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Abstract

Supergravity [1] [2] [3] [4] is a type of quantum theory of elementary particles and their
interactions that is based on the particle symmetry known as supersymmetry and that
naturally includes gravity along with the other fundamental forces (the electromagnetic
force, the weak nuclear force, and the strong nuclear force).

The electromagnetic and the weak forces are now understood to be different facets of
a single underlying force that is described by the electroweak theory. Further unification
of all four fundamental forces in a single quantum theory is a major goal of theoretical
physics. Gravity, however, has proved difficult to treat with any quantum theory that
describes the other forces in terms of messenger particles that are exchanged between
interacting particles of matter. General relativity, which relates the gravitational force to
the curvature of space-time, provides a respectable theory of gravity on a larger scale. To
be consistent with general relativity, gravity at the quantum level must be carried by a
particle, called the graviton, with an intrinsic angular momentum (spin) of 2 units, unlike
the other fundamental forces, whose carriers (e.g., the photon and the gluon) have a spin
of 1.

A particle with the properties of the graviton appears naturally in certain theories based
on supersymmetry, a symmetry that relates fermions (particles with half-integral values of
spin) and bosons (particles with integral values of spin). In these theories supersymmetry
is treated as a "local” symmetry; in other words, its transformations vary over space-time,
unlike a ”global” symmetry, which transforms uniformly over space-time. Treating su-
persymmetry in this way relates it to general relativity, and so gravity is automatically
included. Moreover, these supergravity theories seem to be free from various infinite quan-
tities that usually arise in quantum theories of gravity. This is due to the effects of the
additional particles that supersymmetry predicts (every particle must have a supersym-

metric partner with the other type of spin). In the simplest form of supergravity, the only

v



particles that exist are the graviton with spin 2 and its fermionic partner, the gravitino,
with spin 3/2. (Neither has yet been observed.) More complicated variants also include
particles with spin 1, spin 1/2; and spin 0, all of which are needed to account for the known
particles. These variants, however, also predict many more particles than are known at
present, and it is difficult to know how to relate the particles in the theory to those that

do exist.
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Chapter 1

Introduction

1.1 Review of Supersymmetry

Supersymmetry [5] [6] [7] is a symmetry between boson and fermion fields. The reason
why we try to search for such a symmetry because bosons are the mediators of interaction:
their statistics allows for a coherent superpositions and thus for a macroscopic force, such
as the Coulomb force. On the other hand, fermions are the constituents of matter: their
statistics is translated at the macroscopic level into the additive character of matter. Hence
it is natural to ask such a fundamental question whether there exists a symmetry which
unifies matter and radiation.

In supersymmetry, the supersymmetry charge, ), which, by convention, is chosen to

be a Majorana spinor. And the basic supersymmetry algebra reads:
{Qra Qs} = 2%{;]3#

[Qm PM] =0
[Qra MMV] = 107, Qs
where Q, = (Q71"), and o = 1[y#"]. The last relation simply means that @, transform
as a spinor in spacetime rotations.
The two basic supermultiplets are (spin 0/spin 3) and (spin 1/spin ). The former
one which is called chiral supermultiplet involves a complex scalar field and a spinor field
chosen to be real (Majorana) or to have a given helicity (Weyl). The latter involves a real

vector field and a Majorana spinor field and is called vector supermultiplet. If a gauage



symmetry is associated. The vector is a gauage field and its supersymmetric partner is
called a gaugino.

In Wess-Zumino model, a chiral supermultiplet consists of a complex scalar field ¢(z) =
(A(z) +iB(z))/v/2 and a majorana spinor field ¥(z). And the number of bosonic and
ferminonic degrees of freedom of the chiral supermultiplet are only equal on-shell. Consider

a free field Lagrangian
ok 2 1k = 7
L=0"90"0up —m*¢ ¢+§\IJ(W 0, —m)V,
It is invariant under the infinitesimal supersymmetry transformation
0A = €V,

0B = /Lg’)/g,\Ij,
00, = —[iV"Ou(A + iBys) + m(A + iBys)]raes

where €, is the Majorana spinor parameter of the transformation. But this causes a problem
since the algebra of supersymmetry no longer closes off-shell. However we can introduce
auxiliary fields, and this provides us with a formulation of supersymmetry where the algebra
closes off-shell.

Let us introduce a complex scalar field F(z) = (Fy(x) + iFy(2))/v/2 which serves the

purpose as an auxiliary field. And consider the Lagarangian
1.
L=0"y"0,0+ 5\11(2'7“8# —m)V + Loz

where

Lows = F*F +m(F¢+ F*¢*).

As F has no kinetic term, there is no dynamical degrees of freedom associated with it. And
it can be solved by considering its equation of motion F' = —m¢*. Hence one can recovers

the on-shell case. In this formulation, the supersymmetry transformations read:

SA = €0,



0B = ieysV,
0V, = [~iv"0,(A+iBys) + F1 — iFyys]e,
5Fy = —ien"d, T,
5Fy = — ey, 0.

Again we can recover the transformations of the on-shell case if one use the equation of
motion F' = —m¢@*. When without making use of the equation of motion, in this formu-
lation the supersymmetry algebra closes off-shell. Now we have an off-shell formulation of
supersymmetry: the number of off-shell bonsonic degrees of freedom equals the number of
off-shell fermionic degrees of freedom when the auxiliary fields are introduced.

To include the case with interactions, we consider the Lagrangian
L= 8”@25*8#(;5—%%\If(ify“ﬁu—m)\If—)\(qﬁ\I/R\IIL+¢*\IfL\IfR)+F*F+F(m¢+>\q§2)+F* (me*+Ao™).
And it is invariant under the previous supersymmetry transformations
0A = €V,

0B = ieys VU,
oW, = [-iv"0u(A +iBys) + F1 — iFyyse,
0F, = —iey0, ¥,
0F; = —ey"' 50, V.

Solving for F' = —(m¢* + \¢*?) yields
1 . .
L=0"¢"0,¢0+ 5\11(27“@ —m)W — XNoVrV + "V, Ug) — V()

with V(@) = |m¢ + A¢*[>. We can introduce the function W(¢) = 3m¢® + 31¢* which is
analytic in the field ¢ and is called the superpotential. All interaction terms involve the

superpotential and its derivatives

aw )



d*W
d¢?

