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1 Introduction

1.1 Motivation

Conformal field theory (CFT) has been an important tool in theoretical physics in the
last 30 years. This is linked to the fact that conformal field theories play an important
role in many different areas of physics, for example in studying critical systems in sta-
tistical mechanics or as an example for exactly solvable models in algebraic/axiomatic
quantum field theory. The mathematical structure of conformal field theories is stud-
ied in pure mathematics under the name vertex operator algebras. But it is string
theory which especially in the recent past brought most interest to conformal field
theory. We will take a moment to discuss the different appearances of CFT in more
detail.

In statistical mechanics conformal field theories are used to describe the continuum
limit of well-known models at their critical points. Perhaps the most prominent ex-
ample in this regard is the Ising modell which corresponds to a certain minimal model
in conformal field theory. At the critical point the correlation length which is the typ-
ical length scale over which the spins are correlated becomes infinite. Thus this scale
becomes large in comparison to the lattice spacing, the other scale in the system and

the whole system can be considered as scale invariant in this limit. This motivates the



1 Introduction

emergence of a conformal field theory in this particular example, but is by no means
restricted to it. The idea of universality in statistical physics states that models at
their critical points can be classified according to their behaviour at the critical point
to fit in a discrete set of universality classes. As we will see conformal field theory
is especially suited to two dimensions and may thus be helpful in the classification
of universality classes of two-dimensional critical systems. A text which approaches
CFT from the point of view of critical systems in statistical mechanics is the article
[2] by Cardy. Additional material on this topic can be found in the book [I§] by Di
Francesco, Mathieu and Sénéchal.

Conformal field theories are also studied in the context of algebraic/axiomatic quan-
tum field theory. One rigorous approach is given in the article [§] by Gaberdiel and
Goddard. A bit less rigorous but with the same background is the review article [5]
by Gaberdiel. In algebraic quantum field theory there is interest in CFT as an ex-
ample for a two-dimensional quantum field theory because these theories are strongly
constrained due to their high degree of symmetry and may thus serve as test ground
for algebraic methods or axiomatic approaches. This may then help indirectly to gain
a better understanding of higher dimensional theories. The articles [25], [12] may serve
as starting points in this direction.

The impact of conformal field theory is not limited to the area of physics. The
theory of vertex operator algebras in pure mathematics may be seen as mathematically
rigorous formulation of the algebraic foundations which underlie conformal field theory.
We cite [9] as an exemplary reference for the large number of mathematical texts on
this subject.

The last motivation which was mentioned at the beginning of this section is string

theory. String theory is inseparably linked to CF'T via the worldsheet description of the
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string. The worldsheet is the two-dimensional surface which the string sweeps out while
propagating through space-time and the formulation of string theory on the worldsheet
is a conformal field theory. Another link is between so-called boundary conformal field
theories (BCFTs) i.e. CFTs on manifolds with a boundary and Dirichlet branes in
string theory. The last point to be mentioned is the AdS/CFT-Correspondence, a
very active area of current research, where a (super) conformal field theory usually in
4 dimensions plays an important role on the gauge-theory side of the correspondence.
As examples for references which contain sections about CFT in particular in regard
to application in string theory we recommend the books [15] 211 [17, 13].

We conclude this section with a short word on the literature available on this topic
in addition to the references cited above. A good starting point is perhaps the short
review article [7] by Gaberdiel. Virtually any topic of the next chapter is treated
in great detail in the book [I8] by Di Francesco, Mathieu and Sénéchal and in the
book [14] by Ketov. During the preparation of this thesis also the review articles
[4, 277, 23, 10, 1] by Fuchs, Zuber, Schellekens, Ginsparg and Belavin, Polyakov and

Zamolodchikov were very useful.

1.2 Outline

The following first part of the thesis will cover the foundations of conformal field
theory in detail but we will restrict the discussion to the case where the chiral algebra
coincides with the Virasoro algebra and we will cover mainly the sphere and the torus
as underlying manifolds.

Our starting point will be the conformal (symmetry) group in d dimensions. This

is the group of coordinate transformation under which the metric stays invariant up
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to a scale factor. We will find that the global conformal group contains in addition to
the Poincaré group dilations and special conformal transformations. One significant
feature of conformal field theories is that they severely restrict correlation functions be-
tween distinguished fields, the so-called primary fields. In fact 2- and 3-point functions
are determined up to a constant just by giving the conformal dimensions of the fields
involved. We will mostly focus on two-dimensional CFTs because conformal methods

are especially powerful in this case as the conformal algebra is infinite dimensional.

The next step will be the transition from the classical field theory to the quantized
theory. The well-known mechanism of time-ordering will carry over as radial ordering
after mapping the two-dimensional cylinder to the complex plane. We will see that the
transformation properties of a conformal field is linked to the singular terms occurring
in its operator product expansion with the stress-energy tensor. The operator product
expansion (OPE) is a central concept in conformal field theory. It indicates that
the product of two conformal fields evaluated at different points can be expanded as
another local field times a numerical coefficient depending on the difference between

the points in question or written schematically

$i(y)$;(2) =D Ciji(y — 2) i (v)- (1.2.1)
p

In a two-dimensional CFT the OPE of the stress-energy tensor with itself will lead us
to another central concept, the Virasoro algebra, giving the algebra of the conformal
generators of the quantized theory i.e. of the modes L,, of the stress-energy tensor:

C

12(m3 —m)00,m+n (1.2.2)

[Ly, Lin) = (n—m) Lyt +
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Afterwards we will discuss the construction of the Hilbert space of a conformal field
theory, which means studying the representation theory of the Virasoro algebra. The
representations will be highest-weight representations where highest weight states will
be characterized by being annihilated by all L,,, n > 0 and correspond to primary fields
via the state-operator correspondence. Descendant states can be obtained from highest
weight states by acting with L_,, on them. A remarkable result in two-dimensional
CFTs is that a general n-point function can be computed just from knowing the central
charge ¢, the conformal weights of the corresponding primary fields and the coefficients
appearing in the 3-point functions. The latter may be calculated in principle from the

conformal bootstrap procedure.

The requirement of unitary representations will severely restrict the central charges
and highest weights and will lead us for ¢ < 1 to a discrete set of combinations of
central charges c¢ and highest weights hy, 4, the so-called minimal models which are
examples for the so-called rational conformal field theories. The first minimal models
can be identified with models known from statistical mechanics at their critical points

e.g. with the Ising model.

We will also discuss conformal field theories on the torus, which can be represented
by a complex modular parameter. Modular transformations of this parameter give rise
to the same torus, but place constraints on the field content of a modular invariant
CFT and link in particular the chiral and antichiral parts of the theory. We will
discuss fusion rules and Verlinde’s formula and conclude the chapter with a look at

the simplest examples for conformal field theories namely free bosons and free fermions.

The next chapter is devoted to possible extensions of the Virasoro algebra which

occur if there are more conserved currents in the theory in addition to the stress-
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energy tensor. In these cases the chiral algebra is extended but still contains the
Virasoro algebra as a subalgebra. The representation theory is very similar to the
representation theory of the Virasoro algebra discussed previously. After a discussion
of general features we will treat the two most important extensions namely Kac-Moody
algebras and superconformal algebras in more detail. As an explicit example for a
conformal field theoretic model with extended symmetry algebra we will give a very

brief introduction to WZW models.

Finally the third part of the thesis gives a flavour of another way of generalizing con-
formal field theory. We consider boundary conformal field theories which are defined
on manifolds with a boundary. Our prototypical example will be a boundary confor-
mal field theory defined on the upper half plane. We will discuss conformal boundary
conditions and their implications for the boundary states. A consideration of partition
functions will lead us to consistency conditions, the Cardy conditions. We conclude
the thesis by a discussion of an explicit method for constructing the boundary states

in a diagonal conformal field theory.



2 Foundations of CFT

This chapter is the main part of the thesis from the conceptual point of view. We will
restrict ourselves to the case where the chiral algebra coincides with the Virasoro alge-
bra and will restrict the manifolds which underlie the CFTs to be manifolds without
boundaries. The generalizations to conformal field theories with extended symmetry
algebras and boundary conformal field theory will be sketched in the two subsequent

chapters.

2.1 The Conformal Symmetry Group

In this section we look at the Conformal Group in detail. We consider R? with flat
metric g, = 1, with signature (p, q) where p+¢ = d. We allow arbitrary dimensions
d at this point, since it helps us to understand the special role of the d = 2 case
later. Furthermore we can study the implications of conformal invariance in this more
general setting first.

Under a general coordinate transformation z# — 2'* the metric transforms accord-
ing to

oz 9z
in(f) = ww!]aﬁ(ﬁﬂ)- (2.1.1)

A conformal transformation is defined as a mapping x — 2’ leaving the metric invari-
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ant up to a scale factor:
G (') = Q%*(x)gy, where Q?(z) = (@) (2.1.2)

Here we look at perturbations around a flat metric g,, = 1,,. We see immediately
that the d dimensional Poincaré group forms a subgroup of the Conformal Group in

d dimensions as these transformations leave g,,, invariant.

It follows directly from the definition that conformal transformations preserve an-

gles: Assuming we are dealing with R? and Guv = Oy then cos(@ ¢(ap)) = \/% (where

a-b= g, atb”) remains invariant under a conformal transformation.

2.1.1 The (Global) Conformal Group in d dimensions

To identify the generators of the Conformal Group consider the variation of g, under

an infinitesimal coordinate transformation z#* — z# + €*. To first order we have:
59;“/ = —OMEA(ZE)Q)\V - aue)\(:v)gu)\ - EA(l‘)aAg!W(SL‘) (2'1'3)

In order to have a conformal transformation around a flat metric 7,,, we have to
require that

Ou€v + 0vey = w(T) M- (2.1.4)

The function w can be fixed by taking the trace on both sides of the last equation

which yields w = (9 - ¢). Thus we get

d
O+ Dy = 50 - (2.1.5)
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If we apply the operator J, to the last equation, we get
Oe= (5 —1)8,(9-¢) =0. (2.1.6)
Acting with the operator OJ on both sides of eq. (2.1.5) gives

0,0e, + 0,0¢, = gnWD(B S €). (2.1.7)

Combining the last two we obtain equations which constrains (0 - €):

(70 + (d —2)8,0,) (9 - €) = 0 (2.1.8)

(d—1)-0(0 € =0, (2.1.9)

where (2.1.9) follows by taking the trace of eq. (2.1.8)).
From eq. (2.1.9) we deduce that in d = 1 dimensions every smooth transforma-

tion is a conformal transformation. Furthermore these equations show that in d > 2
dimensions 0,,0,(0 - €) = 0 which means that 0 - € can be at most linear in x.

There are four different expressions for € which are consistent with eq. (2.1.5)).
The easiest way to find them is to start with a general ansatz for e# which is at most
quadratic in z and to derive conditions for the coefficients by plugging them back into

eq. (2.1.5). The four cases are:

1. Translations: ¢ = a* is generated by P* = —i0". Exponentiating gives finite

translations z#* — ¥ + AH

2. Lorentz transformations: € = w*, x" (where Wyy = —wyy,) is generated by

JH = i(zl0” — x¥0*). Exponentiating gives Lorentz transformations z# —
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AF,x” where A*, € SO(p, q) (for ¢ = 0 we have just rotations)

3. Dilations: ¢ = Az* is generated by D = —iz#d,. Exponentiating gives scale

transformations z# — Ax#.

4. Special conformal transformations: ¢* = b z? — 2z#b - = is generated by

Kt = —i(22+27 9, — x?0"). The corresponding finite transformations are given
B _BHg2 . .
by =t — I_IQTBJH%%Q. These transformations can be understood as a translation

. . 1
preceded and followed by an inversion z# — 5.

The generators given above represent the action of these transformations on a space of
functions. We say that O generates the transformation if f(z) — f(z)+i€Of +O(€2).

We are rather familiar with finite and infinitesimal translations or Lorentz trans-
formations and the corresponding generators. The result of the exponentiation of an
infinitesimal dilation is easy to check. For the special conformal transformations it
is easier to start with the finite transformation and to confirm that the correspond-
ing infinitesimal transformation is given as claimed before. The generators obey the

following commutation relations:

[D, P*] =iP* [KF, PY] =2i(n"D — J"™)
(D, K] = (K" [P, "] = (P K~ K
(2.1.10)
(PP, ] = i(P P — " P¥)

[JHY | JP7) = i(n"P JHT 4 qhe JVP — i JVT — vo JHe)

The algebra of generators is isomorphic to so(p+1, ¢+ 1) which can be made explicit by
reorganizing the generators and checking that these generators obey the so(p+1,q+1)

commutation relations [I8]. Here we will simply convince ourselves that the dimensions

10
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agree in both cases:

1 1
pt+q +=(p+qp+q—-1)+ 1 +p+qg==(p+q+2)(p+qg+1) (2.1.11)
—— 2 N~~~ —_— 2

translations - dilations SCTs
Lorentz transformations

We call this algebra the conformal algebra and the corresponding group the (global)
conformal group. The designation global distinguishes these transformations from the
larger transformation group in the case of d = 2 dimensions which we will discuss in

a moment.

