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Abstract—We study linear encoding for a pair of correlated
Gaussian sources transmitted over a two-user Gaussian broadcast
channel in the presence of unit-delay noiseless feedback, abbre-
viated as the GBCF. Each pair of source samples is transmitted
using a linear transmission scheme in a finite number of channel
uses. We investigate three linear transmission schemes: A scheme
based on the Ozarow-Leung (OL) code, a scheme based on
the linear quadratic Gaussian (LQG) code of Ardestanizadeh
et al., and a novel scheme derived in this work using a dynamic
programming (DP) approach. For the OL and LQG schemes
we present lower and upper bounds on the minimal number of
channel uses needed to achieve a target mean-square error (MSE)
pair. For the LQG scheme in the symmetric setting, we identify
the optimal scaling of the sources, which results in a significant
improvement of its finite horizon performance, and, in addition,
characterize the (exact) minimal number of channel uses required
to achieve a target MSE. Finally, for the symmetric setting, we
show that for any fixed and finite number of channel uses, the
DP scheme achieves an MSE lower than the MSE achieved by
either the LQG or the OL schemes.

I. INTRODUCTION

We study the transmission of a pair of correlated Gaussian
sources over a two-user memoryless Gaussian broadcast chan-
nel (GBC) with correlated noise components at the receivers,
in which the transmitter has access to noiseless causal feed-
back (FB) from both receivers. We abbreviate this channel
as the GBCF. Motivated by practical broadcast scenarios with
strict power, delay and complexity constraints, e.g., live multi-
media broadcast [3], transmission of critical system parameters
in a smart grid [4], or body-area sensor networks [5], we focus
on uncoded linear transmission schemes, namely, schemes that
do not encode over blocks of source symbol pairs.!
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IThis is motivated by the work [6] which showed that for a zero-delay
source coding problem with memoryless sources, joint encoding of all the
source symbols does not provide any gain.

Previous studies on GBCFs focused on the channel coding
problem which assumes independent and uniformly distributed
messages and characterized performance for the infinite hori-
zon regime, i.e., the number of channel uses is unbounded. In
the present work we study lossy joint source-channel coding
(JSCC) for GBCFs focusing on the finite horizon regime: The
sources are assumed to be correlated, and each source is to
be reconstructed at its corresponding receiver within a target
non-zero mean-square error (MSE) distortion. Our objective is
to characterize the minimal number of channel uses required
to achieve a target MSE pair.

We focus on linear and memoryless transmission schemes
[7, Sec. III], i.e., the transmitted signal at any time index
is restricted to be a linear combination of the encoder state
at the same time index, while the encoder state is a linear
combination of the state at the previous time index and the
channel outputs from the previous transmission. In particular,
we consider the following three transmission schemes: 1)
A JSCC scheme based on the Ozarow-Leung (OL) channel
coding scheme developed in [8], to which we refer as the
JSCC-OL scheme; 2) A JSCC scheme based on the linear
quadratic Gaussian (LQG) channel code derived in [9], to
which we refer as the JSCC-LQG scheme; and 3) A novel
JSCC transmission scheme, which is derived in this work,
whose parameters are obtained using dynamic programming
(DP) [10], to which we refer as the JSCC-DP scheme. While
the JSCC-OL and the JSCC-DP schemes are time-varying
and are designed based on signal processing arguments, the
JSCC-LQG scheme is time-invariant and is based on a control
theoretic approach. As we show in the sequel, these differences
lead to different performances in the finite horizon regime.

A. Prior Work

While FB does not increase the capacity of memoryless
point-to-point (PtP) channels [11], it was shown in [12] that
for Gaussian PtP channels FB can reduce the complexity
and delay required for achieving a target error probability. In
fact, the scheme presented in [12] (referred herein as the SK
scheme) achieves a doubly exponential decay in the probability
of error with the number of transmitted symbols, whereas
only a single exponential decay can be achieved without feed-
back. In the SK scheme, the receiver applies minimum MSE
(MMSE) estimation to iteratively estimate the transmitted
source (or message). Using the FB, the transmitter can track
the estimation error at the receiver, and transmit it at the next



channel symbol. Thus, at each channel use, only the “missing
information” is transmitted. The work [13] generalized this
idea and presented the posterior matching principle for optimal
transmission over memoryless PtP channels with FB: At each
channel symbol the transmitter should send only information
that is independent of the past transmitted symbols, and is
relevant for the reconstruction of the transmitted message.

Differently from the situation for PtP channels, in multiuser
channels FB may enlarge the capacity region. This was first
demonstrated in [14] which showed that FB enlarges the
capacity region of the memoryless multiple-access channel
(MAC). Motivated by the optimality of the SK scheme for
PtP Gaussian channels, the works [15] and [8] extended it
to the two-user Gaussian MAC with FB (GMACF) and to
the two-user GBCF, respectively. While for the GMACEF this
approach achieves the capacity region, for the GBCF this
extension is generally suboptimal even though it achieves
reliable communications at rate pairs which are outside the
capacity region of the non-degraded GBC.? The OL scheme
of [8] and the scheme of [15] were later extended to GBCFs
and GMACFs with more than two users as well as to Gaussian
interference channels with FB (GICFs) in [7]. Recently, in
[17], we extended the OL scheme by using estimators with
memory at the receivers instead of the memoryless estimators
used in the original OL scheme of [8]. We note that the ex-
tended decoder does not always improve upon the memoryless
decoder of [8], in fact, in some situations it may perform worse
than the memoryless decoder of [8]. Finally, the work [18]
used the scheme of [15] and the OL scheme of [8] to stabilize
(in the mean square sense) two linear, discrete-time, scalar
and time-invariant systems in closed-loop, via control over
GMACFs and GBCFs, respectively. This approach was also
used for stabilization over interference channels in [19].

An alternative approach to SK-type schemes is based on
control theory. For Gaussian PtP channels [20] showed that
solving an optimal LQG control problem leads to a capacity
achieving FB transmission scheme, and presented control-
oriented FB transmission schemes also for GBCFs, GMACFs
and GICFs. In particular, for the two-user GBCF with inde-
pendent noise components at the receivers, [20] presented a
class of coding schemes which achieve rate pairs outside the
achievable rate region of the OL scheme. Later, [9] used the
LQG control framework to develop a FB coding scheme for
the GBCEF, referred herein as the LQG scheme, which does not
require the noise components to be independent. It was also
shown in [9] that when the noise components are independent
and have the same variance, then the LQG scheme achieves
rates higher than those achieved by the OL scheme and the
scheme of [7] (for the case of more than two users). In fact,
recently, [21] showed that for this scenario the LQG scheme
achieves the maximal sum-rate among all possible linear-
feedback schemes. GBCFs and GICFs were also studied in
[22] which presented a (non-linear with memory) transmis-
sion scheme whose sum-rate approaches the corresponding

2We note that feedback does not enlarge the capacity region of degraded
GBCFs [16].

full-cooperation bound,® as the signal-to-noise ratio (SNR)
increases to infinity. Lastly, the recent work [23] showed that
the capacity region of the GBCF with independent noises and
only a common message cannot be achieved by linear feedback
schemes such as the OL or LQG schemes.

While all the works on GBCFs reviewed above focus on
the achievable rates, namely, bits per channel use that can
be transmitted reliably as the number of channel uses goes to
infinity, in the present work we study a JSCC problem. JSCC
in multiuser networks with FB has been considered in several
previous works. The work [24] presented sufficient conditions
for lossy transmission of discrete memoryless (DM) correlated
sources over a DM-MAC with FB which builds upon the
hybrid coding scheme of [25]. Lossy transmission of correlated
Gaussian sources over a two-user GMACF was studied in [26],
in which sufficient conditions and necessary conditions for
the achievability of an MSE pair were derived. In [26] it was
also shown that for the symmetric setting, if the channel SNR
is below a certain threshold, then an uncoded transmission
scheme is optimal. While the works [24]-[26] focused on
the scenario in which the source and channel bandwidths are
matched, the work [27] considered scenarios in which these
bandwidths are mismatched, and studied the transmission of
correlated Gaussian sources over a two-user GMACEF. For the
symmetric setting, [27] presented upper and lower bounds on
the energy-distortion tradeoff, i.e., the minimum transmission
energy required to communicate a pair of sources over a noisy
channel, such that the sources can be reconstructed within
a specified target distortion. In [28] we study the energy-
distortion tradeoff for the symmetric two-user GBCF. Here we
remark that all the aforementioned works consider the infinite
horizon regime.

Finally, we note that several works considered the GBC
with noisy causal FB, see [29]-[32] and references therein.
Particularly relevant to the context of the current work are
the works [31] and [32] which studied channel coding for PtP
Gaussian channels with noisy FB and for GBCs with noisy FB
links, respectively. The transmission schemes studied in these
works are based on the SK and OL schemes, respectively,
while the noise in the feedback links was handled using a
modulo-lattice precoding in both the direct and feedback links.
Furthermore, [31] and [32] show that while adding noise to
the feedback links results in performance degradation [31,
Sec. V.D], many of the benefits of noiseless feedback can be
carried over to the more practical setup of noisy feedback.
This strengthens the motivation for the study presented in the
following sections.

B. Main Contributions

In this work we study the transmission of a pair of correlated
Gaussian sources over the two-user GBCF in the finite horizon
regime, where each source is to be reconstructed at its corre-
sponding receiver within a target MSE distortion. Our aim is
to characterize the minimal number of channel uses required

3In the full-cooperation bound each receiver knows the other receiver’s
channel output, see [22, Eqn. (1)].



to achieve the target MSE distortion pair. In the following we
highlight our main contributions:

1) We adapt the OL scheme of [8] to the transmission
of correlated Gaussian sources over GBCFs. This new
JSCC scheme is referred to in the following as JSCC-OL.
We first demonstrate that the initialization, which takes
advantage of the correlation between the sources, is su-
perior to the initialization suggested in [8]. Then, for the
proposed JSCC-OL scheme we derive upper and lower
bounds on the minimal number of channel uses needed to
achieve a target pair of MSEs. We show that, in contrast
to the infinite horizon regime, in the finite horizon regime
there are many cases in which JSCC-OL outperforms
JSCC-LQG. Lastly, we consider the symmetric setting,
in which the sources have equal variances, the noise
variances at the receivers are equal, and the target MSEs
are equal. We show that for this setting in the low SNR
regime, when the sources are independent, and the noises
are independent, then JSCC-OL achieves approximately
the same source-channel bandwidth ratio as the best
known separation-based scheme which applies source and
channel coding with asymptotically large blocklengths.*
Since JSCC-OL applies linear encoding and decoding,
this demonstrates the efficiency and attractiveness of the
JSCC-OL scheme, even in the infinite horizon regime.

2) We adapt the LQG scheme of [9] to the transmission
of correlated Gaussian sources over GBCFs in the finite
horizon regime. This new JSCC scheme is referred to
in the following as JSCC-LQG. As the original LQG
scheme is optimized for the infinite horizon regime, it
sometimes performs poorly when the horizon is finite.
For this reason, our first contribution in the context of
JSCC-LQG is the derivation of a new decoder based
on the MMSE criterion, which outperforms the LQG
decoder presented in [9] in the finite horizon regime,
while achieving the same performance in the infinite
horizon regime. For the general setting we derive lower
and upper bounds on the minimal number of channel uses
needed to achieve a target pair of MSEs with the JSCC-
LQG scheme. For the symmetric setting, we show that,
by properly scaling the transmitted sources, it is possible
to achieve a the target MSE pair with significantly fewer
channel transmissions than with the original initialization
of [9]. We show that the proposed scaling technique’:
1) Optimally exploits the available transmission power,
subject to a per-symbol average power constraint, 2) Min-
imizes the distance between the covariance matrices of
the JSCC-LQG initial state and the covariance matrix of
its steady-state (subject to the per-symbol average power
constraint), and 3) Achieves the same MSE exponents® as
in [9]. Thus, our proposed JSCC-LQG scheme is a linear

4Note that for the considered setting, when the sources are independent,
then separate source-channel coding is optimal.

SNote that finding this scaling factor requires a substantial technical effort
as we must characterize the exact instantaneous transmission power of the
LQG scheme. This is explained in detail in Subsection IV-E1.

SMSE exponents corresponds to the slope of decay of the logarithm of the
MSE for sufficiently large number of channel uses.

time-invariant transmission scheme with very good finite
horizon performance and with the best known infinite
horizon performance. Finally, for the symmetric setting,
we explicitly characterize the minimal number of channel
uses required to achieve a target MSE pair via the roots
of a second order polynomial, thus, providing a complete
performance characterization of the JSCC-LQG in the
finite horizon regime for the symmetric setting.

3) We present a new linear and memoryless transmission
scheme based on DP, called JSCC-DP. For a finite number
of channel uses, we show that the JSCC-DP scheme
achieves lower MSE values than those achieved by the
JSCC-LQG and the JSCC-OL schemes. Since finding
the coefficients of this scheme becomes computationally
infeasible as the number of channel uses becomes large,
we also propose an approximate low-complexity version
of the JSCC-DP scheme. Simulation results indicate that
for moderate to high SNRs this approximate version has
a negligible or no performance loss compared to the exact
JSCC-DP scheme.

The rest of this paper is organized as follows: The problem
formulation is introduced in Section II. We introduce the
JSCC-OL and JSCC-LQG schemes in Sections III and IV,
respectively. The JSCC-DP scheme is introduced in Section V,
and a comparison of the three schemes along with numerical
examples are presented in Section VI. Finally, concluding
remarks are presented in Section VIL

II. PROBLEM DEFINITION
A. Notation

We use capital letters to denote random variables (RVs),
e.g., X, and boldface letters to denote random column vectors,
e.g., X; the £’th element of a vector X is denoted by X}, and
we use X7 where k < j, to denote (Xj, Xit1,..., Xj-1, X;).
We use sans-serif font to denote deterministic vectors and
matrices: boldface letters denote vectors, e.g., B, while regular
letters denote matrices, e.g., M. [M]m,n denotes the entry at
the m’th row and n’th column of a matrix M, and det(M)
denotes the determinant of a square matrix M. | denotes the
identity matrix. We use E{-}, ()7, log(-) and 2R to denote
expectation, transpose, natural basis logarithm, and the set
of real numbers, respectively. We use A (u, Q) to denote the
multivariate normal distribution with mean p and covariance
matrix Q. Finally, we define [z]* = max{z, 0}, sgn(z) as the
sign of x, where sgn(0) £ 1, and denote the ceiling function
of z by [z].

