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Abstract

A distributed hypothesis testing problem with two parties, one referred to as the observer and the other as the detector, is
considered. The observer observes a discrete memoryless source and communicates its observations to the detector over a discrete
memoryless noisy channel. The detector observes a side-information correlated with the observer’s observations, and performs a
binary hypothesis test on the joint probability distribution of its own observations with that of the observer. With the objective
of characterizing the performance of the hypothesis test, we obtain two inner bounds on the trade-off between the exponents
of the type I and type II error probabilities. The first inner bound is obtained using a combination of a type-based quantize-bin
scheme and Borade et al.’s unequal error protection scheme, while the second inner bound is established using a type-based hybrid
coding scheme. These bounds extend the achievability result of Han and Kobayashi obtained for the special case of a rate-limited
noiseless channel to a noisy channel. For the special case of testing for the marginal distribution of the observer’s observations
with no side-information at the detector, we establish a single-letter characterization of the optimal trade-off between the type
I and type II error-exponents. Our results imply that a “separation” holds in this case, in the sense that the optimal trade-off
between the error-exponents is achieved by a scheme that performs independent hypothesis testing and channel coding.

I. INTRODUCTION

Consider the distributed hypothesis testing (HT) setting depicted in Fig. (1} in which, a node referred to as the detector, wants
to ascertain the underlying joint probability distribution of its own observed data with the data observed at a remote node,
referred to as the observer. The k data samples observed at the observer, denoted by uF, are communicated to the detector
over a noisy communication channel. Based on its own observations, denoted by v¥, and the data received from the observer,
the detector performs a hypothesis test to determine the joint probability distribution that generated (u*,v*). Assuming that
the data samples under each hypothesis are drawn (by nature) independent and identically according to a fixed distribution,
the simplest case of such a test is a binary hypothesis test with the following null (Hg) and alternate (/) hypotheses :

k

Hy :I_IPUV(u,v)7 YV (u,v) EU XV, (1a)
i=1
k

Hy: [ Pov(u,v), ¥V (u,v) €U x V. (1b)
=1

Here, Pyy and Pgy denote the joint probability distribution from which the data is generated under the null and alternate
hypothesis, respectively. Our goal is to characterize the performance of the above hypothesis test as measured by the exponents
of the type I and type II error probabilities (see Definition (1| below).

The above problem is an extension of the classical distributed HT problem with communication constraints considered by
Ahlswede and Csiszar in [[1], and extensively studied thereafter [2] [3/][4]. While the centralized setting in which all the data is
available at a single location is well understood, thanks to [5], [6], [[7], [8]l, the optimal characterization of the error-exponents
for the distributed HT problem remains open except for some special cases. In [1]-[4] and the follow up literature henceforth,
the communication channel between the observer and the detector is assumed to be rate-limited and error-free. In [1]-[3],
the maximum asymptotic value of the exponent of the type II error probability, known as the type II error-exponent (T2EE),
subject to a fixed constraint on the type I error probability is studied under various settings. The fundamental results related to
distributed HT is established in [1], which includes a lower bound on the optimal T2EE, a single-letter characterization of the
optimal T2EE for a special case known as testing against independence, where Pgy = Py X Py, and a strong converse which
shows that the optimal T2EE is independent of the type I error probability constraint. Improved lower bounds on the T2EE are
obtained in [2] and [9]. The trade-off between the exponents of both the type I and type II error probabilities is explored in
[4], where the authors establish an inner bound using a type based quantization scheme. Recently, there is a renewed interest
in the distributed HT problem and extensions of the problem has been studied in several different contexts, e.g. multi-terminal
settings [10], [11],[12], [13]], under security or privacy constraints [14], [15] [L6] [17], along with lossy compression [18]], etc.
to name a few. The trade-off between the type I and type II error-exponents studied in [4]] is revisited in [19], where an inner
bound is obtained using the technique of structured binning and analogy to the channel detection problem. While the above
works focus on the asymptotic performance in distributed HT, a Neyman-Pearson like test for zero-rate multiterminal HT is
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Fig. 1: Distributed hypothesis testing over a noisy channel.

proposed in [20], which in addition to achieving the optimal type II error-exponent, also achieves the optimal second order
term of the exponent among the class of all type based testing schemes.

When the communication channel between the observer and the detector is noisy, then besides the type I and type II
errors that arise due to the compression of the sequence u*, additional errors occur because of the noisiness of the channel.
Since the reliability of the transmitted message depends on the communication rate employed, there is a trade-off between
transmitting less information more reliably versus transmitting more information less reliably, to the detector. In [21], we proved
a single-letter characterization of the optimal T2EE for testing against independence in the setting in Fig. [I, which revealed
the interesting fact that the optimal T2EE depends on the communication channel only through its capacity. Extensions of this
problem to general HT is investigated in [22]] and [23].

In this paper, we study the trade-off between both the type I and type II error-exponents for the distributed HT problem in
Fig. [I] Our main contributions are as follows:

(i) In Theorem [3] we establish a single-letter characterization of the optimal trade-off between the type I and type II error-
exponentsﬂ for the special case where the side-information v* is absent and the hypothesis test is on the marginal
distribution of u*, referred to henceforth as the non-distributed setting.

(i) We obtain an inner bound (Theorem [) on the trade-off between the error-exponents in the distributed setting by using
a separate HT and channel coding scheme (SHTCC) that is a combination of a type based quantize-bin strategy and
unequal error-protection scheme in [25]. This result recovers the inner bound obtained in [4]] for the case of a rate-limited
noiseless channel, and a lower bound on the type II error-exponent for a fixed constraint on the type I error probability
established in [22] for the case of a noisy channel.

(iii) We obtain a second inner bound (Theorem [5) on the error-exponents trade-off by using a joint HT and channel coding
scheme (JHTCC) based on hybrid coding. This bound is at least as tight as the one in Theorem [ when the type I
error-exponent is zero.

The problem studied here has been investigated recently in [26]], where an inner bound on the error-exponents is obtained using
a combination of a type based quantization scheme and unequal error protection scheme of [27]] with two special messages. Our
schemes differ from that in [26] in the following aspects: (i) In the SHTCC scheme, the encoder employs binning subsequent
to quantization and Borade et al.’s unequal error protection with a single special message (in place of [27]); (ii) In the JHTCC
scheme, the encoder uses a hybrid coding scheme that transmits the channel codeword as a function of the quantization
codeword as well as the sequence u*.

Before proceeding to the results, we introduce the notations used in the paper.

A. Notations

Random variables (r.v.’s) and their realizations are denoted by upper and lower case letters (e.g., X and x), respectively. The
distribution of a r.v. X is denoted by Px. Sets are denoted by calligraphic letters, e.g., the alphabet of a r.v. X is denoted by
X. The cartesian product of sets X and Y is denoted by X x ). The n- fold cartesian product of a set X is represented by X”.
The set of probability distributions on X" is denoted by Pr. We will extensively use the method of types [28]]. Accordingly,
the fype (or empirical distribution) of a sequence z™ € X™ is denoted by P~ or Pg, where X denotes a r.v. with distribution
equal to the empirical distribution of x™. The type class of Pg, i.e., the set of sequences of length n with type P is denoted
by T,.(Pg) or 7,.(X). The set of all possible types of sequences of length n with alphabet X is denoted by 7;,(X). Similar
notations will be used for pairs and larger combinations of sequences, e.g., the joint type of (2™, y") is denoted by Pynyn or
Pgy, where XY is a r.v. with distribution Ppnyn. By abuse of notation, Py € F, F C Py, will also be denoted by XeF R
e.g., Py € T,(X) by X € T,,(X). For a given z" € Tn(Pg ), the conditional type class of z™ for a conditional type Py %,
i.e., the set of y" € T,,(Py) such that (2",y") € T,(Pxy), is denoted by Ty, (Py 5, 2"). The Shannon entropy of X, the
mutual information between X and Y, and the Kullback-Leibler (KL) divergence between X and X with same support X’ are
denoted by H(X), I(X;Y) and D(X||X) (or D(Px| | P¢)), respectively. The conditional divergence between two distributions
Px,|x, and P, x, (defined on same alphabets) is denoted by D (Px,|x,||Px,|x,|Px.) or D (X1|X3||X1|X5|X5) where,

'A corner point of this trade-off, namely the optimal T2EE for a fixed non-zero constraint on the type I error probability, is established in [24].



D (Px,ix, /1Py 15, | Px) = D (X1]Xa||X1|X2|X2) = Y Px,(22)D (Px, | xy—asIPx, %p=as) -
ToEXo

When X, = X», the notation above is further simplified to D (Px, |x,||Px, |x,) or D (X1]X3][X;1|X>). For any two sequences
2" € X" and y™ € Y™ with joint type Pgy-, the empirical conditional entropy of y" given z" is defined by

He(y"[a") = H(Y|X),

where H (-) denotes the standard Shannon conditional entropy. The set of r-divergent sequences from X is denoted by J7(X),
ie.,

TI(X) = {a" € X" : D(Py||Px) < 1}

For a € R™, the set of integers {1,2,..., [a]} is denoted by [a]. The limiting inequalities limy,_,oo ax = b, limy_00 ag > b,
(k)

etc. are denoted by aj ﬁ b, ax > by, etc., respectively. Probabilistic events are denoted by calligraphic letters, e.g., £, and

its probability by P(E). The complement of £ is denoted by £¢. Finally, the indicator function is denoted by 1(-) and the

standard asymptotic notations of Big-o, Big-omega and Little-o are represented by O(:), Q(-) and o(-), respectively.

B. Problem formulation

All r.v.’s considered henceforth are discrete with finite support unless specified otherwise, and all logarithms are with respect
to the natural base e. Let k,n € ZT. The encoder observes source sequence u*, and transmits codeword z™ = f*m) (yF),
where f(m) : (fk — X" represents the encoding function (possibly stochastic) of the observer. The channel output 3™ given
input 2™ is generated according to the probability law

Pynpxn(y”fa™) = [ Prix (wslz)), )

j=1

i.e., the channel Py x~ is memoryless. Depending on the received symbols " and side-information v¥ observed at the detector,
the detector makes a decision between the two hypotheses Hy and H; given in (I). Let Pykyk xnyn := Pyrys Pxn s Pyn|xn
and Pgryr xnyn = Pgryre Pxn|gr Pyn 3= denote the probability distribution of the source sequence, side-information, channel
input and channel output under the null and alternate hypothesis, respectively, where Pxn |y« (" |uF) = Pgniin (" |uF) =
P(f*m) (ub) = 2m) for all (u*,z") € U x X", and Pyn|gn := Pyn|xn. Let H € {0,1} denote the actual hypothesis and
H e {0,1} denote the output of the hypothesis test, where 0 and 1 denote Hy and H,, respectively. Let Ay ,, C VE x yn
denote the acceptance region for Hy. Then, the decision rule g(*™) : V¥ x Y™ — {0,1} is given by

g(k,n) (vk7yn) =1-1 ((Uk7yn) c »Ak:,n) )
Let
o (o, 15, g80) o= 1= Py ()
and B (k7 n, f(k,n),g(kﬂl)) = PV"Y" (Ak,n) ’

denote the type I and type II error probabilities for the encoding function f(*) and decision rule g(*™) respectively. The
following definition formally states the error-exponents trade-off we aim to characterize.

Definition 1. Ler 7 € (0,00). An exponent pair (K, kg) is T-achievable if there exists sequences of integers k and ny,
corresponding sequence of encoding functions f*"¥) and decoding functions ™), and ko € Zt such that

ng <7k, V k> ko, (3a)
o (g, fO0), gm0 ) < 7R g > (3b)
1
iminf — = (kyng) (k) >
and lim inf —— log (6 (kz,nk,f g )) > kg, 3c)

Let

K(T, ko) = sup{kg : (Ka, k) is T-achievable}.



For a fixed 7 € (0, c0), we are interested in characterizing the boundary of the set of all T-achievable (., kg) tuples defined
as

R = {(K‘(Xa K‘(Ta K‘a)) L Ra € (0, OO]}
Towards this, we will first obtain a single-letter characterization of R in the non-distributed setting. This characterization

will be subsequently used to obtain an inner bound on R in the distributed setting.

II. HT: ERROR EXPONENTS TRADE-OFF
In the non-distributed setting, the hypothesis test in (I)) specializes to the following test:

k

Hy:[[Pulu), Vuel, (4a)
=1
k

Hy:[[Polu), Vuel. (4b)
i=1

For brevity, we will denote the r.v. with distribution Py|x—, by Y, and the corresponding probability distribution by Py, for
all x € X. Let us define

Ko = lio(’T, PU,PU7Py|X) = min (D(PU”PU),TEC),

where,
Ec = EC<PY|X) = D(PYQHPYb)v (5)
and (a,b) := argmax D(Py,||Py,,). (6)
(z,2")EX XX

It follows by interchanging Py and Py in Theorem 2 [24] that, we may restrict the range of k, within the interval (0, o]
since k(7, ko) = 0 for ko > K. Hence, R can be redefined as R = {(kq, K(T,Ka)) : Ko € (0, Ko]}-

In order to state our single-letter characterization of R, we need some concepts regarding the log moment generating function
(Log-MGF) of a r.v., which we briefly review below. For a given function f : Z — R and a probability distribution Pz on Z,
the log-MGF of Z with respect to f, denoted by 1z r()) is given by

Yz, 5(A) :=1p, (A) := log (EPZ (e/\f(Z))) )
Let
V7 1(0) = Yp, 1(0) :=sup O\ — bz ¢(N). o
AER

The following simple facts are straightforward to verify.