2.1.2 Correlation functions

As one example for the strong constraints which conformal symmetry places on the
underlying (classical) field theory we discuss the form of correlation functions consis-
tent with conformal symmetry. In d dimensions we look at the n-point correlation
function of (spinless) quasiprimary fields i.e. of fields that transform under a global

conformal transformation r — 2’ as

As/d

il I (2.1.12)

0i(x) = (@) = | 5

where A; is the so-called scaling dimension of ¢;. In a conformally invariant theory

the correlation functions involving these fields then satisfy

An/d

(d1(1) - - Pn(al)). (2.1.13)

T=Tn

Ai/d oz’

5

T=x1

oz’

(P1(x1) ... On(zp)) = o

In particular we look at two-point functions (¢;(x1)¢a(x2)) which are restricted by

inserting expressions for translations and rotations in eq. (2.1.13) to be functions of

11
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|z1 — x2|. The Jacobians simply give a factor 1 in this case. Next we insert dilations
x — Az into the equation and deduce that the 2- point functions have to be of the

form

C
(P1(z1)P2(x2)) = E;If:i;iﬁ&;;§§;7 (2.1.14)

where C12 is a numerical coefficient which depends on the normalization of the fields

¢1 and ¢o. The last condition on the form of the 2-point function is imposed by

. . . . H__ R 2 .
inserting a special conformal transformation z# — % into eq. (2.1.13)). For

% = (1 -2B -z + B%2%)~? and get the

these transformation we find the Jacobian

following condition from eq. (2.1.13]):
a1A1a2A2 = (041042)%(A1+A2), (2.1.15)

where o; = 1—2B-x; + B%?. This condition requires A; = Ay so we obtain the final
result:
Ciz if Aj=Ay=A

|x1—x2|2A

(¢1(x1)p2(x2)) = (2.1.16)

0 else

This result is a demonstration of the strong constraints conformal invariance imposes
on a conformal field theory because it follows from symmetry properties alone and
does for example not depend on the way how the theory is formulated. An argument
similar to the one presented above gives us the possible form of 3-point functions in a
conformally invariant field theory [18]:

Cra23
(@1(21)¢2(22)93(23)) = Ar1+Az—Az As+A3z—A1 Az+A1—As”’
Z12 Z23 31

(2.1.17)

12
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where z;; = |z; —z;|. One might suspect that all n-point will have the structure of eq.
(2.1.17) namely being determined by the conformal weights of the scaling dimensions
up to a constant. The analysis of the 4-point functions shows that this is not the case.
The reason is that we can form another kind of conformally invariant quantities with
four points, the so-called anharmonic ratios or cross-ratios. For n distinct points there

Tij T

are n(n — 3)/2 independent of these ratios which take the form fkl'i for a collection
ik

of pairwise distinct indices 1, 7, k, [.

The 4-point function is determined up to an arbitrary function of the two indepen-

dent anharmonic ratios [18]:

;A3 RTA (2.1.18)

(91(01) -+ dalza)) = (563 En

)]
T13%24 $23$14> 1<i<i<d

where f(x,y) is an arbitrary function and A = Aj+...+A4. We find similar expression
for a general n- point function, which is determined by conformal invariance up to an

arbitrary function of the anharmonic ratios.

2.1.3 The Witt algebra

For the rest of the thesis we will now concentrate on two-dimensional conformal field
theories. Already by looking at eq. (2.1.9) we can infer that the conformal field theory
in two dimensions plays a special role among the conformal field theories. In two

dimensions and for an euclidean metric 7, = d,, the condition (2.1.5)) reads:

Ol = Doe? Dol = —01€2 (2.1.19)

13



2 Foundations of CFT

These conditions have the form of the Cauchy-Riemann differential equations. Hence
we choose complex variables, which will allow us to make use of methods from complex

analysis:

z=af =2l +izt z=2=2"—iz!
0 ozt 1 .

3:82—@—%8#—5(81—182)

= 0 oxH 1 )

8:82—8172—%8,“—5(814‘182) (2120)
or*

- .z __ w1 2 2

6_6—&%”6 =€ +1€

. OxF
== Z __ w_ 1 -2
€E=¢€ 85[;“6 =€ 1€

Note that the components of the metric in these coordinates are given by

ozt 0x¥ ozt 0x¥ 1
9zz = G2z = %@guu =0 and g.z: =gz = @%gw = 57 (2-1-21)

which may sometimes be a source of confusion. In these variables the conditions from

(2.1.19)) take the form
0z¢(2,2) =0 0,é(z,2z) = 0. (2.1.22)

This means that €(z, z) is a function of z alone, which is called a holomorphic function
in the physics literature whereas in mathematical texts often the term meromorphic

is used. €(z,z) only depends on Zz, which is called antiholomorphic.

Note that z and Z are treated as independent variables here. This is a perfectly
acceptable approach if we image looking at a field theory defined on C? instead of
C ~ R?. This allows us to treat the holomorphic and the antiholomorphic parts in-

dependently. At the end we can still impose the reality condition Z = z* to return to

14



2.1 The Conformal Symmetry Group

the physically relevant case. We will often write down only the holomorphic contri-
butions. The corresponding antiholomorphic contributions can then be obtained by
adding bars at appropriate places.

An infinitesimal conformal transformation is given by z — z + €(z) where

ez) = enz" and E2) =) &zl (2.1.23)

nez ne’l

It is generated by I, = —2"*10 and I, = —2"T'0 which follows from

(ZS(Z/? 2/) = ¢(z’ 2)

= ¢(2,2) — €(2)0(2, 2) — &(2)0¢(2,2) + . .. (2.1.24)
= 0(2.2) + > _(nlnd + Enlnd)b(2,2) + ... .
nez

The generators form the so-called Witt algebra which is infinite dimensional unlike the

global conformal algebra we encountered previously:

lnslm] = (n—m) lyym

[[nv Im] = (n—m)lntm (2.1.25)

[ln,lm] =0 where n,m €Z

In the quantum theory the analogue of the Witt algebra is the Virasoro algebra which
is a central extension of the Witt algebra.

Note that the transformations generated by [, respectively [, are only globally
defined on the complex plane if n = —1,0, 1. The transformations generated by I,, +1,
and i(l, —I,) preserve the real line (c.f. our previous discussion on treating holomophic

and antiholomorphic parts independently), for example Iy 4 lg generates dilations and

15



2 Foundations of CFT

i(lp — lp) rotations in the complex plane. This subgroup generated by I, + I, and
i(l, —I,) for n = —1,0,1 is in fact the global conformal group we discussed earlier.
Formulated in complex coordinates the transformations in the subgroup generated

by {_1,lo,l1 can be written as the group of M&bius transformations:

where ad — be = det(ﬁ g) =1 (2.1.26)

The reason why we can impose the condition ad — bc = 1 is, that a global conformal
transformations is parametrized by 3 complex parameters whereas the map
without the condition imposed admits four parameters. The group of Mobius trans-
formations is isomorphic to SL(2,C)/Zy where the factor Zs originates from the fact
that a Mobius transformation and the transformation with the signs of all parameters
inverted are identical. As locally SL(2,C) ~ SO(3,1) our result here is consistent

with our result so(p + 1,q+ 1) for p = 2 and ¢ = 0 from the preceding section.

2.1.4 Correlation functions in two dimensions

In this section we will have another look at correlation functions, but not in the general
case of d dimensions like in section but with focus on the two-dimensional theory.
The main difference to the previous considerations will be that we do not restrict
ourselves to fields with vanishing conformal spin. We will only cite the results in this
section for comparison with the results from section and for later reference. As
these results are of central importance their derivation is sketched in appendix [A]

The 2-point functions are restricted to the form

(61(21)d2(22)) = Cra(z1 — 22) "M (271 — 7) 2" (2.1.27)

16



2.1 The Conformal Symmetry Group

for hi = ho = h and h; = hy = h. In a theory with only a finite number of primary
fields we can chose their normalization such that Cj; = d;;. The 3-point functions are

of the form

(1(21, Z1) Pa(22, Z2) 93 (23, Z3)) = Cij 245~ M h2pla=hamhs Jha=hs=in

shs—hi—ha hi—ha—hs Sho—hs—h
- 214 Zo3 Z5; , (2.1.28)

where z;; = 2z; — z; and Z;; = Z; — Z;. The coefficients C;;;, depend on the normalization

of the 2-point function which is chosen as above.

Our results can be understood as follows: The global conformal group is generated
by translations, rotations/dilations and special conformal transformations. A global
conformal transformation is fixed by the images of three points (; = f(z1), (2 = f(22)

and (3 = f(z3) in the complex plane. The three equations (; = ‘CIZZZIS

together with
the condition ad — bec = 1 fix the transformation. The 3-point function is determined

if we know its values at just 3 points.

This argument already indicates that the 4-point function will not be fixed in a

similar way. The 4-point functions in a conformally invariant two-dimensional field

theory are constrained to the form (c.f. eq. (2.1.18)))

_ _ _ —h,—h; -h/3—hi—h;
(@1(21,21) -+~ palza, 20)) = f(w,@) [ =M h]Zz’j/ ’ (2.1.29)
1<i<j<4
where h = . h; and h = >, h; and the anharmonic ratios are given by z = %
and Tz = %. Note that for h — h = 0, which we will call vanishing conformal spin

in section [2.2.2] all relations reduce to the expressions obtained in section [2.1.2

17



2 Foundations of CFT

2.2 Operator formalism

The aim of this section is to look at the quantization of two dimensional conformal field
theories in detail. We will see that the procedure of time-ordering in usual quantum
field theory corresponds to radial ordering of operators defined on the complex plane.
The process is called radial quantization. The main result of this section is the Virasoro

algebra which is formed by the conformal generators of the quantized theory.

2.2.1 The Stress-Energy tensor
Definition and properties

The stress-energy tensor is of special importance in conformal field theories because
operator product expansions with it determine the transformation behaviour of other
fields under conformal transformations. In a d-dimensional field theory we may define
the stress-energy tensor via Noether’s theorem or as variation of the action with respect

to the metric:

1
05 =3 / A%\ /gT" 59, (2.2.1)

In general the two definitions of the stress-energy tensor do not coincide, especially
in the definition via Noether’s theorem the stress-energy tensor does not have to be
symmetric, but can be made so by adding the derivative of an appropriate tensor
which does not spoil energy-momentum conservation, whereas in our definition T is

manifestly symmetric.

From scaling invariance in a CFT we can deduce that T has to be traceless:

T#, = 0. Energy-momentum conservation implies 9, 7" = 0.

18



2.2 Operator formalism

The Stress-Energy tensor in two dimensions

Now we specialise to the case d = 2 and rewrite the stress-energy tensor in terms of

complex coordinates:

ozt Ox” 1 .
T,, = 027 On? Tul/ = Z(Tll —To + 21,T12)
1 :
ng = Z(Tn —Thy — 21T12) (2.2.2)

1
T.;:=1T;: = ZTN;L =0

Here we used the fact that 7T}, is traceless and symmetric. Energy momentum con-

servation together with the traceless condition yields (c.f. eq. (2.1.20))
(%TZZ = 0 8Zng - 0, (223)

which implies that T'(z) = T..(z) is holomorphic and T'(2) = Tsz(2) is antiholomorphic.
Thus we can expand them in modes which can be expressed as contour integrals using

Cauchy’s integral formula:

T(z) = Zz_”_zfm where L, = %
neL

T(z) = ZZ_”_2EH where L, = f

nez

(2.2.4)

Conserved currents

Noether’s theorem implies that we can associate conserved currents to continuous

symmetries. In the case of conformal symmetry these are given by

Ju(e) = Tpe”. (2.2.5)
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2 Foundations of CFT

The current is conserved because
0"J, = (0"Tyw)e” +T,,0"e" =0. (2.2.6)

The first term vanishes because T}, is conserved and the second term because T}, is
symmetric and traceless using eq. (2.1.5). In d = 2 dimensions the current (2.2.5)) can
be written as

J,=T,e(z) Jz=Tzz€(2). (2.2.7)

Here current conservation 0zJ, = 9,Jz = 0 is manifest because Jz and J, are (anti-)

holomorphic. The conserved charges are then given by

ng/dze(z)T(z) and Qez/dze(z)T(z). (2.2.8)

2mi 27

These are the generators of infinitesimal conformal transformations in the sense of

6e,€ ¢(wvw) = [Qea¢(wvw)] + [Qé qS(w,@D)]. (2'2'9)
2.2.2 Radial quantization
Schwinger’s time splitting technique

We consider a two dimensional quantum field theory with time coordinate 7 and
space coordinate 0. We assume the signature to be euclidean which corresponds to
the situation after performing a Wick rotation 7 — —ir and furthermore we will

compactify the space direction by identifying o ~ ¢ + L. The cylinder created in this

20



2.2 Operator formalism

A Imz

y = ezTﬂ- (t+io)

Rez

\\f

Figure 2.1: Mapping the cylinder to the complex plane

way can be mapped to the extended complex plane using the conformal map

us

(r,0) = 2z = e (o) and (r,0) = 2= e’T (7o), (2.2.10)

This is shown in figure The surface in the infinite past corresponds to z = 0 and
the infinite future to z = oo on the extended complex plane. Slices of equal time on

the cylinder correspond to circles centred at z = 0.

Time-ordering is a well-known concept in usual QFTs and carries over as radial

ordering in the complex domain. Therefore we define a radial ordering operator R:

UV(z)op(w if |w z
Ry (2)p(w) = ()étw) ol < I (2.2.11)

tp(w)y(z) if|z] < wl,

where the minus sign is used if both 1 and ¢ are fermionic fields.

Now we want to evaluate the variation of ¢(z,z) under an infinitesimal conformal

transformation generated by Q. given in eq. ([2.2.8]). This can be written as a contour
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2 Foundations of CFT

.w @
- . N 'O

Figure 2.2: Deforming the integration contour

integral of the stress-energy tensor with the field in question:

de (;5(11), u_)) = [Qev ¢(w’ U_))]

= i dze(z) (T'(2)p(w, w) — ¢p(w,w)T(z))
1 (2.2.12)
— dz — dz | e(2)R(T(2), op(w,w
271 <7€aoz|z>|w| 7€DOIIZ<|UJ| ) IR, o )
— i dz e(2)R(T(z), p(w,w))
Ow

In the last step we used Cauchy’s theorem to deform the integration path in a path
enclosing w like it is shown in figure We clearly get a non-vanishing contribution if
the operator product expansion is singular as w — z. Thus we should be interested in
analysing operator product expansions of the fields with the stress-energy tensor T" or
T respectively in order to understand their transformation properties under conformal

transformations.

Primary fields

A field ®(z, z) which transforms as

D(z,2) — (af(z))h (af(z))ﬁ @ (f(2), f(2)) (2.2.13)

0z 0z
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2.2 Operator formalism

under a conformal mapping z — f(2) is called primary field and (h, h) where h,h € R
are called conformal dimensions of ®. If this relation holds only for f € SL(2,C) the

field is called quasi-primary.

Dilations are generated by Lo + Lo and map z — Az (A € R). Under these trans-
formations a (quasi-)primary field transforms as & — Ad and the combination

92 are generated by i(Lo — Lo)

h+ h is thus called scaling dimension. Rotations z — e
and (quasi-)primary fields transform according to ® — (=1 & This justifies the

designation conformal spin for the combination h — h.

