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Abstract

In this dissertation we firstly present a brief review of the Standard Model
of particle physics, focussing on aspects of the model that prove most rele-
vant in the context of explaining the observed oscillation of neutrinos. The
phenomenology of neutrino oscillations is then introduced, and different
possible extensions to the Standard Model that would allow for non-zero
neutrino masses, thereby allowing for the observed neutrino oscillations, are
discussed. After introducing the P7-symmetric formulation of quantum me-
chanics, we then turn to the so-called Model 8 solution of the P7 -symmetric
Dirac equation found by Jones-Smith et al., and discuss its potential rele-

vance to the neutrino oscillation problem.
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1 Outline

The Standard Model of particle physics is incredibly successful in explaining
almost all experimental observations made at the energy scales currently
available to us. The observation of neutrino oscillations, however, proves to
be a major stumbling block. As we shall see, the fact that neutrinos can
oscillate between different flavour states is taken as an indication that they
in fact possess a non-zero mass. Under the constraints imposed on terms
permissible within the Standard Model Lagrangian, namely that they be
gauge invariant and renormalisable, generating this non-zero neutrino mass
is not possible.

As such, we are forced to make extensions to the Standard Model, and, as
will be shown, this broadly amounts to either supplementing the assumed
particle content with additional light, as-yet unobserved particles, or con-
ceding that the Standard Model is not a complete theory for energy scales
greater than that of the electro-weak sector. With regard to this second
possibility, the high energy nature of the new physics makes it very diffi-
cult to distinguish between alternative theories through experiment. Many
questions still remain, therefore, as to the exact mechanism behind observed
neutrino oscillations.

In the following two chapters of this dissertation we hope to present some

of the key features of the Standard Model and the problems faced when try-



ing to incorporate neutrino oscillations. We also discuss the phenomenology
of neutrino oscillations and the implication that neutrinos appear to have
non-zero mass. Finally we discuss some possible extensions to the Stan-
dard Model that could be responsible for generating these masses and their
respective merits and downfalls.

One recent result in the field of non-Hermitian quantum mechanics, pre-
sented in [1] and [2], offers a potentially very interesting new possibility
in the context of neutrino oscillations. The field of non-Hermitian quan-
tum mechanics is concerned with finding Hamiltonians that, despite be-
ing non-Hermitian, still display the desired properties of having a real en-
ergy spectrum and unitary time-evolution. One particular subset of these
non-Hermitian Hamiltonians consists of those displaying symmetry under
the combined action of parity and time-reversal. This is the field of P7-
symmetric quantum mechanics, and has seen many developments over the
last decade, [3]. In [1] and [2], Jones-Smith et al. consider solutions to a
PT-symmetric Dirac equation. The 4-dimensional solution, dubbed Model
4, is found to be exactly equivalent to that of the Hermitian Dirac equation.
Unlike the 8-dimensional solution to the Hermitian Dirac equation, however,
which simply decouples into two 4-dimensional solutions, the 8-dimensional
solution of the P7-symmetric Dirac equation, dubbed Model 8, is found
to describe what looks like a new type of particle. Namely, under certain
conditions, the solution would appear to describe two irreducible massless
particles, despite having a non-zero mass matrix. As we shall see, this could
potentially lead us to the possibility of oscillations between the two mass-
less particles, which evidently is very appealing in the context of neutrino
oscillations.

In chapter 4 of this dissertation we will review the principles behind a



PT-symmetric formulation of quantum mechanics before providing explicit
calculations for the Model 8 solution. We also explore the possibility of
extending the model to describe three flavours of massless particle by at-
tempting to make the natural extension to a 12-dimensional solution.

In our discussion of P7-symmetric quantum mechanics, we shall see that
it is always possible to find a mapping between the P7-symmetric for-
mulation and an equivalent Hermitian one. With the potentially striking
implications of the new Model 8 solution, we will therefore finish by stress-
ing the importance of determining this map. Doing so would allow us to
confirm whether or not the solution really does correspond to a new type
of particle, rather than being the P7-symmetric equivalent to one that is

already known.



2 The Standard Model

Here we review key elements of the Standard Model that will help us to
understand the issues faced when trying to extend the model to include

neutrino masses.

2.1 The gauge group and particle content

The Standard Model of particle physics is a gauge theory with gauge group
SU(3) x SU(2) x U(1). The SU(3) element is responsible for interactions
involving the strong force and, being an eight-dimensional group', has eight
associated spin-one gauge fields, called gluons, which we will label G, with
a=1,...,8 and u being the Lorentz index. The remaining SU(2) x U(1) is
the electro-weak sector and gives us an additional three spin-one gauge fields
associated with SU(2) and one associated with U(1). We denote these W,
with a = 1,...,3, and B, respectively. It is important to note that these
latter four gauge fields do not correspond directly with the Wﬁt and ZS
responsible for mediating the weak force and the photon, A,, responsible
for mediating the electromagnetic force. We will see, however, that these
more familiar objects are indeed linear combinations of Wy and B,,.

The elementary particles of the Standard Model fall into representation of

'The group SU(n) has dimension n? — 1, which follows from imposing the conditions
Xt =—X and tr(X) = 0 on the group generators, which in turn follows from express-
ing M € SU(n) as M = e* and requiring M'M =1 and det(M) = 1.



the SU(3), SU(2) and U (1) elements of the gauge group and carry quantum
numbers dubbed colour, weak isospin and weak hypercharge respectively.
Guided by experimental results, and in the absence of neutrino masses, the

particle content of the Standard Model is taken to be that given in Table

2.1.
Particles SU(3) rep. | SU(2) rep. | U(1) charge
() Ga) () e 2 ]
€L HL TL
€R, LR, TR 1 1 —1
ur, crL lr 1
)G e)] s o2 ]
UR,CR,tR 3 1 %
dr,Sr.br 3 1 —3

Table 2.1: Particle content of the Standard Model, with lepton and quark labels follow-
ing the usual convention and subscripts L and R labelling the handedness
of the particles. The neutrinos are taken to be left-handed (with no right-
handed components, as is experimentally the case for massless neutrinos) and
so the handedness label is omitted. The emboldened numbers also follow the
conventional notation whereby, for example, the 2 in the first row is a state-
ment that the lepton and its corresponding neutrino form a doublet under
the action of the SU(2) group. Here we have explicitly grouped leptons and
neutrinos into their SU(2) doublets and likewise for the quarks.

The particles listed in Table 2.1 are two-component Weyl spinors, and
were introduced as such in order to appeal to the possibly more familiar
notion of the Standard Model’s particle content. We can then choose to
present the left- and right-handed components of a particle in a single Dirac
spinor or with two Majorana spinors. So, taking the electron as an example,

we have?:

. . . 0 — . s 3.
2Here o is the Pauli matrix ( ; OZ )7 and Weyl spinor indices are suppressed to

avoid over-complication of expressions.



weDirac - =e (21)
€R
er er, R —iUge*R
or wMajorana = . and wMajorana = . (22)
io2€] €R

Following the notation of [4], we choose to use the Majorana notation and
also make the notation more compact so that:

|m |m

w]\%ajorana =&y, and Tﬁﬁajomm = Em, (23)

where [ labels e, u and 7 for m = 1,2, 3 respectively. Similarly, labelling
u, ¢ and t with v, and d, s and b with d"*, where m = 1, .., 3 in both cases,

we have:

u' um
dj]Vfajorana = um and %fajomna — Um (2.4)
dm am
wl\/lfajo'rana = Dm and w]\?ajorana = D (25)

In the case of the neutrinos, we only have left-handed Weyl spinors and thus

only require a single Majorana spinor:

wly\;[r:zjorana = Vm’ (26)

where """ corresponds to v, v, and v; for m = 1,2, 3 respectively. With this
new notation, we can now re-express the particle content of the Standard
Model as shown in Table 2.2.

Finally, with a total Majorana spinor containing both left and right-
handed components as given in (2.2), it will be useful for us to know how

the corresponding, opposite-handed components of our Majorana spinors



Particles SU(3) rep. | SU(2) rep. | U(1) charge
PLy, 1
PrEn, 1 1 —1
PrQm = < ;fgm > 3 2 1
m
PrUnp, 3 1 2
PgD,, 3 1 -1

Table 2.2: Particle content of the Standard Model using Majorana spinor notation. Pr
and Pr are the projection operators that pick out the left- and right-handed
components of a spinor respectively. The emboldened L,, and Q,, represent
the explicit grouping of the particles into SU(2) doublets.

will transform, i.e. PrL,,, PLE., PrRQm, PLU,, and PpD,,. Since these

objects are related to their partners by complex conjugation, they transform

under the complex conjugate representations. See Table 2.3.

Particles SU(3) rep. | SU(2) rep. | U(1) charge
_ PRVm ) 1
PrE, 1 1 1
_ PRZ/{m 53 5 1
PLUpn, 3 1 -2
PLDy, 3 1 3

Table 2.3: Transformation properties of the corresponding, opposite-handed compo-
nents of the Majorana spinors set out in Table 2.2. The notation 3 indicates
that the object transforms in the complex conjugate of the triplet represen-
tation.



2.2 The Lagrangian

Given the ingredients of our gauge group and desired particle content, we
can now go about constructing the Lagrangian. In doing so, we need to
ensure that all terms are gauge invariant, Lorentz invariant and renormal-
isable. Once again following the notation of [4], it turns out that the most
general such Lagrangian is of the form:

1 1—

_ 7Ga G _ 7Wa Wwary _ ZB B,uz/

4w
@) 20 20
64 SeuuApGaul/Ga/\p .Zi 2 GNV)\pWaMVWCL/\p ‘ZZ ; €uuApBMVB)\p'

The first two lines use the notation E,, = }Lni’yo and I) = v*D,,, where
A*, with g = 0,...,3, are the Dirac v matrices® and D, is the covariant

derivative?.

The exact form of the covariant derivative is specific to the
field on which it is acting. Taking the generators of SU(3) for the 3 repre-
sentation to be 2\, and the generators of SU(2) for the 2 representation to
be %oa, where \, with a = 1,...,8 are the eight 3 x 3 Gell-Mann matrices

and o, with @ = 1,..,3 are the three 2 x 2 Pauli matrices, the covariant

derivatives are given by:

3Following the conventions of [4] we are using the metric diag(—1,1,1,1). This results
in our 7° being anti-Hermitian, and it is related to the Hermitian ~o associated with
the metric diag(1,—1,—1,—1) by 'yf:____ = i'70_+++. Thus, substituting into our more
familiar expression E,, = Ef,v]___, we pick up a factor of i.

4Not to be confused with the quark fields D,,.



DLy = 0Ly + [ZngM - ZggWﬁO'a] PLy, (2.8)

+[ 2913 + 92Wa ]PRLTm

D;LEm = 8uEm - ingu(PLEm) + ingu(PREm)a (29)
DuQm = MQm + |:—6ngM — *QQW;LLUG — 293ij)\o¢:| PrQ., (2.10)

+ [GQIB” + QQW“U* + ggGO‘)\*] PrQn,

2i
DUy, = 0,Up, + [3

9B, + gsG“A*} PLUp, (2.11)

24 1
+ |:_3ngM - 293Gg)‘06:| PRUm and

DD = 9D + { 2018y + 93Ga/\*] PrDp, (2.12)

3

) 1
+ |:3ng# - 293Gg)\a:| PRrDy,,

where, for example, D, Ly, = D, (PyLy, + PgLy,), and g1, g2 and g3 are the
coupling strengths for the U(1), SU(2) and SU(3) elements of the gauge
group respectively.

Covariant derivatives take the place of ordinary derivatives in the first
five terms of Lagrangian (2.7) in order that invariance can be preserved
under local transformations. For this to be the case, we further require that
the gauge fields themselves transform in a specific way under the action

of the gauge group elements. Let us take M; € U(1), My € SU(2) and



Ms € SU(3) to be of the form:

M, = (@), (2.13)
My = eP%5@% =13 (2.14)
and My = %5 @% o —1 .8, (2.15)

where h is the weak hypercharge of the field on which M; is acting and
9;(56) are the spatially dependent coefficients of the generators that make
this a local gauge theory. Then the required infinitesimal transformations

for our gauge fields will be:

1
5Bu == aaug]_(ﬂ?), (216)
a 1 a aoc C
WY = g;aﬂeg (z) — ™05 (x) WS, (2.17)
1
and 9GS = ga,f)g“(g;) — £5.05 ()G, (2.18)

where ¢ and [f§, are the SU(2) and SU(3) Lie Algebra structure constants
respectively.
The terms in line 3 of (2.7) are the so-called Yang-Mills field strengths

associated with the gauge fields, and take the form:

G, = 0,GS — 0,G5 + g3 f5,Gh G, (2.19)
Wi, = 0,Wi — 0,W + gacape WY, (2.20)
and B, = 0,B, — 0,B,. (2.21)

10



2.2.1 Lorentz invariance

Desiring a relativistic theory, we require all the terms in our Lagrangian to
be Lorentz invariant. Dirac spinors carry a representation Ai of the group
2

Sp(3,1) = SL(2,C)?, which is the double cover of SO(3,1), so that under

a Lorentz transformation 1) — 1)’ as:

Y (x) = A%w(A_lx’), (2.22)

where A is the Lorentz transformation for contravariant 4-vectors such that
2'* = A x¥. The 4 x 4 representation A 1 is reducible into two 2 x 2 repre-
sentations of SL(2,C). This is made clear in the Weyl representation, where
the field consists of a left- and right-handed component, each transforming
differently under SL(2,C). Using this reducibility we are able to derive the
transformation properties of the objects contained in our Lagrangian.
Taking 0, = (1,01, 092,03), where o; are the Pauli matrices, we can con-
struct the bi-spinor X:
X = ato, = et aloiat ) (2.23)
zt +ix? 20— 23
Being a bi-spinor, X transforms under SL(2,C) as X' = AXAT, where
A € SL(2,C). Thus, by taking X' = z*c,, = Af,z"0,, we are able to find

the matrix A equivalent to the Lorentz transformation A:

X' =2, = Ah 2o, = AXAT = Az¥o, AT (2.24)

— Ag,AT=Ag0,. (2.25)

5Where = means there is an isomorphism between the two groups.