When we are dealing with Standard Model of electroweak interactions, we will use

=m + 2\¢.

spinors of definite chirality or Weyl spinors. A Weyl spinor has the same on-shell degrees
of freedom as Majorana Spinot which is two because out of the four degrees of freedoms of
a Dirac spinor, two are projected out by performing the chirality projection. The free field

Lagrangain for the chiral supermultiplet with a Weyl Spinor is
T 1 I T, * k%
L=0"$"0,¢6+ Vpin'0, V¥ — §m(\IJCR\IfL + U V%) + F*F +m(Fo+ F o).
And it is invariant under the supersymmetry transformation

8¢ = V2el,,

I—7s
2

OF = —in/2ey10, 0,

o, = [F — iv“@ugb]eﬁ,

where € is the Majorana spinor of the transformation. This supersymmetry transfor-
mation to the one we found in Majorana Spinor, i.e., 0A = €V, 0B = ieyV, 0V, =
[—iv"0,(A+1iBys) + Fy —iFyysle, 0F) = —ie"0,V and 0F, = —éy#y50, V¥ except the term
(1 — 75)/2 appears in the transformation law of the fermion field. And this term is the
chirality projector. Its existence is to ensure that it remains left-handed under a super-
symmetry transformation. If we take the hermitian conjugate of the above supersymmetry
transformation, we get
50" = V2eWs,

147
2

SF* = —i/2ey"0, U5,

oV, =

[P — i90,67)e,

where U4, = C(U,)7T.
It can also be easily shown that if we include the interactions to the above free La-

grangian with a special attention to charlities, we will have

_ 1 _ _ _
L =0"p* M¢ + \I/Li’y“au\IJL — §m(\IfCR\I/L + \IJL\I/%) - )\(gb\lf%\PL + gb*\I/L\I/CR) + F*F



+F(me + \o?) + F*(mo* + A¢™?).

For vector supermultiplet, the off-shell formulation contains a real vector field A,, a
Majorana spinor A and a real auxiliary pseudoscalar field D. Hence in this off-shell formu-
lation, we have 341 bosonic degrees of freedom and 4 fermionic degrees of freedom. In the
on-shell case, we have two bosonic and two ferminoic degrees of freedom since the auxiliary

field is no longer independent. The free field Lagrangian is

1 1. 1
L= _Z_lFM F#V + 5)\27“8#)\ + §D2

where F,, = 0,A, — 0,A,. And it is invariant under the abelian gauage transformation:

1
Oy = = 0u8
SgAr = 0,
5,D = 0.

And it is also invariant under the supersymmetry transformation
0sAu = Ev5A,
1 17
53)\r =—De+r+ i(Uu 75€)TF;W7
0D = —iey" 50, ).

To couple a chiral supermultiplet with an abelian gauage supermultiplet, first we con-

sider the Lagrangian
L= D'¢* Dy + Uiy D,y + F*F 4 gg(Do* ¢ + V2AU 6" 4+ V2AT%0)

where D,, = 0, —igqA,, is the covariant derivative , g is the gauge coupling and ¢ the U(1)

charge. And it can be shown that it is invariant under
53A,u = E7M75>\7

1
0\, = —De+1r+ 5(0“”756)TFW,



0sD = —iey" 50,0,

and the variation of

6¢ - \/§€qu7

1- .
50, = 275 [F — in"D,¢)ev2,

1475
2

To obtain the supersymmetric theory of a chiral supermultiplet coupled with an abelian

§F = —iN/2ey" D,V |, — 2gqoe A.

gauge supermultiplet, we just simply add this Lagrangian with the free field Lagrangian of
the Vector supermultiplet.

For nonabelian gauage theories, we can easily generalise it as follows. Let us consider a
gauge group G with coupling constant ¢ and structure constants C%. The generator of the
group satisfies [t¢, "] = iC®t¢. Then we can form a gauge supermultiplet with a gaugino
A%, and a real auxiliary D® for each gauge vector field Af. The free field Lagrangian is

1 apy a ]'_a' a 1 a na
L= _ZF K Fuu+§>‘ iy D A" + §D D

where
Fi,=0,A; —0,A; + gO“bCAi’LAf/
and
D\ = 0,\" + gC“bCAZ)\C

are, respectively, the covariant field strength and the covariant derivative of the gaugino

field.

1.2 Review of General Relativity

Since supersymmetry is a spacetime symmetry, local symmetry necesssary involves gravi-
tation. Local symmetry is, therefore, also referred to as supergravity. In this section, we
review general relativity, [8] [9] [10] for the classical theory of gravitation whose supersym-

metry extension naturally lead to supergravity.



General relativity requires the law of physics to be the same of any observer, be they
in a co-ordinate system which is rotating, accelerating, or whatever. This means that the
equations describing the laws of physics take the tensor form. Since the derivative of a
scalar function gives us a vector function. It is therefore to ask whether the derivative
of a tensor function results in a tensor with rank higher than one. Consider the general
co-ordinate transformation of %%, where V* is a contravariant vector. Under the general

co-ordinate transformation, we have

oOVH Ox® Oz VP  Ox° 9x'm

p
oxV? - o'V OxP Ox° + ox'v 0x°oxr

"
V2 Joes not transform as a tensor. Hence we

The presence of the second term shows that 3~

introduce a covariant derivative,
D, V¥ =9,V +TE VP

where I') is a connection field. Unlike ordinary derivatives, covariant derivatives do not

commute. And we have

[D,. DV? = R2, V™ +2A7, D, V*

g

where
Rﬁuu = ON/FQV - aVFﬁu + Fg,urgu - Fgurgu
defines the Riemann curvature tensor, and A7, is the torsion tensor.
So far we have no mention of the metric tensor in our discussion of the covariant
derivative, the connection or even the curvature tensor. In the standard general relativity,
we assume that spacetime is a Riemannian manifold. Riemannian manifolds, which are

manifolds on which a metric can be defined, form a natural setting for formulating general

relativity. On such a manifold, the differential line element is given by
ds* = g, (x)dz"dz".

The metric tensors can be used to raise and lower indices in general relativity. To obtain

the field equations of general relativity from an action principle, we can try to find an



appropiate Lagrangian density, and vary the corresponding action S = [ Ld*z. And the

Lagrangian density for the gravitational field is

1
L=Vt

where x~2 has the dimension of mass squared and R is the Ricci scalar. By using Palatini

formalism wherein the connection fields and their derivatives are regarded as independent

fields along with g, (), it leads to Einstein’s field equations in a vacuum,

1
ij — §£IWR =0.