Under an infinitesimal conformal transformation of the form z — z + €(2), z —

Z + €(2) the variation of a primary field ® is
Sec®(w, @) = ((h@e +€d) + (hde + Eé))(b(w, ). (2.2.14)

If we compare this result to the last line in eq. (2.2.12)) we can infer the operator
product expansion of a primary field with the stress-energy tensor using the residue

theorem:

B ®(w, @) |, (2.2.15)

(z — w)? z—w

where we considered for notational simplicity only contributions from the holomorphic
parts. The OPE in eq. and the corresponding OPE with T can be used as an
alternative definition of a primary field. The symbol ~ in eq. denotes equality
up to terms which are regular as w — z. We will use this notation in the following

when we consider operator product expansions.
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2 Foundations of CFT

2.2.3 Operator product expansions and Ward identities
The Operator product expansion (OPE)

In the last section we saw one example for an operator product expansion of a primary
field with the stress-energy tensor. This concept is valid under more general circum-
stances and is a central concept in conformal field theory. In the following we will
omit the radial ordering operator for notational convenience and simply assume that

operator products are always radially ordered.

We study the short-distance limit of a (radially ordered) product of two operators

®(z) and ¥(w). In general this has the form
O(2)T(w) =Y Cr(z — w)Ox(w), (2.2.16)
A

where {O,} is a complete set of local operators and C) are (potentially singular)

C-valued coefficient functions of (z — w).

Expressions like eq. (2.2.16)) always have to be understood as being inserted into
arbitrary correlation functions i.e. in the sense of

lim ((®(2)¥(w) — Z Cr(z —w)Ox(w)) 1 (z1) - - dn(aN)) = 0. (2.2.17)
A

Z—w

Of particular interest is the OPE of the stress-energy tensor with itself as this de-
termines the transformation properties of T'(z) under a conformal transformation.
Therefore we consider the variation of a primary field ¢ under two successive infinites-
imal conformal transformations. Using the relation [d¢,,d¢,] = d(0¢,¢2—0e26,) applied

to ¢ and eq. (2.2.12) and comparing both sides of the equation, we can derive an
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2.2 Operator formalism

expression for the OPE of the stress-energy tensor with itself. We find that T has to
be of weight h = 2, but that the argument remains valid if the OPE contains a quartic
term with a yet unfixed coefficient ¢ in addition to the terms from eq. (2.2.15)):

T(2)T(w) ~ (2.2.18)

This is in fact the most general OPE for a conformal field of weight h = 2 which is
consistent with scaling invariance and analyticity.

As pointed out above, apart from the first term involving ¢ we recognize the OPE
of a primary field of weight (2,0). For non-vanishing ¢ we conclude that 7" is not
a primary field. The central charge or conformal anomaly ¢ does not occur in the
classical theory and is thus a purely quantum effect. As we will see in section [2.7.2
the central charge is proportional to the Casimir energy i.e. the change in the vacuum
energy caused by imposing periodicity conditions on the cylinder. In section [2.9] we
will calculate the central charge in free theories with help of Wick’s theorem.

Note that in string theory the content of the theory is chosen such that the overall
central charge vanishes i.e. the theory possesses full conformal invariance. The sim-
plest example is the quantization of the bosonic string where the extra contributions to
the central charge from the ghost fields which arise during the gauge fixing procedure
exactly cancel the central charge ¢ = 26 from the matter degrees of freedom in the

critical dimension.

The Ward identities

In this subsection we look at insertions of the stress-energy tensor into general n-point

functions, which will give the so-called Ward identities. Thus we look at correlation
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2 Foundations of CFT

functions of the form

F™(2, 2, %) = (T(2)d1(21, 51) - b (205 Z)),s (2.2.19)

where ¢; is a primary field of weight (h;, h;) for i = 1,..., N. Therefore we consider

for a closed path v encircling z1,...,zyx and calculate

<7§d

x
S

(2)e(2)¢1(21,21) - - Pnlzn;s Zn))

(p1(21,21) - - (ji

<¢1(Zl7 21) e (5e¢i(zi7 Ez) e (bn(zny 2n)>

(¢1(21,21) - (é dze(2) ((z _hizz.)2 t Za_Ziz) d’i(zivzi)) - ON(2n, Zn))-

(2.2.20)

|
&Mz

Il
N

dzT(z)e(2)pi(z, 50) o On(2n, Zn))

A #i

I
AM:

@
Il
—_

I
NE

1

.
I

In the last step we used eq. (2.2.14)) and rewrote the result as a contour integral. As

the relation holds for arbitrary e(z) we obtain the conformal Ward identities:

<T(Z)¢1(Zl,21) : "¢n(2na2n)> = Z (( hi 5 T Ox ) <¢1(21,21) e '¢n(zn72n)>

pat z— z) z— 2z

(2.2.21)
This result states that F™(z, z;, Z;) seen as a function of z while fixing all other variables
is a meromorphic function with poles at the insertion points z; of the fields ¢;. The

residues can be calculated from the n-point correlation functions using eq. (2.2.21)).
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2.2 Operator formalism

2.2.4 The Virasoro algebra

Now we have the necessary tools to investigate the algebra of the conformal generators

in the quantized theory i.e. the commutators of the modes L, of the stress-energy

tensor defined in eq. (2.2.4):

. 1 1
L.. L I T n+1 T m+1
[Lyn, L] [27ri fdz (2)z 5 %dw (w)w }
1 1 c/2 2 0T (w)
— m+1 n+1 T w
5 dww 27ri?éwdzz ((z—w)4+(z—w)2 (w)-i-iz_w )
1 c
_ m+1 (>~ n—-2/3 n n—1
=2 dww (1210 (n® —n) 4+ 2T (w)(n + L)w" 4+ 0,1 (w)w )

(2.2.22)

In the second line we used the argument from eq. (2.2.12]) again and inserted the
OPE from eq. (2.2.18). The only contributions come from the singular parts of the

OPE here. The first contour integral can be evaluated using the residue theorem and

e.g. Res,—y (ZZ_TL;)I,,L = (mil)! lim,_,,, ;;ni__llznﬂ. We integrate the first term in the last

line of eq. ([2.2.22)) again by applying the residue theorem. The remaining two terms
can be combined after integrating by parts the third addend. The final result is the

Virasoro algebra:

A A c
[Lns Lin) = (0 — m) Ly + E(m3 —m)30,min (2.2.23)

To justify the use of the term algebra, we should consider ¢ as additional generator
which commutes with all other elements of the algebra i.e. [i}n,c] = 0. For the

antiholomorphic generators Iin we obtain the same algebra with central charg ¢ and

'We know from (2.2.2) that T + T is real and hence we deduce from the reality of the OPE (T +
T)(T +T) that c =¢c.
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2 Foundations of CFT

we have [Ly,, im] = 0 as there are no singular terms in the OPE of T'(z) with T'(2). So
in total we find two commuting copies of the Virasoro algebra to which we will refer
in the following as holomorphic/antiholomorphic or equivalently as chiral /antichiral

algebras.

We note that the commutation relations of the finite dimensional sl(2, C) subalgebra

generated by Ji_l, f)o, L1 are not affected by the central charge term.

2.3 Representation theory

In the last section we finally derived the Virasoro algebra which determines the com-
mutation relations of the conformal generators. Now we will proceed by showing how

the Hilbert space of the theory is constructed.

We represent some observable algebra VW (which will be identical with the Virasoro
algebra for the remainder of this chapter) on a representation space H. We demand
that the representation is unitargﬂ and assume in the following that H is a Hilbert
space. Finally we impose the spectrum condition on the space of physical states which

implies that the energy (i.e. the Lo eigenvalue) is bounded from below.

We look at a special class of representations namely the highest weight representa-
tionsﬂ All states in a highest weight or Verma module Vj, are obtained from a so-called

highest weight state |h) which we label by its Lo eigenvalue (choosing Ly as Cartan

2In the context of quantum field theories this is an obvious requirement which is linked to the
probability interpretation. There are some interesting non-unitary models in statistical physics
which may motivate the study of non-unitary representations. In this thesis however we will
restrict our attention to unitary representations.

3Highest weight representations exist for any observable algebra which possesses a triangular decom-
position [4] like the Virasoro algebra.
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2.3 Representation theory

subalgebra). The highest weight state is characterized by
Lolh) = hlh), Lyplh) =0 for n > 0. (2.3.1)

We obtain the other elements of the Verma module V} by acting with all possible
combinations of L_, (n > 0) on the highest weight state |h). There is a natural
inner product defined on V}, if we set (h|h) = 1 and represent the Virasoro generators
obeying Ll = L_,. In general these representations will not be irreducible which is
linked to the fact that the inner product defined in this way is degenerate (c.f. section
. We may then construct irreducible Verma modules by considering the quotient

space of the original Hilbert space by the space spanned by all null vectors.

The Hilbert space can be decomposed into a (possibly infinite) direct sum of irre-

ducible highest weight modules V}, of the Virasoro algebra:
H=EPW (2.3.2)
h

The highest weight vector |h) is both a highest weight vector with respect to the Vi-

rasoro algebra and with respect to the sl(2,C) subalgebra generated by {L_1, Lo, L1}.

So far we considered only the chiral half of the actual conformal field theory. As
the chiral and the antichiral algebra commute we simply have to duplicate the whole
structure and demand e.g. that |h, h) is a highest weight state both with respect to the
chiral and the antichiral algebra (with Lo and Lo eigenvalues h and h respectively).

The full Hilbert space then decomposes into a direct sum of tensor products

H =P MV @ V5, (2.3.3)
h,h
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2 Foundations of CFT

where M,; denotes the multiplicity with which a certain tensor product occurs.

2.3.1 The state-operator correspondence

In this section we make the connection between the highest weight states and the
primary fields in a conformal field theory. The key is the state-operator correspondence
which links conformal fields with states in the Hilbert space and in particular primary
fields with highest weight states. Let ® be a conformal field with weight (h, h). Then
we define the state |h, h) as the asymptotic state

Ih,h) = lim ®(z,2)|0). (2.3.4)

2,Z2—0

The state |0) corresponding to the identity operator is called vacuum state and is
assumed to be unique in the following. The conditions imposed on the vacuum state
can be derived from the condition that 7'(2)|0) should be non-singular at z = 0 (c.f.

eq.(2.2.4)):

LpJ0y=0 for n>—1 (2.3.5)

In particular we notice that the vacuum state is annihilated by L_i, Lo, L; which
means that the vacuum is SL(2,C) invariant. Another point worth noting is that
we cannot demand L,|0) = 0 for all n € Z which might have been an intuitive guess,
because this would be inconsistent with the central charge term in the Virasoro algebra
in eq. (2.2.23). Here we use the notation |0) as a shorthand for the tensor product

|0) ® |0) consisting of the respective vacuum states for the chiral/antichiral Virasoro

algebra.

In order to define the inner product we first define the adjoint operator At of an
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2.3 Representation theory

operator A(z, z) with conformal dimension (h,h) as

3 11
troo=y _ —2h——2n (L 1
Al(z,2) = 27"z A(Z’z)' (2.3.6)

This definition may look unnatural but is in fact closely related to our choice of an
euclidean signature. The euclidean version of the time evolution operator e H* differs
from the time evolution operator in Minkowski space-time et by a factor of i which
has to be compensated in the definition of the adjoint by an euclidean time inversion
T — —7 which corresponds z — % on the complex plane. Note that unlike in usual

QFT the asymptotic states are defined as eigenstates of the full Hamiltonian and not

of some non-interacting free Hamiltonian.

If we apply the definition given above to the (holomorphic) stress-energy tensor 7'(z)

which has conformal weight (2,0), we get

L}, L 4
T(Z)T = Z Fm+2 = Z ZerQZ : (237)
meZ meZ

From the hermiticity of 7" it follows LIL = L_, i.e. the Virasoro modes are represented

just as demanded in the previous section.

Also for quasi-primary fields ® of weight (h,h) we can define asymptotic in- and

out- states via

1) = lim ®(z,2)[0) (®|= lim (0|®T(z,2) (2.3.8)

z,z2—0 z,z2—0

and we have |®) = (®|. But if ® is only quasi-primary and not primary the state is
not a highest weight state with respect to the Virasoro algebra but with respect to the
sl(2,C) subalgebra.
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2 Foundations of CFT

2.3.2 Primary fields

In this section we convince ourselves that the state corresponding to a primary field
® of weight (he, he) is actually a highest weight state with the expected Lo and Lg
eigenvalues hg and hg respectively. Starting from eq. with €(z) = 2"*! and
inserting the OPE for the primary field ® with the stress-energy tensor eq.

one obtains

~

[Lyn, ®(2)] = 2"[z0 + (n + 1)ha|D(2). (2.3.9)
It is another way of defining a primary field to require that the relation (2.3.9) holds
for all modes n. It can then be used to verify that

Ly|®) = hg|®) and L,|®)=0 for n >0, (2.3.10)

which shows that the primary field ® indeed gives rise to an highest weight state with
Lg eigenvalue hg. In a similar way one shows that |®) is a highest weight state with

respect to the antichiral Virasoro algebra.

2.3.3 Descendant fields

Descendant or secondary fields originate from non-singular terms of the OPE of the
field in question with the stress-energy tensor. For example we can extract such fields

from the OPE of a primary field ® with the stress-energy tensor (c.f. eq. (2.2.15)):

T(w)®(z,2) = Y _(w—2)""2L_p®(z,2), (2.3.11)
n>0
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where

B (2, 5) = [_,®(2,5) = 2% 7{ dw(wlT(w)@(z, 5) (2.3.12)

By comparison with eq. (2.2.15)) we find explicit expressions for the first two descen-
dants:

®O(2,2) = h®(z,2) and V(2 2) = 0.9(z, 2) (2.3.13)
On the level of the Hilbert space these fields then correspond to states obtained by
acting with L_,, for n > 0 on a highest weight state:

5)(0,0)[0) = 2i f dw(wlT(w)@(o,O)\m —L,B(0,000)  (2.3.14)

i —z)n—1

We can obtain further descendants from the fields occurring in the OPE of a given
descendant field with the stress-energy tensor. These fields are then denoted by
®(=m15=N) and correspond to states Ly, ... L_p,®(0,0)|0) on the Hilbert space.
>, ni is called level of the descendant of the primary field ®. We may assume that
ni1 > ... > ny > 1 because an arbitrary state can be written as linear combination of

ordered states using the Virasoro algebra.