B. System Model

The two-user GBCF is depicted in Fig. 1. All the signals are
real. The encoder observes a realization of a pair of correlated
and jointly Gaussian sources, denoted by S = [S7, S2]7, and
is required to send the source S;,7 = 1,2, to the i’th receiver,
denoted by Rx;. Let S ~ N(0,Q;), where the covariance
matrix, Qg, is given by:

2
o? psolaz}
b

2
Ps0102 (o5

a.-|



1 R
Y11} Y1,k! . 4
: : Receiver 1[—> 57 1.
]
. X
(Sl, Sg) —> Transmitter k
A

Y5 N
—»@% Receiver 2—> 85 1.

Fig. 1: Gaussian broadcast channel with correlated sources and feedback links.
S1,, and Sy j, are the reconstructions of Sy and Sa, respectively, after the
k’th channel use.

where
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lps| < 1.
0102

Each pair of source symbols is transmitted using K channel
uses, indexed by k = 1,2,..., K. The channel outputs at the
decoders are given by:

Yir =X +Zip, 1=1,2, (1

where X denotes the channel input at time k, the noise
components [Z1 k., Zo k)T ~ N(0,Q.), are independent and
identically distributed (i.i.d.) over k = 1,2,..., K, with
covariance matrix Q, given by:

2
Q . 0'371 pzo—z,laz,Z
z— 2
ngz,laz,Z Uz72 ’
where

 E{Z%5}

L= AR ) e
02,1022

Let B = [1, 1]T7Yk £ [Yl,ka}/&k]T and Zj = [Z17k,Z27k]T.
The signal model (1) can now be written in the following
vector form:

Y, =BX.+7Z,. 2)

At time £k = 1,2,..., K, Rx;, i = 1,2, uses its received
channel outputs, Y; 1,Y; 2,...,Y; &, to estimate S;:
Sirn=0ixYi1,Yio,...,Yix), gix:R" =N (3

and the encoder maps the observed pair of sources and the
received FB into a channel input via:

Xk:fk(517527Y17Y27"'7Yk71)a fk:m2k:_>m7 (4)

subject to a per-symbol average power constraint defined as:
E{X?} <P, Vk=12,... K. 5)

For a specific set of parameters (021,025, p., 0%, 03, ps), We
define a (D1, Dy, K) code to be a collection of K encoding
functions each satisfying (5), and two decoding functions such
that:

]E{(Sz — Si,K>2} <D;, 0<D;< 0’1«27 1 =1,2. (6)

For a given target MSE pair (D1, D), our objective is to
characterize the minimal number of channel uses K such that

a (D1,D9, K) code exists. In the sequel, we let Kscupme
denote the minimal number of channel uses required to achieve
a pair of MSE distortion values, (D1, Ds), by the scheme
“SCHEME”¢ {OL,LQG, DP}.

Remark 1. Note that in (5) we use a per-symbol average
power constraint, similarly to [33, Eq. (22)] and [34, Sec.
VII]. The per-symbol average power constraint is motivated
by practical system implementation: Due to the finite dynamic
range of power amplifiers [35, Ch. 9], the transmitter is not
able to allocate power arbitrarily across time slots. This is
particularly relevant for simple energy-limited sensor nodes
which may benefit the most from the low-complexity linear
encoding schemes proposed in this paper.

C. Linear and Memoryless JSCC for GBCFs

In this work we focus on the class of linear and memoryless
transmission schemes, see, e.g., [7, Sec. IlI]: In this class
of schemes, the transmitted signal at any time index, k, is
restricted to be a linear function of the encoder state at time k,
which, in turn, evolves as a linear combination of the encoder
state at time k£ — 1 and the channel outputs at time k£ — 1.
Letting Uy = [Uy x, Us2,x]T denote the encoder state vector
at time k (each state is associated with one Tx-Rx link), the
transmitted signal at time k, X, see (4), is generated as a
linear (possibly time-varying) combination of the elements
of Uy: Xy, = TIUy, where Ty = [t14,t2x]7 are the
combination weights. Furthermore, the encoder state vector
is recursively obtained by:

Ui,k:@i,k(Ui,kfhm,kfl)v 7::1727 k:172u"'7K7 (7)

where ¢; () is a linear mapping. In the following sections
we state the three studied schemes, JSCC-OL, JSCC-LQG, and
JSCC-DP, as instances of this class of transmission schemes.
Using this general definition, we can highlight the fundamental
differences between the schemes: In the JSCC-LQG scheme
T, and ¢;; do not depend on k and consequently the
JSCC-LQG scheme is time-invariant. On the other hand, in
the JSCC-OL and JSCC-DP schemes Tj, and ¢; ;, are time-
varying. In the JSCC-OL scheme ¢; j, are based on linear and
memoryless MMSE estimators of U, ; from Y 1, while in
the JSCC-DP scheme ¢; j, are computed recursively via DP.
Clearly, while structure makes implementation and analysis
easier, it may result in an inferior performance. Indeed, we
show in Subsection VI-B that, even though the JSCC-LQG
scheme achieves the best known MSE exponent, the JSCC-
OL scheme can outperform the JSCC-LQG scheme in the
finite horizon regime. This is because the time-varying nature
of JSCC-OL allows for better exploiting the available power
and the correlation between the sources. As the JSCC-DP
scheme computes Ty and ¢;  recursively using the statistics
of the signals, it can also adaptively change the transmission
coefficients similarly to the JSCC-OL scheme. However, as
these weights are obtained recursively, JSCC-DP achieves the
smallest MSE at any a-priori specified number of channel uses.
Next, we recall some results and definitions from [8], and
provide a finite horizon analysis of the JSCC-OL scheme.
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III. JSCC viA THE OL SCHEME
A. The OL Scheme for JSCC

In the JSCC-OL scheme, the transmitter generates the
channel symbol to be transmitted at time k based on the
previous channel outputs, available through the FB links.
The transmitter first calculates the source estimates at the
receivers, and obtains the estimation errors at each receiver.
The transmitter then sends a linear combination of these
estimation errors. Thus, at each time k, each receiver obtains
its estimation error corrupted by a correlated noise term,
consisting of the other receiver’s estimation error and the
additive channel noise. Each receiver then updates its estimate
accordingly, thereby, decreasing the variance of its estimation
error. The scheme is terminated after K1 channel uses, where
Ko is chosen such that the target MSE for each source is
achieved at the corresponding receiver.

Setup: Let S’,k be the estimate of \S; at Rx; after the recep-
tion of the k’th channel output, Y; ;. Letting €; j = 5’1 E—S;
be the estimation error after k transmissions, and defining
€ik— 1fSZ k-1 Sl %> We can write €; = €; p—1—€; k—1. Lastly,

define ov; 1, = E{e k} as the MSE at RXZ after k transmissions,
L E{er ke, k}

n
a d Pk VAL EQ2 K
estimation errors.

as the correlation coefficient between the

Encoding: Set Si,o = 0, which yields €;0 = —S;, 50 =
E{€e,} = o7, and pg = p. Next, for a given P, let g > 0 be
a constant which controls the tradeoff between the information
rate to Rx; and Rxs, and define ¥y £ H’Q%;g‘l)kl' At the

k’th iteration, 1 < k£ < K, the transmitter sends

€1,k—1 €2,k—1
VOrk—1 /021

and the corresponding channel outputs are given in (1).

Xp=Wp_1- ( g Sgn(pk1)> , (8)

Remark 2. It follows from (8) that the average per-symbol
transmission power of the JSCC-OL scheme is constant.
Therefore, JSCC-OL inherently satisfies the average per-
symbol power constraint in (5).

Decoding: After the k’th channel use, the pstimator that
minimizes the instantaneous MSE, E{(S; — S, )%}, is the
conditional expectation [36, Eqn. (11.10)], i.e.,

) Y;,k]T} .

However, as successive channel outputs are not independent,
the performance analysis of this estimator is highly compli-
cated. For this reason, a simpler and suboptimal approach is
considered in [8], in which Rx; estimates ¢; ;1 based only
on Y;

Sin=E {SillYi1,Yiz, ...

€))

Then, similarly to [37, Eq. (7)], the estimate of S; is given

by:
Z €im—1-

Remark 3. In [15] it is shown that for the 2-user GMACF
this approach is optimal in the MMSE sense. This follows as
in the MAC setup both sources are estimated from the same
channel output, thus, the estimation errors are orthogonal to
the previous channel output. On the other hand, in the GBCF
this approach is sub-optimal since [Y;,1,Y12,..., Y7 x—1]7 is
not necessarily orthogonal to €3 ;1. In [17] we extended the
estimator (9) to use [Y; x,Y; x—1]7 instead of using only Y; .
This resulted in a transmission scheme which is linear but not
memoryless.

Deﬁne ™= P+U“,H—P+U 1+0'Z2 p20:10 2, and
2202, —p,0,10.9. In[8] the MSEs of the (memoryless)
estlmators in (9) are stated via the recursive expressions [8,

Egs. (5)-(6)]:

N o2+ 9197 (1= pi_y)
Q1 = Q1 k1 - ; (11a)
1
oy + V2 (1—pi_
Qo = Qg1 2 k;( Pk 1)7 (11b)
2

and py is given by [8, Eqn. (7)] at the top of the page. The
JSCC-OL scheme described above can be readily stated within
the class of linear and memoryless schemes defined in Subsec-
tion II-C: The encoder state update for the JSCC-OL scheme
can be expressed via (7) by setting Uy = [e1 5-1,€246-1)7,
the transmitted signal X, is obtained from the encoder states
Uy via 8), and U;p11 = €k = €6—1 — €ik—1,6k—1 =

%Y . Observe that the linear estimation and trans-
k

mission coefficients are time-varying.

B. Initialization of the JSCC-OL Scheme

In the above description of the JSCC-OL scheme the
initialization is different than the original initialization in [8].
In this subsection we begin by motivating the initialization
in Subsection III-A, i.e., €,0 = —5; and py = ps, and then
discuss alternative initialization approaches.

First, note that the instantaneous MSEs in (11) are mono-
tonically decreasing functions of |p|. Thus, at least in the first
transmission, there is a strong motivation to generate €1 o and
€2,0 as correlated as possible. Numerical simulations indicate
that the benefits of highly correlated €; ¢ and €2 g carry beyond
the first transmission. In particular, in [28, Appendix C] we
analytically show that in the low SNR regime, |pj| slowly
decreases towards zero, from its initial value, until it reaches
a very small steady state value. Consequently, in the low
SNR regime, initializing the scheme with correlated estimates
yields substantial benefits over initializing with the steady-state



correlation. We conclude that, when the sources are correlated,
initialization with ¢; 0 = —S; and py = p,, takes advantage
of the correlation between the sources to rapidly decrease the
MSE.

Next, we address the relevance of the initialization proposed
in [8] to the problem studied in the current work. First,
note that the approach of [8] maximizes the achievable MSE
exponents, and not the finite horizon performance. In [8] it
was shown that there exists a p € [0, 1] such that a steady
state is achieved in the sense that when |pp_1| = p, then
pr = —pr—1. This p* can be obtained by setting pp = p
and py_1 = —p in (12), finding the roots of the resulting
sixth-order polynomial, and taking p* as the largest root of
this polynomial in [0,1]. In [8, pg. 669] it was also shown
how to initialize the transmission to achieve a steady-state
in (12), with pr = p*,k > 2. When an average per-symbol
power constraint is applied, then the initialization suggested
in [8] is suitable only if the steady state correlation coefficient

Lid ) In the low SNR

satisfies |p*| € |0, T

regime, is very small, and this initialization

\/(P+U§,1)(P+U§,2)
may result in a very slow decrease in the MSEs.

We now consider a general linear initialization which can
achieve any initial correlation value po, such that |po| € [0, 1).
Let F be a deterministic matrix, W ~ A(0, Q,,) independent
of S, €o = [€1,0,€2,0]7, and consider the following initializa-
tion:

0 =FS+W. (13)

Setting €; 0 = —95; is a special case of this general linear
framework obtained with W = 0 and F = —I. Since
minimizing Kop over all matrices F and over all covariance
matrices Q,, is rather involved, in the following we aim at
setting p., = % to be as large as possible. We
next discuss two special instances of (13). To simplify the
analytic treatment, we focus on the symmetric setting in which
0? =03 £ 03,0371 =02, 202D = Dy 2 D, and
we set ¢ = 1 as no prefererice should be given to either of
the sources. We begin by considering initialization using only

noise addition, i.e., F = 1.

Initialization via noise addition: Let Q,, = o, p 1
w
and let po be the desired correlation coefficient. We are inter-

ested in finding Q,, such that p., = po. Since the transmitted
signal in (8) is always scaled to satisfy the per-symbol average
power constraint P, there are many pairs (p,,, o2,) which result
in pe, = po. To maximize the component of S in ¢y, we select
the (py,, 02)) pair with the minimal o2 . This pair is given by:

2 |1 Pw:|

2 _ _ 02(ps = po)
Op = ,
po + sgn(ps — po)
By letting the JSCC-OL scheme transmit €y, the higher
correlation coefficient facilitates a rapid decrease in the MSE
at the receivers, at the cost of using some of the available
power to transmit the noise vector W. Thus, we have two
contradicting effects: The increased py decreases the MSE in
estimating €(, but adding the noise W ¢ increases the MSE in

Pw = Sgn(pO - ps>'

MSE
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Fig. 2: MSE vs. number of channel uses for different values of pg. ps =
04,02=1,p, =0.3,02=1,and P=0.1.

estimating S. In Appendix A-A we derive a two-step MMSE
estimator which first applies the OL scheme with ¢; o, and
then applies MMSE estimation of \S; from the estimated ¢; g.
The MSE of this estimator is lower bounded by the MSE
of estimating S; from ¢; o. Extensive numerical simulations
indicate that the MSE achieved by this approach is higher
than the MSE achieved by the initialization €; 0 = —S;. We
illustrate this point in the following example.

Example 1. Let ps = 0.4,02 = 1,p, = 0.3,02 = 1, and
P = 0.1. Fig. 2 depicts the MSEs vs. K for this scenario. Note
that pp = 0.4 corresponds to the initialization €; o = —S5; as no
noise need to be added. It can be observed that any value of pg
other than p; = 0.4 degrades the performance compared to the
initialization ¢; o = —9S;. Furthermore, it can be observed that
the MSE floor increases with pg, as expected. This implies that
for the two-step estimator, increasing |pg| increases the MSE
due to the addition of the noise, rendering this initialization
useless.