So far the previous formulation of general relativity can admit fields transforming as
scalars, vectors, and tensors. In supersymmetry, we must necessarily include spinor fields
as well, but there exist no generalisation of Spinorial Lorentz transformation rules to gen-
eral co-ordinate transformations: mathematically speaking, the group GGL(4) has no finite
dimensional spinor representations. What is done instead yo define, for every point on the
curve spacetime, a tangent space with a flat Minkowski metric on which the spinor may
transform. Thus the action we construct should be invariant under general co-ordinate
transformations on the curved manifold, and invariant under the local Lorentz transfor-
mation on the flat tangent space. To do so, We would like to introduce the a basis of
orthonormal vectors at each point in spacetime, eZ(x), which we call the vielbein. The
index refers to indices on the spacetime manifold (which is curved in general), while the
index labels the different basis vectors. These objects allow us to convert from manifold
coordinates to tangent space coordinates. In particular, we can go from the curved-space

indices of a warped spacetime to flat-space indices that spinors understand. The choice of

an orthonormal basis of tangent vectors means that

e (@)ea () = guv

where the a index is raised and lowered with the flat space (Minkowski) metric. In this sense

the vielbeins can be thought of as ‘square roots of the metric that relate flat and curved



coordinates. Moreover, we could have arbitrarily defined the tangent space z-direction
pointing in one direction or another relative to the manifold’ss basis so long as the two
directions are related by a Lorentz transformation. Thus we have an symmetry (or whatever
symmetry applies to the manifold). Further, we could have made this arbitrary choice
independently for each point in spacetime. This means that the symmetry is local, i.e. it is
a gauge symmetry. Like any other gauge symmetry, we are required to introduce a gauge
field for the Lorentz group, which we shall call wf,, (z).From the point of view of Riemannian
geometry this is just the connection, so we can alternately call it the spin connection. In
particular, any vector field with manifold indices, V#(z),can now be recast as a vector field
with tangent-space indices, i.e., V* = ef(x)V*#(z). Note that the covariant derivative is
defined as usual for multi-index objects: a partial derivative followed by a connection term
for each index. For the manifold index theres a Christoffel connection, while for the tangent

space index theres a spin connection:

b

v v

a o a A a a
Dyey(x) = Ouey, — T €8 + wiye

By requiring that both objects have the same covariant derivative, we get the constraint

And the spin connection fields wl‘jb can be constructed from knowledge of the vierbein via,

a 1 av 1 a lod c Cc
Wy = 5¢ (Ouey, — D€l + 2€ 7¢" (Ds€;, — €5 )ecy — (a 4 b).

1.3 Review of Superspace

In this section, we give a breif review of superspace [11] [12]. An arbitary function of

translated or Lorentz transformed corrdinates can be represented by

f(x 4+ a) =exp(ia"P,) f(z) = exp? On f(x),

i Louv (g —x
f(Az) = exp(—§9“”LW)f(x) = exp2?" @udv=2v0) £ (7).



We can extend it to the supersymmetry transformations. In other words, we can generalise
space adding new coordinates such that a supersymmetry transformation is nothing else
than a translation in these new coordinates. Since the supersymmetry generators @,
and Q4 have fermionic anticommuting character, the same will be true for these new
coordinates, #% and #%. We rewrite the generators of supersymmetry transformations with
these coordinares and their derivatives. We have

d _
Qa = CL% + b(o“@)oﬁu,

_ d -
Qa = a% + b(U“@)dau.
with a,b,@,b are complex numbers. A generic field of the coordinates z*,0%% is called

a superfield. A superfield can be expanded in a finite series of ordinary space coordinate

functions:
Fla,0,0) = f1(2) + 001 (2) + Ga(x) + 00 fo(x) + 00 s () + 00" () () +

0001)3(x) + 000, (x) + 0000 f,(x).

The superfield has supersymmetry transformation as
§F(x,0,0) =i(eQ + €Q)F(x,0,0).

Since such a general superfield has much more components than necessary. So we can
introduce an operator O, that reduce the number of degrees of freedom. This operator

when acting on the superfield will gives us zero and it satifies
{0:,Qu} = {0:,Qa} =0,

[Oia Qa] = [Ozv Qd] =0.
which depends on its fermionic or bosonic character. And in particular, if we define the

operators

Da:i_(

up
aea )(J Q)Qal“

Q| SN

10



_ 0 b
s = —— — | — Ky
Di = o = ()(60")a0.

Then the chiral superfields are defined as those which satisfy
D;® =0

and the antichiral superfields are those satisfy

D,® = 0.

A general superfield is a function on z*, §20% but the chiral superfield is a function of only
0% and the combination of
b

mu __ (7
(a

N

Y=

And the supersymmetry generators are simplified to

Qo — a%,
ab + ba
a

Qd — (90"“)@82.

where the spacetime derivative 9} is a derivative w.r.t y coordinates. Chiral superfield can

be expanded as

(y,0) = Ap(y) + BOY(y) + COOF(y).

And its supersymmetry transformation is

Adop(y) + BOY(y) + COOGF (y) =

0 ab+ b
i(ae o+ 2% (Gomad)ar)(Ad(y) + BOG(y) + COOF(y)).
where
-2
1Q
_ A
242’
ab + ba = i.

11



in order to satisfy the infinitesimal supersymmetric transformations. For an antichiral

superfield, it is a function of §%and the combination of

QI oo

g" = at + (=)fo"0.

And the supersymmetry generators are

~ 0
Qa — a%7
ab—i— ba(éo“)aﬁg.

Qo —

And antichiral superfield can be expanded as

And its supersymmetry transformation is

As¢(y) + BOSY(y) + COOSF () =

i(ae a(gd abl‘ b o G07) (AB(g) + BOG(7) + CAAF (7))
where -
B - _éa
1a
i
‘T
ab + ba = i.

Requiring that the hermitian conjugate of the chiral superfield is an antichiral superfield,
we get

A=A"a=a"

The chiral and antichiral superfields then expanded as

1 1 1
12, 0) = oY) + —0v(y) + 5 500F (y),
1., - - 1 - 1 -
T 25:0) = 0(y) — —00(y) + 5 5005 (7).

12



The transformations of the fields are now simplified as

a i
— (a2 1 Looreny
0®(y,0) = i(ae 509 + a@a €0)®(y,0),

I o . i
N L PR SV
d®(y,0) =i(a 505¢ + €0 00;)®(y,0).

A vector field is nothing but a real superfield, i.e.,

V(2,0,0)]' = V(z,0,9).
In general, it can be expanded as

V(x,0,0) = C(z) + i0x(x) — i0x(z) + Oo*0v,(x)

+%90[M(x) +iN(x)] = 00[M (z) — iN(x)]

2
FIOBOBIN(r) + L0, (x)o¥] — BBOBIN(r) — 00, ()]
| R 1 "
+50006D () = 50"9,0(x)].

And there are too many degrees of freedom. Using the fact that if V' is a vector multiplet so

is V4 @ + ®f, where @ is a chiral superfield. We can show that the gauge transformations
Vo Viz=V+0+0
with some chose chiral multiplet ® can bring this vector multiplet into a simpler form
Vivz(2,0,0) = 000, (x) + 10000 (x) — 0006 () + S0090D ().

And this is the Wess-Zumino gauge.

To build a Lagrangian which is supersymmetric invariant, we first observe that the
highest component (F') of a chiral superfield transforms under supersymmetry translation
as a total derivative, so its spacetime integral is a supersymmetry invariant. So the 66
component of the chiral superfield is a supersymmetry invariant (up to total derivatives)

and thus a possible invariant term in the Lagrangian:
[@]oo-

13



And also any combinations of the chiral superfields is also a supersymmetric invariant term
in the Lagrangian:

[T, 3" ] p-

Similarly for the antichirial superfield, it is the compenent term A which is invariant.