A simple example of a descendant field which is present in any conformal field theory
is given by the stress-energy tensor itself being the level 2 descendant of the identity

operator:

12022 = Fp1(2,5) = —— j[dw L rw) = T(2) (2.3.15)

One can easily deduce the conformal weight (h + n,h) of a level n descendant of
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2 Foundations of CFT

a primary field of weight (h,h) using the relation [Lo, L,] = nL, from the Viraso
algebra eq. (2.2.23). This is another way of showing that the stress-energy tensor T’

has conformal weight (2,0).

Correlation functions involving descendant fields

A special property of a CFT in two dimensions is that we can calculate correlators
involving descendant fields from correlators just involving primary fields. To justify

this claim we look at n-point correlation functions involving one descendant field. With

X(Zl, 21y ey Zn—1, Enfl) = qbl(zl, 51) s gbn,l(zn,l, Enfl) we have using eq. (2.3.12))

(Xt"™) (2, 7)) = 7{9 %(w )X T () ()
- dfwwfz—mﬂn_l 1 hs N
) R 72{ 27ri( ) ; (w — z@'azi + (w— Zi)2> (Xo(z, 2))

= Lom(X(2,2)).
(2.3.16)

The contour in the first line encircles z only. We can see it as a contour of opposite
direction encircling z1,...z,—1 and use the residue theorem together with the OPE

for primary fields in eq. ([2.2.15)) to arrive at the second resp. third line.

The differential operatorﬁ L_p, from the last line are given by

Lo = S <(m = Dhs _ ! )m_lazi> . (2.3.17)

pat (zi —2)™ (21— 2

4 A short note on the notation used here and in the following: We distinguish the notation L., for the
operator modes acting on conformal fields, L,, for the Virasoro generators acting on states of the
respective Hilbert spaces and £, for the realization as differential operator acting on correlation
functions.
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This means the evaluation of a correlation function involving a descendant field ¢(—™)
reduces to applying the differential operator £_,, to the correlation function (X¢)
which involves only primary fields. Note that the operator £_; is equivalent to 9, when
applied to correlation functions, because the operator 0, + 0,, + ... 0,, , annihilates
any correlation function by translation invariance (c.f. eq. (A.1.2)). The procedure
discussed here generalizes to descendant fields of the form ¢(~"1-="~) and also to

correlation functions involving multiple descendant fields [I§].

2.3.4 Null state decoupling

We start this section by defining a null state. A null state is a level N descendant

state |x) of a highest weight state |h) satisfying

Lolx) =(h+ N)|x), Lnlx)=0 for n>0. (2.3.18)

This implies in particular that (¢|x) = 0 for any state [¢)) of the Verma module. The
definition above means that |x) is a descendant state of |h) but at the same time
a highest weight state with its own corresponding Verma module whose states are
orthogonal to the states of the original module. This is why we speak of null state
decoupling. Setting |y) = 0 corresponds to taking the quotient of the original module
by the Verma module associated to the null state. Eq. then ensures the
conformal invariance of the condition |y) = 0.

For further discussions about existence of null states and their implications it is
enlightening to study a simple example. Therefore let us look at a general level 2
descendant |y) = L_s|h) + aL_1%|h) and find conditions under which this is a null
state. To ensure that is satisfied we only have to check that Li|x) = 0
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2 Foundations of CFT

and Lo|x) = 0 as L; and Ly generate the Virasoro algebra in an algebraic sense.
The first equation leads to the condition « = —3/(2 - (2h + 1)) and the second to
¢ = 2(—6ah —4h) = 2h(5—8h)/(2h + 1) where in both cases the Virasoro algebra was

3

used. For this central charge ¢ the state L_s|h) — S TT)

L% ,|h) is a null descendant

at level 2 or also called degenerate at level 2.

We can rewrite this as an expression for the primary field ¢(z, z) corresponding to

|h):
. 3 .

3 0?
L_2¢(z,2) = mL—l%(%E) = m@ﬂ%@’

(2.3.19)
where we used (2.3.13]). In this way we obtain differential equations for correlation

functions involving ¢ using the definition of £_5 in eq. (2.3.17):

3 o2 ~ B .
m@@b(z, Z2)p1(21,21) - - - On—1(2n—1, Zn—1))

= ((L—20(2,2))P1(21, 21) - - - D1 (Zn—1, Zn—1))
=L 2(¢(2,2)01(21,21) . .- On-1(2n—1, Zn—1))

= ; <( h s+ 1 8]') (p(2,2)p1(21,21) -+ - On—1(Zn—1,2n—1))

z — zj) z—zj

(2.3.20)

Thus all n-point functions involving ¢ have to obey the second order partial differential
equation above. In a similar way every primary field ¢ with a degenerate state at a
level m gives rise to a m'™" order differential equation for the n-point functions involving
the corresponding primary field.

Solving these differential equations is actually a very powerful approach for calcu-
lating analytical expressions for n-point functions involving primary fields with null

descendants [10] 1, [18]. In [10] this is shown explicitly for the Ising model. Even if for
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2.4 Unitarity, Kac Determinant and Minimal models

example the 3-point functions are not fixed completely by these equations, we obtain

selection rules indicating which coefficients Cj;; may be non-zero.

2.4 Unitarity, Kac Determinant and Minimal models

2.4.1 Unitarity and the Kac Determinant

In section [2.3| we required the representation to be unitary but did not have a closer
look at the implications of this requirement yet. As Virasoro representations are
specified by the conformal weight h of the highest weight state (once again restricting
to the chiral sector) and the central charge ¢ the requirement of unitarity will simply
lead to constraints on the possible combinations of the parameters ¢ and h.

The first requirement comes from the simple observation that

0 < (ZnLnlh) = (hl[Ln, L] B} = (200 + 132(# —n)) (lh). (2.4.1)

From n = 1 we learn that the highest weight h has to be non-negative. Furthermore we
can infer from the limit of large n that also the central charge ¢ has to be non-negative.

More systematically we analyse the Gram matrizx G whose elements are formed by
taking inner products between all basis states i.e. G;; = (i|j) if we denote the basis
states of the Verma module by |i). G is obviously a hermitian matrix and thus can be
diagonalized. Writing a general vector in terms of the basis in which G is diagonal we
conclude that there are negative norm states if and only if G has negative eigenvalues.

The structure of the Virasoro algebra requires G to be block diagonal with non-
zero entries occurring only between descendants of the same level. We denote the

corresponding submatrices at level n by G(,). For example the first two of these
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matrices are given by

Gy = (B|LiL_1|h) = 2h,

(2.4.2)
G — (ML3L2 (k) (RIL3L_2[h)\ _ [ 4h(2h+1) 6k
(2) = \ (W|L2L2 | |h) (h|LoL_slh) ) — 6h  4h+c/2 )"
A necessary condition for G, to be positive definite is that the determinant
det G (o) = 2 - (16h* — 10h* + 4hc + 2hc)
=32(h —h11)(h —ho1)(h — hi2) (2.4.3)
1 1
where h171 =0 hLQ, h271 = T6(5 — C) + E (1 — C)(25 — C)

is positive.

The procedure can be generalized to the submatrix G(,) involving level n descen-
dants. For the determinant of this matrix, the so-called Kac-determinant, there is a

formula due to Kac [10]:

det Gy = ap ] (7= hpg(c)" 79, where
p,q=1
pg<n (2.4.4)
[(m+1)p—mg]* -1 6
= S I
fip.a(m) dm(m + 1) and ¢ m(m + 1)

Here «, is a positive constant and P(k) denotes the number of partitions of the integer
k. The conformal weights hy,, and the central charge c are given above as functions

of a generally complex variable m.

In the (c, h)-plane, the Kac-determinant vanishes along the curves h = hy, 4(c) which
are therefore called wvanishing curves. The Verma modules corresponding to these

values of ¢ and h are reducible. We may obtain irreducible modules by taking quotients
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2.4 Unitarity, Kac Determinant and Minimal models

by the null subspaces contained in the Verma module (c.f. section [2.3.4)).
It is important to note that a non-negative determinant is only a necessary condition
for having a non-negative definite matrix and thus a unitary representation as the

matrix may have an even number of negative eigenvalues.

We can use the explicit expressions for the Kac determinant in eq. to learn
more about unitary representations for different central charges ¢. One can show that
the vanishing curves do not intersect the region ¢ > 1, h > 0 and that the determinant
det Gy, is strictly positive in this region. In the literature [18] it is shown that for at
least one point in that region the matrices G, are actually positive definite. Thus
we conclude that all representations with ¢ > 1, h > 0 are unitary.

The case ¢ < 1 is much more difficult to analyse. A graphical argument given in
[18] shows that all points in the (¢, h) plane with 0 < ¢ < 1 and A > 0 which do
not lie on a vanishing curve correspond to non-unitary representations. The same
is true for points on the vanishing curves themselves apart from the so-called first
intersections of vanishing curves. A first intersection of a given vanishing curve is the
intersection point with another vanishing curve of the same level which lies closest to
the axis ¢ = 1. Hence we expect to find unitary representations only for a discrete set
of parameters. These are given by eq. with the restrictions m,p,q € N, m >
2,1 <p<m,1<q<p. The argument presented in this section is useful to rule out
non-unitary representations but does not allow us to prove unitarity. In appendix [B]
we will see that there is an explicit realization of these models as coset theories which

form unitary representations.

Theories which satisfy the conditions on central charge and highest weight from the

last paragraph are known as minimal models. The minimal models are a subset of the
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2 Foundations of CFT

rational conformal field theories which possess by definition only a finite number of
primary fields. Correspondingly the direct sum in the decomposition ([2.3.3) is finite.
The attribute rational stems from the fact that they occur at rational values for ¢ and

h.

Surprisingly the first minimal models can be associated with the continuum limit
of well-known models from statistical physics at their critical points. For example
m = 2,3,4 and thus ¢ = %, %, % can be associated with the Ising model, the tricritical

Ising model and the 3-state Potts model at their respective critical points [1I, 10, [I§].

2.4.2 The Ising model

We will sketch briefly the explicit identification of operators in the Ising model with
the left-right symmetric conformal fields ®,,(z,2) = ¢p4(2)Ppq(Z) where @1 has
conformal weight (0,0), @21 (%, %) and P o (%, 1—16)

In the Ising model we have the spin o = +1 as order parameter with (o) = 0 in the
high temperature and (o) # 0 in the low temperature regime. The typical behaviour
away from the critical point is (c,,00) ~ exp(—|n|/§) where £ is the correlation length.
When approaching the critical point the correlations length tends to infinity and the
correlation is described by a power law with critical exponent 7 i.e. (o,00) ~ W%QM.

1

We also have (e,eq) ~ (0p,0n410001) ~ RGOk

For the two-dimensional Ising model the critical exponents are known from statistical

mechanics [18] to be n = 1 and v = 1 hence (0,00) ~ | l‘l and (e, €p) ~ # By
n|4

comparing with the exponents occurring in the two point functions of the primary

fields with itself (2.1.27) we identify the spin operator ¢ with ®;9 and the energy

operator € with ®5 1. The identity operator is naturally identified with ®4 1.
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Both ®1 2 and ®5 1 possess null descendants at level 2. According to our discussion in
section these give rise to differential equations for the n-point functions involving
these fields. In [10] this is used to derive analytical expressions for 4-point functions

like G = (0o00).

2.5 Correlation functions revisited

The actual task in investigating a quantum field theory is to calculate correlation func-
tions as these correspond to physically measurable quantities. During our discussion
about conformal invariance at the very beginning of this chapter we already saw that
the form of n-point function is strongly constrained in a conformally invariant field
theory. Nevertheless the correlators are not completely fixed by conformal invariance.
Hence our aim is to specify the information which fixes the operator algebra i.e. the
operator product expansion (including finite parts of the expansions) of all primary

fields with each other.

2.5.1 Orthogonality of Verma modules

First we choose a normalization of the primary fields in the way discussed in section
namely such that the normalization factors Cj; are given by C;; = 0;;. This is
orthonormality for primary fields in the sense of 2-point functions. This immediately
leads to orthonormality of the corresponding highest weight states:

<hi, Bi‘hj, B]> = lim w2hi?f}2ﬁi (qﬁi(w,vj))(ﬁj(O, 0)) = (5,']‘ (2.5.1)

W, W—00
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2 Foundations of CFT

A simple consequence is orthogonality of the associated Verma modules in the sense
that the scalar product of any state from one Verma module with an arbitrary state
from a second distinct Verma module vanishes. This follows by using the Virasoro

algebra, the definition of a highest weight state and their orthogonality property.

2.5.2 OPE and 3-point function coefficients

Using the orthogonality property of Verma modules established above we will prove
in this section that the most singular term in the OPE of two fields coincides with the
coefficient of the corresponding 3-point function.

The starting point is the most general expression for the OPE of two primary fields

¢1 and ¢ which is compatible with scaling invariance:

61(2,2)02(0,0) = S S P o ha—het K i —hat K g ((-k=FD (0,0) (2.5.2)
P {kk}

Here a short word on notation is necessary. The first sum is over the primary fields in

the theory. The notation {k, k} from the second sum is adopted from [I}, 18] and stands

for an arbitrary collection of non-negative integers ki, ...kn; k1, ... ky and qbz(,{fk’fk})

is a descendant field with the notation from section with levels K = ), k; and

K= > k; respectively. To make contact with the coefficients occurring in the 3-point

functions, we look at the 3-point function involving another primary field ¢,:

<¢r¢1 (27 §)¢2> = w griloo thTﬁ)ZBT <¢7’(w7 ﬂ})¢1(2’, 2)¢2(07 0)>
’ (2.5.3)

=C,19 Shr—hi—ha Ehr—hl—h27

where we used the general expression for the 3-point function from eq. (2.1.28)). There
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2.5 Correlation functions revisited

is another way to calculate the same correlator by using the expansion in eq. (2.5.2)).
We find

(Orr(e,2)82) = 3 3 Cfy oM sttt ighe et g, (kD)
P {kKk} (2.5.4)
_ C«goaﬁ}zhr*hlffm 557«*517527

where the second line follows from the orthogonality of the Verma modules and the
orthonormality of the highest weight states discussed before. Comparing the last two

equations yields the desired result
Cyp1g = CT300 (2.5.5)

which means that the coefficient of the most singular term in the OPE is given by the

coefficient in the corresponding 3-point function.