Remark 4. When the encoder and the decoders share a
common source of randomness [38], then at least part of the
added noise W can be eliminated at the receivers. In such a
case, the above two-step estimator can achieve lower MSE
than the MSE achieved with ¢; 0 = —.S;. Furthermore, in
scenarios in which the noise W can be completely eliminated,
the two-step estimator can achieve the MSE given in (11),
where |pg| can be initialized to any value in the range [0, 1).

Remark 5. Note that if in the first step of the JSCC-OL
scheme the receivers estimate S; instead of €; 0, then «;
and p; are no longer given by (11) and (12), respectively.
On the other hand, as S is estimated directly from the channel
outputs, the estimate does not suffer from an MSE floor. This
observation motivates choosing (p,,02) to simultaneously
minimize the MSE in estimating S after the first channel
use, and maximize |p1], the correlation coefficient between
the two estimation errors after the first channel use. Since
this is a non-linear optimization problem which is difficult to
solve analytically, we derived explicit expressions for the new



a1 and pq, then we used a numerical search to find the pg
which maximizes p1, and chose the pair (p,,, 02) to minimize
the new «; 1 while achieving the above maximizing py. An
extensive numerical study indicates that for most combinations
of scenario parameters, the maximal achievable |p1| is very
close to |ps|, thus, the gain from increasing the correlation
po beyond |ps| is minor. A non-negligible increase in p; is
observed when |p,| is small and P >> o2. Yet, even in these
cases, the MSE obtained with this modified initialization was
higher than the MSE achieved by initializing €; o = —5;.

Next, we briefly discuss initialization via multiplication by
F while W = 0.

Initialization via (13) with W = 0: Let Q, =

1 . .
0620 ’ ﬂlo ,lpol < 1, denote the covariance matrix of
0
€o. The desired initialization is applied only through the
product ¢¢ = FS. Since |ps|] < 1 and |py| < 1, the

matrix F is unique and can be obtained by applying the
Cholesky decomposition [39, Subsection 19.2.1.2] to both Qs
and Q.. Let the Cholesky decompositions of Qs and Q,
be Qs = LsL7, and Q., = L,LZ, respectively. Using these
decompositions we have F = L. L;'. Note that from the
definition of the Cholesky decomposition, the matrix L., L;*
is lower triangular. Therefore, €; o is a scaled version of Sy,
while €3 ¢ is a linear combination of both \S; and S5. Similarly
to the discussion for initialization via noise addition, one can
either estimate S in two steps, first estimating ey and then
estimating S from ¢, or estimate S directly from the channel
outputs after the first step. The first approach, of the two steps
estimator, results in an MSE floor at Rx, (if Rxy has access
to S, then this MSE floor can be eliminated). The second
approach, of direct estimation, typically achieves only a small
increase in the correlation coefficient compared to ¢y = —S,
and no gains in the MSE for estimating S were observed.

In the next subsection we study the JSCC-OL scheme in
the finite horizon regime with the initialization €; o = —9;.

C. Finite Horizon Analysis of JSCC-OL

From (11) it follows that the MSEs at time instance k
depend on pg_1. However, as pj is defined via the non-linear
recursion (12), it follows that an explicit characterization of
Ko is highly complex. Thus, in the following theorem we
present upper and lower bounds on Kop.

Theorem 1. The JSCC-OL scheme with the decoder defined
in (9) terminates within K5 < Ko < K& channel uses,
where:

w_[(1+g°) of\ m2 . (92
KOE’L_[PmaX m1log D—ll ,zglog 322 , (14a)

2 2 2 2
02,1 g Uz,2 g
K& = ’Vmax{ 2 log (Di)’ 2 log (DZ)}-‘ .

Proof. The upper and lower bounds in (14a) and (14b),
respectively, are obtained via lower and upper bounding pj
in (11). A detailed proof is provided in Appendix A-B. [

(14b)

D. JSCC-OL vs. Separate Source-Channel Coding

Next, we focus on the symmetric setting in which o} =
03 =02,02, =025 =07 and D; = Dy = D. As symmetry
implies the same rate should be allocated for sending both
sources, we set ¢ = 1. In the following, we compare the
source-channel bandwidth of the JSCC-OL scheme with that
of separate source-channel coding (SSCC) for the GBCF when
the sources and the noises are independent, i.e., ps = 0 and
p. = 0. While the JSCC-OL scheme operates in the finite
horizon regime, the SSCC scheme applies coding over blocks
of source-pair samples, and uses asymptotically long channel
codes. Clearly, by coding over multiple samples of source pairs
one can obtain MSEs which are at least as low as the MSEs
achieved by linear transmission schemes.

Consider a coding scheme which requires (on average) K
channel uses to send m samples of source pairs in order
to achieve a target MSE D. We define the source-channel
bandwidth ratio of this scheme as x = K/m.

As the JSCC-OL scheme applies uncoded transmission, then
m = 1, and its source-channel bandwidth ratio is given by
koL = Kor. It was shown in [40, Thm. 2] that for the symmet-
ric setting with p, = 0, SSCC is optimal. Let xgp denote the
source-channel bandwidth ratio of the optimal SSCC, which
applies the optimal source compression followed by a capacity
achieving channel code. Since p; = 0, the optimal source
code compresses each of the Gaussian sources separately via
an optimal rate-distortion code [41, Thm. 13.3.2], resulting in
two independent messages. As the optimal channel code for
the GBCF is not known, in the following we consider upper
and lower bounds on Kgep.

A lower bound on ke, is obtained by using the upper bound
on the symmetric achievable rate for the GBCEF, stated in [8,
pg. 671], i.e., by letting one of the receivers have access to
both channel outputs. Applying a simple manipulation to the
results in [8, pg. 671] we obtain that if R is a symmetric
achievable rate for the GBCF, and p, = 0, then:

1 9 2P 1
R<210g< 44’0’32)
(@) 1 9 1
210g<\/4+2SNR 5 |

where in (a) we set SNR £ %. For completeness, this analysis
is provided in Appendix A-C. The lower bound on Ksep 18 thus

given by:
1 (”2
0g 7%)
Rsep > = Kflb

= sep*
log (/9 +25NR - 1)

An upper bound on rp is obtained by using the LQG channel
code of [9], which is the best known channel code for the

GBCF: )
log (U—S>
Rsep < D £ g
2log |a; |

where a7 is defined in [9, Eq. (14)]. A detailed description of
the LQG scheme is provided in the following Section IV-A.
Recall that for p, = 0 the LQG code of [9] is the optimal

15)




linear channel coding scheme in the sense of maximal sum-
rate [21], which motivates focusing on p, = 0. In the following

proposition we upper bound the terms Kop — x%° and Kop —

sep
Kb .
sep*

Proposition 1. In the symmetric setting with ps = p, = 0,

KoL — k4%, and Ko — ki, are upper bounded by:

()]

2 1 o2
KoL —kb < 24+ ————— 1 == 1]1. (16b
OL Hsep = ’7( + SNR TSNR) 0og (D >—‘ ( )

Proof. The proof of (16a) is detailed in Appendix A-D. The
proof of (16b) is detailed in Appendix A-E. O

KOL _ Hub <

sep —

(16a)

We note that the right-hand side (RHS) of (16a) is in-
dependent of the SNR, while both Kgp, and /i‘;é’p increase
when SNR decreases. Therefore, (16a) implies that for low
enough SNR, Kop — /ﬁ;‘fp < KoL, which implies that the gap
becomes negligible compared to Ko, and m;‘gp for sufficiently
low SNR. For instance, letting 03 = 1land D = 1072,
we obtain {ZIOg%3 = 10. For P = 0.001 and Jg =1,

we have /i‘;é’p = 9213 and therefore Ko < 9223; thus,
(KoL — k&,)/KoL &~ 1073, An explicit calculation of Ko
via (11)—(12) results in Ko = 9213, thus, for this setting
Koo = /{‘;gp, indeed demonstrating that the gap in (16a) is
negligible compared to Ko and /-;;'gp. It should be noted
that n‘s‘é’p is achieved by applying source and channel coding
with an asymptotically large blocklength. In particular, in
contrast to the JSCC-OL scheme, coding takes place over
multiple samples of source pairs, and for /—@'S"é’p to be approached
infinitely many channel uses are required, which results in a
large delay and a high complexity. On the other hand, the
JSCC-OL scheme uses a finite number of channel symbols
for the transmission of a single source pair. In spite of
this fundamental difference, Prop. 1 shows that in the low
SNR regime the performance loss of the JSCC-OL scheme
compared to the SSCC scheme is negligible.

We also note that in the low SNR regime the RHS of (16b)
is approximately given by {log (%;) SNLR—‘ While the RHS
of (16b) only constitutes an upper bound, simulation results
indicate that indeed, in the low SNR regime, KoL — ni'gp
increases proportionally to zxr. Based on the simulation
results, we conjecture that this negative result is due to the
fact that the upper bound in (15) based on [8, pg. 671] is not

tight.

Next, we discuss a control theoretic approach for the
problem of transmitting correlated Gaussian sources over the
GBCF.

IV. JSCC BASED ON THE LQG SCHEME

It was observed in [20] and [42] that there is a natural
duality between the problem of FB stabilization and com-
munications over PtP Gaussian channels with FB. Based on
this duality, results and tools from control theory were used
to design channel codes for PtP Gaussian channels with FB.
This duality was also exploited to construct channel codes

for multiuser Gaussian channels with FB: In [20] a duality
between communications over the GBCF with unit-variance
independent noise components, and a FB stabilization problem
was established; yet, [20] did not present an explicit FB
communications scheme. In [9], a scheme which belongs to
the class of schemes analyzed in [20] was presented. This
scheme, referred to as the LQG scheme, also supports the
communications for GBCFs with correlated noise components.

The LQG scheme achieves the best known information
rates over the GBCF. Furthermore, [9, Lemma 1] characterizes
a linear relationship between the achievable rates and the
achievable MSE exponents, which correspond to the slope
of decay of the logarithm of the MSE for sufficiently large
number of channel uses. Therefore, for sufficiently large
number of channel uses, higher achievable rates correspond to
higher rate of decay of the MSE. This implies that for large
enough number of channel uses (or low enough MSEs), the
LQG scheme is preferable compared to schemes which achieve
lower rates. This, together with the time-invariant property of
the LQG scheme, motivates studying the JSCC-LQG scheme
in the finite horizon regime.

We emphasize that the original LQG scheme in [9] is
designed to optimize the infinite horizon channel coding rate,
while in this work we focus on JSCC in the finite horizon
regime. These two differences give rise to two challenging
research problems: The first problem is the characterization of
the minimal number of transmissions required by the JSCC-
LQG scheme to achieve a target MSE pair given a specific
initialization, and the second is the optimization of the initial
transmission of the JSCC-LQG scheme. In this section we
address these two research problems. The main difficulty in
designing a time-varying finite horizon JSCC-LQG scheme
for GBCFs, follows since constraining the controller as in (5)
results in minimization problems which do not have explicit
solutions. Furthermore, typically, an LQG scheme is designed
for a specified LTI system [10, Ch. 4.1], and it is not clear
how to specify an LTI system to achieve a target finite horizon
performance. Therefore, our approach in this section is to
adapt the LQG scheme of [9] to the transmission of Gaussian
sources over GBCFs and analyze the finite horizon behavior
of the adapted schemes. We investigate how to initialize the
new JSCC-LQG scheme in order to minimize the number of
channel symbols required to achieve a target MSE pair. For
the symmetric setting, we introduce a new initialization by
scaling the transmitted signals, which results in a significantly
better finite horizon performance without degrading the infinite
horizon performance. In particular, we show that the new
proposed scaling technique: 1) Optimally exploits the available
transmission power subject to the per-symbol average power
constraint in (5), 2) Minimizes the distance between the
covariance matrix of the JSCC-LQG initial state and the
covariance matrix of its steady-state (subject to the per-symbol
average power constraint in (5)), and 3) Achieves the same
MSE exponents as in [9]. Thus, the JSCC-LQG scheme derived
in this work is time-invariant, achieves the best known infinite
horizon performance, and achieves a very good performance
in the finite horizon regime.
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Fig. 3: Control system modeling of transmission over the GBCFE. The states
of the system are denoted by U = [Ul, K, U1, k]T. The controller generates
a scalar signal X}, and the noisy channel outputs Y7 ;. and Y3 g, represented
as the vector Yy, = [Y7 j, YLk]T, are fed back to the system with a unit
delay. (5’1, ks Sg,k) are the reconstructions of (S1,S2) after the k’th channel
use.

A. The LQG scheme for JSCC

In this section we investigate the application of the LQG
scheme of [9] to the transmission of a pair of Gaussian sources
over the GBCF. The JSCC-LQG scheme is derived by mapping
the FB control problem into a linear code for the GBCF. The
asymptotic performance of this scheme is determined by the
eigenvalues of the open-loop matrix of a linear system with
unit memory representing the encoder. These eigenvalues are
determined by the minimal power required to stabilize the
system using the FB. In the finite horizon regime, the JSCC-
LQG scheme is terminated after K channel uses when the
target MSE pair is met.

Consider a two-dimensional unstable dynamical system,
depicted in Fig. 3, which is stabilized by a controller observing
the entire system state vector, Uy = [Uy 1, Uz x]T. At time k
the controller outputs a scalar signal Xy, which is received
after being corrupted by additive Gaussian noises. Recall that
Y is the noisy received control signal at the output of the
ai 0 .
0 as with
a; € R,a1 # ag,la;] > 1.7 Recall (13) in which F is a
deterministic matrix, and W ~ A(0,Q,,) independent of S.
The source encoding is incorporated into the control problem
by generating the initial as be a function of the source samples:

U, =FS+W. (17)

channel at time k, stated in (2), and let A =

The system state vector at time k, Uy, recursively evolves via:

U, =AU, + Y1, k=2.3,... K. (18)

Encoding: In the communications problem that correspond
to the control problem, the encoder is the combination of
the system stated in (18) and the controller, see Fig. 3. At
each time index, the encoder recursively computes Uy, and
transmits X}, obtained from Uy, using the linear controller pre-
sented in [9, Lemma 4]: X}, = —CT Uy, where C = [c1, c2]7.
The vector C is given by C = (BTGB + 1)"'AGT B, where
B is defined above (2), and G is the unique positive-definite
solution of the discrete algebraic Riccati equation (DARE) [9,
Eq. (22)]:

G=ATGA - ATGB(BTGB +1)"'BYGA,  (19)

"Note that if a; = ag then the pair (A, B) is not controllable, see [10,
Def. 4.1.1 and Prop. 4.4.1].

such that the magnitudes of both eigenvalues of the matrix
A — BC7T are smaller than 1. It follows from [9, Lemma 4]
that, as £ — oo, the covariance matrix of Uy, Q,, , converges
to the solution of the discrete algebraic Lyapunov equation [9,
Eq. (23)]:

where the solution of (20) is restricted to be a positive
semidefinite matrix. Finally, in [9, Lemma 4] the matrix A
is obtained from the minimum asymptotic average power via:
P(A,Q.) = CTQ,C = trace(GQ,), see [9, Eq. (24)].