11



We have found that o, transforms as a covariant vector under the Lorentz
transformations. Similarly, taking 6, = (1, —01, —02,—03), we can con-
struct the bi-spinor X = z#4,, transforming as X’ = BX B, which leads to
the relation B5, BT = A%,G,,. As we might expect, A and B are related, [5],
and we find that for any Lorentz transformation ABT = 1. This allows us
to show also that AT5,A = A6, and Bfs,B = Aoy,

In the Weyl representation we have v matrices satisfying the Dirac algebra

{'V,uv %} = nuu]l given byG:

0 oy
= , (2.26)
1o, 0
and our left- and right-handed spinor components of 1, ¢, and ¢r respec-

tively, transform as ¢, — A¢r and ¢p — Bopr under Lorentz transforma-

tions. Thus, considering the object 1) = 1tiyY:

_ 0 —il é
Py = < ol ol >z , ; ¢L (2.27)
- R

= ¢} Or + DhoL, (2.28)

which, under a Lorentz transformation

— ¢LATBor + 0BT AG, (2.29)

= ¢} dr + Shor, (2.30)

we see that we have a Lorentz scalar. Next consider the object E’y“w =

5Recall that we are still using the metric diag(—1,1,1,1)

12



PlinOy,1:

_ . 0 —il 0 io or
DY = ( ol o, >z g (2.31)
—il 0 o, 0 OR
io, 0 oL
- ( o) oh ) | (2.32)
0 oy oR
= ¢} iG. PR + Rio.dr, (2.33)
which, under a Lorentz transformation
— ¢V ATiG,AdL + ¢}, BTic,Bor (2.34)
= ¢} A,iG, 0L + dRAY oo (2.35)
= AV#J’YV@b) (236)

i.e. ¢y, transforms as a covariant vector. Using the metric to raise the
index we find that t)y*1) transforms as a contravariant vector |yt —
Ay

Given that our Lagrangian also contains terms involving the projection
operators P, and Pr (a general state ¢ = P+ Prt)), it will also be useful

to know how these behave under Lorentz transformations. P, and Pgr can

0~1~2~3

be constructed in terms of a fifth v matrix v°> = —in%y1y2~3 as” :

1—1—75 PR:1—75

Pr =
L 2 2

(2.37)

As such, we need to know how the objects ¥y°1 and ¥y*~%1 transform.

Following similar methods to those used above, it can be shown that these

"Once again following the conventions of [4], we choose to define v° and the projection
operators in such a way as to give left-handed particles as the chirality +1 states and
right-handed particles the chirality -1 states.

13



transform as a scalar and contravariant vector respectively.

The first five terms of Lagrangian (2.7) are of the form 1)y* D 1), so, given
the result Yy*1y — AK1py"1), we can see that the contraction between the
contravariant Lorentz index of ¢y#1 and the covariant Lorentz index of D,
will indeed leave these terms Lorentz invariant.

Looking at the remaining six terms, and using the fact that the spin-one

gauge fields transform as:

(e v oY —1
G (x) = AV, G2 (A1), (2.38)

a v a —1
W(a) = A, We (A1), (2.39)
and B, (z) = A, B,(A"'2'), (2.40)

we can once again see that the contraction over all Lorentz indices will leave
terms of the form B, B*" invariant.

In summary, due to the nice transformation properties of the objects 1,
Yy*ap, hyPeh and y*y54), ensuring Lorentz invariance amounts to requiring

all Lorentz indices to be contracted over, leaving no ‘free’ Lorentz indices.

Aside on index notation

In the preceding discussion we have not explicitly included the SL(2,C) in-
dices. If we were to do so, then we would have two types of index - undotted
and dotted - corresponding to the fundamental and complex conjugate rep-
resentations. As such, in the case of SL(2,C), complex conjugation adds or
removes dots on indices. Each type of index can further be raised or lowered.

Listing objects carrying the different types of index and their transformation

14



properties under SL(2,C), we therefore have

Ao — AN, (2.41)
Y& = AT 5o, (2.42)
M) =g — (AL X = A PN = N ATB L and 2.43
3 5= 3
avy — —& =B (4—1 a\* _ =B (4—1\* & —N\FTa —f
() =x* =X (A7) =X (AT = (a) e’ (2.44)

where A,° € SL(2,C), and a,B,¢, 3 = 1,2. These transformation rules
ensure that objects such as x*\, and x%)\4 are invariant under the action
of SL(2,C). Explicitly including indices for the objects discussed in the

preceding section we would have

Voo = ’ , “Ondas (2.45)

i(5,)7° 0
and ) = e ) (2.46)

(¢r)?

with (0,),5 — Aa”(0,), ;AT 5, (2.47)
(5,)%% — B%(0,,) "B, (2.48)
(¢r)a — Ao’ (L) (2.49)
and (¢r)* — B® 5(¢r)", (2.50)

where B = (A~1)f - ABT = 1.

2.2.2 Gauge invariance

In addition to Lorentz invariance, we also require that all the terms in our

Lagrangian be invariant under the action of the gauge group. As previously

15



mentioned, it is the construction of our covariant derivatives and the varia-
tion of our gauge fields under the group action that is key in ensuring this.
Specifically, they are constructed in order that, for some spinor field ¢ and

some general element M of the gauge group acting on 1, we have:

Dyt — MD, 1. (2.51)

Let us show for the most simple case that the forms of D,, and gauge field

transformations stated earlier satisfy this. Taking the field E,,, we have:

DyEy, =D, PLEy, + D, PrEy, (2.52)
= 3yEy, — ig1 ByPLEm +ig1 B, PREn,
= 0,PLEm + 0,PrEy, — ig1 ByPLEm + ig1 B, PrEnm
— O (M OPLE,) + 8y (7O PRE, )
— g1 [B# + 9118u91 (x)] @ p g
+ig1 [Bu + gll@,ﬂl (w)] e @ prE,, (2.53)
=i0,01 ()@ PLE,, + "9, PLE,,
— 0,01 (x)e @ Pp B, + 7 0®g, PRE,,
—ig1 B, @ PLE,, —i0,0,(x)e" @ PLE,
+ig1 Be @ PR B, + 00,6, (x)e @ PR E,, (2.54)
=@y, PLE,, + e @9, PrE,,
—ig1B,e ") PLE,, + ig1 Bye ) PrE,,

— it (x)D'uPLEm + e 01 (x)DMPREm- (2.55)

16



So, as required, we have the results:

D,PLE,, — ¢9®D, PLE, (2.56)

and D,PRrE,, — ¢ @D, PgE,,. (2.57)

Note that we have had to consider the covariant derivative acting on
PLE,, and PrE,, separately as they transform differently under the gauge
group. Although we will not show it explicitly here, the same behaviour
D,Pryp — MD, P and D, Prp — MpgD,Prt holds for all the other
fields and their covariant derivatives, where M and Mg are the forms of
gauge transformation associated with the left- and right-handed components
of the field 1) respectively.

We will now look at how these results give us gauge invariance. In doing
so, we will make use of the following properties of the v matrices and the

projection operators:

P} =P:=1 (2.58)
PpPr = PrPp =0 (2.59)
Y=+~ Pl =P, P,=Pp (2.60)
{+°.4"} =0 — Py# =~+"Pr, Pry* =~"Pp. (2.61)

Let us consider some general Majorana field 1,:

vy Db = (P + Pribar) Y Dpdm (2.62)
= (PLvmPr + PrioarPr) ¥ Db (2.63)
= Ppoyomy" PLD s + PRy PrDyom (2.64)
= Ppiymy" Dy Py + Pripmy" Dy Pribu . (2.65)

17



In the case of E,,, with our results (2.56), (2.57) and the fact that

PLE,, — e @P E_ and PrE,, — ewl(”")m under the action of
the gauge group, it is clear that the U(1) factors cancel to leave the ex-
pression (2.65) invariant under a gauge transformation. Next consider the
field PrL,, and explicitly include the SU(2) indices. By convention, PrLy,
carries a lower index (PrLy,),, with a = 1,2, and the act of taking the
complex conjugate raises or lowers an index so that PrL,, carries a raised

index (PLLm)a. In particular,

(PeLn)” = ((PeLu)') "4 (2.66)

((PLLim),) "7, (2.67)

so, taking (PrLy,), — (Mg)ab (PrLyy,), for My € SU(2), we have:

(PrL) )12 — (082, (PrL),) o (2.68)
= ((Pr)) (0m)1) " (2.69)
= (PiL,)" ((MQ)T): . (2.70)

Thus, including the action of U(1) as well (L,, being a singlet under the

SU(3) element of the gauge group), we have (PLL;,)" v*D,, (PyLy,), trans-

forming as:
(PLLy)" 7Dy (PrLi), (2.71)
— (PrLy)" 3% (M) ), 0% (M) £ € 30D, (P L), (272)
b
= (PtLy) "D, (PLLy),, , (2.73)

where we have used the fact that Ms € SU(2) is unitary and so

18



((MQ)T)b“ (M>),° = 6,¢. A similar result holds for the term PrL;,,v*D,, PrLy,,
where PrL,, will carry a raised index (PrLy,)" as it is related to PrL,, by
complex conjugation. Following exactly the same arguments for the fields
Q, U and D we can therefore see that the first two lines of (2.7) are indeed
invariant under the action of the gauge group.

Finally we consider the field-strength terms. In doing so, let us take the
case of the non-Abelian field strength W,, from which we will be able to

infer the corresponding results for Gy, and By,,. With the definitions

Wi, = 0, W — 0,W + gac™™ WIWY, (2.74)
1
Wi = gfzalﬂg(m) - eabcﬁg(az)Wﬁ and (2.75)

SW, = 0u6W — 0, 6W + gae™ SWIWE + o™ Wi, (2.76)

we can then use the Jacobi identity for the structure constants and the fact

that partial derivatives commute to show that

oW, = 03(2) ™ Wi, = i05(2) (Togg)*“ Wi, (277)
where (Tfl’dj)“C = —i€e" are the three SU(2) generators in the 3 x 3 ad-

joint representation, i.e. we have found that W}, transforms under the
adjoint representation. If we then consider the term —iWﬁVW‘““’ and use
(5(—%W3VW“W) = —%6W5VW““” = —%GS(x)ebaCWﬁVW“W, we see that be-

cause €be¢

is antisymmetric under a < ¢, whilst Wi, W is symmetric, this

term is indeed invariant: 5(—%W;}VW‘““’) = 0. A similar result holds for
2

the term —%ew)\pW“WW“AP due to the fact that €,,), = €xpu . For the

equivalent terms involving Gy, the same derivation applies, where we can

use the antisymmetry of f*g, under 8 « 7. In the case of By, the invari-

19



ance is easier to see. As the group U(1) is Abelian, the structure constants

vanish, and so 0B, = 0, immediately giving us the required invariance.

In short, if in each term of our Lagrangian we were to explicitly write all
indices carried by the various objects under the SU(2) and SU(3) elements
of the gauge group, then for gauge invariance we would require that all in-
dices be contracted over, leaving no ‘free’ indices. We would further require
that the charges under the U(1) symmetry of all objects within each term
sum to zero.

It is important to note that the requirement for gauge invariance plays a
key role in relation to particle masses. In the Lagrangian (2.7) we have no
mass terms for any of our fields, let alone the neutrinos. By simply consid-
ering the U(1) properties of a generic mass term of the form %mzwwMg,

we can see that it is not gauge invariant. Using the properties (2.58)-(2.61)

we have:
%W2W¢M = %mz (PLym + Pribar) (Priba + Pripur) (2.78)
= %mz (PLYmPr+ PromPr) (Pribas + Prowr)  (2.79)
= %WQ (PLavPrionm + PriovProw) (2.80)

and given that Priys and Pgrtiys both carry the same charge —h under

U(1) and Pripr and Prays the same charge +h, this transforms as:

1 5 .
§m2 (PLYs Prov + Prov Prib) (2.81)
1 ‘ _ . -

— §m2 (672Zh91(I)PL¢MPR¢M + 622h91(I)PR¢MPL”L/1M> : (2.82)

8Where the subscript M simply indicates that these are Majorana fields.
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i.e. it is not a gauge invariant term and so cannot appear in our Lagrangian.
This prohibition of explicit mass terms in our Lagrangian leads us to the

Higgs mechanism as a source for our field masses.

2.2.3 Renormalisability

The last request that we make of a term in our Lagrangian is that it be
renormalisable. For some given term in our Lagrangian, calculations of
the corresponding physical interactions are performed perturbatively in its
coupling strength, or vertex factor if we are thinking in terms of Feynman
diagrams. For any diagram containing a loop there is an associated integral
over the loop momentum, and this integral is often infinite if no upper bound
is placed on the loop momentum. As we consider higher-order diagrams in
our calculations, with more and more vertices and loops, we might expect
to encounter many infinite terms.

Let us consider a term in our Lagrangian of the form A11s....4,,, where A
is the coupling strength and 11s....%,, is some Lorentz and gauge invariant
combination of fields. Working in natural units, if we were to put a cut-off
on our loop integrals, at some value A say, then we would expect that for
a diagram of order N our integral would behave as ANAP, where D is the
superficial degree of divergence. If D > 0 then the diagram is superficially
divergent, as it will diverge in the limit A — c0”. By dimensional arguments,
it is possible to show, [6], that for a diagram of order N with E external

legs in d dimensions, the superficial degree of divergence is given by:

D =d— [{1p2...E] — N[A, (2.83)

9Note that the actual behaviour of a certain interaction calculation may differ from
that predicted by D. Diagrams deemed not to be divergent by (2.83), may contain
divergent sub-diagrams and therefore be divergent. Equally, divergent terms in the
expansion may act so as to cancel.
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where [ | denotes the dimension of the enclosed object in natural units and
P1¢9....90E is the set of fields corresponding to the E external legs. From

the form of (2.83) we can see that there are three possibilities'?:

(1) [A] >0 Degree of divergence decreases at higher
orders, giving a finite number of divergent terms
— Super-renormalisable
(2) [A] =0 Degree of divergence independent of order
— Renormalisable
(3) [\ <0 Degree of divergence increases at higher
orders, giving an infinite number of divergent terms

— Non-normalisable

In order to determine [A], and thereby determine into which category we
fall, we use the fact that the action containing our Lagrangian must be

dimensionless:

5] =0= / dL) = dla] + [£] — [£] = d, (2.84)

which in turn gives us:

[£] = d = [Mp1¢2...Pm] = [N] + [$1952....00m] (2.85)
— Al =d = [{1¢2....¢0m]. (2.86)

In 4 dimensions, we therefore require that [¢)1%9....1,,] < 4 in order for
our theory to be renormalisable.
But what does it mean for our theory to be renormalisable? We see that

even in the case that [A\] > 0 we have some infinite terms in our expansion.

10 Assuming [119)2....00m] > 0

22



What we find is that when performing a calculation of a certain interaction
with a cut-off in place, our final expression will be a function of our coupling
strength A, our cut-off A and the coupling strengths of the other relevant
terms in our Lagrangian. The coupling strengths in our theoretical La-
grangian, however, are not the coupling strengths that we can measure, but
the two will be related. If, after re-expressing our final expression in terms
of the coupling strengths we can measure, we find that the A dependence
drops out, then we say our theory is renormalisable.