Lemma 1. /29 Theorem 13.2, Theorem 13.3]

(i) ¥z ;(0) =0 and w’Z,f(O) = Ep,(f(2)), where Wz,f(/\) denotes the derivative of 1z r(\) with respect to \.
(ii) Yz ¢(N) is a strictly convex function in \.
(iii) 7 ;+(0) is strictly convex and strictly positive in 0 except V7 (E(Z)) = 0.

We will assume?] that
Assumption 1. Py < Py, Py < Py and Py |x is such that Py, < Py ,, V (z,2') € X x X.

When u* is observed directly at the detector, a single-letter characterization of the optimal trade-off between the error-
exponents is obtained in [8]. Below, we state an equivalent form of this characterization that is given in [29].

Theorem 1. /29 Theorem 15.1] When u* is observed directly at the detector; then for the HT given in (@),
R = {(¥0.,(0).¢0,4,(0) = 0) : 0 € Z(U, )},

where, fi : U — RY is defined as

®)

fu(u) i= log (PU(“)) |

Py (u)

2This technical condition ensures that for functions f and distributions P that we consider below, 1) pf(A) <oo, VAXER.



and Z(Py, Py) := (— D(Py||Py), D(Pg||Pv)]. The decision rule that achieves the exponent pair (w[*],fu (0),¢174,(0) = 0)

is the Neyman-Pearson (NP) test [S|] given by
=1 lo > ko 9
(Z ( Bo(a) ) ) ©)

To prove the main result, a strong converse result that follows from [29, Theorem 12.5] will turn out to be handy. We state
it below for completeness. For the scenario where u* is observed directly at the detector, let us denote the type I and type II
error probabilities achieved by a decision rule (possibly stochastic) g*) : U* — {0,1} by o/(§*)) and §'(3¥)), respectively.
The following single-shot result provides a lower bound on a weighted sum of the type I and type II error probabilitiesﬂ

Theorem 2. /29, Theorem 12.5] For any k € Zt and any decision rule §\*) as defined above,

_ _ Py (U*)
(k) 1 (k) U
a (g )+76 (g )ZPUk (log (PUk(Uk)) Slom), Yy > 0.

We will also require a slight generalization of Theorem |1 for the case when the data samples are drawn from a product of
finite non-identical distributions, i.e., the samples are independent, but not necessarily identically distributed. For an arbitrary
given joint distribution Px,x, € P(X x X), let {(x,2})},cz+ denote a given pair of sequences such that

Prpn (,2') 2 Py x, (2,2), ¥ (2,2) € X x X (10)
Consider the following HT:
Hy:Y" ~ ] Py, (11a)
i=1
n
Hy:Y" ~ ] Py, (11b)
=1

For a given decision rule (™) (y") =1 — 1 (Y™ € A,) with acceptance region A, C V" for Hy, let & (n, g™z, 27) and
15} (n, g™, ap, x’f) denote the type I and type II error probabilities, respectively, where

a (n,g(”)mg,x?) =1- H Py, (A
and (n,g( xo,ml) H Y.,

Definition 2. For a given joint distribution Px,x, and a pair of infinite sequences {(x{},x7)}ncz+ such that holds, an
exponent pair (kq, kg) is achievable for the HT in (T1)) if there exists a sequence of decision rules {g"™}ezr and ng € 7+
such that

a (n g(”) mg,:ﬂf) <e ™ ¥V n > ny, (12a)
and lim 1nf77 log (6_ (n,g("),xg,x?)) > Kg. (12b)
n—oo

As will become evident later, the performance of the HT in depends on {(z{,z7)}nez+ only through Px, x,. Let
Fe(Fas Pxox,) := sup{rs : (Ka, kg) is achievable for HT in (TI)}.
and Ry (Px,x,) := {(Ka, Fe(Kas Pxox,)) : Ka € (0,65]}.

where x, is the smallest number such that (), Px,x,) = 0. The following proposition provides a single-letter characterization
of RN(PX(J x, ), and will be used later for obtaining a single-letter characterization of R in Theorem

Proposition 1.
RN (Px,x,) = {(EPXoXl (¢;X07;LXOYX1 (9)) s Epy,x, <¢;XO7,~LXOYX1 (9)) - 9) A I(PXOXUPY|X)} ;

where, for each (x,2') € X X X, gy : Y — R is given by

Bm,x’ (y) = 10g (

PYE/ (y)> , (13)

Py, (y)

3Note that a denotes the complement of the type I error probability in [29] Theorem 12.5], whereas we use o’ to denote the type I error probability.



and

I(PXOXI’Ple) = ( - D(PYXUHPYxl |PX0X1)7D(PYx1 ||PYX0 ‘PXOXI):I7

D(Pyy |[Pyx, |Pxox,) == > Pxyx,(z0,21)D(Py,, || Py,, ).
(xo,x1)EX XX
D(Py, |[Pyy,|Pxox,) == > Px,x,(z0,21)D(Py, ||Py,,).

(x0,x1)EX XX

The decision rule that achieves the exponent pair (EPX0X1 (z/J;‘,X P« (9)) s Epy,x, (w;x P« (6)) - 9) is the NP test
0hxg,xq 0"X0,X1

given by
Zlog P, (9) >nd | . (14)
Py, (yi)

Proof: The proof is given in Appendix [A] [ ]
The next theorem provides a single-letter characterization of (7, k,,) and thereby of R.

Theorem 3.
K(T, ko) = sup{kg : (Ka,k3) € R*}
where
R = U U (<0(907013PX0X1)3 §1(003017PX0X1))3
Pxox, € (60,61) €
Pxxx I(Pu,Pf])XI(Pxoxl,Py‘x)
Gol0, 01, Pxyx,) i= min (v, (80), "B, (V3 5 (8))),
C1(00a917PX0X1) = min (w(*f,fu (00) — 90, T (EPXOXI <¢;XOJ7IXO,X1 (91)) — 91)) 5

where fi; and Bm,x/, (z,2") € X x X are defined in ®) and (13)), respectively.

Proof: Achievability: Fix Px,x, € Pxxx. Let ny = |7k], and zy* and x]" be two arbitrary sequences from the set

X™ such that (T0) holds. Let 6y € Z(Py, Py) and 6, € Z(Px,x,, Py|x). The achievability scheme is as follows:

The encoder first locally performs the NP test g( ) given in (@) on the observed samples u* with § = 6, and outputs the

channel input codeword f*:#)(4/*) according to the following rule:
k
f(k:,nk)(uk:) _ nga if g( ) ( ) = O7
P otherwise.
Based on the observed samples 3", the detector outputs the decision of the HT according to the decision rule g("*) = gé’l“‘ﬁ

defined in (T4). Let A(QT’“) =y e YY" log (if;:i%:gj) < ngb } The type I error error probability can be upper

bounded for sufficiently large k& (and ny) as follows:

o (knk f(k,nk>7g<nk))

<P (g5 (U") = 1) Py g (Y NAGS) 4P (G505, (U%) = 0) Py o —ape (37045

<P (gl (U%) = 111 = 0) + R (yma5))

< e MW 00)=0) 4 T (Brxos (¥ g, @) )7 (15)

where § > 0 is an arbitrary small, but fixed number. Similarly, the type II error probability can be upper bounded as follows:
8 (Imy, £ g

<P (gék)u(Uk) = 0) Y "k | X"k =z (Agorfk)) +P (gé};,)u((jk) = 1) PY"k|X"k:m;”€ (AéTk))

<P (Qék)u(Uk) = 0) + Pyng | xni—a7 (A((;fk))

< eik(wg’fu (00)76) + einlC (EPX"Xl (w;xl’ﬁxoxl (91)> 76)



— ¢ F(¥i,5, (00)=00=8) | " (proxl (w;XO'EXOvXI (01)) 79176) _ (16)
It follows from (T3)) and (T6), respectively, that,

kaggf —% log (a (k7nk:7 f(k’n’“)yg("'“)» > min (wl*J,fu (00); Epy,x, (7/);}(07;”01)(1 (91))> -9
= Go(0o, 01, Px,x,) — 0,

and

tim it~ Tog (5 (K, i, ), 90"))) > min (05,5, (60) — 0o, By, (45, 5 (00)) —01) =9
= (1(0o, 01, Pxyx,) — 6.

Since ¢ is arbitrary, it follows by varying Px,x, € Pxxx, o € Z(Py, Py) and 6, € I(Px,x,, Py|x) that
K(T, ko) > sup{ka : (Ka,kg) € R"}.

This completes the proof of achievability.
Converse: From the proof of the converse part of Theorem |1} it follows that for 6y € Z(Py, Py),

R C U (V7,1,,(00)s V77,1, (60) — o) - 17

GOEI(PU,Pfl)

Also, note that for any encoding function f*"*) and decoding function ¢("*) with decision region A"+ C Y™ we have

a(kmk,f(k’”’“),g("’“)): D Pu(h) YT Pxoejurcur (@) Pynpxne—gm (V™ \A™)

uk ek "k EX "k
> Py xon—gnt (P \A™), (18)
Nk

for some zy* € X"+ that depends on A™*. Similarly,

5<k,nk,f(k’n’“)7g(n"’)> = > Poe(uF) D Pyncjperur (") Pynixne—gmi (A™)

ukeukr "k €X "k
2 Pyny xng =z (A™), (19)

ngk

for some z7* € X™* (depends on A™). Let Px,x, denote the joint type of the sequences (73, 7). Note that the R.H.S. of
(T8) and (T9) correspond to the type I and type II error probabilities of the HT given in (T1) with n = ng, zg* = zg* and
xy* = Z7* . Then, it follows from the converse part of the proof of Lemma 1| that if for some 6, € Z(Px,x,, Py|x) and all

sufficiently large ny, it holds that,

Q@ (/c,n;C7 f(km’“),g("’“)) <e " (Eﬁxoxl (w;XO'ﬁXOvXI (01)>>, (20)
then
lim sup —% log (6 (k i, f('“’""‘),g(”’“))) <r (]EPXOXI (w;xoﬁxo,xl (61) — 91)) : 1)

From (20) and 1), we have
RC U U <T]EPXOX1 <¢;yx ,;LXO,XI (91)) T (proxl (w;yx ,;LXO,XI (91)) - 91)) ’ (22)

Pxgx,€Pxxx 601€Z(Pxyx,,Py|x)

It follows from and (22) that (k, k) € R only if there exists some Px,x, and (6y,61) € Z(Py, Pg) x I(Px,x,, Py|x)
such that

oo < min (51, (00), "By, (V3 5 (0)),
and kg < min (1/)[*]7]%( (60) — 6o, T (proxl (¢;‘,XO’EXO=X1 (91)) — 91>) ,
from which it follows that (7, ko) < sup{kg : (Ka,kg) € R*}. This completes the proof. |

Remark 1. The optimal T2EE for a fixed constraint on the type I error probability can be recovered by taking limit 0, —



—D(Py||Py) and 01 — —D(Py || Pyx, |Pxox,)- In this case,

o (—D(Pu||Pg), =D(Pyy || Pyy, [Pxox,), Pxox,) =0
and ¢y (—D(Py||Pg), —=D(Pyy, || Py, |Px,x,), Px,x,) = min (D(Py|Pg), D(Pyy, || Pyy, | Px,x,)) -

Maximizing the second argument over all possible Px,x, yields, maxpy y ePa,x D(Pyy, ||[Pyx, |Px,x,) = Ec. Hence,
lim, 0 k(7, ko) = Ko, Which is equal to the optimal T2EE established in Theorem 2 [24]. Note that E. < oo under the
assumption Py, << Py, V (z,2") € X x X.

III. DISTRIBUTED HT: ERROR-EXPONENTS TRADE-OFF

In [4, Theorem 1], Han and Kobayashi obtained an inner bound on R in the distributed setting, where the communication
channel is rate-limited and noiseless. At a high level, their coding scheme involved a type-based quantization of sequences u*,
whose type P« lies within a distance (in terms of KL divergence) equal to the desired type I error-exponent x, from Py. The
index of the codeword within the quantization codebook is revealed to the detector which takes the decision on the hypothesis
based on the received index and side-information v*. On the other hand, it is well-known from [9]] that by performing binning
subsequent to quantization and decoding using the side-information v* can help reduce the communication rate to the detector.
This enables better quantization of «* and higher error-exponent in channel coding. However, these benefits come at a cost,
as binning introduces additional errors that affect the type I and type II error probability. More specifically, a binning error
occurs when the detector decodes the incorrect quantization codeword from the correctly decoded bin-index.