And also any combinations of the chiral superfields is also a supersymmetric invariant term
in the Lagrangian:

[T, @] 5.

For vector multiplets, the highest component term transforms as a total derivative. So

[V]goaa

is supersymmettic invariant.(up to total derivatives.)And a good candidate for a supersym-

metry invariant Lagrangian.A general supersymmetric invariant Lagrangian is
L = [K(®, ")]gog5 + [W (@)oo + W (27)]]go

where the real function K (®,®") called Kihler potential and the holomorphic function
W (®) is the superpotential. We have also chosen W = WT in order to satisfy the hermiticity
condition for the Lagrangian. For example we can choose the following Kahler potential

and W (®) superpotential to construct the free Lagrangian:
K(®,0") = o'd

W () = %@2

We can generalise the free Lagrangian above for an arbitrary interacting case. And it is
called Wess-Zumino model when without gauge interactions. To derive a general super-
potential of a single chiral superfield W (®), we can expand this superpotential around its
bosonic component ¢:

ow

W(®) = W(¢)+ a—¢(¢)(¢> —¢)+...

14



which gives
oW 10°W
TR

The Lagrangian of a single chiral superfield with

[W(®)]gg =

(@)¢e.

K(®,0") = o'd
and a general superpotential W (®) gives

L= "¢ 0,06 + pic" O, + F*F

ow 10°W
_[8_¢(¢)F_ 2 90

Then one can use the equation of motion of the auxiliary field to determine it:

(P)Yp + h.c.]

oW

F—a—¢

and then the single field Wess-Zumino Lagrangian becomes

10°W 1O°W™

ow -
— M * _ 2 i i -
L=0"9"0,¢ |a¢]—|—1pw(9u 28¢21/}1D 28¢*2¢¢.
The its potential is
ow
V =|F]?=|—]°
P =155
The most general renormalizable single field Wess-Zumino model is
m_o A_g
W((ID):a(IH—?(I) —I—gé :

And the auxiliary field in this case is
F* = a+mo + \p>
Then the Lagrangian in this case is

L= 0"9"0u6 — la+mo + Ao? |

e D — %(m 26 — %(m* 2N ).

15



In order to show that the bosonic and fermionic masses are equal, we expand the bosonic
field
p=v+g

with
a+myv+ AP =0,<p>=0.

Then the above Lagrangian takes the following form

L= 0"0"0up — | + Ap°|?

T — S (1 2NN — S (" + 2X6 )

with
p=m+2\v

which is the common bosonic and femionic mass.

16



Chapter 2

Supersymmetry and supergravity in

a simple model

2.1 Rigid N = 1 Supersymmetry in a simple model

In this chapter, we will review a paper written by Peter van Nieuwenhuizen [13]. In this
paper, the author considers a simple model with only one coordinate ¢ instead of 3 + 1
dimensional Minkowski space with coordinates x,y,z and t in order to demonstrate the
basic principles behind supergravity. In this model, we consider two point particles in t-
space. They are the real bosonic field ¢(t) and the real fermionic field A(¢). Both these
fields have their space-dependence suppressed. ¢(t) is a smooth of ¢ and its derivatives are
well-defined. A(t) is an independent Grassmann number for each fixed ¢. And so it satisfies

A(t1)A(t2) = —A(t2)A(t1). The Lagrangian in this model takes the following form:
1.5 i
Lr= §¢ + 5)\)\

where dot represents the time derivative. And the anticommutators between A(t) and A

{/\<t>7 )‘(t)} =0, {)‘(t)a A(t)} =0, {/\<t>’ /\(t)} = 0.

Since we require the Lagrangian to be hermitian, that is why we have a factor ¢ for the
above Lagrangian. The term %ng is a truncation of the Klein-Gordon action to an z,y, 2
independent field. And the term %/\)\ is the truncation of the Dirac action for a real spinor

to one of its components.

17



Since the supersymmetry transformatios transform bosons into fermions, and vice versa,
the parameter ¢ must be anticommuting as ¢ is commuting and A is anticommuting. And
at the same time, we want to make sure the dimension of the action to be zero, we claim

that the supersymmetry transformatios are:
0p = 1€,

o\ = —ge.
If we varies the fields in action S = [ Lz (t) according to the transformation above, we get

55 = / €(ig) — %%(we)]dt.

If we assume that the fields tend to zero at t = +o00 plus the fact that € is a constant, we
have 05 = 0.

On ¢, we can show that
[562, 61]¢ = (22'6162)&.

And on A,

[562, 61]/\ = (2’i€1€2))\.

Hence this reveals that the algebra of rigid supersymmetry transformations is a square root
of translations. In high dimensional theories, there will be an additional term proportional
to the field equation of the fermion in the above commutator on a fermion. Hence one

would need to introduce auxiliary fields to cancel this extra term.

2.2 N = 1 supergravity in a simple model

We can distinguish between rigidly supersymmetric field theories, which have a constant
symmetry parameter, and locally supersymmetric field theories whose symmetry parameter
is an arbitary space-time dependent parameter. As a gauge field is required in the local

symmetry, we have a gauge field called gravitino in locally supersymmetric field theories.
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And this local symmetry is different from the one in Einstein’s theory of gravitation. In
Einstein’s theory of gravitation, it is from the diffeomorphism invariance, and the gauge field
is the metric field g,,(X). Gauge theories of supersymmetry requires curved spacetime.
Hence gravity is needed to construct gauge theories of supersymmetry. And this is the
reason the local symmetry is called supergravity. The quanta of the metric g,,(X) is a
massless particle called gravitons. It is the bosonic partner of the gravitino.
We start with the same action Si as introduced in the previous section. Now we allow

€ to be time-dependent. Then we have

o0 .

0SSk = / é(ipN)dt.

—0

In order to cancel this variation, we introduce the gauge field, the gravitino ¢ (¢). Then we

can now couple it the Noether current of the rigid supersymmetry and use
0p=¢€+....

And the action of this Noether current is

Sy = / (—ithdA)dL.
Now if we vary the ¢ in this action of Noether current, the variation of Si cancels out the
variation of Sy. But the fields qb and A\ in Sy will be varied too. And it will cause two
further variations in Sy And we get

<o d e

0Sy = [_W{%(“A)}A + i pe|dt.

Since A\ = 0, so we have

65y = / N i) (dd + iAN)edt.