The A cut-off approach to renormalisation explicitly breaks gauge invari-
ance. We are therefore forced to turn to other approaches, such as that
of Dimensional Regularisation, if we desire a gauge invariant formulation.
Despite this issue of gauge invariance, however, the inclusion of a cut-off
in our calculations is nicely intuitive. It is the statement that we only ex-
pect our theory to be valid up to the energy scale A, beyond which there
is new physics yet to be discovered. The effect of the new physics is to
give us this discrepancy between the theoretical coupling strengths of our
Lagrangian and the ones that we can measure, but once we account for this,
in a renormalisable theory our calculations of interactions become indepen-
dent of A, i.e. become independent of the high energy physics. This is a
good indication that our theory is valid up to the energy scale A.

We will see later that the requirement for our theory to be renormalisable
comes into question when considering extensions to the Standard Model

that would allow for neutrino oscillations.
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2.3 The Higgs Mechanism and particle masses

If we take our Lagrangian (2.7) and set aside all the interaction terms, i.e.
only consider the terms at zeroth order in coupling factors g1, g2 and gs,

then we are left with the Lagrangian:

1— 1—
['free = - QLmaLm - §EmaEm (287)

1— 1— 1—
- iQman - §UmaUm - iDmaDm

1 @ av o qu o
— 5 (0,G20" G = 9,Gu0" GV
1 WeEOHW W Weo" We
- 5 (3u ua# - aﬂ 1/8 #)
1 v v
~ 5 (0,B,0"B" ~ 9,B,0"B").

We recognise this as the Lagrangian for fifteen massless spinor fields and
twelve massless vector fields. As pointed out in section 2.2.2, explicit mass
terms are prohibited by the requirement for gauge invariance.

In order to generate mass terms for our fields, we must therefore introduce
a new field, the Higgs field, whose vacuum expectation value breaks the

gauge symmetry such that:
SU(3) x SU(2) x U(1) — SU(3) x Uy(1). (2.88)

Our electroweak symmetry SU(2) x U(1) is broken down to a single U, (1)
symmetry, which corresponds to electromagnetism. With the number of
generators associated with the electroweak sector being reduced from four to
one, we thereby imply that three have been broken. We can then infer that
the three gauge fields associated with these three broken generators will have

gained a mass, whilst the gauge field associated with the remaining U, (1)
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symmetry remains massless. It is these broken and unbroken generators
that correspond to Wﬁt, 22 and A,.

The simplest object that we can introduce for breaking the symmetry is a
doublet of complex scalar fields transforming under SU(3) x SU(2) x U(1)
as (1,2, 3). Using the notation of [4], we label the new Higgs field ¢ with:

¢+
¢ = . (2.89)
¢0

Taking the complex conjugate of this field, and for a moment including

the SU(2) indices, we get the object:

o™ = (¢a)" = , (2.90)

which transforms under SU(3) x SU(2) x U(1) as (1,2,—3). But, under

SU(2) there is an invariant tensor €g:

0 1
Cab = : (2.91)
-1 0
ab

which we can use to lower the index on ¢* to give the object:

0%
b = €apd™ = (;* (2.92)

transforming under SU(3) x SU(2) x U(1) as (1,2, —3). With these new

objects, we are now able to include the following additional gauge invariant
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terms in our Lagrangian:

Ly =— (Du¢")(D'¢) — V(¢T¢) (2.93)
~ (finPLLy PREw¢ + [0 PRE, PL L)
— (hmnPLQy PRDy¢ + bl 0" PrD,, PLQu)

~ (gmn PLQy PRUG + 91,0 PrRU , PL Q).

Given the transformation properties of ¢, its covariant derivative is given
by:
i i
D,p=0,¢— 592W50a¢ — gng#qZ). (2.94)
V must be a function of ¢T¢ in order to satisfy gauge invariance. Fur-

thermore, in order to satisfy renormalisability, we can only have terms of

up to order (¢f¢)2. The actual form of potential taken is:

272
V(gTe) = A [cﬂ ¢ — g‘A] (2.95)
4
= @6)? - wolo+ 15, (2.96)

where A and p are constants. In order to ensure the reality of our Lagrangian
we require A and p? to be real, for the potential to be bound from below we
require that A be positive, and in order that the potential have a vacuum
expectation value that breaks the SU(2) x U(1) symmetry we require y? to

be positive.

42

The potential is minimised by the vacuum expectation value ¢f¢p = 5
Without loss of generality, we may take our vacuum field ¢, to ‘lie in a
given direction’, i.e. we are able to choose how to distribute this vacuum

expectation value amongst the four components Re(¢"), Im(¢T), Re(¢)
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and Im(¢%). We make the choice which turns out to make the spectrum of

our theory most transparent!!:

by = / ., where v is real and satisfies v* = /f (2.97)

As hinted at previously, we find that there is only a single linear combina-
tion of our SU(2) x U(1) generators that leaves the vacuum state invariant.
Let’s call this linear combination (7, which satisfies (;¢, = 0. There are a
further three linear combinations of the SU(2) x U(1) generators, which we
will label (1, (s and (3, that do not leave ¢, invariant, i.e. (;¢, # 0. It can
be shown, [7], that the three objects (;¢, span a three dimensional subspace
of ¢, which allows us to re-express our field ¢ as an expansion around its

vacuum state ¢, using the following parameterisation:

. 0
¢ = (@G i=1,2,3, (2.98)

% (v+ H(x))
where H(z) is a real scalar field. Next, exploiting the gauge invariance

of our Lagrangian, we can use a gauge transformation to take us into the

unitary gauge, leaving us with:

0
¢ = . (2.99)

L0+ H)

Substituting this into our Lagrangian and writing out the SU(2) doublet
components explicitly, we find a form for Ly from which we can read off

our field masses:

LTf 4 different ‘direction’ were chosen, we could always rotate it back to this form via a
gauge transformation, exploiting the gauge invariance of our Lagrangian.
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%H‘* (2.100)

— —g3(v+ H)> (W, 4 iW ) (W — W)

1
Ly == 50,HO"H - M2 H? — MH? —

(v+ H)*(—g2W P + g1 B,) (—g2 W3 + g1 BH)

ool = ool =

(v + H)(fmnPLEmPRE + [, PRE, PLER)

(v + H)(hyn PLD,, PrD,, + hl, PrD, P;Dy,)

-85l

— —(v+ H)(gmn Pilhy, PrU, + g1 PRU , Prldy).

N

Comparing the term —A\v?H? to the standard mass term for a spin-zero
scalar field, which takes the form —%m%H 2 we determine that, to lowest
order, m%, = 2\v?* = 22,

The standard mass term for a spin-one field is —%m2WHW“. Thus, from
the term —Zg3(v + H)z(W;Wl" + WpPW?2") we can read off the masses
m%vl = m%/vz = ig%v?

Next we make the substitution®?:

_ _ngu + QQWE

Z° (2.101)
N
and identify cos @y = g%:_g% and sin Oy = g%:_g% so that
Zg = cos HWWS — sin by By, (2.102)

where Oy is the weak-mixing or Weinberg angle. This gives us the term

—%vz(g% + g%)ZBZO“, from which we read off the mass m2Z = %Uz(g% + g2).

12The /g2 + ¢2 factor gives us the correct normalisation for the field strength terms we
acquire for Zﬁ and A, on making the relevant substitutions for Wi’ and B, in our
Lagrangian (2.87).
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The massless combination of Wi’ and B, orthogonal to Zg, labelled A, is
given by:

A, =sin HWWS + cos 0w B,,. (2.103)

Being massless, A,, is the gauge field associated with the remaining un-
broken symmetry U, (1), i.e. the photon, and the generators for this sym-
metry will be some linear combination of the four generators of the initial
SU(2) x U(1) symmetry. Let us try to find this combination. Transforming
as (1,2, 3) under SU(3) x SU(2) x U(1), our ¢, will transform under a

constant gauge transformation as:

1 0 i 1 0 1,1
5y = —=0 = 100, — + Lo
SRRVC R I R v W Blvi ) B

) (95 - 2‘9%)

_ - 2.104
2V2 oy - o) .

[\

Thus, in order that our ¢, be invariant, i.e. d¢, = 0, we require 9% = 0% =
0 and 8, = 9% = 0. This tells us that the combination @ = %03 + h is the
generator for our unbroken symmetry. The associated conserved quantity
is the electric charge.

With our knowledge of this unbroken symmetry, we can now recover Wui
from the fields Wﬁ and Wi If we substitute our particular transformation
parameters in to equation (2.17), remembering that we are dealing with a

rigid gauge transformation, then we have, in matrix form:
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W, 0 10 W, w;

Iz H
gl w2 [=6,] -1 0 0 w2 = -wi |, (2105
wp 0 00 wp 0

from which we can see that Wﬁ and Wi transform amongst themselves.
Defining

1
(e —
1% ﬂ

we see that these fields will transform as 5Wj = :l:iHWWlf, i.e. they carry

(W, FiW}2) (2.106)

charge +1 under the U, (1) symmetry. Their masses are given by my+ =
my1 = myy2. Also note that because the fields Wi’ and B, do not transform
under the U, (1) symmetry, Zg and A, carry zero charge.

Thus we have recovered the familiar gauge bosons W/fc, ZS and A,, and

all except the photon have acquired a mass through the Higgs Mechanism.

We now move on to the fermions. The relevant terms here are those in
the last three lines of (2.100). As it stands, the matrices fyn, gmn and
hmn are not diagonal and so we are unable to read off the fermion masses

immedately. However, by redefining our fermion fields as

PRrE,, = M¢, PRE,, PLEp = MS PLE, (2.107)
PRU,, = M" PRU., Prldy, = MY PLU.,,
PgD,, = M% PgrD, and P.D,, = M% P.D,

and making appropriate choices for M¢,, M and M? we are able to
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bring these terms into the diagonal form'?

(v+ H) fin(PLEm PREm + PRE,, PLEy) (2.108)

(’U + H)hm(PL'DmPRDm + PRDmPLDm)

-5l 5l

— —=(v+ H)gu(PrUy PRUp + PRU,, Pl ),

N

where we have now dropped the primes and the hat on the third m index in
each term indicates that it does not invoke Einstein summation. The fy,
g and hy, are all real and positive. Also note that in order for the kinetic
terms of our Lagrangian to remain in the standard form, we require My, ,

M}, and Mffm to be unitary matrices. Using the result PrP;, = P, Pr = 0,

we can now write (2.108) as

(U + H)ffn ((mm + Wm)(PLSm + PREm)) (2'109)

(v+ H)hyp (PLDp, + PrDy) (P Dy + PrDyy))

-5l

— —=(v+ H)gy, (PLly, + PRU ) (Pl + PrUp)) -

S

Finally, making the identifications Pr.&,,+ PrE,, = e, etc, where e, are the
Dirac fields for the electron, muon and taon for m = 1,2 and 3 respectively,

we have

1 _
——=(+ H) (fmemem + hindmdm + ginlmum) - (2.110)

V2

From this we are now able to read off the masses of the Dirac fields e, d,,
and u,, as % fmv, %hmv and %gmv respectively.

The key point here with regard to neutrino masses is that because there is

13See [4] for proof that this is always possible.
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no right-handed neutrino in the Standard Model, we are unable to construct
a gauge invariant Yukawa term involving the Higgs field that would generate

a neutrino mass in the same way as shown above for the other fermions.

2.4 Accidental symmetries and additive conserved

charges

Whilst we will not explicitly go through all the interaction terms of the
Standard Model Lagrangian here, what one finds is that in addition to
being invariant under the action of the gauge group there are other global

symmetries, namely

Ue(1) x U, (1) x Up(1) x Up(1). (2.111)

These symmetries were not requirements of our initial Lagrangian, but are

by-products of requirements we have imposed on it. As such, we call them

accidental symmetries. For the leptons we have the three symmetries™

PrL,, — € P L, (2.112)
PRE,, — ¢ PpE,, (2.113)
and correspondingly
PrL,, — e ““m PpL,, and (2.114)
PLE,, — e “®“mPrE,,. (2.115)

4Note that the repeated index is not summed over here.
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In terms of Dirac fields, this is equivalent to e, — e‘*me,, and v,, —

e'my,,. By Noether’s theorem we know that associated with any such

symmetry there is a conserved current

oL

JH = mawa, (2.116)

where v, represent the fields contained in the Lagrangian, and a conserved

charge
Q= /d%JO (2.117)

In our case, expressing the relevant kinetic terms as

1— 1— 1——
—iLm’}/MauLm — §Em"}/uauE = — QPLLm’}/'uaMPLLm (2118)
1—
- §PRLm7M8uPRLm
11—
~ 3 PLE " 9 PLE
11—
- §PREm7“8uPREm
we have
1—— 1—
JH = — EPLLm'YMZ’amPLLm + §PRLm’yuiamPRLm (2.119)

1—— 1
+ §PLEm’7#iamPLEm - §PREm'7H7;amPREma

33



which in turn gives us'®

1
Q=gam / d%[ — (PLy;y) PrLyy, + (PrL,y,)  PRL,, (2.120)
+ (PLEp) PLEp — (PrEm) PrEu]
1
= iam / dSm[ — e}meLm — vzvam (2.121)
- e%mezm - Ugmvzm - egme}%m + e;r%meRm]
= — am/dgm{einem + vl v, (2.122)
where
er, VL,
em = " and v, = " (2.123)
eRm 0

are the Dirac fields for the three flavours of lepton and neutrino respectively.

In the canonical second quantisation we have Dirac fields given by

dp , .
em(z) = | —————= u™(p, s)al et +u™(p,s bmieﬂp'x ,
(2.124)

m

p.s and bgfl can be viewed as the electron annihilation operator

where a
and anti-electron creation operator respectively, u™(p, s) and v™(p, s) are
four-component vectors and p and s label the momentum and spin state of
the particles respectively. Moving into momentum space we thus find

Q= —ap [a al’, —blb) +cllcl —dl'ld ],(2.125)

(271')3 P,s7P,S P,sTP,s P,s7P,s P,s 7 P,S

where ¢t/ cps and dnt /dy's are the creation/annihilation operators for

the neutrinos and anti-neutrinos respectively.

15Remembering that as we are using the metric n** = diag(—1,1,1,1), ¢ = 17i7° and
()% =-1.