The JSCC-LQG scheme described above can be readily
stated within the class of linear and memoryless schemes
defined in Subsection II-C: The encoder state update for
the JSCC-LQG scheme stated in (18) exactly follows the
relationship in (7), while the transmitted signal is given by
X = TFU;, with TV = —-C7,

Decoding: The work [9] considered U; generated with F =
| and W = 0 in (17), and used the so-called “zero trajectory”
(ZT) detector. This detector recursively estimates U; j via [9,

Eq. (18)]:
Ui1=0, Upp=aiU 1+ Yig 1, (21)

for k =2,3,..., K+ 1. Then, it estimates S; from Ui,;ﬁ_l via
[9, Subsec. IV.A]:

Sik = —a; " Ui k11, (22)
which results in the MSE [9, proof of Lemma 3]:
E{(S; — Six)?} = ai_QkE{UiQ,k+1}' (23)

Remark 6. Note that in contrast to the JSCC-OL scheme,
in the JSCC-LQG scheme the encoder and the decoders
are decoupled. More precisely, in the JSCC-OL scheme the
transmitted signal at time k is a linear combination of the
estimation errors at time k—1 On the other hand, in the JSCC-
LQG scheme the transmitted signal at time k, X}, depends
only on Uy, and is not a function of Ulk or Slk

B. Initialization of the JSCC-LQOG Scheme

Similarly to Subsection III-B, optimizing over all determin-
istic matrices F and over all correlation matrices Q,, in (17)
is computationally very intensive. An alternative approach is
to select F and W, such that Qu,h the covariance matrix of
Uj, will be equal to Q,, which is the solution of (20). The
motivation for this approach is two-fold:

1) The LQG has the best known infinite horizon perfor-
mance, i.e, MSE exponent, thus, it is preferable that the
system will achieve this MSE exponent for every k.

2) When Q,1 = Q. then P, = P,Vk. Therefore, this
initialization leads to optimal utilization of the available
transmission power.

To rigorously analyze the impact of JSCC-LQG initializa-

tion via (17) on the finite horizon performance, we define
a distance between two correlation matrices, e.g., Q. and

Qu, by D(Qquu,l) - HQu - Qu,1|F, where ||QHF -




\/E?:1 23:1([@@]‘)2 is the Frobenius matrix norm, see,
e.g., [7, Sec. IV.A].

Note that the initialization objectives in the finite horizon
regime for the JSCC-LQG and for the JSCC-OL schemes are
fundamentally different: The JSCC-OL initialization aims at
increasing |pg|, while the JSCC-LQG initialization aims at
minimizing D(Q,, Q.,1) via properly selecting F and W. In
fact, in some cases, e.g., when p* < |ps|, increasing |po]
increases the distance between the initial and steady states.

In the next two subsections we consider the special case
of initialization with F = | and W = 0: In Subsection
IV-C we present a new MMSE decoder which achieves MSE
pairs lower than the MSE pairs achieved by the ZT decoder
presented in [9], and in Subsection IV-D we analyze the
finite horizon performance of the JSCC-LQG scheme with this
initialization in the general setting. The JSCC-LQG with the
general initialization U; = FS + W is studied in Subsection
IV-E, in which we focus on the symmetric setting.

C. An Improved JSCC-LQG Decoder

In this subsection we consider initialization with F = | and
W = 0. Note that the decoding rule (22) is not necessarily
optimal in the instantaneous MMSE sense. Let M £ A — BC”
denote the closed-loop matrix, and let Q. = E{U,U}}
denote the state covariance matrix at time k, with Q.1 = Q,.
In (B.1) we show that the closed-loop dynamics of the system
is given by:

Uy = (A-BCHU_1 + Zj_1,

while in (B.7) we show that Q, ; is given by:
k—2
E{U,U}} = M"1Q,(MT)F + ) " M'Q.(M").
1=0
The MMSE estimator of \S;, based on the observation lA]iV;H_l
in (21) is stated in the following theorem:

Theorem 2. The MMSE e§timat0r of S;,i = 1,2, at time k,
based on the observation U; ;41 computed via (21), is:

5 [M*Q.;i — ofal A

Sik = U; . (24
* [Qu.k+1]ii — 26X [MFQg); s + o2aZF ke (24)
Furthermore, the MSE of Si,k is given by:
A 2 L (IMEQ.T. )
E {(Si—si k)Q} _ o; [QuJﬁLl]l,lzC ([ Qs]zﬂz)2 - (25)
’ [Qu,k+1)i,i —2a7 [MEQ,]; i+ 07a;

and as k — oo the MSE expression in (25) coincides with the
MSE of the decoder in (22).

Proof. The proof is provided in Appendix B-A. O

Remark 7. Since the estimator in (24) is the optimal estimator
of S; based on the observation Ui’kJrl, it clearly achieves
an MSE value smaller than or equal to that achieved by the
estimator in (22). In particular, (24) outperforms (22) in the
finite horizon regime, i.e., for large MSEs, see Fig. 6.

D. Finite Horizon Analysis of JSCC-LQG

Next, we study the JSCC-LQG scheme with the decoder
(24) in the finite horizon regime. We begin with the average
instantaneous transmission power which we denote by Py. In
contrast to the JSCC-OL scheme in which P, = P, Vk, in the
JSCC-LQG scheme Py varies with k. While the LQG theory
implies that P, — P asymptotically as k& — oo, it does not
constrain Py, for any finite k, hence P, may be larger than
P, thus, violating the per-symbol average power constraint in
(5). This implies that for specific P, o} and o3, there are pairs
of sources which cannot be transmitted using the JISCC-LQG
scheme with the initialization U; = S, i.e., setting F = |
and W = 0 in (17). In the following subsection, we present
a sufficient condition under which the JSCC-LQG scheme,
initialized with U; = S, satisfies (5). For the symmetric
setting we use the same approach to find a necessary and
sufficient condition, see Subsection IV-E.

1) A Sufficient Condition for Satisfying the Average Per-
Symbol Power Constraint: Let [\, A2]T denote the eigenval-
ues of the closed-loop matrix M, and let V = :jl 22 be

3 U4
a matrix whose columns are the corresponding eigenvectors
of M. Recall that C = [c1,c2]T and for ¢;,¢o > 0 and

p € (—1,1), define:

1 ($101v4 — PSav1v2) + 2 (§1V3V4 — PS2U2V3)

N
wi(S1,52,p) = dot (V)
(26a)
w (g ¢ )éCl(p§2U1U2_§1’02U3)—|—Cg(p§21}11)4_C1U3v4)
P det(V)
(26b)
A *§2\/ﬁ(6101v2+0202v3)
- 26
w3(§17C270) det(V) (26¢)
A §2ﬂ(01U1U2+02v1v4)
- : 26d
wa(S1, <2, p) V) (26d)
Further define:
ai1(s1, 2, p) £ wi(s1,62,p) + wi(s1,52,p) (27a)
a2 (S1, 2, p) 2 wW2(s1, 2, p) + wi(s1, 52, p) (27b)
az(s1, 62, p) 2 2w1(s1, 2, P)w (51, 52, p)
+ 2ws (<1, <2, p)walsts 2, 0),  (270)
and finally define:
A 041(§1, S2, P)
mlsis2p) = =33 (28)
- M
a2(S1, G2,
772(§17§27[)) = 2(1722P) (28b)
1-2X3
A Oé3(§1, S2, P)
=T 28
773(§17§27P) T— A (28¢)

The following proposition characterizes source pairs for which
the per-symbol average power constraint in (5) is satisfied
when the JSCC-LQG scheme is used:
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Proposition 2. If the following condition holds for every k =
1,2,3,...:

2(k—1
/\1( )(041(01,02aps) _nl(o-z,lyo'z,%pz))
b
+)\§( 1)(052(0'170'2,ps) —772(0'2,1,0'272,/&))

+ ()‘1/\2)]971 (QB(Ula 027,05) - 773(0z,1; Uz,2vpz)) <0,
(29)

then the JSCC-LQG scheme satisfies the per-symbol average
power constraint in (5).

Proof. The proof is provided in Appendix B-B. O

Remark 8. Note that the sufficient condition in Prop. 2 is
implicit. Yet, Prop. 2 can be used to formulate explicit suffi-
cient conditions (on the sources) for the JSCC-LQG scheme
to satisfy the per-symbol average power constraint in (5). For
example, if a; (01, 02, ps) < Nj(021,022,p2),5 =1,2,3, and
sgn(AA2) = 1, then Py, < P,Vk.

2) Analysis of the Termination Time: Let Kigg denote
the minimal number of channel uses required to achieve an
average MSE pair (D1, Ds) with the JSCC-LQG scheme using
the decoder (24). In this subsection we present upper and lower
bounds on Kjqg. An explicit characterization of Kjgqg for
the symmetric setting is provided in Thm. 5, see Subsection
IV-E3.8

We begin with the following definitions:

o1 ([vivaAi] + [vavzAa|) + |psoavival(|Aa] + [ A1)
[det(V)]
oo/1— p2 (Jurva|(JAe] + [A1]))
| det (V)]
|0’17)3’U4‘(|>\1‘ + |/\2|) + ‘pso—Q‘ (|U1U4)\2| + |1)2,03)\1|)
| det (V)]
o21/1 = p2 (|[v1vads| + [v203M1])
| det(V)|
T+ 73+ [Qulia
’7'32 +TZ + [Qu]Z,Q
ot ([vrvadi] + [vavsdal) + |psoroaviva|([Az] + [Ai])
[det(V)]
3 (Jv1v2da| + [v2v3 i) + [pso10203v4] (|A2] + [ ])
[det (V)] ’

(1>

T1

(1>

T2

(>

73

(1>

T4

21
U

&3}

> [>

[I>

lI>

Pa

8Note that using the approach of Thm. 5 for the general setting results only
in an implicit characterization of Kiqg.

where Q,, is the unique positive semidefinite solution of (20).
The following theorem states upper and lower bounds on
KLQgi

Theorem 3. The JSCC-LQG scheme with the MMSE decoder
in (24) and target MSE values Dy and D, terminates within
time KIl‘bQG < Kigec < KE%G, where KEBG and KibQG are
given in (30) at the top if the page.

Proof. The proof is provided in Appendix B-C. O

E. Finite Horizon Analysis of JSCC-LQG for the Symmetric
GBCF

In this subsection we study the JSCC-LQG scheme in the
symmetric setting, for different combinations of initialization
parameters F and W, in (17). We first consider initialization
based on the assignment F = /¥ -1, > 0, and W = 0, for
which we explicitly derive the value of ~, which minimizes
the MSE subject to the per-symbol average power constraint
(5) for all time indices k. We show that this optimal ~y
also minimizes the distance D(Q, Q1) among all scaling
coefficients which satisfy (5).

Next, we consider the general initialization framework of
(17). We show that when W # 0, or when the off-diagonal
elements of F are non-zero, then JSCC-LQG has an MSE floor.
A numerical comparison of the different initialization methods
indicates that the lowest MSEs are achieved when the optimal
scaling Uy = /78S is applied.

Lastly, for U; = /S, we present an explicit charac-
terization of Kjgg in terms of the roots of a quadratic
polynomial. Note that since a; # ao (see Subsection IV-A) in
the symmetric setting we have a; = —ao, and the components
of the eigenvectors of the matrix M satisfy v; = w4, and
Vg = V3.

1) Initialization to Satisfy the Per-Symbol Average Power
Constraint: In this subsection we study initialization based on
the parameters F = /-1 and W = 0. To find the scaling value
~ which minimizes the MSE subject to the per symbol average
power constraint (5), we first derive necessary and sufficient
conditions for (5) to be satisfied for the JSCC-LQG scheme
when ~ = 1. Then, from these conditions, we find the maximal
~ for which (5) is satisfied for all time indices k. Finally, we
show that this maximal v simultaneously minimizes the MSE
and the distance D(Qq, Qq,1), for Uy = /7S, subject to (5).
We first define the following quantities:



po = 2¢io7 (1= p) Gl
230%(1 — p. + (1 + p2)a?
26k {’_Ai p)a1) (31b)
1
p2 = 2c¢i02(1 + ps)af Gle)
L2 p )it (kp)ad) o

11—}
Necessary and sufficient conditions for the power constraint to
be satisfied for the JSCC-LQG scheme, with the initialization
in (18), are stated in the following theorem.
Theorem 4. In the symmetric GBCF, the JSCC-LQG scheme

satisfies the per-symbol average power constraint (5) if and
only if pg < pq and po < ps.

Proof outline. In Appendix C-A we show that:

po— {PJr (1o — )Y, ks odd,
) —

2(k—1) (32)

P+ (p2 — p3) A

Since |A;| < 1, it follows that (5) is satisfied if and only if
po < pp and po < pg. O

, kis even.