In this section, we will obtain inner bounds on R using the SHTCC and JHTCC schemes mentioned in Section [l As already
stated, the former scheme is a separation based scheme that performs independent hypothesis testing and channel coding, while
the latter scheme is a joint hypothesis testing and channel coding scheme that uses hybrid coding for communication between
the observer and the detector.

A. SHTCC scheme:

The SHTCC scheme is a combination of a generalization of the Shimokawa-Han-Amari (SHA) scheme [9] and the Borade-
Nakiboglu-Zheng unequal error-protection scheme [25]]. More specifically, the scheme involves

(i) quantization and binning of sequences u* whose type P, is within a distance of x,, (in terms of KL- dlvergence) from
Py (instead of just the dominant type Py as is done in the SHA scheme), and using the side-information v* to decode
for the quantization codeword from the (decoded) bin-index at the detector.

(i1) unequal error-protection channel coding scheme in [25] for protecting a special message which informs the detector that
P, is at a distance greater than x, from P .

Before, we state the inner bound on R achieved by the SHTCC scheme, some definitions are required. Let S denote a r.v.
with support § = X, such that S — X —Y and Psxy = Psx Py|x. For x € X, we define

PY|X=1-(y)>
T2 (y) = log ( , (23)
( ) PY|S:z(y)
and
En(Psx,0) =Y Ps(s)¥p, s_..r.(0). (24)
seS
For a fixed Psx and R > 0, let E, (R, Psx, Py x ) denote the expurgated exponent [30][28]][22]] defined as follows:
E.(R, Psx) = E;(R, Psx, Py|x)
= I;I}zai( —p R — P 1og Z Ps PX‘S(£E| PX\S $| (Z \/Py|X y|x Py|X(y|x)> . (25)
Let € denote the set of all continuous mappings from P to Pyyjs, where W is an arbitrary finite set. Let
L(Psx) =Y Ps(s)D (Py|s—s||Pyx—s) (26)
seS
v(Psx) Z Ps(s)D (Py|x=s||Py|s=s) » (27
seS

O(Psx) := (—0L(Psx),0u(Psx)), (28)



(w, R, Psx,0) € Q x R* x Psy x O(Psx) : (ki w) — plkia,w) < R < 7I(X;Y]9),

L a = R )
(Ko, 7) min (TEm(Psx,e),TEw (,PSX> ,Eb("imW,R)) 2 Ka
T
LKy w) = { OVW : DIOVW|UVW) < ka, Pwjp = Py = w(Py).V U~ W } , (29)
Ey(ka,w,R) := {R Tlmee ) 0 R < ol ),
00 otherwise,
(q(ka,w) = max_ I(U; W),
UW: 3V,
U‘,\/Weé(ﬁa,w)
plha,w) = min_ I(V;W),
VW: 3U,
UVWEL(Ka,w)
Ey(Ka,w) :: _min DUVW||UVW),
VWET: (Ka,w)
_min DOVW||[UVW) + Ep(ka,w, R), if R < (y(Ka,w),
Es(Ka,w, R) WET2(ka,w)
0, otherwise,

___min  DUVW||[UVW) + Ey(ka,w,R) + 7E, (£, Psx), if R < (y(ka,w),
E3(/{owwaR7 PSXaT) = UVWETs (ko) T T R .

___min  D(UVWI||[UVW) + p(ka,w) + TE, (£, Psx), otherwise,

U 67—3(}@& w)

min (V||V) + Ey(ka,w, R) + T (Ep(Psx,0) —0), if R < (4(ka,w),
E oW, R, P ’9 VUVWEL(ka,w) o
(e, 5x,0,7) min DV ||V) + p(kq,w) + 7 (Em(Psx,0) — 0), otherwise,
V:OVWeL(Kayw)

U
Ti(Ka,w) = { Ovw : Py, = Ppyisy Pyyiy = Py, for some UVW € ﬁ(na,w) },
{ UOVW: Py = Pyyiyy Py = Py, HW|V) > H(W|V) for some UVW € L(kq,w) },
and T3(kq,w) :={ UVW : Pgy = Py, Py = Py for some UVW € L(ka,w) }-
We have the following lower bound for (7, Ky ).
Theorem 4. k(7,kq) > K5(T, ko), Where

Ki(T, ko) 1= ( max 0 min (B (kg,w), F2(ka,w, R), E3(kq,w, R, Psx,T), Eg(Kq,w, R, Psx,0,7)) . (30)
€L{ra.r)
The proof of Theorem Ié-_l| is presented in Appendix As a corollary, Theorem Ié-_l| recovers the lower bound for (7, k)
obtained in [4] for the case of a rate-limited noiseless channel by

1) setting E, (é, PSX), E,.(Psx,0) and E,,(Psx,0) — 6 to co, which holds when the channel is noiseless.
2) maximizing over the set {(w, R, Psx,0) € QxR x Psx x O(Psx) : (4(ka,w) < R < 7I(X;Y[S)} C L(Ka»T, Py|x)
in (30).
Then, note that the terms Es(kq,w, R), E3(ka,w, R, Psx,T) and E4(kq,w, R, Psx,0,7) all equal co, and thus the inner
bound in Theorem [ reduces to that given in [4, Theorem 1].

Remark 2. Since the lower bound on k(T, k) in Theorem 4| is not necessarily concave, a tighter bound can be obtained
using the technique of “time-sharing” similar to [4) Theorem 3]. We omit its description as it is cumbersome, although
straightforward.

Specializing the lower bound in Theorem [4] to the case of testing against independence, we obtain the following.
Corollary 1. Let Pgy = Py Py. Then,

K(T, ko) > max  min (Ell(/qa,w), EQI(K/OM(.U, R, Psx,T), E?{(K:a,w, R, Psx,0, T)) ,
(w,R,Psx,0)€
L (Ka,T)



where
(w, R, Psx,0) € A x R x Psx x O(Psx) : (4(ka,w) < R < TI(X;Y]9),
L* a = )
(e, 7) min <7Em(Psx,9),TEw <R,PSX)> > Ko
T
Bl(ka,w):=  min_ {I(V,W) +D(V||V)] ,
VW:OVWEL (Ka,w)
N R
B (koo R, Psx,7) = min  D(VI|V) + plkasw) + 7, (,Psx) ,
V.UVWeL(ka,w) T
El(Ka,w, Psx,0,7) := min D(V||V) + p(ka;w) + 7 (Epm(Psx,0) — 6),

VOVWEL(Ka,w)
and L(ko,w) is as defined in @9).
Proof: Note that £*(ke,7) C L(Kq, 7). Then, for any w € L*(kiq,7) and any UVW € Ti (Kq,w),

DUVW||[UVW) = D(UW||UW) + D(V|IUW||V|UW)
= D(U||U) + D(V|UW||V)
> D(U||U) + D(V|WI|V) 3D
= D(U||U) + D(V|W||V) (32)
= D(U||U) + I(V; W) + D(V||[V),

where, in (31)), we used the data processing (DPI) 1nequahty for KL-divergence, and in (32), we used the fact that for

UVW € Ti(ka,w), Py = Py, and Py, = Py, for some UVW € L(kq,w). Minimizing over all UVW € L(kq,w)
yields that

Bi(ko,w) = min  DOVW|OVW)2 _ min [I(V; W)+ DV|IV)| = Bl (ka, ).
UVWET: (ka,w) UVWEL(Ka,w)
Since (4(ka,w) < R, we have that Fs(kq,w, R) = 00,
L R
E5(ka,w, R, Psx,7) = __ _min DUVW||UVW) + p(ka,w) + TE, (, Psx)
UVWEeT2(Ka,w) T
. - R
> min  DVI[V)+p(ka,w) +TE: | —, Psx (33)
V.UVWeL(Kkq,w) T
= EZI(K’avvav PSXaT)v
and
Ei(Fo,w, R, Psx,0,7) = min  D(V||V)+ p(a,w) + 7 (En(Psx,6) —0)
VUVWEeL(ka,w)
> min  DVI[V)+ p(ka,w) + 7 (Ep(Psx, 0) = ) (34)
V.UVWEL(Kqa,w)
= E?{(K/a7w7PSXa9aT)7
where, to obtain (33)) and (34), we used DPI for KL-divergence. This completes the proof. [

Corollary 2.

nlilllo Ka(Ty ko) = Ks(T),
«

where ks(T) is the lower bound on the type Il error-exponent for a fixed type I error probability constraint established in [22]
Theorem 2].
Proof: The result follows by noting that
L(0,w) = {UVW, Pyjy =w(Py), V-U - W},
Cq(O,w) = I(U§ W)a
p(0,w) = I(V; W),

and the fact that F,,,(Psx,0), E, (%, PSX) , Ep(Ka,w, R), and E,,(Psx,0)—6 for § € O(Psx ), are all greater than or equal
to zero. [ |



The optimal T2EE for testing against independence in the Stein’s regime (i.e. when x, — 0) can be recovered from Corollary
[ by taking the limit ., — 0.

Corollary 3. Let Pgyy = Py Py. Then,

lim k(T,kq) = max I(V;W).
Ka—0 W-W-U-V
I(U;w)<rC

Proof: Note that
L(0,w) == {UVW : Py = w(Py),V —U — W},

and
L£*(0,7) :={(w, R, Psx,0) € @ x Rt x Psx x O(Psx): I(U;W) < R < 7I(X;Y|S), Py =w(Py)}.
Hence,
E{(0,w)> min  I(V;W)=1(V;W), (39)
UVWEeL(O,w)

for some V — U — W such that Py = w(Py). Also, we have
p(0,w) = I(V; W),

Eé(07waRaPSX7T) Z p(oaw)a (36)
E}(0,w, Psx,0,7) > p(0,w). (37
From (33)-(37), the result follows. [

B. JHTCC scheme

It is well known that joint source channel coding schemes outperforms separation based coding schemes in the context
of reliable communication over a noisy channel [31], [32], [33l]. Recently, it is shown in [22] that a JHTCC scheme based
on hybrid coding is atleast as good as a separation based scheme in general, when the objective is to maximize the type II
error-exponent for a fixed type I error probability constraint. Here, we obtain an inner bound on R using a generalization of
the JHTCC scheme in [22]].

For simplicity, we will assume that k = n, i.e., 7 = 1. Let ' denote the set of all continuous mappings from Py, x Ps to
Pyyrjus, where W' is an arbitrary finite set. Let

Li(ka) == {(Ps,w'(-, Ps), Pxjusw', Px/s) € Ps x Q' X Pxpsw X Pxjs : Ey(ka,w’, Ps, Pxjusw’) > Ka }
Ly (Koo', Ps, Pxjusw)

- UVWYS : DUVWY|[UVW'Y|S) < ka. Psuvwixy = PsPuvPwiusPxjusw Py|x,

' Pwius = Py ps = w'(Py, Ps) ’

Ey(ka,w', Ps, Pxjusw) := p'(Ka,w', Ps, Pxjusw’) — (4(ka,w', Ps),

Co(Ka,w', Pg) = _max I(U;W1S),
OWws: 3 VY,
 OvWYSs e
Ly (ka,w',Ps,Px|usw)
P (Ka,w', Ps, Pxjysw:) = _min L(Y,V;W[S),
VWYs: 30,
 ovWYs e
L"h(’iaaw,’PS’PX\USW’)
Ei(ka,w'):= _ min DUVWY||[UVW'Y]S),
UVWYS € T/ (ka,w')
E5(ka,w', Ps, Pxjusw) = __min D(UVW?HUVW’Y\S)+El'7(/<;a,w’7P5,PX|USW,),
UVWYS €

T3 (Kasw',Ps, Px|usw’)
E3(ka,w', Ps, Pxjusw, Px/s) == min _ D(VY||VY|S) + Ej(ka>', Ps, Pxjusw),
VYS:OVWYS €

Ly (kaw'sPs,Px|usw’)

Psgvw xv = PsPov Py osPxjosw Prix, Pwos = Pygs: Pxigsw = Pxjusw, Pyx = Pyix,



Psgyxy = PsPyy PxsPyx/, Pyx = Pyx,

UVWYS: Pgys=Pows Prwys = Powys }

T{ (Ka,w', Ps, Pxjusw’) = o N
for some UVWY' S € Ly, (ka,w', Ps, Pxjusw)

T4 (50 Ps, Py ) i— UVWYS: Poys = Fows, Prys = Pyysy HWIV,Y,5) 2 HW|VY,5),
e for some UVIWY S € ﬁh(na,w’,Ps,PX‘USW,)

Then, we have the following result.
Theorem 5.
K(1,Ka) > K5 (Ra), where

/@Z(Iﬁa) = , max min (EZ/L(K:OUO‘)/% Eé(“a7w/aPSaPX\USW’)7 E{’,(Konw/aPSaPX\USWUPX’\S))'
(Ps,w',Pxiusw’ Pxr|s)
€ ﬁh(”iw)
The proof of Theorem [3]is given in Appendix [C| It is easy to see that Theorem [5] recovers the lower bound on the type II
error-exponent for a given constraint on the type I error probability proved in [22, Theorem 5].