34



As we know from the formalism of creation and annihilation operators,
objects of the form afa correspond to number operators. Thus, as we are
integrating over all particle momenta and summing over all spin states,
this conserved charge corresponds to a conservation of particle numbers.
Denoting the number of m-flavour leptons N,©, the number of m-flavour
anti-leptons N, the number of m-flavour neutrinos N, and the number of

m-flavour anti-neutrinos N, we have the conserved quantities

individual Lepton number L,, = N,;* + N’ — N,  — N, (2.126)

and total Lepton number L = Z Ly,. (2.127)

In the case of the quarks, it turns out that whilst we do have conservation
of the total quark number, we do not have conservation of individual quark
generation numbers. This is a result of the fact that when we consider the
charged-current interactions of the electro-weak sector'® and express fields

in terms of their mass eigenstates, we pick up terms of the form
VinnTm Y Prdy, + Vi, dmy" P, (2.128)

where V,,, is the Kobayashi-Maskawa matrix. Being non-diagonal, these
terms don’t allow us the individual U,,(1) symmetries ty,, d, — etoma, .
but do allow us the symmetry w,, dy, — € ®uy, for all m. This is the Up(1)
symmetry, where B is the Baryon number and the fields u,, and d,, are
in fact chosen to carry charge % so that u,,, d,,, — ei%um. This choice of
fractional charge is made in order that the baryons/anti-baryons, which are
states of 3 quarks/antiquarks, have charge + under the symmetry.

Briefly returning to the leptons, it is worth mentioning that when we

161 e. those involving W=
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consider their charged-current interactions we also find terms of the form

Unin€my* Pron + Ul Ty  Pren, (2.129)

where U, is a unitary matrix. However, because there are no mass terms
for the neutrinos and the rest of the Lagrangian is invariant under the
redefinition of our fields v,, — U);mvn, we are able to exploit UTU = 1 and

bring the terms into diagonal form.

The accidental symmetries just considered are well confirmed by experi-
ments. However, we will see in the following section that in introducing a
neutrino mass we are potentially forced to relinquish Lepton number con-

servation.
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3 Neutrino oscillations and

extensions to the Standard

Model

Neutrinos within the Standard Model are taken to be left handed and mass-
less. However, there is now much experimental evidence indicating that
free neutrinos oscillate between flavours. For example, as first detected by
Raymond Davis’ experiment in the late 1960’s, the flux of solar neutrinos
detected on earth is a third of what we expect, suggesting that electron-
neutrinos oscillate into other states whilst in transit from the sun to the
earth. Similarly, experiments such as Kamiokande have detected a deficit
in atmospheric muon-neutrinos, and this deficit is seen to increase with the
distance between the point of creation and detection.

As originally set out by Gribov and Pontecorvo, [8], the observation of
neutrino oscillations is taken as evidence that they are in fact not mass-
less. As such, any theory of particle physics is required to accommodate
non-zero neutrino masses. For the Standard Model, this proves to be a
major stumbling block as, with the assumed particle content, gauge invari-
ance and renormalisability, there is no way in which a non-zero neutrino
mass can be generated. The Standard Model must therefore be extended

in order to accommodate neutrino masses, and in doing so we are forced to
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allow the conditions of assumed particle content and renormalisability to be
relaxed. In the following section we hope to outline the reasons for this con-
nection between neutrino oscillations and their having mass. We will also
discuss some of the most popular extensions to the Standard model that
accommodate these masses and what it means to relax our initial criteria
in making these extensions. For a review of neutrino oscillation phenomena

and experimental results see, for example, [9] and [10].

3.1 Oscillation phenomenon and particle masses

The basic principle behind neutrino oscillations is fairly simple. If we al-
low neutrinos to have a mass, then, as with the quarks, the neutrino mass
eigenstates and weak interaction or flavour eigenstates will in general not
be the same. In any experiment where neutrinos are measured, the mea-
surement is made via the neutrinos weak interaction with the detector. As
such, our measurements tell us the flavour of the neutrino. Equally, the
neutrinos being detected will originally have been created via a weak in-
teraction, and thus start off in some particular flavour eigenstate. Between
the point of creation and the point of detection, however, the states will
evolve according to the free Hamiltonian, whose eigenstates are the mass
eigenstates'. Thus, if we expand our initial flavour eigenstate in terms of
mass eigenstates and each of these components evolve differently according
to the free Hamiltonian, then our neutrino will not remain in the initial
flavour eigenstate. Instead, whatever the final state is in terms of the mass
eigenstates, we must then re-express this as a sum of flavour eigenstates in

order to determine a prediction for the neutrino flavour we will measure.

1'We restrict ourselves to considering oscillations in vacuo here.
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Let us take our flavour eigenstates |v,) and the mass eigenstates |v;) to

be related by the unitary mixing matrix U as
[Va) = Uailvs) and |vi) = Ul |va), (3.1)

where we take the general case of n mass and flavour eigenstates so that
i, = 1,...,n. If our state is initially a flavour eigenstate and we take it to

be produced at x = 0 and t = 0, then we have
11(0,0)) = |va) = Uaslvi)- (3.2)
After time ¢ and at position x, this state will have evolved to
(%, 1)) = Ugje FitTPoX|y,) = Upie By Llyg) (3.3)

If we are then interested in the probability of measuring the neutrino to

be in some flavour eigenstate |v,), then we must calculate the amplitude

<I/’Y’V(X7 t)>
(alv(x, 1)) = e HEHHPX U (1 vg) = e Bt Py Ul - (3.4)

The relativistic dispersion relation for a particle of mass m; and momen-

E;i = \/|pil* +m. (3.5)

If we assume that the energy of our neutrino is known accurately enough

tum p; is given by

to allow us to say F; = F for all 7 but that the finite size of the source and
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detector allow for a range of possible neutrino momenta, then we can write

m? m?
pi=yF =1 o p (1-55). 6o

where we have used E > m,;. Substituting this result into (3.4) and using

the approximation = ~ t for small m; we get?
,m2$ T
(v, lv(x, 1)) = e Ui} (3.7)

To determine the probability of measuring neutrino flavour state |v,) we

require |(v,|v(x, t))[*:

m2z 2
(n v ) = €28 UL UL e 28 Unil, (3.8)
= UnULULUL (3.9)
Am?lm
— ' 32E U]]‘LaUaiU;U”/j (3.10)

where Am?i = m? — mf As such, we see that our probability for measuring

2
ji

a given flavour state has acquired a phase that depends on z, E and Am
and it is this phase factor that can account for the observed oscillation
phenomenon. If all our neutrinos were massless, then this phase factor would
not have appeared and we would not expect to see oscillations. Another
important point to note is that our measurements are only sensitive to mass-
squared differences. This means that we would only require one neutrino
to be massive in order to observe oscillations, and also means that if all

neutrino masses were non-zero but degenerate then we would not observe

the oscillation effect.

2Note that without loss of generality we have also made the simplification of taking p
and x to lie along the same direction.
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The arguments outlined above are somewhat simplistic, but determining
a full Quantum Field Theory formulation of the oscillation phenomenon
is something that has proven to be difficult. For a discussion of the sim-
plifications made in the above formulation and a review of the numerous
other approaches that have been taken and their associated problems see
[11]. Surprisingly, the final predictions of the simple analysis included here
and the various, more complete QFT formulations do, in general, all agree.
However, it has been suggested in [12] that a full QFT formulation does in

fact give corrections to these standard oscillation equations.

3.2 Mechanisms for massive neutrinos

As already mentioned, with the assumed particle content and conditions of
invariance under the action of the gauge group and renormalisability, there
is no way in which a neutrino mass can be generated within the Standard
Model. In light of the experimental evidence for neutrinos having mass, we
are therefore forced to consider relaxing one or more of the constraints of the
Standard Model. In the following section we consider some such possibilities
and find that, as well as having to relax the condition of renormalisability
and alter the assumed particle content, the conservation of lepton numbers

is also brought into question.

3.2.1 Relinquishing particle content

Perhaps the most natural extension to propose would, in analogy with F,,,
U, and D,,, be the introduction of right-handed neutrino fields V,,, trans-

forming as (1,1,0) under the action of the gauge group. Being singlets

41



under the SU(3) and SU(2) elements of the gauge group and carrying zero
charge under the U(1) element, this type of neutrino is said to be sterile.
With the introduction of these fields we are then able construct the Dirac

neutrino field

Vim

Vm = PV + PRV, = (3.11)

VRm

just as we were able to for the other fermions. Furthermore, we are also

able to construct the Yukawa term
— (K PLLyy PRVnd + ki 6TPRV, PrLyy,), (3.12)
which, after symmetry breaking, will give us

1 _
—%(v + H) (ks UmUm,) (3.13)

in exact analogy with the other leptons considered earlier. From this we
are able to read off the neutrino masses %kmv. Unlike the other leptons,
however, we are faced with an additional complication due to the fact that
the fields V,,, transform as (1,1,0). Given their transformation properties,
we are permitted to construct the gauge invariant Majorana mass term
%anVmVn. In fact, as such, the Dirac neutrino we defined in (3.11) is
actually ill-defined unless M,,, = 0. Furthermore, this Majorana mass
term does not preserve individual or total Lepton numbers. Once again in

analogy with the the other leptons, under the individual Lepton number
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symmetries we have PrV,, — e'“m PrV,,, which gives us

1 = 1 S —
§anVmVn = §an(PLVmPRVn + PRV ,PLVy,) (3.14)
1 ) _ ) _
= 5 My (" PV, PRV + =0 PRV PLV,),

and thus demonstrates that %anVmVn is not invariant under the individ-
ual transformations or under the total Lepton symmetry where PrV,, —
e PRV, for all m. In order to preserve even the total Lepton number we
must therefore take M,,,, = 0, which in turn allows us to define the Dirac
spinor as in (3.11).

Even after taking M,,, = 0 there are some important issues remaining.
Firstly, in order to produce the observed tiny neutrino masses, we would
require the matrix elements of k,,, to be many orders of magnitude smaller
than those of fin, gmn and hpy,. Whilst this is not disallowed, and we
concede that there is already an element of arbitrariness in the values of
other fundamental constants in the Standard Model and in setting M,,,, = 0,
such a fine tuning of these matrix elements close to zero does not seem very
desirable.

Secondly, whilst total Lepton number is still preserved, we see that in-
troducing the Yukawa term involving V;,, does cause the individual Lepton
number symmetries to be broken. As discussed in section 2.4, the rea-
son that individual Lepton numbers were conserved whereas only the total
quark number was conserved was due to the fact that in the case of the
leptons we were free to redefine our fields V,, as we liked in order to leave
the charged-current interaction terms diagonal. With the introduction of
the new Yukawa term, however, this is no longer the case and, as with the

quarks, we pick up a CKM-like matrix called the Pontecorvo Maki Nak-
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agawa Sakata (PMNS) matrix in our charged-current interactions. The
resulting non-diagonal form then prevents individual Lepton numbers from
being conserved.

Another natural question to ask is why do we not observe these additional
right-handed neutrino states? Despite the fact that our new fields are sterile,
we would expect the existence of these sterile neutrinos (and in general we
might consider the possibility that there are more than three additional
sterile neutrinos) to have some effect on the observed rates of interactions
involving the observed neutrinos, as the known neutrinos can oscillate into
the sterile states. We are able to use the lack of evidence for such effects to
constrain the mixing between the sterile neutrinos and those observed.

If, for a moment, we were to allow for the non-conservation of Lepton
number, then after symmetry breaking our mass terms could be expressed

in matrix form as

—_
1 — — 0 =k PrVv

—< PV (BT ) vz +he, (3.15)
kT M PRV

where, for example, W denotes a 3-component vector composed of the
elements PrV,, for m = 1,2,3, and h.c. refers to the Hermitian conjugate.
Diagonalising this mass matrix we find that there are three mass eigenstates
whose masses are eigenvalues of the matrix M and three whose masses are
eigenvalues of the matrix M ~'p”. Thus, as the magnitude of the elements
of M are increased, three of the states masses also increase, whilst the
remaining three become inversely smaller. This is known as the seesaw
mechanism, and is particularly relevant if we imagine there to be as yet
unseen particles at mass scales much greater than that of the electro-weak

sector. It would appear to offer a more natural explanation of the small
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neutrino masses observed than requiring the elements k,,,, to be very small.
Furthermore, if new particles and their corresponding physics are present
beyond the energy scales of the Standard Model, then we may well find that
Lepton number conservation does break down at these scales, in which case

the non-zero M,,,, becomes acceptable.

3.2.2 Relinquishing renormalisability

As discussed in section 2.2.3, enforcing renormalisabilty amounts to the
statement that we consider our theory to be correct for the energy scales
in question, and we therefore restrict ourselves to interaction terms with
[1,...,¥m] < 4. This is equivalent to restricting the dimension of the in-
teraction term coupling constants, let us denote this by [A], to [A] > 0. In
allowing non-renormalisable terms with [¢1, ..., ¥,,] > 4, their coupling con-
stants correspondingly satisfy [A] = —d, where d > 0. If we take the energy
scale at which our theory breaks down to be A, then we can take X\ oc A~¢
and, as such, the non-renormalisable interaction terms are suppressed by a
factor of A=%. The greater the degree of non-renormalisability, the more the
corresponding interaction term will be suppressed. This is an indication of
the limited effect we expect the high-energy physics to have on our lower
energy calculations. If A is sufficiently greater than the energy scales in
which we are interested, then we might justifiably restrict ourselves to con-
sidering ‘first-order’ non-renormalisable terms with d = 1, or equivalently
[wla ,T/Jm} =9.

In the Standard Model we have the set of fermion fields Ly, E.., Qm, U
and D,,. Let us label these fermion fields generically with F;, where i =
1,...,15. We also have the gauge bosons Gy;, W and B),. Let us label these

generically as X; with j = 1,...,12. Finally we have the Higgs field ¢. Also
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note that the covariant derivative D, has [D,] = 1. The kinetic terms for
the fermion fields are all of the form F;@F;. From the requirement that the
action be dimensionless and in the case of working in 4 dimensions, we can
therefore deduce that [F;] = % Similarly, from the Yang-Mills field strength
terms we can deduce that [X;] = 1, and from the Higgs field kinetic term
we also have [¢] = 1. In trying to find an interaction term with dimension
5, we are therefore limited in the possible combinations of the various fields
and covariant derivatives. Requiring the dimension 5 term to be Lorentz
and gauge invariant further restricts the possible combinations. It turns

out, [4], that the only permitted dimension 5 term is
_anéa(PLL;PRLgL)Q;b - qumg)*b(PRLanLLma)a)*b’ (316)

where we have explicitly included the SU(2) indices and ¢, o< A~!. Be-
cause of the success of the Standard Model at describing most of particle
physics at the energy scales we have probed, we expect A, i.e. the new
physics, to be at a scale much greater than that of the electro-weak sector.
As such, we can assume that it is a good approximation to restrict ourselves
to considering only the dimension-5 interaction term and to neglect higher
dimension interaction terms which will be suppressed by factors of A~2 and
greater.