From Eqn. (32) and from the fact that |\;| < 1, it follows
that if (5) is satisfied for some odd k, then it is satisfied for
every odd k. The same observation holds for even values of k.
Thus, using (32) we can characterize the range of « for which
(5) is satisfied. We further note that scaling the sources at
the transmitter can be beneficial even if (5) is satisfied for the
initialization U; = S. As we show next, by scaling the sources
we obtain that Py is equal to P in at least (approximately) half
of the time indices. Consequently, the available transmission
power is used more efficiently. In the following proposition
we characterize the scaling factor which minimizes the MSE,
for the decoder (24), while satisfying the constraint (5). Before
stating the proposition we define v to be:

U — min { 03(1 —p.+(1+ pz)a%)
(1=M)A=ps) 7
Uz((l *pz)/\% + (1+pz)azll)} (33)
(1 =M1 + ps)ai ’

and let Ug(~) denote the system state vector at time index k,
when Uy :Aﬁ .S, for some v > 0. In a similar manner we
also define U; 1 (y) and Qq k(7).
Proposition 3. The optimal scaling factor, in the MMSE sense,
is /7= % Furthermore, when Uy = /5 - S, the MMSE
qstimator of Sz,z = 1,2, at time k, based on the observation
Uik+1(7) is:

VA ([MFQ,]i i — o2ak)

gi = Ul )
T Quatr (]ii — 2vafMFQuis + y02a2 #1(7)
(34
and the MSE of Si,k is given by:
I {(Si - gi,k)z}
2[Qu i — 7 (MFQ]i,)°
2 Quai (M — 7 (IMPQi ) (35)

© [Quk+1()]ii — 27aFMFQy]; s + yo2aZk

Proof outline. First, we show that (33) constitutes an upper
bound on the variance of the sources transmitted via a JSCC-
LQG scheme with the initialization U; = S, which also
satisfies (5). Explicitly writing the conditions of Thm. 4, i.e.,
o < p1 and po < g, we obtain:

05(1 —p.+(1+ PZ)G%)
11—\ ’

2((1 = p)A2 + (1 + p)at
o2(1 + py)at < oZ((L—p )1 1 ‘;4( + p-)aj)
— A7

Jg(l = ps)

IN

This implies that:

2 < i Jg(l—pz—l—(l—i—pz)a%)
ot <min{ SIS,
0’5((1 B pz))‘% + (1 + pz)azll) }
(1 =D+ ps)at

Therefore, the maximal possible scaling factor which satisfies
(5) is ,/=%. In Appendix C-B we also derive the MMSE

estimator for scaled transmission, stated in (34), and obtain
its MSE, given by (35). Furthermore, we show that scaling by
~ minimizes the MSE. The detailed proof is provided in

Appendix C-B. O

Remark 9. As shown in the proof of Prop. 3, the MSE
decreases when the scaling factor increases. Therefore, the
optimal scaling factor is determined by the per-symbol average
power constraint. This implies that when the optimal scaling
factor is used, at least one of the following statements hold:
1) P, = P for every odd k, and P, < P for every even k; 2)
Py, = P for every even k, and P, < P for every odd k.

Next, we demonstrate the results of Thm. 4 and Prop. 3.

Example 2. Consider the transmission of a pair of Gaussian
sources with variance 0’3 and correlation coefficient p, = 0.4,
over a GBCF with 02 = 1.5 and p, = 0.3. We further set
P = 1. Fig. (4a) depicts Py vs. k for the JSCC-LQG scheme
without scaling for 2 = 1 and 02 = 5, and for the JSCC-LQG
scheme with optimal scaling factor specified by Prop. 3. As
ps = 0.4, it follows that the optimal scaling factor for 02 = 1
is /v = 2.0227, while the optimal scaling factor for o2=5
is /7 = 0.9046. In both cases Py is the same, illustrated
by the blue solid line in Fig. (4a). It can be observed that
both the non-scaled JSCC-LQG scheme with 02 = 1 and the
scaled JSCC-LQG scheme satisfy (5); yet, the scaled scheme
uses the available power more efficiently. On the other hand,
when Jf = b5, then the non-scaled JSCC-LQG scheme violates
the per-symbol average power constraint (5). It can further
be observed that in the scaled scheme, P, = P for all even
values of k, as stated in Remark 9. Finally, Fig. 4b illustrates
v, computed using (33), as a function of ps. Following the
result of Prop. 3, in order to maximize the MSE, one should
use v values that lie on the boundary of the shaded area in
Fig. 4b.

The following proposition states that the scaling presented
in Prop. 3 also minimizes the distance D(Q,,, Q,,1) among all
scaling coefficients which satisfy (5).
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Fig. 4: Satisfying the per-symbol average power constraint for 02 = 1,ps = 0.4,p, = 0.3,02 = 1.5 and P = 1. (a) Py vs. k for scaled and non-scaled

JSCC-LQG schemes. (b) v as a function of ps, see (33).

Proposition 4. Let v > 0 and write the solution of (20), Q,,

as Q, = o2 pl P 1“ . Under the average per-symbol power
u

constraint (5), the v which minimizes the distance D(Q,,, 7Q5)

is given by v = 5, where v is given in (33). Moreover,

the scaling which minimizes D(Qu,¥Qs), regardless of (5), is
given by:

e Ou(14 pups)
- o2(1+p2)

Proof. The proof is provided in Appendix C-C. O

v

Clearly, if ps # pu, then D(Q,,vQs) > 0,V~. Therefore,
in order to achieve a distance smaller than D(Q,, U%QS), it
is necessary to either add noise or rotate the sources, which
is facilitated in the general initialization (17). In the next
subsection we discuss two special instances of the general
initialization.

2) Investigation of the General Initialization via (17): We
first consider initialization via scaling and noise addition:

Scaling and noise addition: Let F £ /&, Ll) (1)] o >

Clpw 1
the initialization in the JSCC-LQG scheme is to minimize
D(Qu,Qu,1). Since S and W are independent, Q,1 = Qu
is achieved by setting:

0, and Q, £ o2 1 pwl Recall that the objective of

on — &0

puoy — §0ps03 (30)

Q, = { puai - 50p803]

on —&o?

As Q, is a covariance matrix, its eigenvalues must be non-
negative. Thus, by explicitly expressing the eigenvalues using
02, pu,0?, and ps, we obtain that & must lie in the following
range:

2 1 1-—
0<§0<J7§min{ +p“, p“}.

g 1+ Ps 1- Ps
From (36) it directly follows that increasing & increases
the component of the sources, i.e., FS, in U;, and de-
creases the noise component W. As our objective is to

S

2
convey S, we set & = Z—gmin{ ﬁg“, t’/’)“ }. Letting & £
f14py 1—pa . .
min { J’ZS ) 17—’25} < 1, the expression for Q,, in (36) can be
written as:
Q :0_2 1_61 pu_glps
o v Pu — 51,05 1-— 51

The MMSE estimator and its associated MSE, for the
initialization U; = /& - S + W can be found by following
similar steps to those leading to (34)—(35). In particular, we
let Ug(U;) denote the system state vector at time index k,
for a given initial state Uy, and let ka(Ul) be the estimate
of U; at time k. The MMSE estimator for .S; at time k can
be expressed as:

- V& (IM*Qylii —oZaf) -

S = Ui pea (UY),
- [Quk+1(U1)]ii —2&0ak MFQg)i i +02a2F w41 (T)

and the achievable MSE is given by:
E{ (S - 8i0)%}
2
2 Qua1 (Ui — & (IMFQJ)ii)” + o207 a?”
[Qu.k+1(U1)]ii — 260ab MR Qy]s s + 02a2F
Therefore, the MSE in the infinite horizon is given by:

. A a2
lim E{(Si — S@k)g} = (STQw =o(1-&).

k—o0 P

Comparing the asymptotic MSE obtained with the initializa-
tion U; = /S + W to the asymptotic MSE obtained with
the initialization of Prop. 3 (for which limy_ IE{(SZ—S'Z ©)?}
= 0), we observe that adding the noise W results in an
MSE floor. Note that while 1 — &; reflects the difference
between the initial state and the JSCC-LQG steady state,
it is independent of o2 and o2, and therefore it does not
reflect the finite horizon performance of JSCC-LQG with the
initialization Uy = \/§,S+W . Thus, 1—¢; can be interpreted
only as a measure of the MSE floor due to the addition of the
noise W in Uj.

Extensive numerical study indicates that using noise addi-
tion to generate U; results in higher MSEs than those achieved
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Fig. 5: MSE vs. number of channel uses for different values of ps. 02 =
1,p. = 0.3,03 =1,and P =0.5.

with the optimal scaling presented in Prop. 3. On the other
hand, this initialization can achieve a lower MSE compared to
setting U; = S.

Example 3. Fig. 5 depicts MSE vs. K for three different values
of ps,ps € {—0.1,0.4,0.9}, for three different initialization
approaches: U; = /§S + W, Uy = S, and U; = /A8,
where + is the optimal scaling value specified in Prop. 3. Here,
Jf =1,p, = 0.3,03 =1, P = 0.5, and Q. is computed to
be:

1 —0.1377

QuABTT299| (e

It can be observed that as p, is closer to p,, the MSE

floor becomes smaller. It can further be observed that for
high target MSEs, the initialization U; = /S + W is
superior compared to U; = S. On the other hand, for all
three values of pg, initialization via U; = \ﬁS achieves the
lowest MSEs for all values of K. These performance gaps are
also reflected in the distances D(Q,, Q1) for the different
initializations: First, note that for all considered values of pj,
D(Qu, Qs) ~ 11.25, and, indeed, the respective MSE curves
are indistinguishable. For p; = —0.1, D(Q,,7Qs) = 0.735,
while for p; = 0.9, D(Q.,vQs) = 9.582, which explains the
gap in performance in favor of the lower ps. Finally, we note
that while the distance in the case of Uy = 1/§,S+W is zero
by construction, the addition of noise increases the MSE which
results in an inferior performance compared to initializing via
U, =,/8S.
Remark 10. When the encoder and the decoders share a
common source of randomness [38], then the noise W can
be removed, thus, eliminating the MSE floor observed in
Example 3.

Next, we briefly discuss generating U; from S via multi-
plication by a non-diagonal F.

Generating U; via Multiplying S by F: Fixing W = 0,
the matrix F with which we achieve Q, ; = Q, can be found
by applying the Cholesky decomposition to Q, and Q,: Qs =
L LZ, Q. = LuLZ. The matrix F is given by F = LuLgl. Since

in this case F is lower triangular, Uy ; is a scaled version of
S1, while U ; is a linear combination of both S; and S5. Now,
recall that in the LQG scheme the state is first estimated via
(21), and then, the sources are estimated from the estimated
states via, for example, (34). With this decoding sequence, as
Ui,1 is a scaled version of Sp, Rx; first estimates U ;, and
then estimates S, from Uy 1. In fact, in this case S; enjoys the
optimal rate of decrease of the MSE as the covariance matrix
of the initial state is identical to the steady state covariance
matrix. However, at Rxs, since Uy ; is a linear combination
of S7 and Sy and since S7 is not known and not required at
Rxs, the MSE for estimating .S from Uy i is generally higher
than the MSE achieved in estimating S5 out of Us ;. generated
when Uz ; does not depend in S;. Thus, setting Q, 1 = Qq
via multiplying by F improves the performance at one receiver
while degrading the performance at the other receiver.

Additionally, note that letting Rxo track (estimate) U 1, and
then use it to estimate S; at Rxo, results in a sub-optimal
estimate of Uy ; at Rxy since Uy is updated based only on
Y; —1 and Uy j—1. Therefore, as Rx, does not observe Y; 11,

it cannot efficiently track it.
3) An Explicit Characterization of the Termination Time

Kipc: Lastly, we explicitly characterize K g for the scaled
JSCC-LQG, ie., with U; = NG S. We first define the
following quantities:

2 ((v%—i—v%—2pv102)2+4(1—p2)0%v§)
®(s,p) = 37a
(< 0) o2 (V) (37a)
o2+ X2®(0,,p.)
I A Tz 1 zy Mz 37b
0 -\ (37b)
O(0,,p.) +02\2
v, 2 ’ z 7
1 -\ (37¢)
N Gt 12)% = 2pst1ts) 370
U1 — V3
To £ Uo(D — 02) — Dyo? (37e)
T, 2 Uy(0? — D) + 2Dvo? (37)
Ty & (8(05,p5) = W1)(0F — D) =T (37g)
Y3 2 Uo(0? — D)+ 2DAT, (37h)

Furthermore, let y be a positive integer, and define the func-
tions f©@(y) £2-[¥4], and fO(y) £ 2 [L1] + 1.7 Kiqg is
explicitly characterized in the following theorem:

Theorem 5. Let (x(f),x(;)) and (x<1°),x(2°>) denote the roots
of the polynomials P®(z) £ Yoz + Y12 — Dyo?, and
PO (z) & Yox? + Y3z — Dvyo?2, respectively. Furthermore,

EX

define:
SO0 -3
MO min{z}”, ry’}, 1Dyo? = To <0
0 = .
a4, otherwise.

9 f©(y) is “round up to the nearest even integer”, while f© (y) is “round
up to the nearest odd integer”.



and
-2 -3
a;”, Ty < W»
© .0 -3
L min {9:10 , Ty } 1D 702 < 7Ty <0,
(U D'yag
Ta T2 = 07
max {x(f), xg’)} , otherwise.

Then, K g is given by:

log
K — mi (e)
LQG mln{f <’V 210g |a1| )
Ig log .
“3loglar]

Proof outline. The detailed proof is provided in Appendix
C-D. We first note that the result of Thm. 5 holds if v is
replaced by any arbitrary constant, regardless of whether (5)
is satisfied or not. The proof consists of the following steps:

(38)

1) From (35) we conclude that the decoder terminates when:

02[Qui1 (Ml — 7 (MFQu)ii)*
[Qu,kﬂ—l('}/)]u - 2’ya [M Qs ]

Expressing [Qu.r+1(7))i; and [M*¥Qq];; in terms of
v1, V2, A1,7, and k, we observe that since \y = —A\o,
then a different analysis needs to be applied for even and
for odd values of k.

2) We let # = a; 2%, and recall that \; = i
Lemma 2.4]).

3) Using the definitions in step 2 we write (39) as a quadratic
polynomial in z. As even values and odd values of k
are analyzed separately, we use P©(z) to denote the
quadratic polynomial for even values of k, and P©(x)
to denote the quadratic polynomial for odd values of k.

4) For even values of k, we find the minimal £ for which
P®(x) <0 (for odd values of k we find the minimal k
for which P©(z) < 0). Kiqqc is therefore a function of
the roots of the polynomials P©(x) or P©(x).

5) Explicitly computing the roots of the polynomials P(e)(%
and P (z) we obtain (38).