Corollary 4.

o B
;{EIBO FnlFa) = Fn,

where kp, is as given in [22] Theorem 5].
Proof: The result follows by noting that
L (0,0, Ps, Pxjpsw) == {UVW'YS : Psyvw:xy := PsPuvPwnusPxjusw: Pyix. Pwivs = (Pr,Ps)}
(0,0, Pg) := I(U; W'|S),
p(0,w', Ps, Pxjuswr) == 1(Y,V; W'|S),
Ly(0) := {(Ps,w'(, Ps), Pxjusw, Pxrs) € Ps x Q' x Pxjusw: X Pais : I{U; W'|S) < I(Y,V; W'[S)},
and Ey(0,w’, Ps, Pxjusw) == 1(Y,V;W'|S) — I(U; W'|S).

|
It is shown in [22] Theorem 7] that kp > k(7). This implies that the lower bound on the type II error-exponent achieved
by hybrid coding is at least as good as that achieved by the SHTCC scheme, when the type I error-exponent is zero.

IV. CONCLUSION

In this paper, we studied the trade-off between the exponents of the type I and type II error probabilities for distributed
HT over a noisy channel with side-information at the detector. In the non-distributed setting, we obtained a single-letter
characterization of the optimal trade-off between the error-exponents. The direct part of the proof shows that the optimal trade-
off is achieved by a scheme, in which the observer performs an appropriate NP test locally and communicates the decision of
the test to the detector using a suitable channel code, while the detector performs an appropriate NP test on the channel output.
This implies that “separation” holds, in the sense that, there is no loss in optimality incurred by separating the tasks of HT
and channel coding. For the distributed setting, we obtained inner bounds on the error-exponents trade-off using the SHTCC
and JHTCC schemes. The latter bound is at least as good as the former when the type I error-exponent is zero. Exploring
whether joint schemes offer strict advantage over separation based schemes is something worth investigating. It would also be
interesting to explore the trade-off between the error-exponents in a related setting, where the side-information also needs to
be communicated to the detector over a noisy communication channel.

APPENDIX A
PROOF OF PROPOSITION(T]

First, we show the proof of achievability, i.e., for —D(Pyy ||Pyy, [Px,x,) < 0 < D(Pyy, ||Pyy, | Px,x,)s

K (]proxl [1/) (0)} ,:cg,x’f) > Epy, x, [¢ ©] - 0.

* *
Yxq,hxg,x, Yxq:hxg.x;



Let iz’yn : Y™ — R defined as

Pyn|xn—zp(y™)

- Pynixn_.n(y™
’yn(y") :: log< Yn|X _acl(y ))

For the decision rule g, 3), defined in (T4), the type I error probability can be upper bounded for 6 > —D(Pyy || Pyy, |Px,x,)

as follows:

o Pynxnean (Y
« <n7gé73);,x0,x1) PY”|X"—3C <log <W 2 nb
=y

—sup <n9>\—wpyn‘xn=wg m (>\)>

<e =0 (38)

_ (e g 5. 00)) o

Here, (38) follows using the standard Chernoff bound. Eqn. (39) follows due to the fact that for 6 > —D(Py, ||Pyy, |Px,x,),
the supremum in (38) is always achieved at A > 0, which in turn follows from Lemma l 11| i) and (ii).
Simplifying the term within the exponent in (39), we obtain

A n
1 1 Pyn|xn—m (Ym)
’(/)PY"|X77'71"7hyn ()\) = g log (EPyan_zal (PA (Yn)

Y| Xn=gp

. PP ximar, (Y3)
= E log (EPynxn=mg (H m

i=1" Yi|Xi=zo;

1 s Py x, =, (Yi
= ﬁ IOg (H EPYi\Xi:in <P)\ (Y;

i=1 Y; | Xi=zo;

1 n 1 E Pélx'i:”“'“(yzl)
— E Z og Py, | x,=zq; W

i=1 Y;| Xi=x0:

) Py, (Y)
= Px(}x? (I, x ) log ]EPYm P>‘ (Y) (40)

x,x’

0,5, o (B, (50 @

where, (1) follows from (I0) and Assumption [I] Substituting (1) in (39) and using (7), we obtain for arbitrarily small but
fixed § > 0 and sufficiently large n that

Ak (Y)
—sup<n(6)\—JEpX e [10g<]Epy e " X0, X1 )]—5))
o (m. gt 2t) <o N oo )
—n(E OA—E Mixg,x, (V) ﬂ—é)
=€ n( Fx 0X1 [Slé%( PY ( )

_" (e [¥ g, @) "S), (42)

Similarly, we can show that for 6 < D(Py [|Pyy, [Px,x,)s

_ o _5
5 (”,ge()@’xg,x?) <e n<EPX°X1 [w"xl”%xl (9)] ) (43)
We also have
PY P)\-‘rl

wa,,Fz% Z Yo PA T Z Py, P)‘H =y, i, (/\ +1).

yey Yr yey

It follows that

Uy n O =sup (30 =y () =sup (N =ty A1) =05 o (0) 0.

AER AE€R @



Hence,
By, [V ino 0] =By, 1 ®)] - 0. (44)
From (2), @3) and (@4), it follows that for —D(Pyy ||Pyy, |Px,x,) < 0 < D(Pyy ||Pyy,|Px,x,)s

i (Brs,, [ (0)] = 6. Pxox, ) 2 Epy, [65 ®)] -0

Yxq:hxo,x; Yxq.hxq,x,

*
Yxq,hxq,x1

Noting that § > 0 is arbitrary and %(ka, Px,x,) is @ continuous function of &, for a fixed Px,x,, the proof of achievability
is complete.
Next, we prove the converse. Let

Mn($7 xl) = P:L’ga:;‘ (337 {E/),
and Z,,(z,2') := {i € [n] s.t. xp; = = and z1; = 2'}.
Denoting « (n,g(k*”),w’g, x?) and 8 (n,g(k’”),xg,x?) by «,, and 3, respectively, we obtain that for any 6 € R,

» Pynixnen (Y
(7% +e G/Bn Z PY"‘X":IS (10g (w Z nd (45)
:mg

)
- PYi|X:£D1i(Yi>
= PYﬂ,‘Xn:wg Z IOg 7}/) > nd
i=1

PYi|X:IOi( i

Py, x=a,, (Vi)
= PYﬂ\Xﬂ:xg Z Z log <_x(Yz) > nf

z,x’ i€y, (x,z")

)
= Pyajxoceg | D D 1og<W)> ST ()0

z,z’ iEIW,(-’E,fL'/) (J,‘,.’I:/)GXXX

Py x—u. (Vi
> ooy (|30 1o (FE=200) 2 (o0

z,x’ \i€ZL, (z,x’) PYi‘X:%i (YZ)

Py ix—s (Vi
= H Pyn|xn—gp Z log (Yx_l()) > npiy (x, 2')0

(I,CE')GXXX iEIn(x,m’) PYl‘X:(LOL (}/:L)

Here, [@3) follows by applying Theorem 2] Then, for arbitrary § > 0 and sufficiently large n, we can write

ontemg s T e ((@agtnze P(@In) ) ) )
(z,2")EX XX
~nin(ea’) (03, 5, 0)+5) y
- (x,z’)I;[XXXe @
- 67n<EPXUX1 (w;XO’TLXO’Xl (6)>+5/>7 (48)

where, ¢’ > ¢ is arbitrary. Here, (46)) follows from [29, Theorem 14.1]; 7)) follows from [29, Theorem 13.3] and [29, Theorem
14.3]; and (48) follows from (I0). Note that #8) holds even if ¢, . () = oo for some x,2’ € X x X’ and ¢ > 0 since in

this case, both (7)) and @8) equal 0. Equation implies that

x,T

lim sup min (—logfla”),—logff W 9) <Epy,y, (w;xoﬁxo,xl (9)) 4o (49)
Hence, if it holds that for all sufficiently large n,
" TN R <0>)+a'>, 50
then
lim sup —% < Epy, (¢§X0,ﬁxo,x1 (9)) 040 (51)



Since § (and 0") is arbitrary, this implies via the continuity of & (K, Px,x,) in £q that

R (Brp, [V e 0] Pxox) S Epgw, [03, 50 0] —0.

To complete the proof, we need to show that 6 can be restricted to lie in Z(Px, x, , Py‘ x)- To prove this, it suffices to show
the following:

(1) ]EPX()X1 <’l/};</X0);lX(],X1
(i) Epy,x, (¥

Gii) Epy,x, (¥
‘We have,
EPXoxl (¢;X0,ﬁxo,xl (_D (PYXO ||PYX1 ‘PXUXl)))

= sup {_A D (Py, ||Pyy,|Pxox;) — Epyx, (1/JYXO,BXO,X1 (A))}

hxg,x, hxg,x,

(_D (PYXUHPYXl |PX0X1))> =0.
(D (Pyxl ||PYX0 ‘PX0X1))> =D (Pyxl ||PYX0 ‘PX0X1)'
(6)) and Epy,, (v

*
Yxo.hxq,x,

(0)) — 0 are convex functions of 6.

* *
Yxq,hxg,x, Yxg:hxo,x1

AER

< ) Pxyx, (o, 1) {Sup —AD (Py, ||Pyy,) — Dyy ooy oy (A)] (52)
£o,21 AER

=0, (53)

where, (33) follows since each term inside the square braces in (52) is zero, which in turn follows from Lemma [T] (iii). Also,

Epy,x, (%/f* (=D (Pyy, | Py, \quxl)))

YXU,HXO,Xl
= > Px,x,(z0,71) ¥} (=D (Pyy, [Py, | Px,x,))

Yxq.hxq,x;
z0,T1

20, (54)
where, (34) again follows from Lemma [1] (iii). Combining (33) and (54) proves (7). We also have that

proxl (77Z}* (D (PYX1 HPYXD |PX0X1))> -D (Pyxl HPYXO |PX0X1)

Yxo,ﬁxo,xl
=Epy, x, (w;xl,;lxo,xl (D (PYx1|\PYx0\PXoX1)))
=0, (55)

where, (33) follows similarly to the proof of (i). This proves (i%). Finally, (iii) follows from Lemma 1] (iii) and the fact that a
weighted sum of convex functions is convex provided the weights are non-negative. This completes the proof.

APPENDIX B
PROOF OF THEOREM [4]

Fix ko > 0 and (w, R, Psx,0) € L(ka, 7). Let n > 0 be a small number, and let R’ > 0 and R > 0 be defined as
R = Cq(/fomw)a (56)
and ¢, (e, ) — plria,w) < R < 7I(X; Y]S). (57)

Encoding:

The encoder is composed of two stages, a source encoder followed by a channel encoder. The source encoding comprises of
a quantization scheme followed by binning (if necessary). The details are as follows:

Quantization scheme: Let

DY (n) :={U € ToU) : D(U||U) < ka +n}. (58)

Consider some ordering on the types in Dg(n) and denote the elements as Ui, Us, ..., etc. For each type variable U € Dg(n),
1 < < |DY(n)|, choose a joint type variable U;W;, W; € Ti(W), such that

~ A A~ 77

N : ) < 2L
D (Wil wilu]0r) < 4, (59)
(U W;) < R+ g (60)



where Py, = w(Py ). This is always possible for & large enough due to (56) and the continuity of w (see [4]). Let

DY (n) :={U:;W; : 1 <i < DY ()}, (61)
and R} := I(0sWi) + 4.1 < i < [D (n)]. (62)
Let
1D ()] /
Ch=1Cwh(j),je|1: Y )b,
i=1
denote a quantization codebook such that each codeword w*(7), j € M := M+ bR SRR 1 <0 < DY ()],

belongs to the set Tz (W;). For u* € T;(U;) such that U; € DY () for some 1 <4 < |DU( )|, let
p(u,C) = {j € M}z w*(j) € C and (u*,w"(5)) € To(U:W3), U;W; € DYV (n)}.

If [u(u®, Ck)| > 1, let M'(u*,Cy) denote an index selected uniformly at random from the set u(u®,Cy), otherwise, set
M'(uF,C) = 0. Given Ci, and u* € U*, the quantizer outputs M’ = M’ (u” Cy), where the support of M’ is given b
q P PP g y
1Dy ()] )
M = 10: Z kR
i=1
Note that for sufficiently large k,
DY (n)] , k( _max I(U,W)+g>
M <14 30 <1+ DY (e 0T
i=1
<1+ |Dg(n)|ek(R'+%’) < ek(R’—&-n)’ (63)
where, in (63), we used the fact that |DY ()| < (k + 1)Ul
Let
bR
Ry :=log () ,
DY ()]
M= [1+ (i = )Ry iRy], 1< i <D (),
1D ()]
and M := {O}U U M.
i=1

Note that

FRE > ek(R 1yl log(k+1)) (64)

Let fy : M’ — M denote a function such that f;,(j) = 0 iff 5 = 0, and for each index j € M., f,(j) € M;, 1 <i < |DY(n)|.
Given f;, the source encoder outputs M = f,(M'). If R' +n < R, then fj, is taken to be the identity map, and in this case,
M=M.