After symmetry breaking, and in the unitary gauge, the term (3.16) be-
comes

1 .
=50+ H)*(@mn PLVin PRVn + @l PRV PL V), (3.17)

which we can recognise as giving the neutrino field a Majorana mass term
and additional neutrino-Higgs interaction terms. As such, the only effect the

dimension-5 term produces on the energy scales that we have been able to
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probe thus far is the introduction of a neutrino mass of order v2g,,,. Given
the A~! dependence of ¢y, the size of this neutrino mass naturally comes
out small, which is perhaps more desirable than the scenario considered

earlier where we were forced to choose tiny k,,, elements.

The high-energy physics

Having established that the existence of new physics at energy scales far
greater than that of the Standard Model provides an appealing explanation
for the observed neutrino oscillations and associated tiny neutrino masses,
this naturally begs the question - what is the new physics? Whilst there
are many proposed ideas as to what lies beyond the Standard Model, here
we return to one possible extension as was discussed in section 3.2.1. If we
introduce heavy, sterile, right-handed neutrino fields labelled V,,,, then our

Standard Model Lagrangian can be supplemented by

Ly = —%Vmavm —~ %anvmvn — (kmnPLLy, PRVnd + K, 0 PRV, PLLyy,).

(3.18)
As we saw in section 3.2.1, taking M,,, to be large would generate the
observed small neutrino masses via the seesaw mechanism. Because the
sterile neutrinos are taken to be very massive, we would not expect to see
them at the energy scales we are capable of probing, but we might expect to
see indications of their existence through non-renormalisable terms in our
Lagrangian. Following the argument set out in [4], we are able to see that
a possible source of the dimension-5 non-renormalisable term mentioned
above is the interaction shown in figure 3.1, where a virtual sterile neutrino

is exchanged between two Higgs fields and two leptonic fields. The matrix
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L L

Figure 3.1: Feynman diagram for an interaction between two Higgs fields
¢ and two lepton fields L via the exchange of a virtual sterile
neutrino.

element for this interaction is given by

o [ M —ip 5
T a b
kmokipn ®a (PLLm [MQ " p2:| . PRLn> &y + h.c., (3.19)

where h.c. refers to the Hermitian conjugate. In the case where we are
taking M to be large, so that M > p, this amplitude approximates to the

form

Kok da (PrE My PRLY) & + huc. (3.20)

= (k;M_lkT)mngga <PLLZ»LPRL2> &b + (k;M_lkT)nmd;*b (PRLanLLma) Qg*a'

This is exactly the dimension-5 interaction term discussed above with ¢,,, =
(EM~'kT),.n, and after symmetry breaking we will get mass terms with
masses of order v2(kM ~1kT),,,. We can see that the more massive we take
the scale of the new physics to be, i.e. the larger we take M (< A) to
be, the lighter our standard neutrinos will be. This is an example of the

seesaw mechanism embedded within the particular scenario of beyond-the-
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Standard-Model physics where very massive neutrino states are postulated

to exist.

In summary, we have seen that the observed oscillation of neutrinos can
be explained by allowing neutrinos to have a small but non-zero mass. As
it stands, these non-zero masses cannot be generated within the Standard
Model, but there are numerous ways in which the model can be extended to
do so. In doing so, however, we are forced to either alter the particle content
of the Standard Model or to concede that our theory is not a complete one
if we consider energy scales beyond that of the electro-weak sector.

The lack of evidence for the additional light particles required in the first
type of extension would perhaps point us towards preferring the second, and
at the very least it places limits on the mixing that can take place between
these new particles and those already known to exist. Furthermore, the
first type of extension requires certain constants within the model to be
tuned very close to zero, which, although not forbidden, does not seem very
desirable.

In the second type of extension, the suggestion that there exists new
physics at energy scales beyond those already probed would seem perfectly
reasonable. Due to the very nature of this high energy physics, however,
we can only hope to observe clues of its existence through the suppressed,
non-renormalisable interaction terms in our Lagrangian. As such, it is not
possible to determine the exact nature of the new physics, and at present
there are numerous propositions that could account for the oscillation of
neutrinos. One important consequence of the particular extension we con-
sidered is the appearance of a term which breaks Lepton number conser-

vation. Observation of this non-conservation could therefore play a crucial
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role in elucidating the nature of the mechanism whereby neutrino masses
are generated.

One particular process in which we might expect to see this breaking
of Lepton number conservation is double Beta decay. This is the pro-
cess whereby certain nuclei stable against single Beta decay can decay via
the very rare process of two neutrons simultaneously decaying to protons.
Within the Standard Model this takes place via two decays of the form
n — p+ e + V.. If Lepton number conservation is violated, however, we
can also have n+n — p+p+ e~ +e~. The two different processes can be
distinguished by the energy spectra of the resulting electrons, and as such
it is possible to place limits on the size of coupling constants for Lepton

non-conserving interaction terms in our Lagrangian.
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4 Non-Hermitian Quantum

Mechanics

In Quantum Mechanics, one of the fundamental requirements is that the
Hamiltonian be Hermitian. Imposing H' = H ensures that the eigenvalue
spectrum is real and that the time evolution operator U(t) = exp(—iHt) is
unitary, which in turn ensures that quantities such as (¢ | A | ¢) are time in-
dependent, where A is an operator corresponding to some time-independent
observable and therefore commutes with H. Whilst the consequences of tak-
ing HT = H are desirable, the condition itself is purely mathematical, with
no physical motivation. As such, one might consider whether this require-
ment is too restrictive. Perhaps there is a wider spectrum of Hamiltonians
that would still give us the desired real eigenvalues and unitary time evolu-
tion. Furthermore, perhaps this more general set of Hamiltonians could be
dictated by some underlying physical reasoning.

The mathematical field of pseudo-Hermiticity is concerned exactly with
the relaxing of this requirement for Hermiticity. A linear operator A is said
to be pseudo-Hermitian if there exists an Hermitian operator n such that
At = nAn~!, and it has been shown that every Hamiltonian with a real
spectrum is pseudo-Hermitian, [13]. Note that in the case of Hermitian

operators, n = 1.
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Hamiltonians displaying symmetry under the combined action of parity,
P, and time-reversal, 7, form a subset of these pseudo-Hermitian Hamil-
tonians, and have received particular attention over the past decade. It is

this subset that we will now discuss.

4.1 P7 symmetric Hamiltonians

Using the notation HP7 = PT H(PT)™!, the requirement for our Hamilto-

nian to display P7 symmetry gives us

HPT =H = PTHPT)'=H = [H,PT]=0. (4.1

Under a certain set of conditions, such a Hamiltonian can be used to con-
struct a P7 -formulation of quantum mechanics. Let us first remind our-

selves of what we have in the standard formulation of quantum mechanics

where HT = H:

(i) The set of states |1;) satisfying H|i;) = E;|¢;) form a basis for the
Hilbert space of the system, where FE; are the positive, real energy

eigenvalues of H and |¢);) the corresponding eigenstates!.

(ii) With respect to the standard inner product on the Hilbert space, de-
fined as (¢, ®) = (1|¢), where (1| = )T, these states are orthogonal.

(iii) Also with respect to the standard inner product, the states have positive-
definite norm. For suitably normalised states, these last two require-

ments can be summarised as orthonormality, requiring (;|¢;) = &;;.

(iv) The states |i;) obey unitary time-evolution, which by the definition of

"We do not consider degenerate eigenstates here.
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the standard inner product ensures the time-independence of the inner

product and of the expectation values of time-independent observables.

In our P7-formulation, we would therefore like to reproduce this set of
properties. In trying to do so, there are two scenarios that we must consider:
that where 72 = 1, which is appropriate to bosons, and that where 72 = —1,
which is appropriate to fermions. To see that these two possible scenarios
exist we must consider the nature of the time-reversal operator 7. If we
wish for energies to remain positive under time-reversal then we require
that it be an anti-linear operator, [14]. As such, 7 acts on a state |¢) as
T|Y) = Z|)*, where Z is a linear operator. Requiring that 72 leave a state

unchanged up to a phase factor we have

T2y = ZZ* ) = \Y) = ZZ* =\ = Z* =77}, (4.2)

where |\|? = 1. Taking the complex conjugate of this we get Z = \*Z~1*,
which, acting from the right with Z* gives us ZZ* = \*. This in turn gives
us the result (ZZ*)? = |\|? = 1, but we also have (ZZ*)? = A2, from which

we deduce A = £1. Let us consider each of these in turn.

4.1.1 Even 7 symmetry: 72 =1

In this scenario, let us assume that the eigenstates of a P7-symmetric
Hamiltonian are also eigenstates of the operator P7. Note that if P7T
were a linear operator then this would follow directly from the statement
[H,PT] = 0, but with P7 being anti-linear, this is no longer the case.

Taking P7 |¢)) = A|Y) we act from the left with P7 and use the properties
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[P,T] =0, P2=1,7? =1 and thus (P7)? = 1, which gives us

(PT)?[y) =) = PTAl) = PTAPT)?[4)) = A"A[9) (4.3)

= |M\*=1 (4.4)

We now take the expression H|¢) = E|1¢), act from the left with P7, use

the property [H,P7] = 0 and insert the identity to give

PTH|) = PTE) = PTE(PT)*) = E*AlY) (4.5)
= HPT|Y) = HAW) = EAlY) (4.6)
— E = E*. (4.7)

We have therefore shown that if an energy eigenstate |¢) of H is simul-
taneously an eigenstate of P7 then the energy eigenvalues are real. The
regime in which this requirement holds is referred to as that of ‘unbroken’
PT-symmetry, and within this regime we see that we satisfy the first re-
quirement for our P7 -formulation of quantum mechanics. Proving that one
is in the regime of ‘unbroken’ P7-symmetry, however, can be very difficult.

The remaining properties required of the states, namely that they be or-
thonormal and evolve in time in such a way as to preserve the inner product
are, however, not satisfied if we consider these properties with respect to
the standard inner product. As such, we are led to consider an alternative

inner product on our Hilbert space.

Alternative inner products

An inner product is a way to combine two vectors in a vector space to give

a complex number. Taking a vector space V' and vectors v; € V, the inner
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product between two vectors, denoted (v;, v;), has the following properties:
o (vi,vj) = (vj, vi)*
o (v5,v; +vg) = (v5,v5) + (vi,v) and (v; + vj,v8) = (v, vg) + (v, Vg)
o (v4,cv;) = c(v;,vj) and (cvs, vj) = ¢*(v4,v;) for c € C

We can further require that the inner product be positive-definite, that is
(vi,v;) > 0 and (v, v;) = 0 only for v; = 0.

If we consider a set of basis states for our Hilbert space, labelled e;, then
we are able to express the inner product of any two vectors in our vector

space in terms of those between these basis states. For

v = Zviei and vy = Zv%ej, (4.8)

i J
and using the properties of the inner product, (vi,v2) is given by
(v1,v2) Zvlel,ZUQeJ (4.9)
= 3" i vdey) (4.10)
T

= vj(viee) =D vitvi(ene)). (4.11)
%,J

2
The inner product (e;, e;) is called the kernel of the inner product. In the

case of an orthonormal basis, the kernel is simply ¢;;, which leaves us with

the familiar expression

(v1,v2) Zv 1)2 = ?)1’[)2 (4.12)

In Hermitian quantum mechanics we have e; = v¢; and (¢, v¢;) = (Y;]|Y;) =
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dij, which means that we recover the familiar expression for the standard
inner product (4.12). Furthermore, as |1;) evolves in time as |¢;(t)) =
exp(—iHt)[¢;(0)), (3| = |¢;)T and H = HT, we find that the inner product

is time independent:

(Wi()] (1)) = (i(0)] ™ et |yp;(0)) (4.13)
= (®i(0)[e" e |y;(0)) (4.14)
= (¥i(0)]1;(0)). (4.15)

In P7 quantum mechanics, given that H' # H, we lose this time-
independence of the inner product, as well as the orthogonality of the dif-
ferent eigenstates of H, [15]. We must therefore look to define our inner
product differently. In analogy with the Hermitian case, a sensible guess

might be to define it as

(i, )P = (PT|)) " j)- (4.16)

It turns out, [3], that such a definition can only get us so far. The orthogo-
nality condition is satisfied and, due to the fact that P7 commutes with H,
this inner product is also time-independent?. However, the norm of a state
with respect to this inner product is neither positive-definite nor correctly
normalised, and can even be zero!

We firstly turn to the issue of normalisation. In (4.4) we showed that in
the ‘unbroken’ regime the eigenstates satisfy P7 |¢;) = \;|1);), where \; is

, 1
a pure phase. Thus, if we define a new state [i;) = AjQ |1;) we have the

*We are making the simplifying assumption here that H is symmetric. However, this is
not a necessary condition. See [3] and references therein.
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result

PTIo0) = PTA  (PT) ) (4.17)
= TN = A ) (4.18)
= ¢, (4.19)

which gives us the correct normalisation. Note that \wi>/ is still an eigenstate
of H, as required.
In order to tackle the issue of non-positive-definite norm we introduce a

new linear operator C, which acts on the states as follows?:

Clabi) = silti), (4.20)

where s; is the sign of (¢;,1;)p7 and we have dropped the prime so that
|1;) now corresponds to the correctly normalised state. From this definition

we see that C2 = 1. C also satisfies the conditions

C,H]=0 and [C,PT]=0, (4.21)

which in turn gives us the result

[CPT,H)=0. (4.22)

With this new linear operator we are now able to define the CP7 inner

product
(isbi)epT = (CPT|9i)) T [5) (4.23)

that, in addition to satisfying the conditions already satisfied by the P7T

3Not to be confused with the charge conjugation operator.
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inner product (4.16), also satisfies the condition of a positive-definite norm.

Given that C is defined explicitly in terms of the eigenstates of the Hamil-
tonian, (4.20), it will in turn depend on H itself. We therefore say that the
CPT inner product is dynamically determined. In order to construct C and
subsequently (14, 1;)cpr we first require knowledge of all the eigenstates
of H and the signs of their norms under the P7 inner product. As such,
this task is in general a very difficult one and often can only be carried out

perturbatively.

Pseudo-Hermiticity and equivalent Hermitian Hamiltonians

Perhaps a more elegant way in which to recast some of the preceding dis-
cussion is in the context of pseudo-Hermiticity. Following the arguments
of [16], the statement of pseudo-Hermiticity mentioned earlier, whereby H

1 with 7 being some linear, Hermitian,

is pseudo-Hermitian if HT = nHn~
invertible operator on the vector space spanned by the eigenstates of H,
is equivalent to the requirement that H be Hermitian with respect to the

inner product (i, ¢)) defined as ((¥,6)) = (,16) = (¥l|6). That is to
say ((H, ¢)) = ((, Hp)). This equivalence can be shown as follows:

(Hy,¢)) = (¢, He)) (4.24)
= (WH"|9) = (¥InH|¢) (4.25)
— Hin=nH (4.26)
— H'=nHnp % (4.27)

It is shown in [17] that if we take the case where H is symmetric under an
anti-linear symmetry such as P7 and we restrict ourselves to the regime of

unbroken P7 symmetry, which ensures that the eigenvalue spectrum of H
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is real, then we can always construct an inner product of the form ((¢, ¢))
that is positive-definite. As such, we can then take 1 to be a positive-definite
operator, which in turn allows us to express 7 in terms of its positive square
root, = p®. p will be linear, Hermitian* and invertible.