2.5.3 Determining the operator algebra

Descendant fields can only be correlated if the corresponding primary fields are. Thus
the coefficients C:j{k’k} which have to be determined in order to obtain the operator
algebra may be written as

or{—k—=k}y _ Criy 3R gri=h (2.5.6)

]

which is known as BPZ-theorem. Holomorphic and antiholomorphic parts may be
treated independently and hence factorize. In [I4) [I] it is sketched how one can derive
recursive relations between the coefficients 3"{~%} which may then be used together

with the initial value B;{O} = 1 to determine all coefficients 571~} (as functions of the
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2 Foundations of CFT

central charge and the conformal weights of the primary fields only c.f. [I]) and hence

to derive the operator algebra.

Knowing the complete operator algebra we can in principle calculate any n-point
function by successive use of the expansion eq. (2.5.2) and our knowledge about
calculating correlation functions involving descendant fields from correlation functions

involving only primary fields (c.f. section [2.3.3]).

The correlation functions in a conformal field theory and thus the theory itself are
completely determined by the central charge ¢, the conformal weights of the primary
fields (h;, ﬁi) and the coefficients C;, of the 3-point functions. One way of determining
the remaining coefficients Cjj i is known as conformal bootstrap and will be discussed

in the following section.

2.6 Conformal blocks and Crossing symmetry

In this section we will look at crossing symmetry which originates from the associativity
of the operator product expansion. In particular we will look at two different ways to
evaluate 4-point functions. This procedure will give us an infinite number of equations
involving the coeflicients occurring in the 4-point functions. The starting point of our
discussion is the general 4-point function (¢1(21, 21)p2(22, 22)P3(23, Z3)da(24, Z4)). By
SL(2,C) invariance we may fix 3 points. The 4-point function then depends on two
single coordinates z and z. The conventional choice is 21 — o0, 29 = 1, 23 = z and

z4 = 0. The 4-point function ggi(z, z) can be written in terms of so-called conformal
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2.6 Conformal blocks and Crossing symmetry

blocks F2t(p; z) and F2t(p; 2):

g3 = CpaCriaF3i (p; 2) F31 (p; 2)
P
halga(1, 1)L, - .- Loy |hp)
F2Y(p; 2) = 2ho—hs= p{ k}K<1 1 n1'p
A 2 léa(L 1k, 261
ﬁ??i(p, _th hs— h4z =p{—k} K h1’¢2(1 1)L by 'I_’fIEM|Bp>

o (aléa (1, 1)]ky)

We can check this relation by direct calculation using eq. (2.5.2) and eq. (2.5.6):

> CosaCria T3t (p; 2) F31 (p; 2)

P

Cp12 hp—hs—ha shp—hs—h p{—k} gp{—F}

= _ - i g (CpsalBss By )
zp: (b1, halga(1,1) |y, hyp) {k.k} o

2K (1, ha | (1) FFD (0, 0)|0)

_ <h1, }_L1|¢2(1, 1) Z Z C:I;i—kv—k}zhp—h3—h4+Kth—7L3—E4+K¢}(O{—k,—7€})(0’ 0)|0>
P {kk}

= (h1, h1]¢2(1,1)¢3(z, 2)¢4(0,0)|0)
= lim 22MEM(6) (21, 21)da(1, 1)es(2, 2), 64(0,0))

21,21—00

= Gsi(2,2)

(2.6.2)

The conformal blocks F21 (p; z) can in principle be calculated from the definition (2.6.1)
by commuting the Virasoro generators through the field ¢ or by expanding in powers

of z and solving for the coefficients starting from the definition [I8] [14].

The particular order in which the fields occur in the 4-point function should have

no effect on the final result (up to signs when dealing with fermions). The underlying

45



2 Foundations of CFT

m k m k
Zp Cpklcpmn = Zq qumcqln q

Figure 2.3: Diagrammatic representation of the Crossing symmetry

reason is the associativity of the operator product expansion. Under the SL(2,C)

transformation 2 — 1 — 2z we have
ggi(zag) :g§21(1_271 _2) (263)

or equivalently written in terms of conformal blocks (after replacing 1,2, 3,4 by generic

labels n,m, k, 1)

S ot Comn P (0 ) FL" (0:2) = 3 CotmnCotn Fii (@31 — 2) Fl (431 — 2). (2.6.4)
p q

These relations are called crossing symmetries in analogy to the same term in quantum
field theory. The analogy becomes even more obvious if we represent equation (2.6.4))

diagrammatically as shown in figure [2.3| corresponding to Feynman diagrams in QFT.

The above relations constrain the coefficients Cjj;, and the conformal dimensions
of the primary fields which appear in the conformal blocks. Decoupling equations
(c.f. section for primary fields with null descendants place further constraints
on the conformal blocks. It is believed that these equations are sufficient to calculate
the values of the coefficients Cjj;, in a general conformal field theory although this is
very complicated in practice and was only accomplished for a few special cases. This

method is known as conformal bootstrap.
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2.7 CFT on the torus and Modular invariance

2.7 CFT on the torus and Modular invariance

So far we only looked at conformal field theory on the complex plane which is topologi-
cally equivalent to the Riemann sphere and thus a genus zero Riemann surface. In this
section we will consider conformal field theories defined on Riemann surfaces of genus
g > 1. In string theory this is a quite natural generalization as higher genus surfaces
correspond to loop diagrams in a perturbative expansion. In the theory of critical
phenomena at least the case g = 1 is of physical relevance as the torus is equivalent
to a plane with periodic boundary conditions in two directions.

It should however be pointed out that modular invariance is not a property of a
generic conformal field theory as such but has to be imposed as an additional require-
ment for CFTs with respect to a particular application e.g. in string theory.

We will limit ourselves to the case g = 1 namely the CFT on the torus, on the one
hand because this is the simplest higher genus surface but on the other hand because
it is believed that there are no more constraints coming from higher genus (g > 2)
modular invariance [5]. The generalization to higher genus Riemann surfaces which is

particularly relevant for string theory is discussed for example in [23] [17].

2.7.1 Representing the torus via a complex lattice

The most convenient way of representing a torus for use in conformal field theory is
in terms of a complex plane modulo a lattice. Hence we essentially see the torus as
a parallelogram with vertices (0,1, 7,7 + 1) where opposite sides are identified. On
the complex plane this amounts to seeing the torus T as complex plane with the
identification w ~ w + n + m7 where 7 = 71 + iy € C with 7, € R, n,m € Z

and hence ¥ = C/(Z & 7Z). The lattice is shown in figure This construction
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2 Foundations of CFT

\ T

>

0 1 Rer

Figure 2.4: Representing the torus as complex plane modulo a lattice

immediately gives us a complex structure on the torus which is necessary to define a
conformal field theory on it. The parameter 7 which parametrizes the torus is called

modular parameter.

2.7.2 The Partition function

We are interested in deriving an expression for the partition function i.e. for the

vacuum functional as a function of the modular parameter L - 7 which is given by
Z(r) = /D(b ¢ 50) = Ty e e LH i LP (2.7.1)

in generalization of the well-known relation Z = Tre ?# from ordinary quantum
mechanics. Here H generates a translation along the imaginary and P generates a

translation along the real axis in the complex plane.

The next step is to find expressions for the Hamiltonian and momentum operator
on the cylinder in terms of Virasoro modes on the plane. The Hamiltonian and the

momentum operator are generators of time (7) and space (o) translation respectively.

48



2.7 CFT on the torus and Modular invariance

They can be calculated from the stress-energy tensor [2] via

I I
H= / do T (o) and P = / do TS (o). (2.7.2)
2w 0 2m 0

We will need an expression for the relation between the stress-energy tensor T' on the
plane and the corresponding quantity 7Y on the cylinder. Thus we have to study

the transformation of the stress-energy under finite conformal transformations first.

The transformation properties of the stress-energy tensor 7' under an infinitesimal

conformal transformation can be deduced using the OPE of the stress-energy tensor

with itself eq. ([2.2.18)) and formula (2.2.12)):

c d3e(z
5.T(2) = €(2)0T(2) + 20¢(2)T(2) + 12ddz(3 )

(2.7.3)

The corresponding finite transformation under z — f(z) is more complicated because

of the central term in the OPE and is given by

T(=) = (0f)*T(F(2) + 15 S(F(2), 2), (2.7.4)

afa3f—3(a%f)2 . ‘ o )
where S(f(z),2) = ——@jz  Is the so-called Schwartzian derivative which has the

property that it vanishes identically if and only if f is a global conformal transformation

i.e. of the form f(z) = ?jig

Now we can use eq. (2.7.4)) to derive an expression for the stress-energy tensor TV!

on the cylinder where w(z) = & In 2:

T (1) = (27”)2(2%(2) -2) (2.7.5)
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2 Foundations of CFT

Returning to our original question we may represent the cylinder as an infinite strip
—00 < 7 < 00,0 < o < Lin the real (7,0)-plane with the identification (7,0) ~ (7, L).
We may consider the complex plane of the complex variable w = 7 4 ic instead. We

demonstrate the calculation for the Hamiltonian H:

L r e
H = 27r/0 do T (o)
1t .
=5 [ do (TY0) + T (0))
I . (2.7.6)
1 il ol 1 —iL _ ol
= — dwTy(w)—,/ dw T~ (w)
2mi Jy 27 Jy
L ETVE) [T
o 2w oz 27z '
Using (2.7.5) and (2.2.4]) we obtain finally
H—2—7T<(L 4L 3)) (2.7.7)
L\ 07 2’) o
A similar calculation for P reveals
P=-" (Lo~ 5)~ (Lo~ ) (2.7.8)
L\ 07 2al) o
We obtain the following expression for the partition function in eq. (2.7.1)):
Z(r) = TreQﬂiT(Lo—i)e—%ri?(Eo—%)
= Trqlozigho—a (2.7.9)

— g mig aTrglogho,

2miT

where ¢ = e and § = e~ 2™7. Note that the trace is over the physical states in the
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2.7 CFT on the torus and Modular invariance

Hilbert space and thus does not include null-states.

2.7.3 Modular invariance on the torus

Obviously there is no one-to-one correspondence between the modular parameter 7
and the complex structure of the torus. The group of transformations of 7 which give
rise to the same complex structure are called modular transformations. The lattice
generated by 1 and 7 is given by {m -1+ n-7|m,n € Z}. Clearly we get the same
lattice if we replace 7 by 7 + 1 which corresponds to the modular transformation

T :7—714+1.

We might as well consider the equivalent parallelogram formed by (0, 7,741, 27+1).

To bring this into the conventional form with one vertex at 1 we have to multiply by

%4—1 which clearly leaves the complex structure of the torus invariant. This gives rise

to a torus with modular parameter 7. Instead of the modular transformation X’ :

T — % which corresponds to the aforementioned transformation one conventionally

considers the combination S = 7 'xX7-1 . r — —% instead. The two modular

transformations

1
7:1T—74+1 and S:7— ——

T (2.7.10)
with (ST)*=1, S*=1

generate the modular group of the torus. A general element is given by

at +b
cT +c¢

T —

where a,b,c,d € Z,ad — bc = 1. (2.7.11)

The group is isomorphic to SL(2,Z)/Zs.
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2 Foundations of CFT

2.7.4 Characters and their transformation properties

As it is known from general representation theory the character characterizes a par-
ticular representation. In the context of (chiral) Virasoro representation we define the

character of a highest weight representation (h) via

X (7_) _ Tr(h)GQWiT(Lo—Q%) - qh_i Z d(n)qn (2.7.12)
n>0

where the trace is over all states contained in the Verma module associated to h.
The second equation follows for a highest weight representation with highest weight
h if we denote the degeneracy of the Verma module at level n by d(n). The reason
for including the factor of 5; into the definition above is linked to the particular
transformation properties of these characters under modular transformations.
Following from the decomposition of the Hilbert space into a direct sum of tensor
products of chiral and antichiral Verma modules in eq. the partition function
from eq. can be written as sum over products of characters of the chiral and

antichiral representations:
Z(r,7) =Y Mijxi(m)x;(7) (2.7.13)
/Z:hj

The entries M;; are non-negative integers and give the multiplicity with which a par-
ticular representation (i.e. a tensor product of a representation of the holomorphic
and of the antiholomorphic Virasoro algebra) occurs. The existence and uniqueness
of the vacuum requires Moy = 1. The further entries are however strongly constrained
by the requirement of modular invariance.

First we a have to know how characters transform under the generating transfor-
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2.7 CFT on the torus and Modular invariance

mations § and 7 of the modular group. For 7 it is fairly easy to see from eq. (2.7.12)

that y;(7 + 1) = e*™("=33) y;(7) and thus
Xi(T+1)= ZTinj(T) where Tj; = 5ij62”i(hi_i). (2.7.14)
J

The characters transform also linearly under the modular transformation S although

this is highly non-trivial to seeﬂ
1
vi(==) = S, (2.7.15)
J

where S is a symmetric and unitary matrix. Using the unitarity of S and T the

modular invariance of (2.7.13) is found to be equivalent to the conditions
[M,T]=0 and [M,S]=0. (2.7.16)

These conditions are trivially satisfied for M;; = §;;. Such a theory is called diagonal
CFT. One example is the Ising model from section which contains only primary
fields of weights (0,0), (,%) and (5, %)-

There may of course be other non-diagonal solutions M of eq. (2.7.16) for given
matrices S and T'. For rational CFTs there typically is only a finite number of solu-
tions. These have been classified for the minimal models [I8] and a few affine theories

(ADE classification [27], 5]).

SIn [I8] this is proven in the context of minimal models by explicitly calculating the matrix S. For
the general case c.f. [5] and references therein.
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2 Foundations of CFT

2.8 Fusion rules

Often we are not interested in the full complexity of the operator product expansions
of all fields in the theory. It may be sufficient to know which conformal fields may
appear in certain operator product expansions.

First we define the concept of a conformal family. To the conformal family [¢] of a
primary field ¢ belong the field itself and its descendant fields.