[e.o]

In order to cancel the last term we can simply add a new term in d\. But to get rid of the
first term, we have to introduce a new field, graviton k and couple it with ¢¢. And this

shows the reason why local susy is a theory of gravity, and hence the name supergravity.
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Now we have another choice how to couple this new field h. It can also couple it with
iAX. And for the most general case, we can consider to couple the linear combination of

both ¢¢é and iAA. So we add

Sg=— / " hloé — iNhaldt.

oh = —ie,
ON = —it) 4+ i(1 + z)tpde,
where z is an arbitary constant real parameter. Now the variation, dh = —iey) in this new
action — [ hodt cancels the first term in 6Sy. And the new variation i(1 4 x)Ae in %)\)\
of L and the new variation 0h = —iey) in Sg cancel the variation of 0Sy.
So far we have got rid of .Sy. But now we have to consider the variation of the matter
fields in this new term Sg. We seperate it into two cases. The first case is when x = 0 and

the second case is when x # 0.

When z = 0, we need only vary the ¢ in Sg. This gives us
6Ls = —2hdie\ — 2haie.

As the first term is proportional to the Noether current ¢\ in Sy and so we add a new

term in 01 to cancel it. And this new term is
d(new)y = —2heé.

The second term in dLg is proportional to the free field equation of A can so it can be
cancelled by a new term to the transformation law of A. And this new term is 2hge.

Now this new term 2hee also produces a new variation in the Noether action Sy.
SLN (6N = 2hee) = —irpp(2hdpe).

And this term is proportional to ¢¢, so we add a final term in dh to cancel it. This term is

2iher. Finally we have cancelled all the variations and obtain the following final results:
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So the final results are
c:%&+%xk4wM—h&,
0p = 1€,
O\ = —e + i e + 2hoe,
0 = € — 2hé,
O0h = —ieyp + 2iher.

Now we take a look at the susy algebra of this model. On ¢, we find
{5(62), (5(61)]¢ = [22(1 — 2h>€261](b + Z[—2262€1w])\

There is a general coordinate transformation dy = é¢ with é = 2i(1 — 2h)ez€; at the right
hand side. This is the gravitational extension of the nongravitational rigid transformation
with parameter £ = 2iese; that we found in the rigid susy commutator. And the second

term is a local susy transformation i€\ of ¢ with parameter é = —2ieye110. On A, we have
[0(e2),8(e1)]A = EX — é + 2hge.

The term é constitutes a general coordinate transformation on A. On v, we have

d d

[0(€2), 6(e1)] = P s 3

Finally on h, we have

[6(e2), 8(e1)]h = —iéw + 2ihéw + Eh — Eh + =€,

N —

The terms f constitutes a general coordinates transformation of h. Therefore the local susy
algebra closes on all fields uniformly.

For the case x # 0, we just simply use the rescaling method. We rescale A and v as
follows:

A = (14 2hz)'/2),
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(1 + 2hx)? = 9.

Hence we have produced the same action as the case z = 0,

1y, i cds e
L= 56"+ 5 (1 +2h0)A2 X —iMpgA — hi

It shows that this action is also locally susy. Now we find the susy transformation under

this rescaling. First we have
O\ = —de + i Xe 4 2hope.

Then we divide it by the factor (1 + 2hz)'/? and use 6h = —ie) + 2iher). We get

IL+z | 5%
€.
1+ 2hx>¢ ‘

oA = —(1 — 2h) e + i(

For the case x = —1, we have
O\ = —(1 — 2h)¢é,
66 = i€(1 — 2h)\.
We can find 6h and §¢ in a similar manner.

6h = (1 — 2h)[(1 — 2h)é — hé].

Now we apply the Noether method to compute the Lagrangian and the susy transformations
directly to gravity. And we will have slighly different results.

We first start with the rigid Lagrangian that we encountered before
1. i
Lr==¢>+ =\
R 2¢ + 5
For local &, we consider the translation symmetry rule
8 = €0,

O\ =EN
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The variation of the action becomes

35n = [105(60) + 3A 5 €N + JeANr

The third term vanishes since A\ = 0, and the second terms vanishes too after partial

integration. And after the partial integration of the first term, we have

35n = [[15€06+ 5,566+ SO

Now since ¢¢5 is the Noether current for the translations. Hence we introduce the gauge

field h for gravity. Hence we obtain

N = _h¢¢7
1.

We variate ¢ in Ly and get
55y = / ~2hd (et

And this can be cancelled out by an additional term in 6h. And this term is £h— hé. Hence

we have
1. i . .
L= -¢*+ I\ — h¢?.
59+ 5 ¢
And it is invariant under
0¢ = €0,
O\ = &N,
1. .
h = 55 +&h —&h.
Now we add the coupling to the gravitino —ipdX. So we require that it should also be

invariant under the local £ transformation. And it turns out that d¢ should transform as
00 = &4,
To see that, we compute § (—z'wé/\). We obtain

6<—ww>=—z5¢w—w[ (5¢>] A — e,
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Perform a partial integration on the last two terms, we get
—i0PON + iEPA.

And these two terms can be cancelled by choosing 81y = &1). After rescaling A = v/1 + 2ha A
and Yv 1+ 2hx = 12, and setting x = 1, we have

L= %& + %/\)\ — h(P? +iAN) — @b,

06 = &0,
Sh = %g#gh-gﬁ,
1

N =EN+ 55’/\,

. 1.
o = € — 5Eu.
where we have dropped the tildas. And for the susy transformation rules, we have the
followings:
d¢p =ie(1 — 2h)\,
oX = —(1 — 2h)dbe,
61 = (1 — 2R)[(1 — 2h)é — he],
0h = —(1 — 2h)ie.

This action can also be rewritten as

- %(1 ZOR)(2 4 iMA) — A,
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Chapter 3
Supergravity in 4-d

In this chapter we are going to review the physics reports titled ”Supergravity” written
by P. van Nieuwenhuizen [14]. Papers related to supergravity in 4 — d can also be found
in [15] [16] [17] .In the last chapter, we have seen that supergravity is the gauge theory of
supersymmetry in our toy model. Since we have only considered one dimensional coordinate
in this toy model we will genearlise it into the case when we have 4-dimensional space-time

coordinates in this chapter.

3.1 Supergravity

Let us denote a scalar, psesudoscalr and spin 1/2 field as A, B and A, respectively in this
chapter. For global symmetry, we have seen from chapter 1 that the Lagrangian is a sum
of the Klein-Gordon actions and the Dirac action. We state in here again since we want to

follow the same notations as in P. van Nieuwenhuizen’s papers.

1 1 1o -
L= —5(8MA)2 — 5(5’#19)2 — éxw, A= Aiat,

Its globally invariant supersymmetric rules are:
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To see how supergravity arises, we make €* local. Then for example the spin % field now

transforms as

5A = %&(A — iBrs)e(a).

This transformation does not have the d,e term because A is a matter field and only a
supersymmetry gauge field has this deriative term. When ¢ is a constant, the variation of
the action is zero. So for the local €, the variation of the action must be proportional to

due. So we get
5T = / dh(D,e(x)) b
where ji is the Noether current. For constant e, we have

5L = 0,K"

where

K" = —;lt?v“[@’(z‘l — 5 B)]\.