Channel Encoding: Let n = | 7k]. Each index in M is mapped to a codeword in the channel codebook C% := {X™(j),j € M},
which is generated similar to the codebook used for the unequal error protection of a single message in [25]. Without loss of
generality (w.l.0.g.), denote the elements of the set S = X by {1,...,|X|}. The codeword length n is divided into |S| = |X|
blocks, where the length of the first block is [ Ps(1)n], the second block is [ Ps(2)n], so on so forth, and the length of the last
block is chosen such that the total length is n The codeword X™(0) = s™ corresponding to M = 0 is obtained by repeating
i in block ¢ for 1 <4 < |X|. The remalmn # [e*7] ordinary codewords X" (j), j € [e"], are obtained by blockwise i.i.d.
random coding, i.e., the symbols in the i*” block of each codeword are generated i.i.d. according to Px|s—;. The sequence s™
is revealed to the detector.

Decoding:

The decoder consists of two parts, a channel decoder followed by a tester.

Channel decoding: At the detector, the channel decoder first performs a NP test on the channel output Y using the decision

4Actually, the number of codewords generated should be slightly higher (e.g. ek (B+9) for a small positive number ¢), as an expurgation step is involved
later.



rule gg : Y™ — {0, 1}, where

n

PY|X—S(7))(yj)>
n —1 10 P bl Vb > 77,0 3
go(y") Z 8 < Pyis=si)(vi) ) —

j=1

i—1 %
s(j) :=iif > [Ps()n] <j <Y [Ps(n]. (65)
=1 =1

In (63), the empty sum is defined to be equal to 0. If go(y™) = 1, then M =0 and H = 1 is declared. Else, maximum
likelihood (ML) decoding is done on the remaining codewords X" (j),j € [ekR] ,and M is set equal to the ML estimate. Note
that since the i*" block of each codeword X™(j), j € [ekR], is generated independently and i.i.d. according to distribution
Px|s—;, the channel outputs in the it" block is distributed i.i.d. according to Py |5—;. It then follows similar to Proposition
that for k sufficiently large,

P (N =0[M #0) < e~brEn(Poxt)=n (66)

and
P (N £ 0M =0) < e br(En(Pax 0)=0-0), (67)
Also, given M # 0, it follows from the analysis based on random coding and expurgation (see [28, Exercise 10.18, 10.24]

and [30]) that there exists a deterministic codebook C% such that and holds, and the ML-decoding described above
asymptotically yields

P (M £ m|M =m#0, M # 0) < e~n(Ba(FPsx)=m) (68)
(69)

This deterministic codebook is used for channel coding.

Testing: The acceptance region for the hypothesis test is the same as that given in [4, Theorem 1]. More specifically, for a given
codebook Cy, let O, denote the set of u* such that the source encoder outputs m/, m’ € M’\{0}. For each m’ € M'\{0}
and u* € O,,,, let

B (uF) = {o* € VF o (wh,,u* o%) € JFet (W, U V)Y,
where W,,,,UV is uniquely specified by
Wy —U =V and Py 10 = w(Pyr). (70)
For m' € M’\{0}, we define
By = {v* 1 0% € By (u¥) for some u* € O, }.

Define the acceptance region for Hj at the detector as

A= U m x By, (71)
m’eM’'\0
or equivalently as
Af = U O X By (72)
m/€M’'\0

The tester takes M as input, decodes for the quantization codeword w* (M ") Gf required) using the empirical conditional entropy
decoder (ECED), and declares the output of the hypothesis test based on wk (M’ )Aand V¥, More specifically, if binning is not
performed, i.e., if R’ +7n < R, set M’ = M. Otherwise (if R’ +n > R), given M = 7 and V¥ = v¥, set M’ = 1/, where

0, if M =0,
S
M =1 argmin H.(w*(j)|v*), otherwise.
J:fe(G)=mn

If M’ =0, H =1 is declared. Otherwise, given M’ = 7/ # 0 and V¥ = v, H = 0 or H = 1 is declared depending on
whether (7', v¥) € Ay, or (', v*) ¢ Ay, respectively.

Analysis of the type I and type II error probabilities:

Using the method of random coding, we will analyze the type I and type II error probabilities over an ensemble of randomly



generated quantization and binning codebooks. Then, the standard random coding argument followed by an expurgation
technique [30]] guarantees the existence of a deterministic quantization and binning codebook that achieves the lower bound
given in Theorem |4} Let each codeword w k@), 5 € M, 1 <i < |DY(n)|, be selected (with replacement) independently and
uniformly at random from the set 7 (W) (see quantization scheme above). Let f5 denote the random binning function such
that for each index j € M/, an index fp(j) is selected (with replacement) independently and uniformly at random from the
set M;. We proceed to analyze the type I and type II error probabilities averaged over these random codebooks. Note that a
type I error can occur only under the following events:

G &ee= U U Eee(u*), where

UeDY (1) ureTi(0)
Epp(F) = {BW*(j) € Ch, j € [1: IM]], st. (W, WH(j)) € TL(TiW;), Py, = P, U;W; € DY ()}

Gi) M’ = M'.

(iii) M’ #0 and M # M.

(iv) M’ =M =0 and M # M.

(v) M' #0, M = M and M’ # M'.
Here, (i) corresponds to the event that there does not exist a quantization codeword corresponding to atleast one sequence
u® of type P, € DY (n); (ii) corresponds to the event, in which, there is neither an error at the channel decoder nor at the
ECED; (4ii) and (iv) corresponds to the case, in which, there is an error at the channel decoder (hence also at the ECED);
and, (v) corresponds to the case such that there is an error only at the ECED.

As we show later in (I09), it follows by a generalization of the rype-covering lemma [28, Lemma 9.1] that

P(Epp) < e <. (73)

Since ekz(") &)% oo for n > 0, we may safely ignore this event from the analysis of the exponent of type I and type II error
probability. Given £¢ 5 and that event (i) holds, it follows from [4, Equation 4.22] that for any given codebook Cy, the type
I error probability is asymptotically upper bounded by e~*%= since the acceptance region is the same. Hence, it also holds
when averaged over the random quantization codebooks such that £ 5 holds, implying that

P (I = 1/€55, M’ = M) < e, (74)
Next, consider event (iii). By the design of the channel codebook C%, it holds asymptotically that
(M';é() M7£M|Hf()) P( '¢0\H:0)P(M¢M|M¢o)
(M + M|M # 0)
( —O\M;AO) +}P’(M;AM\M7£0,M7EO)
< e kT (Bm(Psx,0)=n) 4 —k7(Bo( % Psx)=n) (75)

— e—kT(mlll(E"L(Psx,e),Ex(?,Psx))—n)’ (76)

where, in (73), we used (66) and (68). Also, note by the definition of Dy (U/) and that the probability of event (iv) can
be upper bounded as

IF’(M:O,M;AM|H:O) <P (M =0/H =0) < e~F*o. (77)

Next, consider the event (v). Note that this event is impossible when R’ + 7 < R, since there is no binning involved. Hence,
assume that R’ 4+ 7 > R. Since M = 0 iff M’ = 0, M’ # 0 and M = M implies that M # 0. Let

DIYW( )= {VW 3 (w u® Uk) € m’e,AElJ’\{O}j;a-i_n(W”L/UV) W UV satisfies and P kykok = ngv} .

We can write,

]P(M’ 40, M = M, M # M'|H = o) :IP(M’ £0,M = M, M # M, (M, V*) € Ay|H = 0)
+P(M’7EO,M=M,]\ZI’;AM’,(M’,V’“) ¢Ak\H:O). (78)

The second term in (78)) can be upper-bounded as

P (M’ £0,M =M, M £ M, (M,V*) ¢ Ag|H = o)



<P ((M',VF) ¢ Ay, Epp|H = 0) + P (M, V*) ¢ Ay, £ p|H = 0)

<" L P (M, VF) ¢ Agl€5p, H = 0)

<e " L P ((UF,VF) ¢ AY)

< e 4 ehra (79)

where, the inequality in follows from [4, Equation 4.22] for sufficiently large k, since the acceptance region is the same.
Let

Dp(V):={V:3 W st. VIW e DYV (n)}.
The first term in (78) can be bounded as shown below:
P (M' 40,0 = M,N' # M, (M, V") € A,|H = o)

< Y P(WVF=0R 3 e 5t (M), §#£ M H(WHG) ) < Ho(WHM) )| M # 0)

v eTL(V):
VeDL(V)

= > PWVF=o M #£0)P e f5l (M), j£M  H(WF(G)) < H(WHM')")[VF = ok, M’ #0)
vfen(f/):
VeDy(V)
(80)
Defining the events
g = {VF =" M #0},
E = {VE=o" M =m/ #£0,M =m},
we can write
P35 € fp' (M), j#M : H(WH(G)") < Ho(WH(M)[")]E])
= > > PM =m/ M=ml&) PEje Sz (m), j#m' : H(WHG)®) < Ho(WH(m)[o*)|€3) (81)
MW\I{EO} o)
Consider the second term in (8T). Denoting the type of v* by V, it follows that
P35 € fp'(m), 5#m': H(WHG)') < Ho(WE(m/)[oh)[€3)
= D P(fBG) =m: H(WFGPY) < H(WHm)[o")|€))

FEMN{0,m}
1 ‘ .
S G Z P (H(WF(j)|0*) < Ho(WH(m/)[0¥)|E5 U { f5(j) = m}) (82)
JEM\{0,m"}
1 .
<om D ) S PWEm) =wtlE U {fs() = m})
jem{o,m't W wh
VWeDyW () (vF k) eTR(VIV)
> P (WH(j) = @¥|€5 U {f(j) = m} U{W"(m') = w*}) (83)
@F T (W)
He(@"|v*)<H(W|V)
1 .
<om D > Yoo P(WEm) = whE U {fs(j) = m})
jeEMN{Om} wh:
VWweDy W (n) (v*,wh)eTh(VW)
> 2 P (WF(j) = a"). (84)
" ETR(W):

He (0" [v*)<H(W|V)

In (82), we used the fact that binning is done uniformly at random; in (3), we used the following: if vk € Tk(f/) is such that
V € Dg(V), then M’ # 0 implies that (W*(M'),v*) € T,(VW) for some VW € D)W (n). In (84), we used

P (W*(j) = @*|€5 U {fB(j) = m} U{W"(m') = w*}) <2 P (WH(j) = a"), (85)



20

which will be shown later. Continuing, we can write (for sufficiently large k)

P(3j€ fp'(m), j#m' + H(WH(G)") < Ho(W*(m')[o")]€3)

1 . _ i) —
<om 2 > Yoo PWEm) =wt g Ui =m)) Y 2 FH (g6
jgemn\f{o,m’y W wh: oF ETy, -
VWeDyW () (v* k) eTR (V) He (55 |0%)
<H(W|V)
1 .
<om D > Yoo (W) = whE U {fs(i) = m})
JEM\{0,m'} o W: wh: L
VWeDW (n) (vF,w*) T (VW)
(k+ 1)|V||W\ekH(W|‘7)2 o k(HW)=n) (87)
1 VIIW| —k(I(W;V)-
<gm 2 S 2+ MK "
jemMA{omy W
VweD, W (n)
1 W vl L (ngivnw( >I(W;V)”>
<omoo 2 2D (RMIe e (88)
jeM\{0,m'}
< e R o), (89)
where,
pr = min  I(V;W)
VWeDY W (n)
1)log(k+1 log(2 log(k +1
o gy DVIOVL - Dok 1) tog(2) | (k1)
k k k
In (86), we used [28, Lemma 2.3] and the fact that codewords are chosen uniformly at random from T (W); in (87), we used

that the total number of sequences w* € 75 (W) such that Pgr, = Py and H(W|V) < H (W|V) is upper bounded by

eFHWIV) and | T, (W x V)| < (k + 1)IVIWI; in @®8), we used [28, Lemma 2.2]; and, in %), we used (36), 7). (63) and
(©4). Thus, for sufficiently large k, since pr — p(ka,w) + O(n), we have from (79), (80), ) and (B9) that for sufficiently
large k,

P (M’ £ 0,M = M, M + M'|H = 0) < e kmin(ra, B=Co(ha,w)+p(ka,w) =O(m)) (90)

By choice of (w, Psx,0) € L(kq, T), it follows from (73), (74), (76), and (O0) that the type I error probability is upper
bounded by e~ *(5a=O) asymptotically.

Next, we analyze the type II error probability averaged over the random codebooks. For a given codebook Cy, let UvV,W
and W, denote the type variable for the realizations of U, V¥ W¥(M’) (M’ # 0) and W¥(M') (M’ # 0), respectively. A
type II error can occur only under the following events:

@) E,={M=M,M =M #0,(UV*, WrM")) € TL(UVW) s.t. UW € D{W () and VW € DYV ()}
(b)
_ M’ #0,M=M,M # M, fg(M') = fg(M), (U VEWrM), WE(M')) € TH(OVWWy) s.t.

