-dimensional Supergravity and then at its lower dimension

restrictions.

Eleven-diemensional Supergravity contains three fields: the metric G,,, a
symmetric (0,2)-tensor ; the three-form potential A, ; the gravitino ¥y,
a one-form carrying a spinor index e. Thus, we can define the Ricci tensor
R, and the Ricci scalar R, as well as the field strength four-form H = dA.

The bosonic action is:

Sy /(volgR—l/Q”H,/\*H—1/6A/\7-[/\’H) (B.1)

T 22

which gives the following equations of motion:

Ruw — 112 (HumpzpsHuplmpg —1/12 g HQ) =0 (B.2a)
d«H+12HAH=0 (B.2b)

In order to deal with the fermionic sector, we define I'* the gamma matrices
of the relevant Clifford algebra Cliff(10,1, R). Therefore, under a super-
symmetry transformation parametrised by e, the variation of the gravitino
is:

0ty = Ve + Lfass (T2 — 8 5, DV2Y38) Uy g € (B.3)

Defining M a d-dimensional spin manifold, d < 7, and R*~% ! the Minkowski
space-time in (11 — d) dimensions, we now look at restrictions of our eleven-
dimensional theory in R10~%1 x M. For that purpose, we choose all the
fields to be independant of the flat R19=% ! space-time and thus restrict the
theory to leave on M. The indices are split between a,b = 0,1...(10 — d)
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on the flat space-time, and m,n=1...d on M.

To build up an action for this restricted theory, the fields need to be defined
carefully. The internal components of the metric G and the potential A give
the restricted metric g and potential A. The corresponding field strength is
defined as usual as F' = dA. The warp factor A remains the same.

Finally, a dual six-form potential A can be introduced on M if d = 7.
Indeed, in that case a seven-form field strength F can be defined as the
eleven-dimensional Hodge dual of the four-form field strength F'. Thus, one
can define F =dA -1 ANF.

These field strengths satisfy the Bianchi identities:

dF =0 (B.4a)
dF +12 FAF =0 (B.4b)

and are related to the eleven-dimensional field strength F via:

le...ﬂ’L4 - fm1...m4 (B5a)
le...m7 = (*]:)

mi...my7 (

Defining again R,,, and R the Ricci tensor and scalar restricted on M, one

can write down the bosonic action for this restricted theory:

1 3 -
SY =55 [ VoI (B4 (11— d)(10 - d) (9A) — F F? — 7 F?)
(B.6)
Since this action has the same form as the action Sy for the eleven-dimensional

theory, it leads to the same kind of equations of motion for the fields:

Rinn — (11 = d) [V Vi A + (0mA) (8,4 ]

1 P1P2p3 1 2
— o4 (4 Fmp1p2p3 Fn -3 Gmn F )

o ﬁ (7 Fmpl...pﬁ an...pa - % gmnﬁa) =0 (B.7a)
R~ (10— d)[2V2A — (11 — d) (9A)°]
— i F2 = L P2 =0 (B.7b)
dx (eM-DAR) — M=DA (L YA F =0 (B.7c)
dsx (M DAF) =0 (B.7d)
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One also has the same kind of supersymmetry variations for the gravitino:

S = Vi + g (11 — 86,1172 ) Fry e

- ﬁ anl...ngfynlmn65 (B8a)
6p = ’Ymvms - ﬁ,yml...m4lemm48

— i By e + 258 (Y0 A ) e (B.8b)

where p has to do with the trace of ¥y,, € is the parameter of the supersym-

metry transformation and {7} are the gamma matrices defining Cliff(d, R).
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