Remark 11. Consider the expression for LLO) It can be ob-
served that if To > 2 and Y5 # 0, then x(o) is one of two

Dy 02 <Te <0
then it is shown in Appendix C-D that P (z) is concave with
two positive roots: one smaller then 1 and one larger than 1.
For this case, we choose the minimal root. On the other hand,
if 0 < T then it is shown in Appendix C-D that P©(z) is
convex with one negative root and one positive root smaller
than 1. For thls case, we choose the maximal root. Note that
when Ty < ; 2 then P (x) is concave and does not have
any real roots “This implies that the condition P (z) < 0
always holds, and the target MSE is obtained for every k.
Therefore, in this case we set m( ) = = a~2, which results in
Kiqc = 1. Finally, when T3 = 0, then xg’) is a solution of a
simple linear equation. For xﬁ? we follow similar steps while
noting that Ty < 0. Hence, for even values of k we only need
to analyze the case of a concave polynomial.

020 <D ()

(see [42,

4D
real roots of P (x), selected as follows: If

Recall that both the JSCC-OL scheme considered in Section
IIT and the JSCC-LQG scheme studied in this section are linear
and memoryless JSCC transmission schemes, see Subsection
II-C. In the next section, we use DP to formulate a linear and
memoryless JSCC transmission scheme which outperforms

both JSCC-OL and JSCC-LQG in the symmetric setting.

V. LINEAR AND MEMORYLESS JSCC TRANSMISSION
SCHEME VIA DYNAMIC PROGRAMMING

A fundamental difference between the JSCC-OL and the
JSCC-LQG schemes discussed in Sections III and IV, recep-
tively, is the fact that the first is time-varying while the second
is time-invariant. Therefore, as stated in Subsection II-C, the
JSCC-OL scheme can better exploit the available power and
the correlation between the sources to achieve MSEs lower
than JSCC-LQG in the finite horizon regime for some GBCF
scenarios. On the other hand, the MSE exponent of the JSCC-
LQG scheme is larger than the MSE exponent of the JSCC-
OL scheme. Thus, for large enough number of channel uses,
the JSCC-LQG scheme achieves MSE lower than JSCC-OL.
As none of the two schemes, JSCC-OL and JSCC-LQG,
dominates the other in the finite horizon regime, we utilize the
the DP approach for solving finite horizon control problems
[10, Sec. 4.1] to derive the JSCC-DP scheme which achieves
MSE at least as low as the smallest MSE among the JSCC-OL
and JSCC-LQG schemes, for any a-priori fixed finite number
of channel uses.

A. Problem Formulation - Revisited

In this section we consider a complimentary problem to
the one formulated in Section II: Let Dg denote the MSE
after K channel uses. Our objective in this section is to find
a linear and memoryless transmission scheme which, for a
given K, achieves the minimal MSE at each receiver, denoted
by DK ,min-

In the following we adopt (most of) the notations used in
Sections II and III, and denote the estimation error at Rx; after
k transmissions by €; 1 = §i7k_1 — 55,1 =1,2. As we focus
on linear and memoryless schemes, we let é; 1 = b; 1Yk
be the estimator of ¢; 1, and write ¢; j as:

€k = (€1 —birYir), bix€NR, (40)

Similarly to (10): S‘Lk = —Zizl €i,m—1. To simplify the
analysis, we limit our focus to the symmetric setting, set
b1,k = , and let b, £ b1 . Furthermore, following [7]
we let my € {1,—1} be a modulation coefficient. We now
have the following structure of Xy, the transmitted signal:

Xk @ dr—1 (€1, -1 +Mp—1€2,5-1)

b
© di—1 ((€1,k—2 — bp—1Y1 1)

+my_1 (€2,5—2 — Mr—2bp—1Y21-1)) , (41)

where in (a) di > 0 is a gain factor chosen to minimize D g
under the constraint P, < P; in (b) we used by, = my_1by.

Next, similarly to Section III, we let a;x = E{e},},
and note that since by = mp_1bg, then a1 = agy £



Ne+0xmpme_1

\/P(ak—1+mk—17“k-—1)

2 Nk (P+02)+0xmimy—1(P+p-02)’

k=1,2,...,K—1

by = (48)
arVk. With this formulation, similarly to Section III, oy «y and r; (see Appendix D-A for the details):
is the MSE after k channel uses. Furthermore, we define 9 9
v = E{e1 1€k }. In Appendix D-B we show that the optimal ap = ag—1 + by - (P4 07)
choice of dj for the proposed JSCC-DP scheme is such that — by, \/2P (-1 + Mp—17k—1) (46a)
the instantaneous average transmission power obeys P, = P. e = Tp1 4 bimp_1 - (P + p.o?)
This results in the following expression for dj:

— brmp_1/2P (oag—1 + mp_1re_1).  (46b)

P

d = —_— .
k Q(Qk erkrk)

(42)

Finally, similarly to Section III, we initialize the scheme by
setting 5'1-,0 =0,€.,0=—95;,a0 =02 and 19 = ps02.

Similarly to the JSCC-OL scheme, the JSCC-DP scheme
described above can be stated within the class of linear and
memoryless schemes defined in Subsection II-C: The encoder
state update for the JSCC-DP scheme can be written in the
from of (7) by setting Uy, = [€1 1, €217, the transmitted
signal X is a linear function of the encoder states as given
in (41), and the state evolves via U 41 = € = € k-1 —
€ik—15€ik—1 = bi kY k-

Our objective is to minimize the MSE after K channel
uses, over all possible vectors of estimation coefficients b =
[b1,b2,...,bx] € RE, and over all possible vectors of mod-
ulation coefficients m = [mg,m1,...,mr_1] € {1, —1}%.
We denote this minimal MSE by D min:

Dx min = bez)%K,rTé%,q}K ax(m,b). (43)
As the joint minimization in (43) is computationally very
intensive, we define a i min(m) to be the minimal achievable
MSE after K channel uses, given a specific modulation vector
m:

Qi mn(Mm) = min  ag(m,b).

bERK (44)

We use DP to calculate o min(m), thereby arriving at the
optimization problem:

min

mefl K aK,min(m)7

D min = (45)

which can be solved by searching over the possible 2% mod-
ulation vectors. In Remark 13 we comment on the practical
implementation of this search. In the sequel we refer to the
transmission scheme (40)—(41) which uses the optimal b and
m as the DP scheme. Next, we present the algorithm for
finding the minimizing b and the minimal &k min(m) for a
given m.

B. The Minimizing b and the Minimal o g yin(m)

Let m be a given modulation vector. Then, from (1) and
(40)—(42) we obtain the following recursive expressions for

Observe that (ag_1,7x—1) can be treated as a state vari-
able, which, given b; and m, evolves deterministically at
time k. Thus, finding o min(m) can be cast as a DP with
state (ag—1,7k—1), actions by, and cost function ax(m).
Note that with this formulation, given m, by is a func-
tion of the constants P, o2, p,, and of (a_1,7,_1). Hence,
the last action bg is the linear MMSE estimation coeffi-
cient for estimating €; x_; from YLK.lo Finally, the DP
solution [10, Ch. 1.3] implies that «y can be written as
Qp = Mg—10k—1+0k_1mi_17—1, Where the sequences 7y
and 0y, k = 1,2,..., K — 1, are obtained using backwards
recursion (in time). The minimizing b and the sequences 7
and 6, are given in the following theorem:

Theorem 6. For a fixed m, the sequences 7 and O,k =
1,2,..., K —1, are defined through the backwards recursions
(in time):

P (g + Opgmpmy_1)*

= — 47a
Mhe—1 = T 2(nk(P+02) 4 0pmpmy_1(P+p.02)) @
Op—1 = Opympmy_1
P (ni + ekmkmkflf
— 5 o (47b)
2(nk(P+Uz)+0kmkmk—1(P+sz'Z))
where nxg_1 = (1—2(1371;2)) and O 1 = _Z(Piiag)'

Furthermore, the coefficients by, k = 1,2,..., K, are given
by (48) at the top of the page. The corresponding MSE at
time K is the minimal MSE given m.

Proof. The proof is provided in Appendix D-A. O

Thm. 6 can be used for calculating the optimal b for a given
m. The procedure is summarized in Alg. 1.

Remark 12. As we aim at minimizing ax (m, b) for a given
m, then by is the MMSE estimation coefficient for estimating
€1,x—1 from Y7 g, given m. It should be noted that for k < K,
setting the by’s to be the MMSE estimation coefficients is not
necessarily optimal as the by’s affect the future time indices.
With this observation, it is clear why the JSCC-OL scheme,
which applies the MMSE estimator for all k’s, is not optimal,
even among the memoryless linear transmission schemes.

Remark 13. Note that any choice of m will result in an upper
bound on Dg min. While finding Dg min requires searching

10Note that since €1,k—1 and Y7 ; are jointly Gaussian, then in this case
the linear MMSE is the full MMSE.



Algorithm 1 Calculating the Minimizing b and o min (m)

1: Initialization: ngx_; + <1— 2(P71J3rcr§)>’ O 14 _2(%;03)
2: Compute the sequences 7, and 6 using the backwards
recursions (47)
Qg O'g, T0 < Ps
for k=1,2,...,K do
Calculate by, as in (48)
Calculate « and 7 as in (46)
end for
Output: b, &g min(m)

® >N AW

over all 2% possible m sequences, in practice, the search can
be shortened at the expense of possibly achieving a larger
MSE. One approach for reducing the search space is motivated
by the alternating sign of p; in the JSCC-OL and JSCC-LQG
schemes, for for asymptotic large values of k, (see [9, Eqgs.
(23), (36)—(37)]): We can enforce such a behavior one m by
setting m to be a sequence with alternating signs after some
L <« K channel uses, thereby searching only over the first
possible 27 sequences. Numerical simulations show that when
the SNR is not too low, then this approach performs well, as
shown in the next section.

Remark 14. The results of [10, Ch. 1.3] imply that for the
symmetric setting in which the MSEs at both receivers are
restricted to be the same for every k, the JSCC-DP scheme,
described in Alg. 1, is optimal. Hence, for this scenario,
the MSE of the JSCC-DP scheme constitutes a lower bound
and a benchmark on the MSE of any linear and memoryless
scheme for the GBCF in the finite horizon regime. For the
general setting, e.g., if the MSEs are not required to be the
same at every k, the optimal transmission coefficients can be
obtained via a numerical search. Moreover, a simple (and non-
tight) lower bound on the MSE achieved by any linear and
memoryless scheme is obtained by treating each transmitter-
receiver pair as a Gaussian PtP channel with FB and using the
expression for the optimal MSE given in [37, Eq. (9)]. Using
this bounding technique, the MSE at I§xi,i = 1,2, after k
channel uses is lower bounded by (P_;W

VI. COMPARATIVE DISCUSSION AND NUMERICAL
EXAMPLES
In this section we compare the different JSCC transmis-
sion schemes, i.e., JSCC-OL, JSCC-LQG and JSCC-DP, and
demonstrate our results via numerical examples.

A. JSCC-DP Outperforms JSCC-OL and JSCC-LQG

The following proposition formally states that the JSCC-DP
scheme outperforms both the JSCC-OL and the JSCC-LQG
schemes:

Proposition 5. For any fixed number of channel uses K, the
JSCC-DP scheme achieves MSE at least as low as the MSEs
achieved by the JSCC-OL and JSCC-LQG schemes.

Proof outline. As stated in Remark 12, JSCC-DP outperforms
JSCC-OL. Now, recall that in Appendix D-B it is shown that

choosing P, = P in the JSCC-DP scheme is optimal. Thus,
the JSCC-DP scheme is the optimal scheme (in the sense of
minimizing the MSE after K channel uses) among the class
of linear JSCC schemes which can be formulated via (40)—
(41), and satisfy the constraint P, < P. In Appendix E we
explicitly show that the JSCC-LQG scheme can be written in
the form of (40)—(41). Furthermore, we show that all three
JSCC-LQG decoders considered in this work, (22), (24), and
(35), have the same structure as the decoder applied by the
JSCC-DP scheme. We conclude that any JSCC-LQG scheme
which satisfies the per-symbol average power constraint (5) is
within the search range of the JSCC-DP scheme, and therefore
JSCC-DP achieves MSE at least as low as JSCC-LQG. O]

B. Numerical Examples

We first consider the low SNR regime as it facilitates
demonstrating different characteristics of the JSCC schemes
studied in the paper. Consider the transmission of a pair
of Gaussian sources with 02 = 1 and p; = 0.4, over a
GBCF, with noise parameters 02 = 1.5,p, = 0.3, and
power constraint P = 0.03. Fig. 6 depicts the MSE values
corresponding to (11), (23), (35), and the approximation of
(45) described in Remark 13 for L = 15 and L = 25. The
JSCC-OL scheme is initialized via €;0 = —95;, while for
the JSCC-LQG scheme we consider two initializations: either
U; = Sor U; = ,/4S with the optimal . The line marked by
ZT LQG refers to the original LQG scheme applied as in [9],
namely using a zero trajectory (ZT) decoder at the receivers
and using the initialization U; = S. It can be observed that for
low values of K the new decoder (24) significantly improves
upon the ZT decoder, while for large values of K the two
decoders achieve approximately the same MSE. It can be
further observed from the figure that scaling can significantly
improve the performance in the low SNR regime.

Fig. 6 also shows the importance of the parameter L
in the approximated DP solution: When L = 15, JSCC-
OL outperforms JSCC-DP, while when L = 25, JSCC-DP
outperforms JSCC-OL. Our simulations indicate that for the
current scenario parameters the optimal m sequence starts
alternating for L > 25, and setting L. = 25 does not
result in any difference in the MSE compared to the exact
solution of (45).!" The numerical results also support the
conclusion of the discussion on lower bounding the MSE
in Subsection V-B as JSCC-DP with a proper value of L
outperforms both JSCC-OL and JSCC-LQG. Note that, while
the gap between JSCC-DP and JSCC-OL in Fig. 6 is very
small for the scenario parameters specified above, this gap
becomes larger as the total number of steps K increases. Fig.
6 also shows that, there is a relatively large gap between
JSCC-LQG and JSCC-OL, in particular when scaling is not
applied for JSCC-LQG. This gap follows from the fact that
the distance between the covariance matrix of the sources
and the covariance matrix of the JSCC-LQG steady state is
large (using the terminology of Subsection IV-B). Explicitly
calculating this distance we have D(Q,,, Q) & 213.515, while

This was verified for 25 < K < 30.
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Fig. 6: MSE vs. time for 62 = 1,ps = 0.4,p, = 0.3,02 = 1.5 and
P = 0.03. my is set to an alternating sequence starting from L = 25 (solid
line), and from L = 15 (dashed line).

the distance D(Q,,, 7Qs) ~ 88.77 is much smaller, and indeed,
a significant performance improvement is observed.