And in the local case we have
0L = 0, K" + (0,€(x))s"

for some s*. And indeed we can show that s* is just the Noether current. Now we can

apply the Noether method. So we add the following Noether coupling action:
1= [ dta(-d) %
and requires that gravitino field transforms as
Oy, ~ Oue(x) + ...

By dimensional analysis, we can see that we require a dimensional coupling k£ to appear
such that
Sth, = k' 0,e(x) + ...
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Now we have three arguments which indicate that local supersymmetry requires gravity.
The first argument is from the appearence of the dimensional coupling k. The second

argument can be seen from
1
[6(er), 0(e2)] B ~ 5 (€2(2)7"er(2)) 0, B.

Hence it means that there is a translation of $€(x)y*€;(z) and it is different from point to
point. This is the same as a general coordinate transformation in general relativity. To see
the third argument we variate I”. Then we have new terms due to dA, 6B , 6\ in IV .By

considering only the terms quadratic in A and B, we have
ko
S+ 1) = [ a6, (4) + T(B)

where

T (A) = 9,40, — %%@A)?

is the energy momentum tensor of the field A. In order to cancel this term, we add a
second Noether coupling with a new field g,, to the Noether current of translations, %TW

and require that it transforms as

k k -
5guu = —§¢u%€ - 5@&/7#6

Since ferminos must present in supersymmetry, hence we use tetrads e}, to describe the

gravitational field instead of g,,. And the supersymmetry transformation of e, is

m L
(5eu = §/€€w#.

And for the transformation law of the gravtino, we have
oy, = k™'D,e
where

1
D, e = 0,e+ Ew;'mamne
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since we are in curve space. The gauge fields must also satisfy the global supersymmetry.

For the helicity(2,3/2), its representation of global supersymmetry are

k,_ _
6g,uu = 5(6%%/ + 6’7un)7

1

6¢M:ﬁ

(w;nn)LO—mne

where L stands for linearised and € is some constant.

3.2 The gauge action of simple supergravity

There are three fields in the gauge action. They are the tetrad e}, the gravintino ¢ and
the connection wy™. The w,"™ should not be physical because e} and ¢}, have already

formed a boson- fermino doublet with adjacent helicities £2 and i%. So we start out with

mn

two independent fields e} and wy

. Then wy;™ is eliminated as an independent field by
solving its nonpropagating field equation, and w;™ becomes a function of e as a result.

And this soultion actually satisfies the tetrad postulate
e, +wim(e)en, — Iy, (g9)en = 0.

We will discuss how to obtain the dependence of wy;™ on other fields by Palatini formalism in
next section. Now we take a look at the bonsonic part of the gauage action of supergravity.
It takes the usual hilbert action R Usually we would define the Hilbert action in terms of
the connection I'}, as follows

R = 879" R, (T)

vpo

R, = 0%, — 0,14 + T, I —T,) T4 .

vpo vo— vp

But it is more fundamental and meaningful to define the hilbert action by using the spin

mn

connection w "

rather than I'},. And group theory gives us the following curvature

mn S mn mn mc, m mc, n
RN (w) = 0uw)"™ — Opw™ + wiwye — wyw..
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Now we can write down the Hilbert action as

1
L = ka\/_ (9, 1) = —g5zeR(e,w),
R(e,w) = e"e"™ Ry mn(w)

where e = det ej’. For the ferminonic part of the gauge action, we expect it is linearised
and quadratic in ¢ and contain only one derivative. In order to make sure that it has

positive energy, we have the following same action as the Rarita and Schwinger action

1 vpo 7,
‘C = —EEM o ¢u75’7u8p¢a-

And it is unique up to the shifting by Ay,7v- ¢ with A # —i, and ¥, = 0,€(x). And in the

curve space, we have the following extension

L3 = —%6””’”1%75%%%
Dytlo = (B + 0™y
9%°p
It can be shown that the Noether method that we used previously in the Wess-Zumino
model to gravity can actually give us these gauge actions shown above. In the last section

we have arrived the following matter action
I+1V = / d%%[(auA&,A +0,B9,B)g" + AP (w(e))A — kb, (F(A + i B) )y*A|

But we have not considered the term with AB. In the following, we see how the gauge
actions arised when we try to cancel this term. Now we vary A in the Noether term and

consider the AB term. We have
ik -
141 = [ = 5 (0,057,77)(250)(9,40, )

So we can cancel the above variation by adding either terms to the action or to the transfor-
mation laws. First we do a partial integrate 9,4 or 9,B, and interpret D (1,757, )e**" as

the gravitino field equation. Then by adding to 41, a term 4 *v5€(AD,B), it can cancel part
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of the above variation. And finally th same gravitino action £3/2 = —%e“"p"zﬁM%%DP@ZJU is
arised as before. So far, up to this point, we only obtain the gravitino action with the spin
connection w(e) but notw(e, 1) but we could find an extra term which turn w(e) into w(e, ¥)
at the next level in k. The Noether method used above by requiring gauge invariace of the
matter to obtain gauge action is peculiar to supergravity. It comes from the appearence
of the matter fields in the gauge field transformations if one does not use auxiliary fields.

And auxiliary fields can be viewed as Lagrange multipliers to get rid of the matter terms.

3.3 Palatini formalism and Flat supergravity with tor-
sion

Now we are going to solve the field equation for the spin connection. And from there, we

can find the torsion induced by gravitinos. By using the following identity

uvpo m_n __ PO o_p
P €ncaey, €y, = 2e(eleq — e7el)

we can rewrite the Hilbert action as

1
2 vpo m _n pcd
L2 = —_ehwr €mned€), eVRpo_(w).

8k?
After varying the spin connection, we have
(5R;§(w) = D, 0w — Daéwzd,
D, 0w = 0,0w + w;e(Swge + wﬁeéw(‘;e.
After partial integration, we have
oL = #e“”paemncd(Dgel’f)e%wgd
Dseyt = Oy + wy ey

We then vary the spin connection in the Rarita-Schwinger action

1 -
SL3/2 — —ZENVPU(¢N'75'7VO-C¢1¢”)(5w;d)'
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By using the fact that

- 1- 1 -
¢u757uacd¢cr - §¢u75(ecu’7/d edl/yc>77/}a + = ebcdmwu/ymd]a

211

and ¥,757vatb, is symmetric in g and o while 1,0%), is antisymmetric. We get
5£3/2 _ 1 U po ) nes cd
- _ge encdm(w,upy @ZJU)@,,( wp )
By comparing the variation of Hilbert and Rarita-Schwinger action above, we have
-
Dyeyt — Dyl = 5(%7%)
Now we introduce the contorsion tensor k" defined by

1 1
5 er(Ouemy — Opvemy) — Qefn en(Opeeo — Osep)e,.