If we now define a new Hamiltonian h as

h=pHp!, (4.28)

then we can see that it is Hermitian with respect to the standard inner

product as follows:

Wt =p THpl = p='nHn ™ p = p™ ' p?Hp?p = pHp™" = h.  (4.29)

The Hermitian Hamiltonian h is equivalent to H in that it has the same
eigenvalue spectrum. The eigenstates of h are given by plt;), where [¢;)
are the eigenstates of H, so, if we consider the inner product of two such
eigenstates of h, then we get (;]pp|t;) = (¥i|n|1h;), which we know to be
the correct inner product for this system. Thus, although the eigenvalue
spectra of h and H are identical, relations between their eigenvectors will
differ. This could potentially be very useful, as it suggests that by moving
from one basis to the other, one might be able to take two states that are
initially very ‘close’ and difficult to distinguish between and make them
much easier to distinguish.

Another nice property of the above formulation of our positive-definite

inner product is that its time-independence is clear to see®:

“Note that n and p are Hermitian with respect to the standard inner product rather
than with respect to ({ , )).

_ -1 .
SHere we use the result M~ 'eAM = ™ M where A and M are linear operators.
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(i ()l () = (i (0)]e™ e 1 [y (0)) (4.30)

inserting the identity = (;(0)|nyy~ e tne= 1y, (0)) (4.31)
= (s(0) e H It i 0))  (4.32)
= (¥i(0)ne'™*e™ 1 1p;(0)) (4.33)
= (1i(0)nl4(0)). (4.34)

In our specific case, we have shown that the CPP7 inner product is positive-
definite and, as such, we find that n~! = CP, [16][18]. This makes it clear
that, as with the construction of C, the construction of n and subsequently p
is in general not an easy task, as it requires knowledge of all the eigenstates
of H and the sign of their norm with respect to the P7 inner product.

One useful method for constructing C is to parametrise it as
C = e2@P)p, (4.35)

where Q is an Hermitian function of & and p, [3]. We then try to solve for Q
by imposing the conditions [C,P7] = 0, [C, H] = 0 and C? = 1. Given this

= ¢ and so p = 6_%, which tells us that

parametrisation we see that 1~
the equivalent Hermitian formulation of the system described by H will in
general be non-local, as h is potentially a function of arbitrarily high powers

of p.

Taking this form of p we can now show explicitly for the case of a PT
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symmetric Hamiltonian that h as defined in (4.28) is indeed Hermitian, [3]:

W =efHle 3 (4.36)
— e Qe 2T, (4.37)

Now note that e ==t = CP and e~ < = n = PC, so we have
W =e= CPHIPCE?, (4.38)

but as Hf = nHn~' = PCHCP, [C, H] = 0and C? = 1, we have H' = PHP,

leaving us with
o)
2

Ne)

W =e= He2 =h. (4.39)

One final comment we make is relating to observables within this P7
formulation of quantum mechanics. In the normal Hermitian formulation,
an operator A must satisfy AT = A in order to be associated with some
observable, as this ensures its eigenvalues are real and the corresponding
eigenvectors are orthonormal. This comes from the requirement that A be
self-dual with respect to the standard inner product, i.e. (A, @) = (¢, Ad).
Thus, the natural extension into non-Hermitian quantum mechanics is to
require that the operator for an observable be self-dual with respect to the
relevant inner product, i.e. ((Av,¢)) = ((¢, Ap)). In the case of a P7T-
symmetric Hamiltonian we therefore require (A, ¢)cpr = (¢, Ap)epr. To
see how this gives us our real eigenvalue spectrum and orthonormality of

eigenvectors, we use the standard argument that exploits the properties of

61



an inner product:

((Ati, 1)) = (i, Arj)) (4.40)
= (ithi, ¥5)) = (i, Ajs)) (4.41)
= A (Wi 05)) = N ({0 4)) (4.42)
= (A = ) (Wi, ) = 0, (4.43)

where 1); are eigenvectors of A with eigenvalue \;. Thus, considering the case
i = j and exploiting the fact that (( , )) is defined so as to give a non-zero,
positive definite norm, we establish that the eigenvalues are real. And in the

case i # j, assuming no degeneracy, we therefore establish ((1;,%;)) = 0.

4.1.2 Odd 7 symmetry: 72 = —1

The generalisation of the P7 formulation of quantum mechanics to the case
of 72 = —1 follows the same principles as outlined in the previous section,
namely we look for a new inner product that gives us our desired properties
for the eigenvectors and eigenvalues of H. It is made more tricky, however,
by the fact that we are unable to find states which are invariant under the
action of P7. The details of how to construct the relevant inner product
are given in [19] and [2], and we will not include them here. The relevant

inner product is found to be

(¥, @)epr = (CPT )" Z|6), (4.44)

where Z corresponds to the linear operator used to define the anti-linear
operator 7 as 7 |¢) = Z|)*.

Armed with these new inner products, we are thus able to construct a
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formulation of quantum mechanics that allows us to replace the requirement
for the Hamiltonian to be Hermitian with the requirement that it be P7-
symmetric. This condition of P7-symmetry is perhaps more appealing than
that of Hermiticity in the sense that, rather than being purely mathematical,

it does have some physical motivation.

4.2 PT-symmetric Dirac equation

Having introduced the principles behind a formulation of quantum mechan-
ics that imposes P7 symmetry on the Hamiltonian rather than Hermiticity,
we now look at what consequences this has when applied to the Dirac equa-
tion. We follow the analysis set out in [1] and [2], where a new solution to
the Dirac equation is discovered that would appear to describe two flavours
of massless particle, despite having a non-zero mass matrix. This leads us
to the possibility of having mass and flavour eigenstates that do not coin-
cide, and in the case of massive neutrinos we saw that this in turn led to
the possibility of flavour oscillations. We finish by attempting to extend the
model to describe three flavours of massless particle and questioning how
certain we can be that the findings of Jones-Smith et al. do indeed point to

a new type of solution.

4.2.1 The Dirac Equation

Before the Dirac equation, negative energies and negative probability den-
sities were two key problems associated with taking the wavefunction of
a particle to satisfy the relativistic Klein-Gordon equation, [20]. It was
observed that the second of these issues could be alleviated by replacing

the Klein-Gordon equation with one that only contained first-order time
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derivatives. As such, desiring a relativistically covariant equation that still
reproduced the correct relativistic energy-momentum relation for a massive

particle, Dirac proposed®

Ey = zaaltp = —ia- VY +mpByp = HY (4.45)

and required that the oy, with ¢ = 1,2, 3, and (8 satisfy the relations

{Oéi,Oéj} = 26@‘, {Oli,ﬂ} =0 and ﬂZ = 1, (446)

known as the Dirac algebra, [21]. In order to ensure that the energy eigen-
values of (4.45) be real, the a; and 3 were all taken to be Hermitian. The
requirements (4.46) are such that on squaring (4.45) we reproduce the rel-

ativistic energy-momentum relation , and we can check that this is indeed

the case:
E%)p = (—ic- V + fm)* ¢ (4.47)
= (—i;V;V; — ima;8V; — imBa;V; + m*B?) ¢ (4.48)
= ( % (ia; ViV + a;ja;V;V;) — im{oy, B}V, —|—m2) v (4.49)
= < % {a;, 0}V, Vi +m )11) (4.50)
= (=ViVi+m?) ¢ (4.51)
= (p2 ) as required, (4.52)

where we have used the fact that V;V; = V;V; and p = —iV.
Evidently the «; and § cannot be normal numbers if they are to satisfy

the Dirac algebra, but we are able to find matrices that do so. From the

5Note that we are using natural units.
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conditions (4.46), we can see that a7 = 1 and 3% = 1, which tells us that the
a; and (8 have eigenvalues £1. We can further show that all the elements
of the algebra are traceless. Taking ;3 + fa; = 0 and using 82 = 1 we
deduce Tr(a;) = —Tr(Ba;3), and by the cyclicity of the trace and once
again using 32 = 1 we are left with Tr(c;) = —Tr(c;), which can only hold
if Tr(a;) = 0. By a similar argument using the fact that a? = 1 and the
cyclicity of the trace, we also find Tr(5) = 0. We now note that if we have
a set of a; and (3 that solve the algebra, then so too will the set Uo;U ™!
and UBU~L. In the case where we require o; and 8 to be Hermitian, the
U is a unitary transformation. By taking four different transformations
that diagonalise the four elements «; and § in turn, and using the fact that
Tr(Uo;U™Y) =Tr(a;) = 0, our knowledge that the diagonal elements are
+1 leads us to the conclusion that the matrix forms of «; and 8 must be of
even dimension.
We start by considering a 2 x 2 representation. We know that the Pauli
matrics
0 1 0 —i 1
o1 = , O3 = and o3 = (4.53)
10 i 0 0 -1
satisfy the algebra {o;,0;} = 20;;, so we can make the association o; < 0.
However, in trying to find a 2 x 2 matrix that anti-commutes with all the
0, it can be shown by considering some general 2 X 2 matrix that such a
matrix does not exist. As such, we are unable to satisfy the algebra, except

in the case where m = 0. It turns out, however, that the algebra can be
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satisfied by a 4 X 4 representation, and one particular form of this is

;0 0
a; = and = . (4.54)
0 —o; 1 0
As such, the wavefunction 1 must be a four-component object, and Dirac
showed that such a wavefunction could be interpreted as one describing a
spin-half particle and its antiparticle, each having two spin states.

In this block-diagonal form, we see that the «;s are just the direct sum
of the 2 x 2 representations +o;. We note here that +o; are independent
representations as if one could be mapped to the other by a similarity trans-
formation, Uo;U ' = —o;, then this would imply Ue; + o;U = 0, which we
know to be impossible. If we therefore take our four-component wavefuntion

to be of the form

Y= v ; (4.55)
YR

where v, and ¥ gr both have two components, then the Dirac equation has

two parts:

—io; Vi, + mipg = Zaath (4.56)
and 1o, Vihg + myp, = ’Laath (4.57)

So we see that we can consider our system in terms of two two-component
objects coupled by a mass. As outlined in [2], a more general representation

for «; would be

VJivfl 0
o = 5 (4.58)
0 —VVO’Z“/V_1

where V and W represent similarity transformations. Any 4 x 4 represen-
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tation of o; and § can be shown to be unitarily equivalent to the «; given
in (4.58) and [ given in (4.54).

Having found a 4 x 4 representation for the Dirac algebra, one might try
to look for higher-dimensional ones. However, it can be shown, [2], that
if one tries to find an 8 x 8 representation, it simply decouples into two

independent 4 x 4 representations.

4.2.2 Useful properties of the Dirac algebra and Pauli

matrices

Before moving on to the non-Hermitian case, we first point out some results
that will be useful to us later on. Similar to the proof that there is no matrix
that anti-commutes with all three Pauli matrices, by simply considering

some general 2 X 2 matrix A, it can be shown that
(i) if [A,04) =0 for ¢ = 1,2,3, then A = aoy, where a € C,
(ii) there is no A satisfying Ao} = 0;A and

(iii) if Ao} = —0;A then A = aioy, where a € C.

Another useful observation, as discovered by Dirac, is the relation between
the «a; and the Lorentz group generators. Taking the generators of the
boosts to be K;, where ¢ = 1,2, 3 labels boosts in the x,y and z directions
respectively, and the generators of rotations to be J;, where i = 1,2,3
labels rotations about the x,y and z axes respectively, the Lie algebra of

the Lorentz group can be summarised as

[Ji, Jj] = ifijkvjk, [Ji,Kj] = ieiijk and [Ki,Kj] = —ieiijk. (4.59)
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If we make the associations J; < —%ajak and K; < %ai, where in the
association for J; the labels i,j and k are always an even permutation of
123, then, using the Dirac algebra, it can be shown that these objects do
indeed satisfy the Lorentz algebra. The «; can thus be used to form a
representation of the Lorentz group, and this observation allows one to

prove the Lorentz covariance of the Dirac equation, [2].

4.2.3 Swapping Hermiticity for P7-symmetry

In moving to the case of a P7-symmetric Dirac Hamiltonian, the method
employed in [2] was to try and start with the most general possible forms
for objects such as the «; and (3, and to let the specific forms be deduced
by imposing the desired requirements such as that the Hamiltonian be P7 -

symmetric.

A relativistic energy-momentum relation

Starting from the same proposed form for the Dirac Hamiltonian (4.45)
and imposing that the correct relativistic energy-momentum relation be
reproduced on squaring this, we recover the same requirements {«;, o} =
26;j and {oy, B} = 0. Hermiticity played no role in deriving these conditions
originally, but rather was imposed independently, so we would expect to

reproduce these same anti-commuation relations.
Parity, Time-reversal and Lorentz Transformations

If we take the specific forms for P and 7 acting on some state ¥(r) as

Pip(r) = Sp(—r) and T (r) = Z*(r), and recall that P2 =1, 72 = —1
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and [P, 7] = 0, then we have the following results

P2=1 = Pl=pP S2=1= 51=¢ (4.60)
T’=-1 = ZZ'=-1= Z"=-7"' = T l=-2Zy* (4.61)

P, T]=1 = SZ=25". (4.62)

The operators for rotations about axis ¢ and boosts along axis i are given
by
Ri(0) = e i and B;(¢) = e 6k (4.63)

respectively, where 6 is the angle of rotation and { the rapidity of the boost.