& = UW € DIW (n), VIWy € DYW(n), and H, (W’“( )|Vk) < H, (WFM)|VF) '
(©)

e . { M’ #0,M # M or 0,(TF, VF, W+M'), WF(M")) € T(UVIWW,) st. }

o UW e DIW (n) and VW, € DYV (1) '

(d) Eq:={M =M =0,M# M, (V*, Wk(M")) € TL(VWy) s.t. VIV4 € DYV (1)}

Since the exponent of probability of the event Egg tends to co with k by (73), we may assume that £, holds for the type
II error-exponent analysis. It then follows from the analysis in [4, Eq. 4.23-4.27] that for sufficiently large k, we have

P (E,|E5) < e FBL(Faw)=OMm) 91)
When R’ +n < R, note that &, is impossible, and hence, the exponent of this event is co. Assume that R’ +n > R. Let
For(n) = {OVWW, € U x Vx W x W) : UW € DYV (n), VW, € DYV (n) and H(W4|V) < HW|V)}.
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Then, we can write
P(&|H = 1)

Z Z Z P (U" =" VF =o" M =m/,WFM') = w*|H =1)

OVWW, (uf o wh wk) m’ e M\ {0}
€F2.x(n) €T (OV VW, )
S P(WEe) =k, fe(m’) = fe(i)|[UF = ub, VP =oF M =m!,WF@m') = w) (92)

m e M\ {0}

The first term in (92) can be written as

P(U* =u®, VP = o M" =m!, WF(M') = w*|H = 1)

=P (UF =ub, VP =oF M =w/|H = 1) P(WF(m') = w*|U" =", VF =% M =m) (93)

Note that M’ # 0 and U* = «* implies that UW & D (UW). Hence, we can bound the second term in (92) for sufficiently
large k as

1 ; k 1
P (Wk(m/) = wk|U]c =uf VF =" M = m’) < ¢ HIOVID =) o e (W), (94)
0, otherwise,

where, we used the fact that given M’ = m’ and U* = u*, W*(m’) is uniformly distributed in the set T (P, W U u®) and that
for sufficiently large k,

Te (P g7y u)| > IV,
On the other hand, the second term in (92) can be bounded as follows:

P (Wk(rh') =a", fp(m’) = fp(m)|U* = o, VF =% M =m/ WF@m/) = wk)

1 A~
< P (WEG) = 0H0F = uf VP = oF MY =, WE ') = wh) (95)
1 A

where, in (93), we used the fact that the binning is uniformly distributed and independent of the codebook generation; in (96)),
we used

P (Wk(m') = w"|U" = u*, VF = oF, M' =m!, WFm/) = w*) <2 P(WF(/) = o). 97
which will be shown below. Thus, from (94) and (96), we can bound the term in (92) (for sufficiently large k) as
P(&H =
ik _ ok Tk ok Al
Semk > >, Do P(UF = V=t M = [H =) s

OVWWy (uF 0wk ,af) meM\{0} €
€F2.x(n) eTk(Uf/VVWd)

> P(Wr) =)

m/e M’ \{0}

o—k(HOVED@OVIOVY) L
<om XX e
e
TVWWy (u*,0" wk ")
EF21(M) eTH(TVIWWa)
S B =T = T =) Y B (WA) = at)
m’eM’\{0} v ENTA(O}
JV)+D(O V[0V 1
_k HOV)+D@OV)oV)) 1+ o
Chnod o o ¢ m/ e M'\{0}
EF2,1(n) en(UVV”VW )
< Z Z o~ k(H@V)+DOV||TV)) 1 ek(R:.H])
< ek?Rk F(HWIT)=n)  k(H(Wa)—n)

TVWWy (v 0% w, o)
€F2,k(M) €T, (U VW, )
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_ 1 ek(R'+7])

k(H(OV)+D(@V||TV)) kH(W4|V)
e F— = e
ekRk UV%WGL (ukgw ek(H(W|U)—77) ek(H(Wd)—n)

€F2,k(n) eTk(UVW)

| /\

2 Z KH(OVW) —k(H(@V)+DOV|[0V)) 1 ehE+m) RH(Wa|7)
ekBr L ek(H(W|L7)—n) ek(H(VVd)—n)
UVWWy
€F2,k(n)
< e_kEQ’k7

IN

where

Eyp:= _  min —H(UVW)+HUV)+DUV||UV)+ HW|U)+ 1(V;Wy) + R— R —3n— &),
UVWWaEF2,1(n)
|| log(2)

Uiyl U
’ . log(k + 1)+ 2

Note that since UVW W, € Fa (1) implies that VIV, € DYV (1), we have
By > min —~H(UVW)+ HOV)+DOV||UV)+ HW|U) + pr. + R — R’ — 3n — §},. (99)

OVWW4EF2 1 (n)

8 = log(k+1) +

(98)

Simplifying the terms in (@9) and using py ®), p(Ka,w) + O(n), we obtain by the continuity of KL-divergence that
-1

?log (P(&|H =1))

(k) min DOVW||[UVW) + Ey(ka,w, R) — O(n), if R < (y(ka,w) + 17,

> { UVWETz(Ka.w)
0, otherwise,

= Fy(ka,w, R) — O(n). (100)
Next, consider the event &.. Assume that R’ +7 > R (i.e., binning is required). Let
Fau(m) = {UVWWa € ToU x V x W x W) : UW € DY () and VIV, € DYV ()}
Then, we can write (for sufficiently large k) that,
B(EJH =1)

Z Z Z P(U" =" VF =o" M =m/,WFM') = w*|H =1)

UOVWWy (uF, 0wk, ar) m e M/\{0}
€Fs.k(M) €T, (OV WVV )

> PO =m|H =1)P (8 =M =m)

m##0,m#0:
m#m

S P(WE) = b, fe(i) = m|UF = uF VP =oF M =m!, WFm') = w)
m’ €M \{0}
2 A 1 k(R +n) - R

Z ekH(UVW)e—k(H(UV)+D(UV\\UV)) - _ oFH(Wa| V) e—kT(Ez(7,PSX)—n) (101)
ekRe L K(HWIT)=n)  k(H(Wa)—n)
OVWW,
€F3,k(n)

< e*k)Eg,k’

where,
Fapi=  min  —HOVW)+ HOV) + DOVITV) + HW|T) + 7B, (ijsx)

+px + R— R —O(n) — 6,

and §), is as defined in (98). To obtain (T0I)), we used (68), (94) and (96). On the other hand, if R’ +n < R, it can be shown
similarly that,

P(EJH = 1) < e *Faun,
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where
~ ~ o~ PP s~ R
Eé k= __ _ min —H{UVW)+ HUV)+DUV||UV)+ HW|U) + TE, (,PSX>
’ UVWWaEFs k(1) T
ul|v|imw|? log(2
+ o~ 0n) — LIV 41y - 082,

Hence, we obtain
-1
?108; (IP (5c|H = 1))

o [ min  DOVWI|UVW) + Ey(ka,w, R) + TE, (£, Psx) — O(n), if R < {g(ka,w) + 1,
(>) TVWET (Kaww)

“ ). min  DOVW[UVW) + p(ka,w) + 7B, (£, Psx) — O(n), otherwise,
UVWETs (Ko ,w)
= F3(ka,w, R, Psx,7) — O(n). (102)
Finally, we consider the event £;. Assume that R’ 4+ n > R. We have
P(EH=1)= > PU"=uk Epp&dH=1)+ > PU"=ur&lH=1), (103)
u* €T, (0): wreT,(U):
UeDy (n) U¢Dy (1)

where, (T03) follows from the fact that if U € DY (1), then £, can occur only if £gp occurs. From (73), for any u* € T;,(U)
such that U € DY (n), we have

IO

P(Uk = uk,SEE,5d|H = 1) S €

Next, note that if U ¢ Dg(n), then M’ = 0 is chosen with probability 1 independent of the codebook Cj. Hence, we can
write the second term in (I03) as follows:

Yo PO =k ElH =1)
u~k€7—k([~1):
UgDy (n)
< Y 3 S PO =uh V= o M = M = 0| = 1) P (N = m|M =0)

P Ty (0): (vF,0*) €Ty (VIW,): e M\{0}

U¢gDy ()  VWaeD{W (n)

> P(fp0i) =m, WF/) = ")
m’ e M’'\{0}

< > PO =u V=t M =M =0 =1) Y P(N=m|M =0)

uF T, (0): (vF )T, (VIWy): meM\{0}
UgD () VWaeD) ™ (n)

1 1
Z kR k(H(Wa)—n)

m/ e M\ {0} ¢ €
< Y > PO =V =t M =M =0 =1) Y PN =m|M =0)
uFeTh(T): (v, 0%)eTH(VIW,): meM\{0}
UgDY (n) VWaeD!W (n)
k(R +n) 1
ekfr k(H(Wa)—n)
< ) > P (0% = b, VE = o, M' = M = O|H = 1) ¢ F7(Fm(Psx,0)=0-n)
u~k€7—k([j): (u’i@k)en(f/vi/d)
U¢DY (n) VWaeDy ™ (n)
ek(R/—i-'r/) 1

_ 104
ekl k(H(Wa)—n) (104)

k(R +n)  kH(Wal|V)

< Z ekH(ﬁV)e—k(H(UV)-i-D(UVl|U\7)) ok (Em(Psx ,0)—0-n)

UV
€Dy () xDy Y (n)

ekl k(H(Wa)—n)
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—kEq 1
<e 4,k7
where,

. o UIw

Ey = min D(UV||UV)+T(Em(PSX,9)—9)+pk+R—R'—O(n)—LkH|
UVWy

€D (n)*xDY W (n)

log(k +1)

valkv, Uul||v|iw
> min  D(V|[V)+7 (En(Psx,0) —0) +px + R~ R — O(n) - %
V.aw,
VWweDy™ (n)
In (T04), we used (67).

If R’ +n < R, it can be shown that,

log(k + 1).

P(E|H =1) < e *Fix,

where

e ulyvimw
Bo>  min DIV 47 (Ba(Psx,0) ~ 0) + pi— Ol — M pogi 4 1)
V3w,

VWED,‘C/W(TI)
Hence, we obtain

“Llog (B (€4l = 1))

k
min  pa5 D(VI|V) 4 Ey(ka,w, R) + 7 (Em(Psx,0) —60) = O(n)  if R < {g(ka,w) +7
@ Vwen W (n)
C | min poay, D(V||V) + p(ka,w) + T (Em(Psx,0) — 0) — O(n), otherwise,
Vweny" (n)
= FE4(Ka,w, R, Psx,0,7) — O(n). (103)

Since the exponent of the type II error probability is lower bounded by the minimum of the exponent of the type II error
causing events, it follows from @I)), (T00), (T02) and (T03) that for a fixed (w, R, Psx,0) € L(kq,T),

K(T, ko) > min (Eq (Ko, w), B2 (K, w, R), E3(ko,w, R, Psx,T), E4(ka,w, R, Psx,0,7)) — O(n). (106)

To complete the proof, we need to show (73), (83) and @]) Since W¥(j),j € Mj, is selected uniformly at random from
the set T (W;), we have from [28, Lemma 2.5] that, for any u* € T;(U;) and sufficiently large k,

A MHOVI0)-)
P ((wh WHG) ¢ T < (1= | (107)
Since the codewords are selected independently, we have by the union bound that
kR
R HFEHWIT)-4)\
. !/
P(ﬂ(U’W(J)HéTk(UW)JEM) 1_W
k(R —1(0;;W;)— 2
<e® ( Y, (108)
Hence, by the choice of R} in (62), we have for sufficiently large k that
1Dy ()] . e N
P(&gr) = Z e (k+ 1)'1’{| < e (109)

This completes the proof of (73).
Next, we prove (83). Note that by the encoding procedure M’ # 0 and w* € Ti(W;) for some 1 < i < [DY(n)| implies
that U* € Tp.(P, 0 Wi W w*). Hence, we can write for j # m/, that

P (W) = a*[VF =", M =m' #0,M =m, f5(j) = m,W*(m') = w")
= Z P(Uk:uk|Vk:vk,M’:m'%O,M:m,fB() m, Wk(m') = wk)

ut €Tk (Py, jw, w")

P (WF(j) = a*|U" = uF, VF =% M =m/ #£0,M =m, fp(j) = m, WFm') = w)
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Let
Crv i o= C\N{W* (m/), W*(5)},

m’,j
E={UF=uP VF=0" M'=m/ #0,M =m, fz(j) = m, W¥(m/) = w*}.
Then, we can write,
P (Wk(j) = a*|€) = Z P(C,, ; = cl)P(W*(j) = i*|€,C, 5 = o). (110)

c, =c

We can write the term within the summation in (]ﬂ_U[) as follows:
P(W"(j) = w*[€,Cry j = ©)
=P(W*(j) = a*|U" = u*, V¥ =", ¢, = ¢)
P(M' =m/'|WF(j) = wF, WF(m') = w*, Uk = uF VE =k Crrj =0

P(M' = m/|Wk(m/) = wk, Uk = uk, VF =k C, =)
P(M =m, fg(j) = m|M' =m/,WF(j) = oF, Wk(m') = w*, U* = u* Vk—/U7C%/' c) ain
P(M =m, f(j) =m|M'=m/,WFm') = wk, Uk = uF Vk =0k C_, - =c)
P(M' = m/'|Wk(5) = oF, WF(m' —wkUk—uka—vk,C =c
=P(W*(j) = a") ( L) ) mi =9 (112)

P(M' = m/|Wk(m/) = whk, Uk = uk, Vk =0k C, . = c)
In (T12), we used

P(M =m, fg(j) = m|M' =m/,W¥(j) = &%, WF(m') = w*, U* =%, VF = o* Cor j =€)

=P(M =m, fp(j) = m|M' =m/, WFm/) = w*, U* = u* Vk—v,me c)

=P(M =m, fg(j) =m),

which in turn follows from the fact that the binning is performed independent of the Ci, U* and V*. Let
N, Cr ) = (1) € Crpp 51 ', (a0 () € Ta(UiW)}.