Then we denote the Fusion product of two conformal families [¢;] and [¢2] by

[6i] % [&5] = Nij* (o). (2.8.1)

The Fusion rule coeflicients Nijk are non-negative integers and have to be understood
as multiplicities counting distinct ways two fields from the left hand side may cou-
ple to give a field contained in the conformal family [¢y] from the right hand side.
Nijk > 0 means in particular that a field from the conformal family [¢y] occurs in the
operator product expansion of some fields from the conformal family [¢;] with some
field from [¢;]. Following from the arguments in section N;;* = 0 means that

the corresponding coefficients in the 3-point functions Cj;; have to vanish.

2.8.1 Verlinde’s formula

Remarkably there is a formula due to Verlindd®| which links the fusion rule coefficients

Nijk with an expression involving the modular transformation matrix .S defined in eq.

e

SinS; (ST) SinSinSk
Lk Lm2jn\P Jnk _ RinjnOkn
NiF=>" o > el (2.8.2)

n n

bc.f. [@] for a list of proofs of Verlinde’s formula and further references or [IS]
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2.9 Free field representations

where the second equality follows from the fact that pure Virasoro representations are
self-conjugate (S? = 1), S is symmetric and unitary and thus real. We can interpret

N;;* as components (N;) ;& of a collection of matrices labelled by the index i. This

allows us to rewrite eq. ([2.8.2) as
(STNiS)mn = (Sim/Som)Omn, (2.8.3)

which means that S simultaneously diagonalizes all matrices N;[]

2.9 Free field representations

We conclude this chapter by discussing some simple examples namely free bosons and
free fermions. A discussion of the ghost system which is important for the application
in string theory but which is not covered here can be found in [I7, 2], 15 [I§]. Both
examples are not only interesting theories for the application of the theory developed
so far but also serve as starting point for the construction of other theories (e.g. for

theories with background charge or orbifolds).

2.9.1 The free boson

The action for a free boson in two dimensions is given by

S = a/d% X' X = 4i /d% 0X0X, (2.9.1)
7

"It is not the fact that such a matrix exists, which follows from the commutativity of the fusion ring
and the consequence that its representations (and thus in particular the adjoint representation) are
isomorphic to direct sums of irreducible one-dimensional representations [4 [5], but the fact that it
is precisely the matrix S defined in the context of modular transformations that makes Verlinde’s
formula so remarkable.
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2 Foundations of CFT

where d%z = idz A dz = 2dz'dz? and we set o = ﬁ = é which corresponds to
setting [2 = 2 in the convention used in string theory. The operators 0 and O are

defined in (2.1.20f). The propagator is found to be given up to a constant by
(X(2,2)X(,2)) = —In|z — 2| (2.9.2)
This can be checked by using the identity [18] 91 = 216 (z, 2) where 6 (z,2) =

%5(2)(1‘1,332) to calculate 991In [z|> = 9dInz = 91 = 216 (2, ).

We can split X into an holomorphic and antiholomorphic part via X(z,z) = z(z) +

Z(Z) and find the propagators

(z(z)z(w)) = —In(z —w) (z(2)

8l
—~
g
=
Il
|
E
N
|
g
S—
—
B
X
I
—~
g
Il
o
o
©
w
S~—

Because of the logarithmic singularities x(z) is not a conformal field but dz(z) and

the vertex operators : ¢*(2) : are. By differentiating (2.9.3) we find

(0x(2)0z(w)) = —

(z —w)?
From the action we derive the (holomorphic) stress-energy tensor

1

1 o1
T(z) = 5 Ozxdx := lim _iax(z)ax(w) + m’

w—=z

(2.9.5)

where normal ordering is defined as above by subtracting the singular parts of the
OPE of the field with itself. For the transition to the quantized theory we had to

normal order to ensure a vanishing vacuum expectation value. We work out the OPE
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2.9 Free field representations

with the stress-energy tensor T' using Wick’s theorem:

T(2)0z(w, w) = —3 : dx(2)dz(2) : Oz(w)

=—:0x(2)0x(z) : dx(w) + ...
| (2.9.6)

The last line follows from a Taylor expansion of 0z(z) around z = w. This shows that
0x(z) is a primary field with conformal weight h = 1. We can also work out the OPE

of the stress-energy tensor with itself:

T(2)T(w) = % : 0x(2)02(z) 1 Ox(w)dx(w) :

=2:92(2)02(2) : Ox(w)dx(w) : +3 : dx(2)0x(2) : Ox(w)dz(w) : +...

- ;(z —1w)4 e _1w)z L 0x(2)0x(w) 1 4. ..
= ;(z _1w)4 - _1w)2 : 0z (w)Ox(w) : e _1 o) 90z (w)dz(w) : +.
11 2Tw) | 0T(w)

2G—wi T GowE  —w)

(2.9.7)

The OPE has exactly the form anticipated in eq. (2.2.18) and we can immediately
identify the central charge ¢ = 1. For the vertex operators : €%*(?) : we find a conformal

weight h = o?/2 using similar methods [18].
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2 Foundations of CFT

We can expand the primary field idx into modes via

i0xr = Z anz "l where a, = }{dz i0z(z) 2". (2.9.8)

nez

The OPE 0x(2)0xz(w) ~ —ﬁ derived from eq. 1) then leads to the commu-

tation relations oy, ] = Ndp4m o for the modes.

We might also consider a free boson with twisted boundary conditions but we will

postpone the discussion of twisted boundary conditions until the next section.

2.9.2 The free fermion

We start with the action for a free Majorana-Weyl fermion in two dimensions:
1 _ o
S = a/dQ:U Uiy0yrg, U = o /sz (YO + o)) (2.9.9)
T

The gamma matrices 7° and ! obey the Dirac algebra {7,747} = 26% (euclidean
metric) where we chose the particular representation 7 = ¢! and ! = o2 in terms

of Pauli matrices. The second equality in eq. (2.9.9) then results from writing the

two-component spinor ¥ as ¥ = (g) and choosing o = ﬁ. We find the propagators
1 PN I
(W()(w) = —— WEW@) = —— H(=)P(@)) =0 (2.9.10)

and the (anti)holomorphic stress-energy tensor is given by

T(z):—%:zp(z)(‘h/z(z): and T(E)z—%:qb(%)ézﬁ(i):. (2.9.11)
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2.9 Free field representations

Using Wick’s theorem and the propagators from above we can work out the OPEs just

like in the last section for example:

Y(E(w) ~ (2:9.12)
T(2)(w) ~ ;(z_lw)ﬂ)(w) + ﬁa@b(w) (2.9.13)
T()Tw) ~ 2L 4 2w | oTw) (2.9.14)

4(z—w)t (z—w)? (z—w)

We find that 1(z) and (%) are primary fields of weight (%, 0) and (0, %) respectively.
The central charge ¢ = % is found from the most singular part in the OPE of the

stress-energy tensor with itself.

The Zs symmetry of the action allows us to define periodic or antiperiodic boundary

conditions for 1(z) on the cylinder. As h = % these correspond to antiperiodic or

periodic boundary conditions on the plane (c.f. (2.2.13) under the map (2.2.10) with
h = 1). These are called Neveu-Schwarz (NS) and Ramond (R) sectors:

NS :p(e?™2) = 9)(z) (2.9.15)

R :1p(e*™z) = —9)(2) (2.9.16)

On the level of modes this corresponds to

NS:h(z) = ) Yz "3 where 1, = %w(z)z”—%, (2.9.17)
nEZ-ﬁ-% m
R:yY(z) = Z @bnzﬂ“% where Y, = %w(z)znfé. (2.9.18)
nez

Note that 1(z) is single-valued in the NS-sector but double-valued with a branch cut
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2 Foundations of CFT

singularity in the R-sector. From the OPE we find the anti-commutation relations

{¢m @Z)m} = 5n+m,0-

We may understand the anti-periodic case by introducing a twist field o with OPE

(=)o (w) ~ (= — w) 2 pu(w), (2.9.19)

where p is another (conformal) twist field with the same conformal weight as o. It
can be shown by considering OPEs with the stress-energy tensor that the conformal
weight h, has to be %. Because of its square root singularity in the OPE the twist
may be understood as boundary changing field and we can consider ¢(0)|0) as new
vacuum state to which only R-fields may be applied (which then results in single-valued

correlation functions). The 2-point correlator in the R-sector can then be written as
l( Z 4 /0
B0 = Olo(oe)b((wo)) = 2 et VE) (2.9.20)

where we used the mode expansion ([2.9.18)) together with ¢8 = % to derive the second
equality. In the same way we can work out the 2-point correlator in the NS-sector
again and find that it is indeed given by (2.9.10). As expected the short-distance

behaviour agrees in both cases.

Let us have a look at the ground state in the Ramond sector. First we introduce
the fermion parity operator (—1)f" by requiring {(—1)¥",(z)}=0 and ((—1)F)2 = 1.
On the level of modes this corresponds to {(—1)¥,1,} = 0. The action of vy does

not change the Ly eigenvalue and thus we need a ground state which represents the

two-dimensional Clifford algebra given by g and (—1). The smallest non-trivial
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2.9 Free field representations

representation is two-dimensional. The states |[4+) and |—) obey

1

(—1)7|£) = £[£) ¢0|i>:\/§

). (2.9.21)

We may identify |+) with ¢(0)|0) and |—) with x(0)|0) from above.

It is instructive to study also the free fermion on the torus [23],[10], where we can find
4 different spin structures depending on whether we choose periodic or anti-periodic
boundary conditions in the space and time direction. We can define specialized char-
acters for each of these types by inserting or not inserting the fermion parity operator
(—=1)¥" into the trace which is taken in the periodic or anti-periodic sector. These
characters can be written in terms of the Jacobi theta functions and the Dedekind eta

function which possess nice transformation properties under modular transformations.
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3 Extensions of the Virasoro algebra

Conformal field theories may contain additional conserved currents apart from the
stress-energy tensor. The corresponding algebras which extend the Virasoro algebra
can be classified according to their conformal spin. First we will look at general features
of conformal field theories with extended algebras and in particular at the implications
for their representation theory. Then we will have a closer look at Kac-Moody algebras
and superconformal algebras, which are very important for applications e.g. in string

theory.

3.1 General procedure

This first section is based on the discussion in [23]. We assume that there is an
additional conserved (holomorphic) current J(z). The Virasoro generators L,, are the
modes of the stress-energy tensor T which is of conformal spin 2. When discussing
extensions we may have bosonic (h—h € N), fermionic (h—h € N+ 3) or parafermionic
(h — h € Q) currents. In the following we will only consider bosonic and fermionic
currents. Restricting ourselves to the holomorphic part again we have the following

classification:
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3.1 General procedure

h = % free fermions

h =1 affine Lie Algebras/ Kac Moody algebras
h= % superconformal algebras

h =2 Virasoro tensor products

h >2 W-Algebras (c.f. [26, [14])

Just like in the case of the stress-energy tensor before (c.f. eq. (2.2.4)), we can

decompose the current into modes:

. ) d
J(z) = Zz_r_hJT where J, = %ZJ(z)zH'h_l (3.1.1)

27

For integer h the sum is restricted to integer values r € Z. For half-integer values of
h the sum may run over integer (R- sector) or half- integer values (NS- sector) as we

already saw it in our discussion of the free fermion in section [2.9.2

As the currents are conformal fields of weight h we can use the usual technique
to work out the commutator between the modes of the current and the Virasoro

generators. Therefore we make use of eq. (2.2.12) and the OPE in eq. (2.2.15) and

get after an integration by parts:
(L, J] = (n(h — 1) = ) Jpgm (3.1.2)

In particular if we look at the case n = 0 we infer that applying J_, to some conformal
field increases its conformal weight by r. In a later section we will also work out
commutation relations between the current modes themselves, which can be calculated
in the same way as before once the OPE of the currents with themselves is specified.

These modes form an algebra whose representations we will discuss in the next section.

63



3 Extensions of the Virasoro algebra

3.1.1 Representations of the extended algebra

The aim of this section is not to give a complete overview, but rather to stress similar-
ities of the representation theory of the extended algebra to the representation theory
of the Virasoro algebra discussed in section[2.3] And even in this regard this section is
by no means complete. For example [14] discusses many more concepts which gener-
alize to extended algebras with only small modifications such as Ward identities, the

form of 2-point functions, null state decoupling or crossing symmetry.

The construction of representations of the extended algebra follows the discussion
in section On highest weight states |®) of the extended algebra we now impose
Jr|®) = 0 for all » > 0 in addition to L,|®) = 0 for all n > 0. A primary field
which corresponds to a highest weight state via the state-operator correspondence will
be characterized by a particular OPE with the additional current and its OPE with

the stress-energy tensor given in eq. (2.2.15). Generalizing (2.3.11) we require for

integer-moded currents

J(2)®(w,0) = ——P(w, @) + -, (3.1.3)

where ® = Jy ® has the same conformal weight as ® and the dots denote terms which
are are less singular than the first term. Note that the first term only indicates the
most singular term which might appear in the OPE. For example if Jy annihilates the

state ®(0,0)|0) the leading power in the OPE could be at most (—h + 1).

For half-integer currents we may have integer-moded (Ramond) operators or half-

integer-moded (Neveu-Schwarz) operators. The first case is discussed above. In the
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3.1 General procedure

latter case the most singular part in the OPE is given by
J(2)®(w, w) = ————P(w,w) + -+, (3.1.4)

where & = J 1 ® is a conformal field with conformal weight increased by % compared
to ®. Just like in the discussion above we note that the first term is not present if J_ 1
annihilates ®(0, 0)|0).

Another change in comparison to the representation of the pure Virasoro algebra
concerns the descendant states. Descendant states are now obtained by applying
combinations of J_, with » > 0 and L_,, with n > 0 on a highest weight state
corresponding to some primary field.

We conclude this section with a short remark on rational conformal field theories.
These were defined in section [2.4] as conformal field theories with a finite number of
primary fields. Primary fields should now be understood as primary fields with respect
to a possibly extended algebra as defined in this section. This means that there are

CFTs which contain an infinite number of (Virasoro-) primary fields but which are

however rational CFTs with respect to some extended symmetry algebra.