Under parity and time-reversal transformations these transform as

PR;(O)P = R;(6), (4.64)
PB; ()P~ = Bi(—(), (4.65)
TRi(0)T ' = Ry(6) (4.66)
and TB;(O)T ' = Bi(—0). (4.67)

Thus, by acting on some state 1 (r) with these operators and using the

results (4.60)-(4.62), we deduce

Se~ 3999 Syp(r) = e~ 20U y(r) — SajanS = ajay (4.68)
Se%caisw(r) = efégaiq/}(r) — SazS = —q (469)
Ze~ 2959k (= 27 (r) = e 209 %p(r) — ZojapZ" = —ajoy (4.70)

Zex N (= Z7)p(r) = e 2 (x) — ZalZ" = o (4.71)

It can be seen that if the second and fourth of these conditions hold, then
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the first and third follow, so we can summarise the results as

{S,;} =0 and Zo] = —a;Z. (4.72)

A PT-symmetric Hamiltonian
The requirement for the Hamiltonian to be P7 -symmetric can be expressed
as [H,PT] = 0. Thus, by acting on some state ¢(p, r), which we take to be

a plane-wave solution, and taking the matrix forms of P and 7, we have

@ipiSZY*(p, —r) + BSZY* (p, —r) = SZ (ipi¥(p, —1))" + SZ[*Y*(p, —r)

= o;SZ =S5Za; and BSZ = SZp". (4.73)

Self-duality of the Hamiltonian

As discussed previously, for a Hamiltonian displaying invariance under some
given anti-linear symmetry, and in the regime of that symmetry being un-
broken, the appropriate inner product for formulating a quantum theory is
one with respect to which the Hamiltonian is self-dual. In the case of a

PT-symmetric hamiltonian we require the CP7 inner product, defined as

(¥, d)epr = (CPT )" (—21)]9), (4.74)

and so self-duality of the Hamiltonian gives us

(HY, d)epr = (Y, Hp)epr (4.75)
= (CPTH|Y))"Z'¢) = (CPT|Y))" ZH|¢) (4.76)
= (PTHC|Y))" Z1¢) = (PTC|y))" ZTH|¢), (4.77)
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where we have used the fact that [C, P7] =0 and [C, H] = 0. If we take the

explicit matrix forms for our C, P and 7 operators’ then this gives us

(SZH*C* )" Z¢) = (SZC*|¢)*)" Z H|o) (4.78)

(W|CTHT ZT ST Z1|p) = (w|CTZT ST ZTH|g). (4.79)
Combining these results with (4.73) we find
B=-2T6T7" and «; = zTal'Zt. (4.80)

With this set of conditions, it is now possible to deduce the forms of «;

and [ required to solve the P7-symmetric Dirac equation.

4.3 Solutions to the P7-symmetric Dirac equation

4.3.1 Model 4

Using the terminology of [2], Model 4 is the four-dimensional solution to
the P7-symmetric Dirac equation. They start by noting that, as with the
Hermitian Dirac equation, any 2 x 2 representation for the «; must be of the
form Vo; V! or —Wo;W~1. In the Hermitian case, the similarity transfor-
mations V and W were required to be unitary, in order that Hermiticity of
the «; be preserved. Here, however, we no longer need to make that restric-

tion. Having generalised the two possible types of 2 x 2 representations, the

"We have not had to use an explicit form for C as yet; here we will simply use C|y) =

Cl).
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Model 4 representation is taken to be the direct sum of these:

Vdivfl 0
(4.81)
0 —Wo,W=1
With this as a starting point, the procedure is then to apply the various
conditions set out in the previous section and thereby determine the exact

forms of 5, S and Z. All the details of this procedure for Model 4 are given

in [2], and we will not include them here. The resulting «; and [ are given

a;=U "ot ana B=U ! Uut,  (4.82)
0 —o; moy 0

where U is a unitary matrix. This result is somewhat surprising. Despite the
fact that Hermiticity was not imposed at the outset, the various conditions
imposed on the system in requiring it to be P7-symmetric conspire to give
us Hermitian «; and § unitarily equivalent to the solutions (4.54) we found
for the Hermitian Dirac equation. As such, it would appear that in terms of
a theory for free fermions, we could equally well replace our assumption that

the Dirac Hamiltonian be Hermitian with the one that is P7 -symmetric.

4.3.2 Model 8

After establishing the equivalence of the Model 4 solution with that of
the Hermitian Dirac equation, Jones-Smith et al. then construct an eight-
dimensional representation for «; and 8. The procedure is exactly as for
Model 4 and so is not explicitly given in [2]. We therefore use this as an

opportunity to give an example of the procedure.
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In analogy with Model 4, the starting point is to take a; to be the direct

sum of four 2 X 2 representations

Vo, V! 0 0 0
0 Vo, V! 0 0
0 0 —Wo,W—1 0
0 0 0 ~Wao,W—1
Next we take Z to be of the general form
A B C D
EFE F G H
Z = , (4.84)
1 J K L
M N O P
where each entry is a 2 x 2 matrix. By imposing the condition Za] = —a;Z

and using the result that there is no A satisfying Ao} = 0;A and that if

0
0
0

Ao} = —0;A then A = aios, where a € C, we find that Z can take the form
VaioyV 1 0 0
0 VbioaV—1* 0
Z =
0 0 WiggW = 1*
0 0 0

where a,b,c,d € C. Requiring ZZ*
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—1 then gives us |a|> = [b]? = |c|* =



|d|?> = 1, which means that they are all pure phases. We thus have

Veibajoel/—1* 0 0 0
0 VeitvigyV—1x 0 0
7 = .
0 0 Weibejoo W —1* 0
0 0 0 Wetbdjgo W 1

By imposing the condition o; = ZTa¥ ZT and using the properties (io2)T

(io9)" = —ioy and Jga;fag = —¢; we find
Vo, V1 0 0 0
0 Vo, V1 0 0
= (4.85)
0 0 ~Wo, W1 0
0 0 0 ~Wao,W1
VYo Vi 0 0 0
0 Vo Vi 0 0
0 0 ~Wttg,wi 0
0 0 0 ~Wttgwi
which gives us
ViVe; =0, VIV and WiWo; = o, WTW. (4.86)

Next recall that if [A,0;] = 0 for i = 1,2,3, then A = aoy, where a € C.
Furthermore, as the combinations VIV and W1W are Hermitian, we know
that in their diagonal forms the entries will be real and positive. We can
thus take VIV = 0200 and WIW = w?oy, where v,w € R. From this we
can also infer that V1 = U%VT and W1 = ﬁWT, which in turn tells us

that the matrices %V and %W are unitary. Plugging these results into our
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expressions for «; and Z we have

v_IVaw_IVT

0
Qg =

0
v W tvT

0

0
0
—w "W twit

If we then define the unitary matrix U as

vV ezide
0
0
0

then we have

and

0
v_IVe%i‘ﬁb
0
0

[oF

0
a; =U

0

0

109

0
Z =U

0

0

0
0
0
w W esite
0 w
0 0 0
o, 0 0
0 —0o; O
0 0 —o;
0 0 O
109 0 0
0 209 O
0 0 io9
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0
0
—w ' Wow Wi

)

(4.88)
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Given these forms for a; and Z, we posit that S and @ are of the form

S =UXUT and 3 = UBUT. Now, taking the condition {S, o;} = 0, we have

o; O 0 0 o; O 0
0 o O 0 0 o O
b +
0 0 —0; 0 0 0 —0;
0 0 0 —o; 0 0 0 —o;

0. (4.91)

Exploiting the results that there is no matrix that anti-commutes with all

o; and that if [A,0;] = 0 for i = 1,2,3, then A = aoy, where a € C, we find

that ¥ can take the form

0 dO’U 0 0

(4.92)

where a,b,c,d € C. The condition S? = 1 also gives us £ = 1, which in

turn gives us ¢ = a~! and d = b~!. The condition SZ = ZS* is equivalent

to
109 0 0 0 109 0 0
0 109 0 0 0 109 0
b =
0 0 09 O 0 0 209
0 0 0 iog 0 0 0

from which we deduce that a and b are in fact real.
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Now we consider the condition {a;, 3} = 0. In terms of B this gives us

-ai 0
0 oy
0 O

00

0 0 o; 0 0 0
0 0 0 o O 0
B+ B
—o; 0 0 0 —o; O
0 —o; 0 0 0 —o

0,

(4.94)

which, using the known properties of matrices that commute or anti-commute

with all o;, gives the most general possible form of B as

[ 0 0
0 0
poo  qoo
| 700 hoy

kog log ]
moy  nog
0 0 7
0 0 |

(4.95)

with k,1,m,n,p,q,7,s € C. Next, taking the condition § = —Z7pTZT,

which is equivalent to

B—=_
we find
0
0
boo
To0

qoo

hog

koo

maoo

BT

log

noo
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| tog 0 0
0 409 O
0 0 109
| 00 0
0 0 pog
0 0 qog
koo mog O
logy nog 0

rog

SO0

. (4.96)

(4.97)



0 0 koo log
0 0 mog nog
f— B —
ko 0 Moy 0 0
log nog 0 0

(4.98)

Finally, taking the condition S3 = 818, which amounts to ¥B = B'Y, we

have

akog
bloo
0
0

amog 0 0 k*a"loo  U*blog 0
bnoo 0 0 - m*a"loy n b oo 0
0 a Ykoo a tlog B 0 0 k*aoq
0 b Yoy b 'nog 0 0 *aog

From this we can read off the following conditions

a’k=k*=a=+1and k is real or a = 0
Pn=n*=b=+1and nisreal or b=0
abl =m*

and bam = [*.

Taking the case a = b =1, we have

0 0 kO‘() lO‘O
0 0 Z*UO noo
B= ,
kog [*og O 0
log nog 0 0

m*boo

n*boo

(4.99)

(4.100)
(4.101)
(4.102)

(4.103)

(4.104)

which, in terms of the real parameters mg, m1, mo and mg, we can express
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as

0
0
(mo + m3)og

(m1 — img)Uo

Summarising, we have

3=U

where M =

0
0
(m1 + ima)og

(mo — ms3)og

o, 0 0

0 o5 O

0 0 —o;

0 0 O

0 M ot
M* 0

0 0 o9 O

0 0 0 o9
oo 0 0 O

0 oo 0 O
1o 0 0

0 0o O

0 0 109

0 0 0

79

(mo + mg)ao

(my 4 img)oy

0 0
0 0

0

0 UT,

0

—0;
Ut and

0

0 T

0

idg

(m1 — img)Uo

(mo — m3)og

(4.105)

(4.106)

(4.107)

(4.108)

(4.109)

(4.110)



These are the results given in [1] and [2]. Note especially the non-Hermitian
nature of 3, which means that unlike Model 4, Model 8 does differ from its
counterpart in the Hermitian formulation.

Following the method of [2], we now look at solutions to a Dirac equation
with «; and 3 of the form above. If we consider plane-wave solutions of the
form ¢ = uexp(i(p-r — Et)), where u is an eight-component vector, our

Dirac equation looks like

op 0 (mo +ms3)oy  (m1 —ima)og
0 o'p (m1 + im2)0'0 (m() - mg)o‘o
u = Fu.
(mo +m3)oy  (mq + ima)op —0op 0
i (m1 — iT)’LQ)U(] (mo — mg)Uo 0 —Oo*Pp ]
(4.111)

Now note that the diagonal elements of our Hamiltonian are proportional
to the two-dimensional helicity operator. As such, if we consider solutions

of the form

afs a
b b
am | "] 2 ® e, (4.112)
4 c
dé+ d

where &4 are the positive and negative helicity eigenstates satisfying
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o - p&t = £|pléx = £p€ys, then our problem reduces to

[ +p 0 (mo +m3) (m1 —ima) ] a a

0 +p (m1+ima2)  (mo —ms) bl_ g

(mo +ms)  (ma1+ima) Fp 0 c c

| (ma—imz)  (mo —ms) 0 oo |\ d d
(4.113)

As in [2], we now restrict ourselves to the case where m; = m3 = 0 and we
suggestively write the remaining equation as

+poo mMooo + Moo A

—E , (4.114)

moog — M202 +poo
where A and B are two-component vectors. This is named the restricted
Model 8. From its association with the y-component of spin for a spin-half
particle, we know o9 to have two eigenvectors with eigenvalues +1. If we

denote these (+ and consider solutions of the form

A
e P L P (4.115)

B+ B

where o, 8 € C, then we further reduce the problem to

+ mo + m o o
P o —E for ¢4 (4.116)
mo — ma Fp B B
+ mo — m o o
and P o —E for C_.  (4.117)
mo + ma Fp B B

Regardless of our choice of signs, i.e. our choice of &1 and (i, the de-
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terminant of these matrices is —p® — m% + mg Further note that in all

cases the matrix is traceless, which tells us that the eigenvalues are of equal

magnitude and opposite sign. Combining these two observations gives us

E = +/p?> + m3 — m3. (4.118)

Thus there are eight solutions in total, which we list here for completeness®:

p mo + ma « o
V& =F ®Cr &y

mo —mg —D B p

—p mo + ms o o
QR =F ®C+®E-

mo — ma P B B

p mo — ma (0] a
V(- Q& =F ®C- Q&

mo + ma —p B B

—D mo — M2 (e} a
R =F ®(C &

mo + ma P B B

(4.119)

Defining mgff = m3 — m3, the eight solutions can be associated with two
spin—% particles of mass m.f; and their antiparticles.

A case of particular interest is when mg = mag, i.e. meys = 0. In this
situation we have a Hamiltonian that describes two massless fermions but
that also has a non-zero mass matrix. As we have seen in earlier discus-
sions, if a Lagrangian has both mass and interaction terms for some set of
fields, these terms are in general not simultaneously diagonal, i.e. mass and

flavour eigenstates do not coincide. In the case of neutrinos, we saw that

8There are eight as each of the four scenarios has a positive and a negative energy
solution.
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this leads to the possibility of oscillations between the flavour eigenstates.
As such, the observation of particle flavour oscillations is usually taken as
an indication that those particles are massive. In the P7 formulation of
the Dirac equation, however, the properties of this new eight-dimensional
solution would seem to suggest that perhaps we no longer need draw this
conclusion, which is potentially very appealing in the context of the neutrino
oscillation problem.

Given that there are three neutrino flavours, we now attempt to extend

the findings of [1] to three-flavours of massless particle.

4.3.3 Model 12

In order to try and describe three particle flavours we move to a twelve-

dimensional representation for «; and (3, and start with «; of the form

Vo, V1 0 0 0 0 0
0 Vo, V1 0 0 0 0
0 0 Vo, V1 0 0 0

o =
0 0 0 —Wo,W—1 0 0
0 0 0 0 —Wo, W1 0
0 0 0 0 0 —Wo,W—1
(4.120)

The procedure is then entirely equivalent to that shown in the previous
section for Model 8, and we will not give the details here. After successively

applying the various conditions on «;, £, S and Z, we find the 12 x 12
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representations to be the natural extension of those from Model 8. Namely

O[Z':U

and Z =U
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AR (4.121)
(4.122)
Ut (4.123)
0
0
0
ur, (4.124)
0
0
idg




where

vTlVesta 0 0 0 0 0

0 v Vet 0 0 0 0

. 0 0 v Veste 0 0 0

0 0 0 wWe2%d 0 0

0 0 0 0 w W es e 0
I 0 0 0 0 0 w Wes?s |
(4.125)

and
(mo +m7)og  (m1 —ima)og (m3 — imy)og

M = 1| (my + img)og Mmoo (ms — img)og | - (4.126)

(mg 4+ img)og  (ms +imeg)og (Mo + my)og

Taking plane-wave solutions of the form 1) = uexp(i(p - r — Et)), where

u is now a twelve-component vector, our Dirac equation looks like

op 0 0
0 op O M
0 0 op
u= Fu (4.127)
—o-p 0 0
M* 0 —o'p 0
0 0 —o-p
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As with M8, we then take solutions of the form

aty a
by b
ue| 2] e (4.128)
dé. d
ety e
&t f

Also notice that hidden within M is the operator for the y-component of
spin in the spin-1 representation. We therefore choose to restrict ourselves
to the case where m; = m3g = my = ms = my = 0 and mg = mg, in order
that we can reduce our equation to

+pl mol + maJ, A A
P o —E : (4.129)

mo]l — ma Jy q:p]l B B

where A and B are three-component vectors and

0 — 0
1
Jy = — ; 4 . 4.130
y \/§ 1 0 ? ( )
0 1 0

Note that we have absorbed a factor of v/2 into mq in order to keep things
tidy. We call this the restricted Model 12.