We next focus on the setting in which the sources and the
channel are almost matched. For this setting, following the
discussion in Subsection IV-B, it is expected that the JSCC-
LQG scheme will have a fast convergence. Furthermore, for
this scenario, due to this fast convergence, all the JSCC-LQG
versions should perform roughly the same. These expectations
are indeed confirmed in Fig. 7. The scenario parameters in Fig.
7 are 02 = 1,p, = 0.5 and P = 0.2, which leads to 02 ~
11.85 and p, ~ —0.067. We set o2 = 11.8 and ps = —0.066,
which results in D(Q,, Qs) = 0.0722. The scaled JSCC-LQG
decreases this distance to D(Q,,vQs) = 0.015. It can be
observed that the plots corresponding to the different schemes
are almost indistinguishable. This follows as for small values
of K JSCC-OL is close to JSCC-DP, while the JSCC-LQG
versions are very close to their steady state, thus, no slow-start
is observed. Furthermore, the correlation between the sources
is very low which eliminates the most significant advantage
of JSCC-OL over JSCC-LQG. A closer look in the “zoom-
in” plots in Fig. 7 shows that for very small K’s JSCC-OL
achieves MSEs smaller than the JSCC-LQG schemes, yet, this
relationship changes when K increases. This is a consequence
of JSCC-LQG achieving a higher MSE exponent. It can also
be observed that, as expected, the performance improvement
of the JSCC-LQG scaling when Q; is close to Q, is minor,
and that JSCC-DP outperforms both JSCC-OL and JSCC-LQG
and has the same slope as the LQG schemes (the best known
MSE exponent).'? Finally, Figs. 6 and 7 indicate that while
the JSCC-LQG schemes have the best known MSE exponent,
their finite horizon performance can sometimes be hindered
by the issue of initialization.

The last numerical example shows the impact of having
a source of common randomness at the transmitter and the
receivers. Using this common randomness, the transmitter
can generate the initial state by transforming the pair of
sources without causing an MSE floor. However, as stated in
Subsection IV-B, the initializations of the JSCC-OL and the
JSCC-LQG schemes aims at achieving different objectives.
While in the JSCC-OL scheme it is desirable to have |pg| as

2In this setting we used L = 15.
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Fig. 7: MSE vs. time for 02 = 11.8, ps = —0.066,02 = 1, p, = 0.5 and
P = 0.2. For this setting Qs ~ Q.

high as possible, the JSCC-LQG scheme aims at matching the
sources and the channel. To demonstrate this idea we consider
a setting in which the sources and the channel are perfectly
matched, and a common source of randomness is available.
For such a source, the JSCC-LQG scheme simply initializes
U, = S, without using the common randomness. On the other
hand, the OL scheme uses the common randomness to set |pg|
to some value close to 1.

To highlight the difference between the JSCC-OL and
JSCC-LQG, we consider a low SNR scenario, by setting
o, =1,p, = 0 and P = 0.1. Consequently, the achievable
MSE exponents are low. The stationary covariance matrix of
the JSCC-LQG scheme for this setting is given by:

21.0606721498435 —1.00118909550747
—1.00118909550747 21.0606721498435 |’

which implies that p,, =~ —0.04754. Let the sources to be trans-
mitted be distributed according to S ~ A(0, Q). Thus, in this
scenario, the JSCC-LQG scheme minimizes D(Q,, Qu1) by
setting Uy = S, regardless if common source of randomness
is available or not. On the other hand, if the transmitter and the
receivers share a common source of randomness, the JSCC-
OL scheme can use it to set pg = 0.95.!% Figure 8 depicts the
MSE achieved by the two schemes. It can be observed that,
for the considered values of K, the JISCC-OL scheme strictly
outperforms the JSCC-LQG scheme even though the sources
and channel are matched. This gain is achieved by the JSCC-
OL as it takes advantage of the common source of randomness
to increase |pg|, while the common source of randomness
is not used by the JSCC-LQG scheme as the sources and
the channel are already matched.. It should be noted that if
a common source of randomness is not available, then the
JSCC-LQG scheme indeed outperforms the JSCC-OL scheme
in this scenario, and in fact, for this setting, the JSCC-LQG
scheme achieves the same MSE as the JSCC-DP scheme.'*

C. When Does JSCC-OL Outperform JSCC-LOG?

Recall that for channel coding in the infinite horizon regime
JSCC-LQG outperforms JSCC-OL. Yet, in the finite horizon
regime, Figs. 6 and 7 demonstrate that JSCC-OL can out-
perform JSCC-LQG. This leads to the question: When does

Qu =~

3Note that this example can be adapted to any |po| < 1.
141n this setting we used L = 15.
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Fig. 8: Matched sources and channel. o, = 1,p, = 0 and P = 0.1. The
LQG scheme sets U; = S while the OL scheme sends S.

JSCC-OL outperform JSCC-LQG? To answer this question
we focus on the symmetric setting, and note that Figs. 6
and 7 imply that the answer changes for different target
MSEs. More precisely, using Thm. 1 and Thm. 5 one can
answer the question which scheme (JSCC-OL or JSCC-LQG)
achieves the target MSE with the least number of channel
uses. For instance, consider the scenario illustrated in Fig. 6,
ie, 02 =1,ps =04,02 =15,p, =0.3,P = 0.03 and let
D = 10"2. Here, Kigg = 498 and Kgli = 470. Thus, JSCC-
OL outperforms JSCC-LQG. In fact, using the upper bound
presented in Thm. 1, it can be shown that for D = 10~2,
JSCC-OL outperforms JSCC-LQG for all P < 0.1978.

VII. CONCLUSION

In this work we studied the transmission of a pair of
correlated Gaussian sources over the two-user GBCF focusing
on linear and memoryless transmission schemes in the finite
horizon regime. We characterized the minimal number of
channel uses required to achieve a non-zero pair of MSEs
for three finite horizon JSCC schemes: An adaptation of the
OL scheme of [8], an adaptation of the LQG scheme of [9],
and a novel scheme derived in this work designed using the
DP approach.

For the JSCC-OL scheme, we first demonstrated that the
initialization which takes advantage of the correlation between
the sources is superior to the one suggested in [8]. Then,
for the proposed JSCC-OL scheme we derived upper and
lower bounds on the number of channel uses required to
achieve a target pair of MSEs. For the symmetric setting with
independent sources and independent noise components, we
showed that, even though JSCC-OL does not encode over
blocks of source symbols, in the low SNR regime, it achieves
approximately the same source-channel bandwidth ratio as the
best known SSCC scheme, which applies a source code and a
channel code with an asymptotically large blocklength. More
precisely, the gap between the source-channel bandwidth ratios
achieved by the JSCC-OL and the SSCC schemes is bounded
by a quantity independent of the SNR.

For the JSCC-LQG scheme, we first introduced a new
decoder based on the MMSE criterion, which achieves MSE
values smaller than or equal to those achieved by the original

decoder proposed in [9]. For the general setting, we presented
lower and upper bounds on the number of channel uses
required to achieve a target pair of MSEs, while for the
symmetric setting we explicitly characterized this number of
channel uses. For the symmetric setting we also showed that,
by properly scaling the transmitted sources, it is possible to
arrive at the target MSE much faster than with the original
initialization of [9]. This optimal scaling leads to a linear
and memoryless transmission scheme with very good finite
horizon performance and with the best known infinite horizon
performance.

Lastly, we used DP to derive the optimal linear and memo-
ryless JSCC scheme in the symmetric setting. This scheme
requires finding a vector of modulation coefficients and a
vector of estimation coefficients which minimize the MSE
after K channel uses. We showed that this minimization
problem can be simplified into the problem of searching
only over the possible modulation vectors, while the optimal
vector of estimation coefficients, per modulation vector, was
formulated as a DP problem whose solution is obtained using
a recursive deterministic relationship. For a finite number
of channel uses, the JSCC-DP scheme achieves MSE values
lower than both JSCC-OL and JSCC-LQG. Since finding the
optimal modulation vector becomes computationally infeasible
as the number of channel uses increases, we proposed a com-
putationally feasible approximate solution, which performs
well for moderate to high SNR values.

The comparison of the three JSCC schemes indicate their
differences: JSCC-OL is time-varying, and reaches steady
state relatively quickly, but it is suboptimal in the infinite
horizon regime. JSCC-LQG is time-invariant, reaches steady
state relatively slowly, but has the best known performance
in the infinite horizon regime. JSCC-DP is time-varying,
and outperforms both JSCC-OL and JSCC-LQG in the finite
horizon regime. As JSCC-DP applies backwards recursion, it
can be applied only in the finite horizon regime. While JSCC-
LQG reaches steady state relatively slowly, by applying the
proposed scaling, and using the improved MMSE decoder,
its finite horizon performance can be significantly improved.
However, even with these improvements JSCC-OL can out-
perform JSCC-LQG in the finite horizon regime. Finally,
the initialization objectives in the finite horizon regime for
JSCC-LQG and for JSCC-OL are fundamentally different: The
JSCC-OL scheme aims at increasing the correlation between
the transmitted signals, while the JSCC-LQG scheme aims at
matching the covariance matrices of the the initial and steady
states.

We remark that the results presented in this work are im-
portant in identifying simple yet efficient coding schemes for
the transmission of correlated Gaussian sources over multiuser
channels with FB when strict delay constraints are imposed.
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APPENDIX A
JSCC-OL IN THE FINITE HORIZON REGIME - PROOFS
A. Deriving the MSE for the Case ¢¢ =S + W in Eq. (13)

Recall that we focus here on the symmetric setting, and
define S £ S + W. Rx; estima}tes S; in two steps: First
Rx; estimates S; via (10). Let Si,k denote this estjmation.
Then, Rx; computes the MMSE estimate of S; from S'i’k. The
scheme is initialized via S; o = 0 and €, o = —S;,i = 1, 2.

From the theory of MMSI:Z estimation [36, Ch. 11.4], the
MSE in estimating S; from S; j, is given by:

Sl 2 (E{SiSi))?
E{(Si—SLk) }ZO’S —E{TZ:}.

From OL decoding (10) we write S’i,k = —an:l €im—1,
where the terms €; ,,,—; denote the estimates of ¢; ,,,—1 during
the trgnsmission of S;. Since €k = €ik—1 — € k—1, it follows
that 5’1'7;@ = €k

E{(S: - Six)*}
— o2 (B{Sicin} +00)" . (A2)
i QG ke +J§+O—12u +2E{(Sz +Wz)ez,k}
Next, to explicitly evaluate the MSE (A.2) we derive recursive
expressions for E{S;e¢; 1} and E{(S; + W,)e; 1 }. First, plug-
ging the relationship €; ;, = €; x—1 —€; 1 into the expectation
E{S;e; 1} we obtain:

E{Siei 1} = E{Sieix—1} — E{S:é 11}

(A.1)

— ¢€;,0. Therefore, the MSE can be written as:

(A3)
Using (9), letting o 1, £ oy, and considering ¢ = 1, we write:

E{S1é1,x-1}

_E {e1,6-1Y1 1} E{$Y) 4}

E{Eﬂ}

Wy—1y/ap—1(1+ |pr-1)

= E{S,Y;
P+o2 (oY}
Uiy (L+ |pe-1])
= £ IPJFUE E{Si(€1,r-1 + €2, k—15gn(pr—1))}-
(A4)
Le;t A2 2(}37};(73). Combining (A.3) and (A.4), and noting that
Uy = T Ve have:
E{Sie1t} = E{S1€1 -1}
P
71[3 S (e +€ sgn
3(P1o?) {S1(e1,p—1+€2,k—15gn(pr—1))}

— (1 - 2(;“73)) E{Si€1,r-1}

_ ‘PQ(SlgripO].@z)l)E{Slezkl}
= (1= NE{S1€1 -1}
— A-sgn(pr—1)E{S1€2,5-1}, (A.5)
Following similar steps, we write IE{S€3 1} as:
E{Siea} = (1 — NE{S1€e2 41}
— A-sgn(pr—1) - E{S1€1 -1} (A.6)
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Finally, since E{S1€1,0}=—02, and E{S1€20}=—ps02, we
can recursively calculate E{Slem}

To evaluate E{(S; + W, )e; 1 }, we recall that S; = S; + W,
and follow the steps leading to (A.5)-(A.6) to obtain:

E{Slﬁl’k} = (]. — )\)E{Slfl,k—l}

— X -sgn(pp—1)E{S1e2,5-1}, (A7)
E{Sie2x} = (1 = AN)E{Si€04_1}
— X-sgn(pr—1) - E{S1€1 51}, (A.8)
with the initial conditions ]E{Slq o} = —02 — 02, and

E{Si€20} = —ps02 — pyo2,. Therefore, using (A.2) and the
recursive relationships (A. 5) (A.8) we recursively obtain the
MSE:s of the two-step estimator.

B. Proof of Theorem 1

Recall that o; o = a ,t=1,2, and that «; j, is the MSE at
Rx; after the k’th transmlssmn From (11) we have:

log a1 K Zl 03,1 + @%—192(1 - p%—l)
of s '

As |pi| € 10,1], it follows that:
2 g% (1 — Pg*(1—pj_,) Pg*
k-l 1+ g2 +29|Pk—1| 1+g2
ol V19 (1-pi)
T

. Next, we use the fact that log(x) < x — 1 and

Pk 1)

Thus, we obtain the upper bound
0371+7rlg2

T+ g2
write:

02, 4 myg? 02, 4 myg? P
log 2 > | <= >~ 1= I ———
m + g T+ Mg T+ T1g
Thus, it follows that log (a11K> = log (%) < —mfflgz,
which implies that:

(1+¢% o\ m2, (03
KOL[ Iz max<7i log Dy) & log Dy .

To obtain K we note that 0 < U7 ,¢%(1 — p?_,) where
equality is obtained by setting py—1 = 1. Then, we use the
inequality 1 — % < log x to obtain:

2 2
o o;,+ P P
log . 2,1 >1— z,12 ==
az,l + P Uz,l Oz,l

Thus, we have log (%) > —&E . which results in the
1 1

IN

following lower bound:

2 2 2 2
Uz,l g o—z,2 a
KOL = ’Vmax {P log (D11> P log (DQz> }—‘ .