3.1.2 Modular invariance

We briefly discuss implications of modular invariance for theories with extended alge-
bras [18] to illustrate the similarities to our earlier discussion in section

In the pure Virasoro case we found the result that the 2-point function vanishes un-
less both conformal fields have equal conformal weights. In the presence of extended
symmetries the constant appearing in the 2-point function which is not fixed by con-

formal invariance vanishes unless the two fields are charge conjugates which we define
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3 Extensions of the Virasoro algebra

by the normalization of the non-zero 2-point functions i.e. (¢;¢;) ~ 6j=. Then we
define a symmetric matrix C}j; = d;;+ which obeys C? =1 and maps every field to its

charge conjugate.

When we look at transformations of characters under modular transformations the
definitions of the matrices T' from eq. and S from eq. remain valid
with the only difference that the matrix S may no longer be fixed completely. This is
the case because there may be multiple representations of the extended algebra with
the same character. A way of circumventing this is to define non-specialized characters
[27] which include generators of the Cartan subalgebra of the extended algebra and to

require that S is a symmetric and unitary matrix.

The relations among the generators given in ([2.7.10)) are now modified in the fol-
lowing way:

(ST =52, S*=cC (3.1.5)

Under these more general conditions Verlinde’s formula from eq. (2.8.2) still holds in

the form

SinSjnS!
Nij* =>" # (3.1.6)

n

The indices of Nijk can be lowered using the matrix C' which yields

SinSjnSnl

Niji = CipNyg¥ => " S0

n

(3.1.7)

where we used S = CST which follows from (3.1.5) by multiplying with ST.
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3.2 Kac-Moody algebras

3.2 Kac-Moody algebras

As first application of the general concepts discussed in the last section we consider
a collection J? of conformal fields of weight (1,0). The operator product expansion

between two of these fields is given by

ab : rabc
T T w) ~ e T e (3.2.1)

(z—w)® z-—w

because by dimensional reasons the first term involving (z — w)~2 has to multiply
an operator of spin 0 and thus has to be proportional to the identity operator. The
second term has to be multiplied with an operator of spin 1 which has to be one of

the currents itself.

As the J¢ are bosonic fields we conclude that x has to be symmetric and f%¢ has
to be antisymmetric in the first two indices. Using the associativity of the operator
product expansion one can show that fo¢ satisfies the Jacobi identity and can thus
be seen as structure constants of some Lie algebra g with corresponding Lie group
G which is assumed to be compact which corresponds to a positive definite Killing

metric. The symmetric matrix x is identified with the Cartan-Killing-metric.

It is possible to choose a basis in which x is proportional to the identity operator
in each simple component and thus given by k*® = §%K if we restrict ourselves to
simple Lie algebras like it will be done in the following. We may now insert the mode
expansion with h = 1 and work out their commutators in the usual way using
eq. (2.2.12) and the OPE eq. (3.2.1):

(T8, T8 = if T8, + mEK 38 m im0 (3.2.2)
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3 Extensions of the Virasoro algebra

These are the commutation relations of a centrally extended loop algebraﬂ Together
with the Derivation operator D = — Ly which is present in any conformal field theory
and which satisfies [D, J2] = nJ% and [K, D] = 0 we obtain the structure of an affine
Lie algebra. An affine Lie algebra is a special Kac-Moody algebra, but especially in
physics literature both terms are often used synonymously.

Note that the zero modes J§ form an ordinary Lie algebra, the so-called horizontal
Lie subalgebra, with the structure constants f®° from the Lie algebra g mentioned

above.

Turning to representation theory we infer from the regularity of J(z)|0) at z = 0

that the vacuum state has to satisfy
Jpl0) =0 for n>0. (3.2.3)

On primary fields we now impose in addition the condition that it has to have the

following OPE consistent with eq. (3.1.3):

a

t
T(2) By (w,®) ~ — 2B, (w, D) (3.2.4)

Z—w

This should be seen as @,y transforming under some representation (r) of g where t?r)

are understood as representation matrices. This becomes even more transparent on
the level of the corresponding highest weight states. Just like for the pure Virasoro
case we define the (multiplet of) highest weight states corresponding to the primary
field @, as

|®(r)) = P((0)[0). (3.2.5)

!For details on this construction c.f. [T 4, 18]
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3.2 Kac-Moody algebras

Using eq. (3.2.3) and eq. (3.2.4) we have
Jg‘q)(r)> = t?r)‘q)(r)>, J3|q)(r)> =0 for n>0 (3.2.6)

i.e. the highest weight states transform into themselves under a representation (r) of

the horizontal Lie subalgebra.

3.2.1 The Sugawara construction

Until now the stress-energy tensor and the additional currents seemed to be completely
independent objects. However there is a method, the Sugawara construction, which
allows us to construct the stress-energy tensor from a combination of Kac-Moody
generators. As the stress-energy tensor has conformal weight (2,0) and the currents
are of weight (1,0) the most natural ansatz is to write 7" as the normal ordered sum

of terms bilinear in the currents:

dim G

1
Tow(2) = 3 > TN2) T 2) 5 (3.2.7)
a=1
where normal ordering should be understood in the sense of operator modes here:

JeJbif n<0
L JAJb = (3.2.8)
JbJe  if n>0

m=n

Following [I0] we can fix the constant § by requiring that the currents J* have con-
formal weight (1,0) with respect to Tsyy .
From (3.2.7) we get in particular the following expression for L_:
dimG oo

L_y :; SN as I, (3.2.9)

a=1 n=—o00
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3 Extensions of the Virasoro algebra

Using eq. (3.2.6)) we can work out the action of this operator on a highest weight state

D)
2

L_1|®y) = 5

Tt 1B ) (3.2.10)

Now we apply the operator J{’ to both sides of this equation. The left hand side yields

FL | ®y) =1 Jg|@0y) = t,)|®), (3.2.11)

where we made use of eq. (3.1.2) for h = 1. Here our requirement of having spin

1 currents was actually invoked. The right hand side can be evaluated using the

commutation relations ({3.2.2]):

2

JO T 0 B ) =
571 1))

(120 J5 + K™Yl | @)

- pbacylc ,a] b
(Wf oty + Kt () [P ry)

R SRR )

, (3.2.12)
_ ach pacd,d b
== <2f oy + Kt(r)) [P r)

N D

1
= B(icA + K|

Hence consistency of (3.2.11)) and (3.2.12]) requires

B=Ca+2K =2(g9" + K), (3.2.13)

where C4 is the quadratic Casimir of the adjoint representatio defined by fabe fabd —

C46%. In a calculation similar to the free boson case in eq. (2.9.7) we can calculate

2This is equal to twice the dual Coxeter number gV of g if the longer roots of g are normalized to
square length 2.
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3.2 Kac-Moody algebras

the central charge [I8]:

KdimdG B KdimG
K—I—CA/2 o K+ gV

csw = (3.2.14)

So far the level K was assumed to be arbitrary. Unitarity restricts K to be a positive

integerﬂ

3.2.2 Application: The WZW model

In this section we introduce an explicit example for a conformal field theoretic model
with additional conserved currents. The Wess-Zumino-Witten (WZW) model can
be formulated in terms of an action as a nonlinear sigma model supplemented by a

topological term know as Wess-Zumino topological term. The action is given by [16]

k
Sy = / & Tr(0,90%g )
167 Jg2 (3.2.15)
/ ) ) ) 2.
o | Ay Ti(g™ (Ga9)g ™ (Dh9)9 ™" (Beg))-
™ JB3

The field g defined on the sphere S? takes values in some semisimple Lie group G
and obeys the boundary conditions g(7,0) = g(7,27). Note that the integrand of the
second term is a total derivative. Thus Stokes theorem allows us to rewrite this term as

an integral over the boundary S? of the ball B® = {y € R3 : |y|? < 1}. The coefficients

3We present this argument following [I7, 10] in a footnote as it requires more knowledge about
representation theory than assumed as prerequisite for the rest of the thesis. Consider for a root
of g the su(2) subalgebra generated by E;* E%; and (k — « - Ho). The latter is identified with
2J, and we require from our knowledge about su(2) representations that the highest weight state
|m) has an integer eigenvalue under (k — o - Ho) thus k —a-m € Z or k € Z as a-m € Z.
Furthermore from ||E%;|m)||*> = (m|E7“E%|m) = (k — o - m)|||m)||* > 0 follows k > a - m. We
maximize this inequality by taking a to be the highest root and m to be the highest weight in the
given representation. For fixed value of k£ only a finite number of highest weights can satisfy this
inequality. Thus the theory is a rational CFT.
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3 Extensions of the Virasoro algebra

of both terms were chosen already such that the model becomes conformally invariant
also in the quantized theory [16]. Topological quantization requires k to be an integer
[14]. Apart from conformal invariance the remarkable property of this model is the

invariance under transformations of the form
S PO T BTN N N
glz=ax +iz*,z=2 —iz") = Q2)g(z,2)Q " (2), (3.2.16)

where Q(z) and (%) are arbitrary G-valued functions of z and z respectively. The

currents associated to this symmetry are given by [16]
J(z) = —5099" and J(2)= -39 Oy (3.2.17)

and are conserved (0J = dJ = 0) which follows from the equations of motion [I8].
We can expand the currents in components J¢ in terms of generators t* € g of G via
J =", J* The components can then be shown to obey an OPE of the form
with level K = k. The same is true J% and hence the two conserved currents generate
two independent Kac-Moody algebras.

More detailed introductions to WZW models in the context of conformal field theory

can be found for example in [11] 18], 4] [14].

3.3 Superconformal algebras

In this section we will look at superconformal field theories i.e. theories which have

at least one additional conserved current of weight h = % Due to space limitations

we will just discuss the N' = 1 superconformal algebra. For theories with extended

supersymmetry we refer the reader to the literature [I4], (15, [I7]. For a superspace
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3.3 Superconformal algebras

formulation compare [14]. We just consider one chiral half of the conformal field theory

as this corresponds for example to the situation found in heterotic string theories.

As an illustration we start with a very simple example. Consider the action of a

free boson and a free Majorana-Weyl fermion:
1 _ _ o
S = yp /d%(aan + YOy + You). (3.3.1)

The action is invariant under the infinitesimal (left-moving) supersymmetry transfor-

mation parametrized by the Grassmann valued field €(z):
65X =€(2)Y 0 = —e(2)0X 0 =0 (3.3.2)

The associated conserved current is given by G = iy0X. We work out the following
OPEs involving the stress-energy tensor 1T = —% :0X0X —% : 0y : using Wick’s

theorem:

3¢ w w
T(2)T(w) ~ (ij)4 + (iT—(w;2 ZT_( w) (3.3.3)
3 w w
T(2)G(w) ~ (iﬁ(w))Q + 2G_( w) (3.3.4)
G()Gw) ~ — o 4 2TW) (3.3.5)

with ¢ = 1. The general N/ = 1 superconformal algebra exists for arbitrary ¢ and
obeys the OPE [14] given above. Note in particular that means that G(z) is
a (Virasoro-) primary field with h = % The value ¢, sometimes called supercharge, is
related to the central charge c via % ¢ = c¢. In our example we find a central charge of

% =1+ % as expected for an action which is just the sum of a free boson and a free
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3 Extensions of the Virasoro algebra

fermion action.

As before we can decompose G into modes via

G(z) = ZGnZ_n_% where G, = 7{ % G(z)z"+%. (3.3.6)

2mi

Just like in the case of the free fermion treated earlier we can impose anti-periodic or
periodic boundary conditions for G(z) on the cylinder corresponding to the Ramond-
or Neveu-Schwarz sector. In the first case the sum in eq. runs over integer
values and in the second case over half-integer values. From the OPE given above we

can work out the algebra of modes in the usual way:

[Loy Lin] = (m — 1) L + = (m® — m)6msm0

8
[Lnxﬁ4::(g*—r)Gn+r (3.3.7)
{GW Gs} =2Lpys + §<7"2 - i)&drs,o

We get anti-commutation relations between the modes of G because of the additional
sign in the definition of the radial ordering operator . The result is the N =1
superconformal algebra. It hold both for the Neveu-Schwarz sector (r, s € Z + 3) and
the Ramond sector (r,s € Z).

The representation theory follows the general principles sketched in section [3.1.1
For¢c < 1lie. c< % we find just like in the pure Virasoro theory (c.f. eq. (2.4.4)) only

a discrete set of charges ¢ for which unitary representations can occur [14]:

A 8
c:l—ﬁigmjzy (3.3.8)

where [ is a non-negative integer.
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4 Boundary Conformal Field Theory

Boundary conformal field theory (BCFT) is the study of conformal field theories on
manifolds with a boundary. Apart from a straightforward generalization in a math-
ematical sense of CFT to manifolds with boundaries, there are physical reasons for
considering these theories. In string theory there is a characterization of D-Branes by
the property that open strings may end on them. From the worldsheet perspective
they can be described by a boundary conformal field theory [6]. Another application
of BCFT is the study of quantum impurity problems in condensed matter physics
[22]. The main references for this chapter are the review articles [3, 27, 20, 22] and
the corresponding chapter in [I8]. In the whole section we will restrict ourselves to
the situation discussed in the first part of the thesis and not consider BCFTs with

extended symmetry algebras.

The first question we have to address is how to impose boundary conditions consis-
tently. The only possibility in a general CFT is to impose conditions on components
of the stress-energy tensor normal/parallel to the boundary. We impose the conformal
boundary condition T'| | = T} = 0 which has the physical interpretation of no momen-

tum flowing across the boundary if the time axis is chosen parallel to the boundary.
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4 Boundary Conformal Field Theory

4.1 BCFT on the upper halfplane

It is useful to discuss the situation with a prototypical example in mind. A convenient
choice here is the upper half plane for which according to eq. (2.2.2)) the conformal

boundary conditions become
T(z) =T(z) for z€R. (4.1.1)

This means that we can obtain T'(Z) by analytic continuation of T'(z) in the lower half
plane and thus define 7(z) in the lower half plane via T'(z) = T(2). In analogy to the

theory in the bulk we define Virasoro modes L,, via

d dz -
Ln= / SF eyt - / &2 Pz)znt?
o+ 2mi c+ 2ml

= }1{ %T(z)znﬂ,

2mi

(4.1.2)

where C'T is a half circle in the upper half plane centred at the origin and the contour
of the last integral is a circle around the origin. The modes L, form a Virasoro
algebra just like in ordinary CFT. The crucial difference here is that we obtain only
one Virasoro algebra and not two commuting copies as before which is due to the

additional condition on the real line which constrains the conformal transformations.