We know J, to have three eigenvectors with eigenvalues &1 and 0. We
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label these eigenvectors (4 ¢ and consider solutions of the form

A aC+0 «
= = ® C:I:,O?
B BC+,0 B

where «, § € C. This now gives us three sets of solutions:

+p mo + ma « a

=F for (4,
mo — ma Fp g 6
+p mg o «

=F for (o

mo  Fp B B
+p mo — Ms «Q a

and =F for (_.
mo + m2 Fp g 6
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(4.131)

(4.132)

(4.133)

(4.134)



Listing all possible combinations of {4+ and (4o we have

p mo + mg le
® G ® &+

mo — ma —p B

—p mo + ms «
Q¢+ ®&-

mo — ma D B

P mg @
® (o ® &y

mo —p B

—p mo «
® Co® &

moy P B

P mo — My «
® (- ®&+

mo + ma —p B

—p mo — My (07
R(-RE_

mo + ma P B

®(+ ® &4

®Cr ®E-

® Co ® &y

® o ® &

®(-®&+

R &

(4.135)

In all six cases we see that the matrices are traceless, meaning that they

each have two eigenvalues of equal magnitude but opposite sign. In the case

of (4 and (_, we have the same situation as in Model 8, with energies given

by E = +,/p% + mgff and msz = mg —m%. In the case of (y, however, the

energies are given by E = £/p? + m3.

Altogether we therefore have twelve solutions to our equation, correspond-

ing to the three spin—% particles. Two of these are potentially massless, if

mo = msy holds, but the third has a non-zero mass mg. As such, this first

natural extension of the surprising Model 8 solution does not appear to

give us another new massless solution describing three flavours of mass-
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less particle with a non-zero mass matrix. It consequently seems not to be
a candidate for potentially allowing oscillations between three flavours of
massless particle.

The appearance of a massive particle in this 12 x 12 representation was
a result of the fact that in decomposing the solutions we made use of the
spin-1 representations of spin operators and their eigenvectors. Specifically,
the massive state corresponds to the fact that one of the eigenvectors has
eigenvalue zero. It would therefore be interesting to look at higher dimension
solutions, for example 16 x 16, where it might be possible to decompose the
solutions using the spin—% representation, which has no zero eigenvalue.

Without going through a complete analysis, one might expect to find that
the 2N x 2N representation of the P7 -symmetric Dirac equation generalises

to

oc-p®1 M
u= Fu (4.136)

M* —o-p®1

for plane-wave solutions, where the form of M is the natural extension of
(4.126) to an N x N matrix and u is a 2N-component vector. If we then
take solutions of the form u = v ® {4, where v is an N-component vector,
and further assume that the real parameters within M can be chosen such
as to give
+pl moll + ms.S A A
Y =F : (4.137)
mol — maS, Fpl B B
where S, is the N/2-dimensional representation for the y-component of spin
and A and B are N/2-component vectors, then we can see that there will

always be at most two particles that have the same m.s;. Being more
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explicit, if we take solutions of the form

A alp «
= = ® Cns (4.138)

B Bén g

where a, 5 € C and ¢, for n = 1,..., N/2 are the N/2 eigenvectors of S,

. . _ Nj2-1 N/2—1
with eigenvalues s, = —~5—, ..., =5

, then we will have m.ys given by
mzf ;= m% — sZm% Consequently, except for the case where s, = 0, the
two eigenvectors that have eigenvalues of the same magnitude but opposite
sign will be associated with particles of the same mass m.ys. Thus, if we
want to choose mg and mq in such a way as to give m.pr = 0, this will
hold for at most two particles, and only one in the case that our particle
corresponds to s, = 0. This would suggest that within the framework of a
restricted form of M, in going to higher dimensions we will not find any new
massless solutions that could potentially allow for oscillations between more

than two flavours of massless particle. Performing a more complete analysis

where these restrictions on M are lifted would certainly be of interest.

4.3.4 Does the restricted Model 8 describe new physics?

As we have seen, the 8-dimensional solution to the P7-symmetric Dirac
equation displays the striking characteristic of allowing a non-zero mass
matrix to describe two particles of zero mass. If considered alongside in-
teraction terms in a more general Lagrangian, this would in general lead to
a set of mass eigenstates and a set of flavour eigenstates that do not coin-
cide. In the case of neutrinos, we saw that a similar discrepancy between
mass and flavour eigenstates led us to the possibility of neutrino oscilla-
tions, and so we might expect the same to be true here. If this were to

be the case, oscillations between flavours of massless particles would be a
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new phenomenon, and certainly of great interest in relation to the problem
of observed neutrino oscillations. We must note, however, that the exact
mechanism for the oscillations could not be as described earlier for the neu-
trinos. In the formulation for neutrinos, we relied on the fact that mass
and flavour eigenstates did not coincide and the fact that the different mass
eigenstates evolved differently between creation and detection as a result of
their having different masses. Explicitly, the phase factor giving rise to the
observed oscillation effect was a function of Am?j = m? — m? Thus, in the
case of the restricted Model 8 solution, where m; = m; = 0, the phase fac-
tor would vanish and we would not predict the observation of oscillations,
despite the fact that the mass and flavour eigenstates may not coincide.

Even if an alternative mechanism for achieving oscillations does not exist,
however, the restricted Model 8 solution still represents a remarkable new
type of solution, and so it is natural to approach it with some caution. In the
Hermitian case we find that the 8-dimensional representation of the Dirac
equation can be decomposed into a direct sum of two 4-dimensional ones
via a unitary transformation, and as such it does not describe a new type
of particle. A first step in testing the validity of the new solution would
therefore be to confirm that the same decomposition is not possible for the
non-Hermitian case. If we were able to decompose the representation into
two 4-dimensional ones, then, due to the known equivalence of the Hermitian
and P7T-symmetric 4-dimensional representations, we would establish that
the 8-dimensional solution did not represent a new type of particle.

In the context of pseudo-Hermiticity, finding the equivalent Hermitian
Hamiltonian and corresponding eigenstates is also of great interest to us, as
it would allow us to verify that the new solution is not simply an already

known solution in disguise. As we saw previously, in going from a P7T
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formulation to the equivalent Hermitian one, the solutions [i) get mapped
to p|y), where p can be parameterised using Q(z,p), a Hermitian function
of £ and p, as p = 5. Tt is argued by Jones-Smith et al. that due to
the non-local nature of this mapping, the resulting solutions p|i)) cannot be
equivalent to the reducible 8-dimension solutions found by directly solving
the 8-dimensional Hermitian Hamiltonian. As such, it is argued that these
new solutions are indeed irreducible and represent a new type of particle.
Whilst this argument is certainly valid, the explicit form of p is yet to
be calculated, and thus we suggest that one cannot be certain of the drawn
conclusion. The reason for our doubting the certainty of this conclusion is

based on the results of [22]. In this paper, the P7 symmetric Hamiltonian
H(z,t) = P(x,t) (=¥ + my + moy®)(x, 1), (4.139)

where mg € R, is shown to describe a particle with physical mass p? =
m? — m3. This mass is therefore real in the scenario m? > m3, and this
corresponds to the region of unbroken P7 symmetry. Bender et al. then
proceed to calculate @ and indeed find that the Hermitian Hamiltonian, h,

equivalent to H is that of a particle with mass u? = m? — m3, namely

h=0(z, t)(—i¥ + p)(z, ). (4.140)

Furthermore, whilst the transformation p of v is in general non-local, in

this case v is found to transform as

Y — e 3y (4.141)

and ¥ — e 27, (4.142)
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where my is parameterised as mgo = em; with e < 1 and € = tanh(n), which
is in fact local. As such, we suggest that a similar result could be found for
the transformations of the restricted Model 8 solutions.

One way in which to establish whether or not a similar result holds in
the restricted Model 8 is to explicitly calculate p given our knowledge of the
solutions set out in (4.119). Alternatively, it might prove easier to try and
exploit the results of [22]. In the formulation we have followed, the presence
of a 4% mass term would actually appear as a term proportional to 4%,
in the same way that our a; correspond to 4°y%. Thus, if we were able to

show that our restricted Model 8 matrix

g-'p 0 mopogo —imga'()
0 o-p  imgog MOy
(4.143)
moog im0y — 0P 0
—imzao mopogo 0 —Oo°p
could be brought into the form
o'p Mpoo
+ Mmooy P 0
Mmooy — 0P
o'p Mmpoo
0 + mgao’yofy‘r’
moog —O:P
i (4.144)

where 1Y and ~° take the appropriate form of their 2 x 2 representation, then

we would have a direct sum of two Hamiltonians of the form (4.139), which

we know to be equivalent to an Hermitian representation of two particles
2 2

with mass p? = m? — m3. In the special case m; = mgy these would be

massless.
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Given that we already know the transformation that would bring the

Hermitian matrix

o-p 0 mooo 0
0 o-p 0 mooo (4.145)
moog 0 —o-p 0
0 mooo 0 —op
into the form
o'p mopog
0
moee e (4.146)
o'p Mpoo
0
mpop —O°Pp

and it so happens that this transformation leaves the non-Hermitian element

0 0 0 —imgdo
0 0 1Moo 0
270 (4.147)
0 1Mooy 0 0
—’imQUO 0 0 0

invariant, the task remaining is to find a transformation that would bring

the matrix (4.147) into the form

maoy’y° 0 (4.148)
0 maogy’yP

without changing the form of (4.146). We note that because we require

the resulting Hamiltonian to be P7 -symmetric, the transformation matrix
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is also required to be P7 symmetric. We can see this as follows: if H' =
MHM™', where H is PT-symmetric, and we also require H' to be P7-

symmetric, then we have

PTH'PT =H =PTMHM 'PT (4.149)
= PTMPTPTHPTPTM 'PT (4.150)
= PTMPTHPTM 'PT (4.151)
=PTMPTH(PTMPT)™! (4.152)
— PTMPT = M. (4.153)

Determining the existence or non-existence of such a transformation is key

in establishing the validity of this seemingly new type of particle.
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5 Closing remarks

We have seen that the Standard Model of particle physics, as it stands, is
unable to account for the observed oscillation of neutrinos between flavour
eigenstates. Allowing neutrinos to have a small but non-zero mass is widely
accepted as the mechanism by which this phenomenon can be explained,
and with its assumed particle content and requirements for gauge invariance
and renormalisablity, no such mass generating terms are permitted within
the Standard Model Lagrangian. In order to accommodate these non-zero
masses, we are therefore required to make extensions to the Standard Model,
and we have considered two possible examples.

In the first example, the particle content of the Standard Model was
supplemented with a light, sterile, right-handed neutrino, which allowed for
neutrino masses to be generated in exactly the same way as for the other
fermions - via the Higgs mechanism. Problems with this model were the
lack of evidence for the proposed right-handed neutrinos and the fact that
it required some of its parameters to be tuned very close to zero.

The second example was one in which the requirement for renormalisabil-
ity was relinquished, which amounts to conceding that the Standard Model
is not a complete theory for energy scales greater than that of the electro-
weak sector. We saw that the only Lorentz and gauge invariant term to

‘first-order’ of non-renormalisability was exactly that required to generate
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a neutrino mass without introducing any new, light particles. Furthermore,
the neutrino mass generated was inversely proportional to the energy scale
of the new physics, so naturally came out small. As a specific example of
what the new, high-energy physics might be, we looked at the possibility
that there exist very massive right-handed neutrino states, and we saw how
these could give rise to the dimension-5, non-renormalisable term that in
turn generates the neutrino mass. Given their large mass, we would not
expect to have observed these proposed states directly, but non-zero neu-
trino masses could be an indication of their existence. Although this second
type of mechanism is perhaps more appealing, we noted that due to the
high-energy nature of the new physics, it is not possible for us to determine
its exact nature through experiment.

Having established the uncertainty that remains in trying to incorporate
neutrino oscillations and their associated non-zero mass into the Standard
Model, we then turned to a recent result in the field of P7-symmetric
quantum mechanics that could potentially offer an interesting new possibil-
ity. Following the work of Jones-Smith et al., we saw that the 8-dimensional
solution to the P7 -symmetric Dirac equation, dubbed the restricted Model
8 solution, might be able to allow for oscillations between between two
flavours of massless particle. This was by virtue of the fact that the Dirac
equation contained a non-zero mass matrix, despite the massless nature of
the particles it described, which in turn leads to the possibility that flavour
and mass eigenstates do not coincide. We stressed, however, that the exact
mechanism behind the oscillations could not be the standard one used to
describe the phenomenon of massive neutrino oscillations, as this requires
a non-zero Am?;, which would not be the case in the restricted Model 8

1))

scenario. We also stressed that before we can conclude for certain that a
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new type of particle has indeed been found, an explicit calculation of the
equivalent Hermitian Hamiltonian and its solutions should be calculated.
If the validity of this new type of particle is confirmed, and an alter-
native mechanism for describing the oscillations can be determined, then
its potential relevance in the context of neutrino oscillations is certainly of
great interest. The first natural question is whether or not a higher di-
mensional solution can be found that would allow for 3-flavour oscillations.
Our initial analysis would suggest that such a solution does not exist, but
a more complete analysis that places fewer restrictions on the form of the
mass matrix is certainly worth pursuing. Jones-Smith et al. have already
set out a reformulation of the restricted Model 8 as a quantum field the-
ory in [1] and [2], but the question of how to incorporate this new type
of particle into the Standard Model is one that remains to be addressed.
Lastly, seeing as the new type of particle comes out of the restricted Model
8, an exploration of other, potentially new solutions where these restric-
tions are lifted should also be considered. Equally, given that a new type
of solution was found when considering an 8-dimensional representation of
the P7-symmetric Dirac equation, this might suggest that there will be
additional new types of solution if we consider higher-dimensional represen-
tations. Even if these solutions don’t describe 3-flavour oscillations, they

are still of great interest.
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