With D€' — D, e} = %2(&#7’”101,) and the first tetrad postulate, we have

1 v
(€)= 5 (Ouns = i) =

ouey' +wp(e) — (p+v) =0,

kumu - l/mu ¢urym¢u
Finally by substituting the above equation, we obtain
k2 - -
w,umn(@ w) = Wumn(e) + Z<wu7m¢u - ¢u7n¢m + wm’mwn)'
Now we can apply the second tetrad postulate

Ouey, +wi,(e) =T eq = 0.

zzua

Then we can get an expression for I'}, from the above equation of wym,. We define the

antisymmetric part of I';, as the torsion.

o' 1 « e
Sp,l/ = §(F - Fyu)
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And since
U, =1, = —kn, + ko,
hence the torsion is )
S5 =~ Bt
Finally, by putting all the results together, we have

1
Wymn = §(Run,m - R,um,n + Rmn,u)

k2 -
Ryvm = —0uemy + Ovepmy + 5wlﬁmwy,

where R, = ejR,,m. Supercovariant is defined as an objects without de terms. It is
easily can see that the spin connection, indeed, is supercovariant.

In Einstein-Cartan theory, there is well-known symmetry in the Hilbert action

/d%eR(e,w(e) +7) = /d%e[R(e, w(€)) = Tuwp™™* + (T2,)%)

under
wzb — wzb + 7‘3”
with Tﬁb = —7‘3‘1 In supergravity, we have a similar identity:
L2e,w(e ) + 1) + L3 (e,w(e, i) +7)
= L%(e,w(e,y)) + L2 (e, w(e, ) + 57 (T ™"+ (3,)°) + -
where - - - are total derivatives. We can choose particularly

With this choice, the hilbert action will vanishes. Morever the spin connection will disap-
pear in the gravitino action. Now if we use the equation R, ,, = —0mnumy + Onulmy +
’“Q—Q@Eu'ymwy which we derived earlier, we can rewrite the action of supergravity without the

curvature R but with the torsion terms

1
:/d4 [ QEWPUQ/’/L%’VV pwo’_ 8 uua RWGRWN—{_ RVM]
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where
2

k4 _
R,uua = _aueal/ + al/eau + E¢u7@¢u~

3.4 The 1.5 and 2.0 order formalism and Gauge sym-

metries

From the previous sections, we have seen that the spin connection wzb

serves as the gauge
field for the Local Lorentz transfromations. But it is only an auxiliary field and hence it
can be eliminated by solving algebraically its equation of motion. This formulation with
the spin connection as an auxiliary field is called the first order formulation. And the
one which uses the vielbein and the gravitino at the very beginning is called second order
formulation. And finally we have a mixed case, which is called the 1.5 formalism.

Let us denote ¢y as a complex 2-component Weyl spinor field , where a are Weryl
spinor indices. Its complex conjugate is denoted by 152‘ In the first order formulation, the
Lagrangian is a function of the vielbein, gravitino, spin connection and their derivatives

1 _ _
£ = SeBLELRS, + 2,000,060 + s + 000, Ty .)€

where we have denoted the inverse of the vielbein by EY, and

Vil = 0uy — swi (Yow)®,

_. _. 1 _ .
Vb, = Ouby — §wzb(5abwu)a-

ab

To determine w M

, we just vary it in the largrangian above. And one can get
wzb = E”‘l@[ueg] — E”bé)[ueg] — eucE”aE”bﬁ[,,e;} + 22’(1/)#0[“1/_12’] + w[“ab]z/ju + w[aaﬂzzb}).

Once we substitute the above expression of wzb to the Largrangian in the very beginning,
then we have the second order formulation. To see how we get the 1.5 order formulation,

we just use a trick to simplify the variation of second order action as it is derived from
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the first order. The argument is as follows: Suppose we have a Largrangian £(¢, H) which
involves fields ¢* and H4. And the H# have the solution H4 = H*(¢) from the equation
of motion. By considering the second order Largrangian L£(¢, H(¢)), we can vary it with

the fields ¢*. Then we have

oL(0,1(0) ~ 56 5 ot o)

where L(¢, H) is the first order Lagrangian and ~ deonotes equality up to a total divergence.

OHA H=H(¢) — o H=H(¢)-

The term [aé(ﬁf)] H—(s) = 0 because H*(¢) solve the equation of motion.

Finally we can show that the Largrangian £ under 1.5 order formalism is invariance

under the following spacetime diffeomorphisms, local Lorentz transformations and local
SUSY
ODis feotl = £ 0% + D,E%e",
5Diffeow,u = é-y yl/{u, + augy¢ua
6Diff€0/llz/,t - §V6V€Z + auquvzw
5Lorentzez = ggefp
a 1 a a
6Lorentzw'u = 55 b<wyaab) )
e 1 ab/= 7 \&
5L0rentzwu = _55 (O-abw,u) )
5Sussyez = 2'5'60&2;” - 2i¢uaa€7
(SSussy,lvDZé = V;ﬁgaa
(SSussy&g = VMgd'

For the proof, please find it in [14] and [18].
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Chapter 4

Extended supergravities

In this chapter we will take a look at the extended supergravities [14] which contain more
than one gravitino. This is called N-extended supergravities because N represents the
number of real gravitinos. For example when N = 0 and N = 1, we have general relativity
and simple gravity, which we have discussed in the last chapter, respectively. There are
only eight viable supergravities, 1 > N > 8. It is because for N > 8, one would have
particles with spins larger then two and also more than one graviton. And it is well-known
that the free field action for spin 5/2 is unique and there is no consistence when it is coupled
to either gravity or to any simpel matter field. Hence we stop at spin 2, and supergravity

at N = 8.

4.1 The N = 2 model

So far, we have seen the couplings of chiral and vector multiplets to minmimal N = 1
supergravity. But there is another N = 1 multiplet that one may consider. It is so-called
gravitino multiplet which consists of a spin 3/2 field ¢, and a spin 1 field A,. Because
of the addition of this massless gravitino, we have to introduce another local symmetry.
Therefore, coupling the gravitino multiplet to the NV = 1 supergravity multiplet gives rise to
a theory, which has two local symmetries and hence it is referred to as N = 2 supergravity.
Thus N = 2 supergravity comprises one spin 2 field, two spin 3/2 fields and a spin 1
field. And this theory can be extended even further by coupling more gravitino multiplets
and arrives at theories with larger extended symmetry. The particle content of the most

common multiplets with extended symmetry can be summarised at the following table In
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A -2 -3/2 -1 -1/2 0 1/2 1 3/2 2
N=2 0 0 0 0 0 0 1 2 1 sugra
0 0 0 0 1 2 1 0 0 vector
0 0 0 1 2 1 0 0 0 hyper
N=4 0 0 0 0 1 4 6 4 1 sugra
0 0 1 4 6 4 1 0 0 vector
N=8 1 8§ 28 56 70 56 28 8 1 sugra

Table 4.1: The various multiplets for N = 2,4 and 8 supersymmetry. A denotes
the helicity of the states.