In the following we will consider the upper half-plane punctured at the origin which
introduces a distinction between the negative and the positive real axis and allows us to
define different boundary conditions on the positive/negative real axis. The Virasoro

algebra formed by the modes from eq. (4.1.2) is not spoiled by this construction.
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4.2 BCFT on the annulus and the Cardy conditions

4.2 BCFT on the annulus and the Cardy conditions

In section we saw how the requirement of modular invariance on the torus lead to
restrictions on the field content of the theory. This is the motivation for considering a
BCFT defined on the annulus which is obtained by identifying left and right edges in
a rectangle of height L and width T". We will label the two boundary conditions on the
boundaries of the strip as a, b. The outline of the argument is as follows: We derive two
different expressions for the partition function of the theory and obtain consistency
conditions from them, the so-called Cardy conditions. In string theoretical terms we
would refer to the first construction as tree-level propagation of a closed string and

would call the second construction a one-loop evolution of an open string.

We start with the theory on the upper half plane (corresponding to the complex
variable z) with boundary conditions labelled b, a for the negative and positive real
axis. The half plane can be conformally mapped to an infinite strip via w = %log z.
We obtain the Hamiltonian Hy, by calculations similar to those leading to eq. (2.7.7)

using the transformation properties of the stress-energy tensor

T (w) = (%>2<22Tz(z) . 2%) (4.2.1)
and eq. :
Hy, = %(Lg _ i) (4.2.2)

Similar to the torus we considered before we make the transition to the theory on the
annulus by restricting the the w-plane to 0 < Rew < T; 0 < Imw < L and identifying
O0+il ~T+ilfor0<I< L. Via( = e~2mw/T this domain is mapped to an area

of the shape of a circular ring in the complex (-plane. The respective stress-energy
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tensors are related via

27

T (w) = (?) CSAGE i) (4.2.3)

The conformal boundary conditions (4.1.1]) translate to the conditions

TS(¢)C* = T({)¢* for ¢ =1,e*H/T. (4.2.4)

Using the mode expansion of the stress-energy tensor (2.2.4]) we find that the boundary
states |a) and |b) which represent the boundary conditions a, b after radial quantization

on the Hilbert space of the bulk theory have to satisfy

LSla) = L |a) and LS|b) = LS, |b) wheren € Z. (4.2.5)

4.2.1 First construction

The first way of calculating the partition function is from the perspective of the in-
finitely long strip. The generator of a translations along the strip is Hg, from
and we have to propagate by T'. Hence the first expression for the partition function
is

23 (@) = Tre™ M = 3" nlyxi(a) = D miySigxs(): (4.2.6)

i i,j

where ¢ = exp(2nir), 7 = iT/2L, ¢ = exp(—2rwi/T) and x;(q) = ¢ 2iTrig™. The
last equality follows by using the transformation properties of the characters

under the modular transformation §. The positive integers nflb are the analogues of the
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4.2 BCFT on the annulus and the Cardy conditions

Figure 4.1: The annulus in different coordinates

coefficients M;; in (2.7.13]) and indicate how many copies of a particular representation
are contained in the spectrum. Note that here the partition function is only linear
in the characters as the Hilbert space decomposes into a direct sum of irreducible

representations of just one Virasoro algebra.

4.2.2 Second construction

For the second construction assume that the time axis coincides with the symmetry
axis of the cylinder. The theory on the annulus may then be interpreted as CFT
of the circle propagated by L. The boundaries a,b, then correspond to boundary
states |a), |b) in the full Hilbert space. These have to satisfy the conformal boundary
condition (4.2.5). The constraint is satisfied by the so-called Ishibashi (coherent) states
27]

R)) =" |hs k) @ [hs k), (4.2.7)

k
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where |h; k) denotes the k'™ vector in an orthonormal basis of the Verma module

corresponding to the highest weight state |h).

The Hamiltonian H = 2%(Lg + Eg — 15) of the bulk theory (c.f. eq. (2.7.7))

generates translations along the symmetry axis of the cylinder which corresponds to
translations parallel to the imaginary axis in the w-plane. The partition function may

then be written as matrix element of the time-evolution operator exp(—HL):
2 A LrSafé
2 (q) = (a exp(—HL)|b) = (a|(q)7 FeTE—</1D|p) (4.2.8)

Now we expandﬂ the boundary states in terms of the Ishibashi states e.g. |a) =
> on|h))((hla). With the property <(h|(cj)%(l’g+ig_c/12)|h’>) = OpnXn(G) which holds in

diagonal CFTs we obtain the following expression for the partition function:

2% (q) = {alh))((h]b) xn (@) (4.2.9)

h

4.2.3 The Cardy conditions

The consistency of the expressions (4.2.6]) and (4.2.9)) for a diagonal CFT together with

the linear independence of the characters finally leads us to the Cardy conditions:

Mgy = Z Sij{ali))({7]b) (4.2.10)

Tt is not obvious that the Ishibashi states form a basis of the space of boundary states [27]. The
completeness is simply taken as an assumption here.
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4.3 Explicit construction of boundary states

4.3.1 General construction

In this last section we present an explicit construction based on the modular transfor-
mation matrix S to obtain the boundary states within a diagonal CFT. First we set
((h|0) = (SOh)% and thus

10) = 3" (Son)z |R)). (4.3.1)

h
From the Cardy conditions (4.2.10f) together with the properties of .S we obtain ngo =

k. In the next step we set ((h|}) = Sh/h/(S(]h)% for b’ # 0 and therefore we get
1
7'y =" Swn/(Son)2|h))- (4.3.2)
h

The Cardy conditions imply nZ/o = Op/pp- In this way we have constructed one boundary

state |h') for each highest weight A’ from the original theory.

In order to check if this ansatz is really consistent with the Cardy conditions, we

have to verify that

Stk ShkShk
nZ/hH = Z T (433)
%

is a positive integer. But this is satisfied because of Verlinde’s formula (c.f. eq.
(2.8.2)) which states that the right hand side of the equation above equals the fusion
rule coefficient IV, }IZ, p- This reveals nice cross connections between boundary conformal
field theory and the conformal field theory in the bulk and illustrates an application
of concepts such as modular invariance or the fusion rules discussed in the first part

of the thesis.
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4.3.2 Application to the Ising model

We will demonstrate the construction of boundary states for the Ising model [3], [18]
which was discussed in section This will not only illustrate the general construc-
tion but will also give us an intuitive understanding of the boundary states.
The modular transformation matrix S is given by [3]
1/1 1 V2
S=_ < 11 —\/§> (4.3.4)
2\v2-v2 o
if we choose (with the the notation from section the ordering (1,¢,0) for the
primary fields corresponding to the highest weight states (]0,0), ]%, %>, \%6, %)) A
straightforward application of the procedure from above leads to the following three

boundary states given in terms of the Ishibashi states [0)),|3)) and |%)):

_1
10) = 5510)) + Z5l3)) + 27 1]55)) (4.3.5)
1
|3) = J510) + 5130 — 27 15) (4.3.6)
I75) =10)) = 13)) (4.3.7)
We expect to find the continuum analogues of the fixed 0 = 1, ¢ = —1 or free boundary

conditions known from the lattice realization of the Ising model. The expressions from
above suggest to identify |0) and |3) with the fixed and |15) with the free boundary

conditions.
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In this thesis we wanted to give an overview about general features of conformal field
theories without focussing on a particular application for example in string theory or

the in theory of critical phenomena.

In the first part the topics ranged from the conformal group over the Virasoro
algebra and its representations to modular invariance and fusion rules. The chapter is
intended to be complete in the sense that all important subtopics were at least touched.
In addition to the references given at the appropriate places in text the standard

reference [I8] is in most cases a good starting point for more detailed discussions.

For pedagogical reasons we decided to present the pure Virasoro theory in the first
part at the expense of a less compact presentation compared to [4] for example. In
the second part we presented general consequences arising from an extended sym-
metry algebra and studied some general features of their representations. For Kac-
Moody algebras we saw the Sugawara construction for the stress-energy tensor and
the WZW- models as an explicit example for a conformal field theoretical model with
a Kac-Moody symmetry. A more detailed discussion of these topics would require, in
particular, a better understanding of the representation theory of (affine) Lie algebras

in terms of roots and weights. Nice introductions particularly suited for the applica-
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tion to CFT are the corresponding chapters in [I8], [4, 11, [I7]. The other important
example for extended symmetry algebras, superconformal algebras, was discussed very
briefly. Especially the superspace formulation, theories with extended supersymmetry

and their applications to string theory were not be covered due to space limitations.

In the third part of the thesis we considered CFTs on manifolds with a boundary,
saw how to impose boundary conditions and found important differences to the theory
in the bulk such as the occurrence of only one single Virasoro algebra. We derived the
Cardy conditions as consistency conditions from the partition function on the annulus
and found an explicit construction for the boundary states in a diagonal CFT. A more
detailed treatment would have to include a discussion of Bulk-Boundary OPEs [3] and

BCFTs with extended symmetry algebras.

We conclude this thesis with a few remarks on other important topics which could
not be covered in this thesis. The first is the question of a rigorous formulation of
conformal field theory for example in an axiomatic framework. There has been a
lot of work on this subject and we refer the reader to references mentioned in the
introduction.

Secondly we did not cover general construction methods for CFTs such as scalars
with background charge or orbifolds [5, [I8] [14]. The Coset construction was discussed
only very briefly in the appendix because of its significance for minimal models.

The third point is a yet unsolved problem namely the classification of modular
invariant partition functions both in ordinary CFT and in BCFT and the relation to

graphical methods such as ADE Dynkin diagramms [27].
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A Correlation functions in 2D CFT

A.1 Differential equations for n-point functions

In this short appendix we sketch the derivation of the results from section First
we derive three differential equations which every n-point function in conformally
invariant field theory has to satisfy. The key idea is here to exploit the SL(2,C)

invariance of the vacuum.

We consider the correlation function (¢(=™(z, 2))b1 (21, 21) - - - n(2n, Zn)) Where ¢

and ¢1,... ¢, are primary fields and rewrite it using (2.3.17)):

<(£—m¢(27 2))¢1(Z17 51) T ¢n(zn7 571))

= ﬁ_m<¢(2’, 2)¢1(21; 51) - ¢n(znv 2n)> (A.l.l)

. - (m—l)hi_ 1 - o Z) e P
_Z<(zz_z)m ( 8) <¢( ) )¢1( 1, 1) ¢n( i) n))

z
2 z m—1 "~
=1 v )

By the SL(2,C) invariance of the vacuum these correlation functions vanish for m =
1,0,—1. We set ¢(z,2) = 1 and z = 0 and obtain the following three differential

equations which every conformally invariant n-point function has to satisfy (in addition
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to the corresponding equations in z;):

0= 8..(b1(21,21) *+ Pu(2n, Zn)) (A.1.2)
i=1
=1

0= Z (zhizi + zfazl) <¢1(217 21) T ¢n(zna 5n)> (A.1.4)
=1

They correspond to translational, dilational and special conformal invariance.

A.2 Form of the 2-point functions

For n = 2 and its counterpart involving z; imply that the 2-point function
G(z1,Z1, 22, Z2) depends only on z; — 29 and z; — Z3. Then constrains it to the
form Cia/ (zgﬁh2 Z@#L?). Finally eq. enforces hy = he and hy = hsy unless the
2-point function vanishes identically.

By a similar analysis for the 3- and 4-point functions one can show that these are

constrained to the forms given in section
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In this appendix we sketch the Goddard-Kent-Olive (GKO) coset construction [5l 18|
14), [IT] which allows us to construct a CFT from two existing CFTs . This will give us
an explicit realization of the minimal models from section as Coset CFTs and will
finally allows us to understand why these are unitary representations of the Virasoro

algebra.

B.1 Coset Conformal Field Theories

Our starting point are two affine Lie algebras g and h with the property that the
horizontal Lie subalgebra § of h can be embedded in the horizontal Lie subalgebra g
of g. For simplicity we assume that g and h are finite dimensional simple Lie algebras.
Because of the embedding property the generators J¢ of h are primary fields (with
weight h = 1) both with respect to the Virasoro algebra L3, associated to § and with

respect to L7, associated to h. On the level of modes this is formulated as

(L9, 0% = —nJ%., [LM,JY = —nJ2 . (B.1.1)
Now we define
L =19 — LM (B.1.2)
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and get from the previous two equations [L“fn/h, J2 = 0. It follows that [L“%h, LM =o0
because L! is bilinear in the currents according to the Sugawara construction in eq.

(3.2.7)). Thus we have the decomposition
Ly, =L + L9/ (B.1.3)

into the two commuting modes Lf‘n and L% h As both LZ1 and L7, satisfy the Virasoro
algebra it is now easy to verify that the same is true for L% " We find a central charge
c9/h = 9 — ¢ if we denote the central charges of the affine theories associated to § and
h by ¢9 and ¢". We then refer to the quotient theory associated with the stress-energy
tensor T9/" = T9 — T" as coset theory Q/fz

It is possible to generalize the construction by considering also semisimple Lie al-
gebras and one can even consider arbitrary conformal field theories which contain an
affine theory as a subtheory i.e. without assuming that the larger theory is an affine
theory.

The representation of T9/" created from the vacuum is unitary by construction as

it is realized on a subspace of a unitary representation of 7Y.

B.2 Minimal conformal series realized as Coset CFTs

The proof that the minimal models from section are indeed unitary representation of
the Virasoro algebra works by looking at the following coset theory (with the notation

from the last section):

g=su2)g ® su(2); and h=su(2)xyi1, (B.2.1)
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where the subscripts denote the levels of the affine Lie algebras (c.f. (3.2.2))). From
3.2.14 with gV = 2 for su(2) we find for the central charge of the coset theory

o -3 K+ D-3 6
K+2 (K+1)+2 (K +2)(K+3)

(B.2.2)

These are precisely the central charges we found in with m = K 4+ 2. As
these are the only possibly unitary representations of the Virasoro algebra for these
central charges, the coset theories from above must provide an explicit realization of
the minimal models. The precise argument leading to this identification is given in
[19].

The coset theories (su(2)x ® su(2)2)/su(2) k42 provide an explicit realization of the

N = 1 superconformal minimal models mentioned in section [19, 14].
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