Recall that if there are multiple indices [ in the codebook Ck such that (u w(1)) € E(U W;), then the encoder selects one
of them uniformly at random. Also, note that since M’ = m’ # 0, (u*, w ( ") € Te(U;W;). Thus, if (u*, %) € Tr(U;W;),
then

P(M' = m/|Wk(j) = @%, WE(m/) = w*, U* = ub VF = vk’,an,)j =¢)
P(M' = m/|Wk(m/) = wk, Uk = uk Vk = vﬁCﬂZ,’j =c)
_ 1 1
B [N(uk,cm,’j) +2| P(M =m|UF =uk, VE =0k C, =)
N(uk,C;,}j)+2

< N (113)
On the other hand, if (u*, %) ¢ Tp(U;W;), then
P(M' =m/'|WF(j) = wF, WF(m') = w*, Uk = uF VF =k Crrj =0
P(M' = m/|Wk(m/) = wk,UF = uk, VF =0k, C,, =)
1 1 u®,Cp ) +2
B [N(uk,c N+ 1| P(M =m|Uk =uk, VE =0k C, . =c) = Eu 7CT, ;+1§2. (114)
m’,j m’,j m’,j

Substituting (TT3) and (T14) in (TT0), we obtain (83). The proof of (97) is similar to that of (83)), and hence, omitted.
Thus, we have shown that for a fixed (w, R, Psx,0) € L(kq,T), the probability of type I and type II error probabilities
averaged over the ensemble of randomly generated codebooks and binning functions satisfy

P (H —1|H = 0) < e~ kKa=0m) (115)
and P (H —0|H = 1) < e h(RI(TRa)=Om) (116)

for all sufficiently large k. By the random coding argument followed by an expurgation step [30], there exists a deterministic
codebook Cj, and deterministic binning function f, such that (IT3) and (IT6) are satisfied. Maximizing over (w, R, Psx,0) €
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L(Kq,7) and noting that n > 0 is arbitrary completes the proof.

APPENDIX C
PROOF OF THEOREM

Fix ko > 0 and (Ps,w'(+, Ps), Pxjusw', Px/s) € Ln(ka). Let n > 0 be a small number, and choose a sequence s" €
7,,(5*) which is revealed to both the encoder and the detector, where S* satisfies D(S*||S) < 7. Let R := Co(Fa,w', Pg.).
Encoding:
The encoder performs type based quantization followed by channel coding similar to that in hybrid coding [33]]. The details
are as follows:
Quantization scheme: Let

DY (n) :={U € T, (U) : DU||U) < kg +1}. (117)

Consider some ordering on the types in DU( ) and denote the elements as Uy, Ug, ..., etc. For each joint type variable S*U;,
U; € DY(n), 1 < i < |DY(n)|, such that S 1 Ui, choose a joint type variable S*U;W/, W/ € T,,(W'), such that

D (W/|0, 51|10, 5|03, 87) < 4,

I(5*,U; W) < R + gv
where Py s = W' (P, Pg. ). Let
DIV () .= {S*UW] : 1 <i < DY (n)]},
and R, = I(S*,U;; W) + 1.1 <i < DY (n)]. (118)

3’
Let

1Dy ()]

C;l _ /n<j) ] e l1: Z e'nR; ,

i=1

denote a quantization codebook such that each codeword w'(j), j € M; = [L + Zm e Z;:l efin] 1 < i <
|DY (n)|, belongs to the set 7, (W/). For u™ € T,,(U;) such that U; € D,,(U) for some 1 < i < |D7[{( )|, let

W C) = {j € Mi: w™(j) €Cly and (5", u", w'™ () € To(STUWY), ST} € DIVW ()},

If | (u™,C))| > 1, let M'(u™, Cl) denote an index selected uniformly at random from the set u/(u", (), otherwise, set
M'(u™,C,,) = 0. Given C,, and u™ € U™, the quantizer outputs M’ = M’ (u",C}.), where the support of M’ is given by

IDY (n
E enR'

Note that for sufficiently large n, it follows similarly to (63) that
M| < en ),

If M’ = m’ # 0, the encoder transmits X™ over the channel, where X™ = 2™ is generated according to the distribution

[T Pxjusw (zilus, s, wi(m')). If M’ = 0, the encoder transmits X" = 2/" randomly according to [];"; Px/|s(2}|s;).
Decoding:

For a given codebook C;, and m’ € M'\{0}, let O,,,, denote the set of u™ such that M’ (u™,C},) = m/'. For each m’ € M'\{0}

and u™ € O, let

Bl (u") = {(v",y") € V" x Y": (s",u", wi o™ y") € j,f“+”(§*UWT’n,VY)},
where S*UW! ,VY is uniquely specified by S* L (U, V)
W, — (U8 =V, Y —(US" W.)-V, Py g = @' (Pur, Pg.), (119)
Pyygew: (lus,w) = Pypges (@lu,s,0')Pyix(ylz), ¥ (y,u,5,0') € Y x U S x W' (120)
For m’ € M'\{0}, we define
B, ={@"y"): (v",y") € By (u™) for some u™ € Oy }.
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Define the acceptance region for Hj at the detector as

A= U s"xm/ xB,,,
m’eM’\0
or equivalently as
AZ = U s" x Om’ X B;n’
m/ e M’'\0

Given Y™ =y" and V" =", if (s",v",y") € {s"} x U, e pa\ (0} Byr» then set M' = m/, where
m' = argmin H,(w™(j)[v",y", s™).
JEM\O

Otherwise, set M =0.1f M = 0, H = 1 is declared. Otherwise, H =0or H=1is declared depending on whether
(s™,m/ ;0" y™) € A, or (s™,m/ v, y™) ¢ A, respectively.
Analysis of the type I and type II error probabilities:
Similar to Theorem [ we will analyze the average type I and type II error probabilities over an ensemble of randomly generated
quantization codebooks. Then, the standard random coding argument followed by the expurgation technique in [30] guarantees
the existence of a deterministic quantization codebook that achieves the lower bound given in Theorem [5] Let each codeword

w™ (), j € M}, 1< i< |DV(n)], be selected (with replacement) independently and uniformly at random from the set 7, (1)
(see quantization scheme above). We proceed to analyze the type I and type II error probabilities averaged over these random
codebooks. Note that a type I error can occur only under the following events:

() Epp = U U Ezgp(u™), where
UeD! (SU) uneT,(U)

& ny pwr)ec, jel: M), st (s*u™, W(5)) € T (S UW)), Py, = Porun,
pe(u") = S UW! e DSUW’(U) '

Gi) M’ = M.
(iii) M’ # 0 and M’ # M'.
(iv) M’ =0 and M’ # M'.
Similar to (73), we have since R} satisfies (I18), that

nQ(n)

P(Epp) <e © . (121)
Next, consider event (i7). Due to (I2I), we can write
IP(H': 1|M':M’,H:O) < e +P(H: N = M, £, H 70). (122)
The second term in (122)) can be bounded as
P(ﬁ: YN = M, €8, H _0) =P((s", M, V", Y") ¢ A, |, H = 0) (123)
=1-P((s", U™, V", Y") € A’ |E5E, H=0) (124)
We have similar to [4, Equation 4.17] that for u™ € O,/ that
P((V™,Y") € B, (u)|U" = u", Egp) =P((V",Y") € B (u")|U™ = ™, W (m') = wy, Egp) (125)
> 1 — e (ratF=D(Punl[Pv)) (126)

Then, using (TT7) and (126), it follows similarly to [4, Equation 4.22] that

P((s", U™, V™", Y™) € A2|EfR) > 1 — e ™o, (127)
Substituting (127) in (124), it follows that
P (A = 1IN = M, Efgp, H = 0) < ™" (128)

The probability of event (iii) can be upper bounded as follows:
P (M’ 40,0+ M'|H = 0)
<P (M’ £0, M # M, (s", M, V", Y") € A, |H = 0) 4P (M' £0,M # M, (s, M, V", Y") & A, |H = o)
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<P (M 0,00 # M, (s, M', V", Y") € Ag|H = 0) + """ 4 7o (129)
<P (M £ M'|\M' #0,(s", M, V" Y") € Ap, H = 0) teme" " 4 gmnra
< e—n(p'(f@a,w',P&Px\usw/)—C,’,(Hmw/,Pg*)—0(77)) + e 4 e MHa (130)

where (129) follows similar to (79) using (12 and (127), and (T30) follows similar to (89) by noting that (s™, M, V", Y") €
A,, implies that M’ # 0. Also, from (I21I) and the definition of DY (1), we can bound the probability of event (iv) as

]P’(M’:O,M’;éMﬂH:O) <P(M' =0|H =0) < e~ "o, (131)
From (T21)), (128), (T30) and (T31), it follows that the type I error probability satisfies e~*(*«=O(m) "asymptotically.

Next, we analyze the type Il error probability of the above scheme averaged over the random codebooks. For a given
codebook Cy,, let U,V,W,Y and W, denote the type variable for the realizations of U™, V™ W'*(M') (M’ # 0), Y™ and
W'™(M') (M’ # 0), respectively. Let

DYV ()
_ { SVWY . J (8", ut, o, w,y") € . H,\{O}j,fﬁ"(S*UVW,’n,Y), S*UVW]! Y satisfies (TT9) } |
and (120), and Pgnynyrwnyn = Popimiy
A type II error can occur only under the following events:
(a)
o { B = MY £ 0,(7, U7, VP W (M), V™) € T(SUVWY) st OW e D3VW () } |
¢ and S*VWY € DIVWY ()
(b)
M’ #0,M' # M, (s", U™, V* W™(M'), Y™ W"™(M')) € T,(S*UVWYW,) s..
& = S*UW e DSUW' (), S*VW,Y € DSVW'Y (), and H, (W’"(M’)|s", V”,Y")

S He (Wln(Ml)‘8n7 Vn’ Yn)

() & :={M' =0,M # M (s", V", Y W™(M")) € Tn(S*VYWy) s.t. S*VIWV,Y € DSVWV'Y ()},
Let

L () ={SUVWY € To(SxUxVx W xY): 8*UW € D3VW (1)), S VWY € DSVW'Y (i)},

1,n
Then, we can write
P(&,|H =1)

< Z Z Z P (Un _ un"?n _ ’Un,M/ _ m/’ W/n(m/) _ w/n7)7n _ yn|Sn _ sn)
SA'*UVW? (u'L /UVL w/'L yTL) m/eM/\{O}
6.7:{’”(77) (s™u™ v W™ y™)
T (S TVWY)

oS S S T SR

VWY (u"twym): mieMI\{0}
Fin(m) (s™u™ I "™yt

ETL(S*UVWY)
P (W/n(m/) — w/n|Un — un,Vn — Un,M/ _ m',S” — Sn)
P (}_/n — yn|Un — un’Vn — ,Un M/ — ml Wln(m/) — wln Sn — Sn)
< Z Z Z efn(H(Uf/)jLD(Uf/HUV)) P (M’ —m |Un — ", V" =", S" = n) (132)
S OVWY (u™0™w'™y™): m’e
Ef{,n("?) (s” u™ vn w/n n) M \{0}

€Tn(5* UVWY)

1 —n(H(?|U$*VT/)+D(?\US**V’VHY\USW’

08 W))
(HWI50)—n) ©



(]

S* UIVWY
EF o (1)

< eani,n

f— )

where

nH( W?|S*)e—n(H(0\7)+D(0\7||Ux7))

—~ H(UVWY|S*) -

min

e

DOVWY|[UVW'Y|S) —

UVWY SET{ (Ko ,w' »Ps,Px\usw’)

In (T32), we used the fact that

H(UV)+ DUV||UV) + HW|S*U)

1

O(n)

n(H(W|8*U)—n) €

o+ H(V|OS

*HUHV\IW’IIJJI log(n +1)

7n(H(Y|US*W)+D(}7|US‘*VT/\|Y|USW’

= E(ka,w’) = O(n).