N = 2 model, it has a large symmetry O(2) which rotates the two gravitinos into each

other. This model can unify eletromagnestism with gravity. The action is

e € 7 o 7 € 2 k 7 v [y 1 [V Py j 1]
L= —§R(e,w)—§¢uf"p Dp(W)’l?Z)o_—Z—LFH,Y—’—m H[G(Fu —I—Fu )+§’Y5<FM —’—FH )]¢i€j

and it is invariant under general coordinate, local Lorentz and Maxwell transformations
0A, = 0.\
as well as the following two local supersymmetries

ey,
k

SA, = E@%eij

k.. 4 1 = .
——€(Fpy + ZeF oy ys) €.
2\/56 ( u)\’}/ + 26 w\’y 75)6

where

o o
F = €upe "
and

A ko
Fyw = (0uA) = 2—\/5%%63) —(new).
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And each gravitino gauges one local supersymmetry as can be seen from 5@&; = 0,€'+ more.

The maximal supersymmetry group of the S-matrix of supersymmetry algebras contain-
ing the Poincare algebra has been shown that it is U(2). But in fact the field theory has
this symmetry only on-shell. For Off-shell, it is SU(2) which remains. These symmetries

are
Sl = iw - T
&bf = —iw~7'2/15
where
Y= (W ¥
vh = S+
Ul = 21— 25)
And For U(1),
0, = —1y51,,

A

OF,, = i€€p0 77

Hence the SU(2) rotates ¢* as (2) and ¢ as (2). And the U(1) is a combined chirality-
duality transformations.

It is well-known that when we couple the photon minimally to the femions, we need a
cosmological constant and a mass like term in the action. So in the N = 2 model, we also
add a cosmological constant to the action and get a further modification of the Noether

method. The extra terms are
_. . 1 - . .
L(cosm) = 6eg® + 2etp, 0", — §¢LFWU(D;JW; + ge™ A ),

81, = Dy(w(e, ¥))€ + gyue + ge™ Aye”

where g is a dimensionless gauge coupling.
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4.2 The N = 3 model

Now we take a look at the N = 3 model. In this model, the Abelian photon gauge invariance
turns into a non-Abelian Yang-Mills invariance in de-Sitter space. As in the N = 2 model,
we also need a cosmological constant and a mass term when coupling the triplet of photons

to the gravitinos. The action in this model is

1
L = L(Kinetic) + §(L’N°dher + LNoether Ny 1+ L(cosm)

bare superconv

where L(Kinetic) is the kinetic terms for e/} ,W Az and A with ¢ =1...3 and
T i L Tirupe i ijk Aj
L(cosm) = 6eg® + 2e, 0", — 5@/},}’“” (D, + ge ]kA]p@Dﬁ).
The bare Noether coupling is a sum of the Noether couplings of the (%, 1) and (1, %) systems
to the (2, 2) system. And it is defined as

1 - . 1 ~ . . 1 - .
£Noether _ U (eI P A k _ijk T a3 EAY(F? ).
bare 2\/5’17[)“(6 + 275 )¢y€ + 2(1/]“0 g )( ocﬁ)

Finally the supercovariantised Noether coupling follows from the local supersymmetry

transformation rules
1.
m o — . m_ /i
dey = 267"

oA = ;(0’“’ ) (FL),
1

514; = ﬁGijkgjwz -

' 1 iy
¢y, = Dyu(wle, ¥, A))ﬁ’*z_\/ﬁew(ap”wek>(FZU)

1.

5617M>‘7

—i—ﬁ e7*]( u”Yp)‘)('Ypek)‘i‘( 7;]'1%75)\)(757/)616)]

+é(>\757p)\)(%%’756i) + ge Tt Al " + gy
d1),, is no longer supercovariant. The noncovariant terms involve the spin 1/2 fields. This
means that there must be some extra terms in the commutator of two local supersymmetry
transformatins. The first one is an extra local Lorentz transformation with parameter.

(&
—€

(2v2) LTk (@b I+ 5

2’7551Fj )
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and an extra local supersymmetry transformation with parameter
(2V2) e (& A — Enselvs)
and finally an O(3) Yang-Mills gauge transformation with parameter
; 1 ik 10
A = (2\/5) Leiik (g ehy — 56327“6]114“,
5A, = O\ + gt AT AR,
de; =0,
i gk g Ak
oY, = ge’ Pl AT,
oA =0.

For g = 0 on-shell, there is a U(3) global invariance. However there is only O(3) invariance
left when it is off-shell. This is due to the fact that all other symmetries involve not only
chiral transformations but also duality transfromations as well. The precise rule follows
from the truncation from the U(4) group of the SO(4) version of the N = 4 model. The
truncation here means letting certain fields equal to zero. For g # 0, the Yang-Mills
coupling includes the bare fields AL and the mass term which break the chiral invariance,
and hence it is left with O(3) invariance.

In N = 3 model, we can actually obtain other theories by consistence truncation. It
means that while we are performing the truncation, we also require that their variations
also vanish. For example, when we let AL = Ai = wi = A =0 1in the N = 3 model, it will

reduce to the N = 2 model. However, if we, instead, let A2 = A3 = 4> = 4% = 0, then we

will have (2,3/2) + (1,1/2) Maxwell-Einstein system.

4.3 The N = 4 model

So far, there are only two N = 4 discovered. They are SO(4) model with fields (e, ¢, V7, X", A, B)
and the SUy model with fields (e, 1, A}, B¥X', ¢, B). The six fields V7 are all vector fields,
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but the three Aﬁ are vector fields while the Bﬁ are axial vector fields. for SU(4) model,
one can actually obtain it by reduction of the N = 1 model in d = 10 dimensions.

It is interesting to see that these two theroies are equivalent at the classical level by
using a transformation law of the field which turns the one action into the other. For more

details, please see [14].
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Chapter 5

Conclusions

We have seen that supergravity plays such an important role in modern physics as it pre-
dicts the existence of a boson particle known as the graviton and its femionic superpartner,
the gravitino. Its presence is likely to improve the quantum behavior of the theory, par-
ticularly interesting in the context of gravity, a notoriously non-renormalizable theory. In
this dissertation, the basic idea of the supergravity has been demonstrated through both
the simple model with only one coordinate ¢ and also in N = 1 4 — d model. Some ex-
tended supergravity models have also been included. To extended all these simple models
is important. For example, supergravity appears as the low energy effective action for fun-
damental theories such as string theories, which generically live in higher dimensions. So
one of the suggestions of future works is to investigate other extensions of the supergravity

model which are not covered in this dissertation.
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