L ifwm e T,(W),

P (W/n(ml) = wln|Un = u", Vn = ’Un, S = Sn,M/ = ml) < {e"(H(Wls*U)")

which in turn follows from the fact that given M’ = m/ and U" = u"
u™)) and that for sufficiently large n,

|Tn (P W|§ g (8" u")) > e

Tn (P 5> (8™

Next, we analyze the probability of the event &;. Let

é,n(’r]) =

Then,
P(€)|H = 1)

< D

S*OVWY W,

>

’
(un7vn’w n

Z ]P’(U”zu",V" =v", M =m' , Wm™(m'
734"715")1 m'eM'\{0}

€Fp () (s "Wy w")

< ¥

S*UVWY W,

ET,L(S UVWY W)

>

Z P (W' (1

m'eM’\{0,m'}

n ,n m o, n n) mleM/\{o}

(u™, o™ W™ y"

€F5n (1) (8"7U"’vkw "o

S*OVWY W,

ETH(S*TVWYW,)

D

(u™ 0™ w' ™, y™):

m

€Fn(m)  (s™u ™ w'™y")

< ¥

S*OVWY W,

ETH(S*TVWY)

1

- ( Y|US*W )+D(Y|Us WY |USW

en(H(VV|S‘*U)7n)

§ 0T € DSUW (). &+
and H (Wd|S*VY) <

) — —n|Un — un’M/ — m’,W’"(m’

0, otherwise,

n(H(VV\S‘*U)fn).

Vv
H (mg*m?)

fosw)
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OSW))

(133)

W)+ D (Y\US*W||Y|USW’|US*W)

, W'™(m/) is uniformly distributed in the set
WaY € D3V () }

) — w/nyf/n — yn|Sn — Sn)

) — w/n7Sn — Sn)

Z le—n( (UV)+D(UV||TV)) P (M’ _ m/‘Un — ", V" =", S" = sn)

Z P(W™(m) =w"|U" =u™, M =m/,W"(m') =w™, 5" = s")]

m'eM\{0,m}

Z [e_n(H(ﬁf/)JrD(

m'eM'\{0}

1 7n(H(Y|U§*W)+D(Y\US’*VVHY\USW/

en(H(VV|$’*ﬁ)—n)

D

(un Un w/n yn)

€F5 () (s u" " w'™y")

€T, (S UVWY)

[e—n(H(UV)JrD(UmUV))

U

VIIoV)) HD(M/ =/ |U" = u™, V" =", S" = Sn)

1

en(H(W|§*U)

) €

08" w)) Z

m e M\{0,m’} e"

—n (H(?\US‘*VT/)+D(Y\U$‘*W||Y\USW’

2 nH(W4|S*VY)
n(H(Wa)—n)

Usw))
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QenH(Wd|S*\"/?)

RUCACIERFNER) _
en(H(Wd)fn)

<e ", (134)
where
B, = min H(OV) + DOV||TV) + HW|S*U) — 2y + HY|US W) + D (?\US*WHYWSW’\US*W)
T GOV WaeFs, ()
e n e log2 |S 2|YI1 1
+ I(Wy; §*VY) — HOVWY|S*) = ¢, (Ko, Py ) — —2 _ [SIVIDVFIVfog(n + 1)
n n
log 2
> min DOVWY[TVW'YS) + I(Wa; STVY) = (50, Py ) — —
S*UVWYWq€eF}) . (n) n
_SIU|VIVP Y] log(n + 1)
n
(n) e
> __min DUVWY[[UVW'YS) 4 p'(ka,w', Ps, Pxjusw’) — Cy(Ka, W', Ps) — O(n)

7-2/('€a7w/7P57PX|USW’)
= Fy(ka,w', Ps, Pxjusw’) — O(n).
Similar to (I03), we can write
PENH=1)= Y P(U"=u"Epp&lS"=s"H=1)+ Y P(U"=u"E[S"=5"H=1). (135

um €T, (0): u" €T, (0):
UeD,; (n) U¢D;) (n)

The first term in (I33) decays double exponentially as e=¢""". The second term in (I33) can be simplified as follows:
Y PO =ut S =" H=1)

u"ETn(ﬁ):

U¢Dy ()

< Z Z Z PU"=u",V"=0v"M' =0,Y" =y"|S" =s", H=1)
W eTa (D) (o™ g™ am): meM\{0}

T¢DY (n) (0" y"™ 0" ETL(S VY Wa)

S VW v eDSVYW'Y ()

> P(WHG) =ut)
m/ e M/\{0}
< Z Z P(Unzunyvn:Un,M/:O,Yn:yn|Sn:S"’H:1)

u" €T (0): ('L)"}y",w"): o
UgDY (n) (s"0"y™0™)ETH(S* VY Wa)

S VW v eDSVW'Y (i)

1

v NN {0} ek(H(Wd)*n)

< Z Z PU"=u",V"'=v")P(Y" =y |U" =u", V" =0v",M' =0,5" =s",H=1)
u" €T, (0): ("y™):
U¢DY (n) (s"w"y")ETR(S"VY)
S VWY eDSYW'Y ()
€7LH(VVd\S'*‘7§7)en(R/+71)

eﬂ(H(Wd)*n)

S) enH(Wa|5*VY) on(R' +n)

< Z e"H(Uf/mS*)e—n(H(UV?|S*)+D(UV?HUVY
- en(H(Wd)—n)

TS VWY
/
€D (n)°xDVW Y (n)

< e nBan (136)
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where,
Ui IS
E, =  min D(UVYHUVY]S*)+I(Wd;S*,V,Y)—R’—O(n)—Mleg(n—H)
’ US*VWay n
eDY (n)*xDEVW'Y ()
(n) o
> min_ D(VYVYIS) + ke, Ps, Pxjpsw) = Gyha s Ps) — O()
VYS:UVWYS €

z’h(ﬁavw/7P57PX\USW’)

= FE3(ka,w', Ps, Pxjusw’, Px|s) — O(n).

Since the exponent of the type II error probability is lower bounded by the minimum of the exponent of the type II error
causing events, it follows from (T33), (I34) and (I36) that for a fixed (Ps,w’(:, Ps), Pxjuvsw, Px/s) € Ln(ka),

K(Tv "{a) > min (Ei(ﬁaaw/)v Eé(ﬁowwlv PS7 PX|USW’)7 Eé("iavwl7 P57 PX\USW’? PX’\S)) - 0(77)

Maximizing over (Ps,w’(o7 Ps), Pxjuswr, PX/‘S) € L1 (ko) and noting that n > 0 is arbitrary completes the proof.

[1]
[2]
[3]

[4]

[5]

[6]

[7]

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
(27
[28]
[29]
[30]
[31]
[32]

(33]

REFERENCES

R. Ahlswede and I. Csiszdr, “Hypothesis testing with communication constraints,” /EEE Trans. Inf. Theory, vol. 32, no. 4, pp. 533-542, Jul. 1986.

T. S. Han, “Hypothesis testing with multiterminal data compression,” IEEE Trans. Inf. Theory, vol. 33, no. 6, pp. 759-772, Nov. 1987.

H. M. H. Shalaby and A. Papamarcou, “Multiterminal detection with zero-rate data compression,” IEEE Trans. Inf. Theory, vol. 38, no. 2, pp. 254-267,
Mar. 1992.

T. S. Han and K. Kobayashi, “Exponential-type error probabilities for multiterminal hypothesis testing,” IEEE Trans. Inf. Theory, vol. 35, no. 1, pp.
2-14, Jan. 1989.

J. Neyman and E. Pearson, “On the problem of the most efficient tests of statistical hypotheses,” Philos. Trans. of the Royal Society of London, vol.
231, pp. 289-337, Feb. 1933.

H. Chernoff, “A measure of asymptotic efficiency for tests of a hypothesis based on a sum of observations,” Ann. Math. Statist., vol. 23, no. 4, pp.
493-507, 1952.

W. Hoeffding, “Asymptotically optimal tests for multinominal distributions,” Ann. Math. Stat., vol. 36, no. 2, pp. 369-400, 1965.

R. E. Blahut, “Hypothesis testing and information theory,” IEEE Trans. Inf. Theory, vol. 20, no. 4, pp. 405-417, Jul. 1974.

H. Shimokawa, T. S. Han, and S. Amari, “Error bound of hypothesis testing with data compression,” in Proc. IEEE Int. Symp. Inf. Theory, Trondheim,
Norway, 1994.

M. S. Rahman and A. B. Wagner, “On the optimality of binning for distributed hypothesis testing,” IEEE Trans. Inf. Theory, vol. 58, no. 10, pp.
6282-6303, Oct. 2012.

W. Zhao and L. Lai, “Distributed testing against independence with multiple terminals,” in 52nd Annual Allerton Conference on Communication, Control
and Computing, Monticello (IL), USA, Oct. 2014.

M. Wigger and R. Timo, “Testing against independence with multiple decision centers,” in Int. Conf. on Signal Processing and Communication, Bengaluru,
India, Jun. 2016.

S. Salehkalaibar, M. Wigger, and L. Wang, “Hypothesis testing in multi-hop networks,” arXiv:1708.05198.

M. Mhanna and P. Piantanida, “On secure distributed hypothesis testing,” in Proc. IEEE Int. Symp. Inf. Theory, Hong Kong, China, Jun. 2015.

S. Sreekumar and D. Guindiz, “Testing against conditional independence under security constraints,” in Proc. IEEE Int. Symp. Inf. Theory, Vail, USA,
Jun. 2018.

S. Sreekumar, A. Cohen, and D. Giindiiz, “Distributed hypothesis testing with a privacy constraint,” arXiv:1807.02764.

A. Gilani, S. B. Amor, S. Salehkalaibar, and V. Y. F. Tan, “Distributed hypothesis testing with privacy constraints,” arXiv:1806.02015.

G. Katz, P. Piantanida, and M. Debbah, “Distributed binary detection with lossy data compression,” IEEE Trans. Inf. Theory, vol. 63, no. 8, pp. 5207-5227,
Mar. 2017.

N. Weinberger and Y. Kochman, “On the reliability function of distributed hypothesis testing under optimal detection,” IEEE Trans. Inf. Theory, vol. 65,
no. 8, pp. 4940-4965, Apr. 2019.

S. Watanabe, “Neyman-Pearson test for zero-rate multiterminal hypothesis testing,” IEEE Trans. Inf. Theory, vol. 64, no. 7, pp. 4923-4939, Jul. 2018.
S. Sreekumar and D. Giindiiz, “Distributed hypothesis testing over noisy channels,” in Proc. IEEE Int. Symp. Inf. Theory, Aachen, Germany, Jun. 2017.
——, “Distributed hypothesis testing over discrete memoryless channels,” arXiv:1802.07665 [cs.IT].

S. Salehkalaibar and M. Wigger, “Distributed hypothesis testing based on unequal-error protection codes,” arXiv:1806.05533.

S. Sreekumar and D. Giindiiz, “Hypothesis testing over a noisy channel,” in Proc. IEEE Int. Symp. Inf. Theory, Paris, France, 2019.

S. Borade, B. Nakiboglu, and L. Zheng, “Unequal error protection: An information-theoretic perspective,” IEEE Trans. Inf. Theory, vol. 55, no. 12, pp.
5511-5539, Dec 2009.

N. Weinberger, Y. Kochman, and M. Wigger, “Exponent trade-off for hypothesis testing over noisy channels,” in Proc. IEEE Int. Symp. Inf. Theory,
Paris, France, 2019.

I. Csiszér, “On the error exponent of source-channel transmission with a distortion threshold,” IEEE Trans. Inf. Theory, vol. 28, no. 6, pp. 823-828,
Nov. 1982.

I. Csiszar and J. Korner, Information Theory: Coding Theorems for Discrete Memoryless Systems. Cambridge University Press, 2011.

Y. Polyanskiy and Y. Wu, Lecture Notes on Information Theory. http://people.lids.mit.edu/yp/homepage/data/itlectures_v5.pdf [Available Online], 2017.
R. Gallager, “A simple derivation of the coding theorem and some applications,” IEEE Trans. Inf. Theory, vol. 11, no. 1, pp. 3-18, Jan. 1965.

1. Csiszar, “Joint source-channel error exponent,” Prob. of Control and Inf. Theory, vol. 9, no. 5, pp. 315-328, Oct. 1980.

T. Cover, A. E. Gamal, and M. Salehi, “Multiple access channels with arbitrarily correlated sources,” IEEE Trans. Inf. Theory, vol. 26, no. 6, pp.
648-657, Nov. 1980.

P. Minero, S. H. Lim, and Y. H. Kim, “A unified approach to hybrid coding,” IEEE Trans. Inf. Theory, vol. 61, no. 4, pp. 1509-1523, Apr. 2015.



	I Introduction
	I-A Notations
	I-B Problem formulation

	II HT: Error exponents trade-off
	III Distributed HT: Error-exponents trade-off
	III-A SHTCC scheme:
	III-B JHTCC scheme

	IV Conclusion
	Appendix A: Proof of Proposition ??
	Appendix B: Proof of Theorem ??
	Appendix C: Proof of Theorem ??
	References