C. Proof of (15)

From [8, pg. 671] it follows that if R is an achievable
symmetric rate for the GBCF, and p, = 0, then R <

L 5 log (1 + 2X"P

), where Xo is the unique positive root of

1
2SNR*

2
the polynomlal (in x): x2 43 2 7 x =x>+ QSNR
The roots of this polynomial are glven by

1 3 92
X127 5| 73sNR © V 4sNRZ T SNR /



Hence, o is given by xo = % (—ﬁ + 451?1122 + ﬁ)
Plugging x( into the upper bound on R we write:

1
R < 3 log (1 + 2x0SNR)
1 3 9 2
— Zlog [1+SNR [ —
2 °g< + ( 2SNR T\ asNRZ SNR))
1 [9 1

D. Proof of (16a)

First, we obtain an upper bound on 2log |a;|. Following
steps similar to those described in [9, Section IV.C] for the
symmetric GBCF with independent noises, we conclude that
a? = x¢, where ¢ is the unique real positive root' of the
equation:

cr x +0212

(02 +2P)x — 02 = 0.
Rewriting this equation equivalently as:

3 9 2P
x° 4+ x° — 1—}——2 r—1=0,
o

z

(A.9)

we upper bound x( using Budan’s theorem [43]:

Theorem. (Budan’s theorem) Let p(x) = ag + a1z + -+ +
anx™ be a polynomial of degree n, and let p9) (x) be its 5’th
derivative. Define the function V(a) as the number of sign
variations in the sequence p(a),p™(a),...,p"™ (). Then,
the number of roots of the polynomial p(x) in the open interval
(a, b) is either equal to V' (a)—V (D), or less by an even number.

Let p(z) be the polynomial in (A.9). Then we have:

2P
pO(z) = 2% 4+ 22 - (1+02>$—1, (A.10a)
2P
pV(z) = 32% 4 22 — (1 + 2) , (A.10Db)
4
p®(z) = 62 +2, (A.10c)
p®(z) =6. (A.10d)

For x = 1 we have V(1) = 1. Note that sgn(p(*)(1)) depends
on the term 3,—1;, however, since sgn(p(®)(1)) = —1 and

sgn(p® (1)) =1, in both cases we have V(1) = 1. Next,
we let x = 5, and set * = 1 + x to obtain:
(0)( +x) =x">0,
W1+ y) =3 +4x +4 >0,
<2>( +x) =6x+8>0,

PP (1+x)=6>0.

all larger than zero. Therefore, V(1 + x) = 0. Thus, Budan’s
theorem implies that the number of roots of (A.9) in the
interval (1,1 + x) is 1. From Descartes’ rule we know that
there is a unique positive root, therefore 1 + x is an upper
bound on xg: g < 1+ 2%3.

15The uniqueness of a real positive root follows from Descartes’ rule [39,
Subsection 1.6.3.2].
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Next, recall that a3 = x¢, which implies that 2log(|a1|) =
log(z) < log (1 + 202) Using the fact that log(z) < x — 1
we have the following bound on 2log(|a1|):

2log(las]) <

(A.11)

5
202

Next, we explicitly upper bound Ko, — k3,
setting (we set g = 1 in (14a)):

Sep in the symmetric

KOL o I{Ub < K o HUb

sep sep

<g>2(P+U§)10 W SR €
B \D ) 2loglai] 2\ D
b) o2\ (2(P+02) 202
< 95\ (2L TO:) 40
o (5) (55 %)

(3]

where (a) follows from specializing Thm. 1 to the symmetric
setting, and (b) follows from the bound 2log(|a;|) <

—~

(A.12)

P
— 20 2
E. Proof of (16b)

Recall that k2 &2 — "/ Thus, we write:
P log(\/3+2SNR-1)

KoL — kigy < K“b ?b

: (%)
— log D
log< 9 4 2SNR — )

[

o2 2 1
:log<s> 2+ —

DI\ SNR log ((/§+25NR- )
<2+2_1>

SNR  /2SNR
<+ or -~ vww) = (3))]

2 s (2] )

= SNR ~ VasNR/) 2\ D

where (a) follows from the fact that log (, / % + 2SNR — %) <
\/2 +2SNR — 3 < /2SNR.

APPENDIX B
JSCC-LQG IN THE FINITE HORIZON REGIME - PROOFS

A. Proof of Theorem 2

The MMSE esti{nator of S; based on Ui,k is the conditional
expectation IE{S;|U; 1 }, [36, Eqn. (11.10)]. Now, from (18) we
can write:

Uy =AUp_1 +Y
=AU;,_; —BCTU,_1 + Z;_1

=(A-BCHU,_1 +Z;_1, (B.1)



and from (21) we have:

Uy =AU, 1 + Y1
k-1
_ Ak71ﬂ1 + Z Ak:fmlem
m=1
k—1
= > AFTH-BC ULy + Zi 1),

m=1

(B.2)

From the fact that Z; is a zero-mean Gaussian vector, from
the linear relationship in (B.2), and from the fact that U; = S,
it follows that for i = 1, 2, Ui,kﬂ and S; are jointly Gaussian,
both with zero mean. From [36, Eqn. (10.16)] it follows that

E{Si‘Ui,k+1} = %::rl}}f]iykﬂ. Next, we expand (18)
as: ’

U, =AU, 1 +Yr 1
k—1
_ Ak71S+ Z Akfmlem

m=1

(B.3)

Therefore, combining (B.3) and (B. 2) we have Uy —
Ujr1 = AFS = Upyy = U1 — A*S, and since A is a
diagonal matrix it follow that Ul,kﬂ = Uij+1 — akS;. At
time k + 1, the MMSE estimate of S; based on Uz,kJrl is
given by:

. E{siU
7,,k7_ ]E{

i k1 —akS; )}
ik —akS;)?}
E {S;U; p11}—ako?
N E{UZk+1}_2afE{SiUi,k+1}+a?k0’i2

Uz k+1

UiJc-&-l- (B.4)

From the independence of S and Z;, we have E {U;1S”} =
(A — BCTHE {U,S”}, and since U; = S it follows that
E {UkHST} = (A—BCT)*Q,. Recalling the definition M =
A — BCT we conclude that:

E{SiU; x41} = [MFQqlis. (B.5)

Using the definition of Q,, 5, in Subsection IV-C and plugging
(B.5) into (B.4) we obtain (24). Next, we use (24) to obtain a
recursive expression for the MSE. By plugging the expression
for S; 5 in (B.4) into E{(S; — Six)?} we obtain that:

2k

([Mst]zz o;a; )
(Qu kt1]ii—2a5 [MEQy]; i +07aZ*
2[Qu k+1]zz ([MkQ ]z 1)2

7[Quk+1]11*2a MEQy]; s +02a2k’
(B.6)

E{(S; — Sik)} = 07—

which is Eqn. (25). Finally, we consider (B.6) for k—o00. As
the magnitudes of eigenvalues of the matrix M are smaller
than unity it follows that limj_,. ([M Qs ]“) = 0 and
limy,_, 00 [M¥Qy]i.; = 0. Furthermore, since |a;| > 1 and since
limg 00 Qu,x = Qy it follows that:

) Q i M*Q.1; ;
khm a?k <[ u’k;]; Jisi — 2[ ks}w —1—01.2 = Ufa?k.
— 00 as ai

K3
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Therefore, for k large enough we have:

02 [Qut1)ii — (MFQyli)
[Qukt1]ii — 268 [MFQy]; ; + o2a?¥

2

~ a; F[Qup )i

= a; ME{U )

B. Proof of Proposition 2
We begin with explicitly writing P, using Uy:

P =E{x?} Y E{cTU,UTC} = C"E{U,UT}C,

where (a) follows from the structure of the controller. Now,
recalling that M = (A — BCT'), we use (B.1) and the fact that
Uy and Zj, are independent and write:

E{U,U]} =ME{U,_,U}_,} M" + Q.
=M (ME {U;_,U}_,} MT) M7T
+MQ.M" +Q.
k—2
— Mk—lQS(MT)k—l + Z MlQZ(MT)l. (B.7)
=0

Therefore, we have:

P, =C"E{U,U]}C
k—2
= C'MFIQ(MT)* e + ) " CTMIQ.(MT)'C. (B.8)

=0

Next, we focus on the term CTM*F~1Q,(MT)*~1C. Since
lps| < 1 we can apply Cholesky decomposition [39, Sub-
section 19.2.1.2] on Q, and obtain:

0
MEQ(MF)T = MFLLT (M¥)7, L:[Ul ]
Qu(M") (M¥) S e T

We now write M* in terms of the eigenvalues and eigenvectors
of M, see [39, Subsection 4.5.2.2]. Let D = diag(A1, A2) be the
U1 U2
V3 U4
is the matrix whose columns are the corresponding eigenvec-
tors of M. Thus, we have:

diagonal matrix of the eigenvalues of M, while V =

M = VDV~ = MF = vD*VvV~. (B.9)

Next, we define R £ VD*V~1L = . ;2 . Note that R is
3 T4

a function of k, yet, to reduce clutter we omit this notation.
This implies that:

CT'M*Q,(MT)*C =CTRRTC

:(clrl+02r3)2+(01r2+02r4)2. (B.10)
Writing VD*V~! explicitly we have:
-1
k=1 _ |v1 w2 A0 [or e
VDIV = |:1)3 U4:| [0 Mol lvs vy
o 1 U1U4)\]f — 1)2’[)3)\’5 Ul’Ug(Aé‘ — )\]f)
T odet(V) | vsvoa(AF = A5)  vioa\s —vaugAf ]
(B.i1)



Therefore, it follows that:

R = VDFV~IL
_ 1 ’L)1U4/\lf — ’LJ2113)\]2C ’U1’UQ(>\]2C — )\If)
T det(V) | vsua(AF = A5)  vivaAE — vaugAY

% |: g1 0 :|
pso2 02v/1—pi|’

which implies that:

- o1 (V1V} — vousAE) + piaaviva(AE — AF) (B.12a)
det(V)
21/ 1-— VU1V - ()\12C — )\lf)
= B.12b
"2 det(V) (B.12b)
ry = 0'1’()3’04()\]1c - )\g) + psO2 (’01’04/\]2C - ’U2U3/\lf) (BIQ,C)
det(V)
1= 02 (v \E — vgug Nk
ry =22 pi (0104 ] — w203 f) (B.12d)
det(V)
Next, we explicitly write c17ry + cors:
c1T1+CaT3
c
= WEV) (01(1)1’04)\11€—UngAé)-l—pSUgvlvg(Ag—)\If))
C2
er (0103v4()\]ff)\§)+p502 (vlv4A§—vgvg)\]f))
Ak01(01111714 PsT201V2) +C2 (010304 — psOT2U2V3)
det(V)
Jr/\k 01(P302U1”02*01U2U3)+02(P50201’U4*01’03114)
2 det (V)
= MNwi(o1,02, ps)+A5w2(01, 02, ps).- (B.13a)
Similarly, we explicitly write c179 + cory:
1_ 2
e11g + Coa :)\]f 024/ p2(civ1va + cavavs)
det(V)
Y o2+/1 — p2(civ1ve + covivy)
2 det(V)

:)\]fw;),(ol,02,p8)+)\§w4(01,02,ps), (B.13b)
where w;(s1,¢2,p),j = 1,2,3,4, are defined in (26). Hence,
squaring (B.13a) and (B.13b), summing and using the expres-
sions «;, 7 = 1,2,3, defined in (27) we obtain:

(err1 + car3)® + (earg + cora)?
= (Mwi(o1,09, ps) + Agwa (01,02, ;)
+ (Mws (01,02, p5) + Aswa(o1, 09, ps))°
= AWt (01,02, p5) + A3 w5 (01, 09, ps)
+2X Mswi (01,02, ps)wa (01,02, ps) + AT w5 (01, 02, ps)
FAS WE (01,02, ps) +2AT A5 w3 (01, 02, ps)wa (a1, 02, ps)
=M (wi(o1,02, ps) + w3 (01,02, ps))
+A3* (w3(01, 09, ps) + wi(o1, 02, ps))
+ M (201 (01, 02, ps)wa(o1, 02, ps)
+2ws3(01, 02, ps)wa(o1, 02, ps))
= AFai(o1, 09, ps)

+ A as(o1, 02, ps) + MM az(01, 02, ps), (B.14)
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We conclude that:

CTMkQS(MT)kC
= Arai(o1, 02, ps)
+ X*ay(oy, 09, ps) + MNEas (01, 00, ps).  (B.15)
Next, we focus on the second term in (B.8):

Z;:OQ CTM!Q.(MT)!C. Following identical steps to
those leading to (B.15), and recalling that |p,| < 1, we write:

c'M'Q.(MT)C
= )\%lal(Uz,h 0z,2, pZ)

21 141
+ A3 042(0z,1’ 02,2702) =+ /\1)\2013(%,1, Uz,%ﬂz)-

Therefore, summing over [ we obtain:

k—2
ZcTMlQZ(MT)lc
=0
k—2
- Z )\%lal (Uz,la 02,2, pz)
=0
+ /\51042(0z,1, 02,2, pz) + )‘%L)‘l2a3(o-z,la 02,2, pz)
2(k—1)
= %al(az,h%,%ﬂz)
1- A2
1— )\Z(kfl)
#QZ(JZ,haz,%pz)
N2

1— A7t
1= A

Combining (B.15) and (B.16) and using the expressions
n;(s1,%2,p),j = 1,2, 3, defined in (28), results in:

3(02,1,022,p2). (B.16)

k—2
Pk _ CTMkleS(MT)kflc + Z cTMlQZ(MT)lc
=0

2(k—1 2(k—1
_ 220D (k=1)

a1(01,02, ps) + A5 (01,02, ps)
+ ()xl)\z) Oé3(0'1,02,p5)

1— A0
[pY:
1— 2200
e
1— (Ahg)F L
1— XA
=1(02,1,022,02)+12(02,1,022,p2) +13(02,1,022, p2)

al(az,17 02,2, pz)

+ O‘Q(o—z,laaz,Q;pz)

053(0'271, 02,25 pz)

+)\2(k 1)(011(01702,%) Mm(021,022,p2 )
+)\2(k 1)(00(01702,/)5) 72(02,1,02,2,p2))
+ M A" Nas(o1, 02, p5) —13(02,1, 022, p2)), (B.17)

From [42, Lemma 2.4] we have |)\;| < 1,i = 1,2,'® which

16Recall that C = (BTGB + 1) "' AGT B where G is the unique positive-
definite solution of the DARE (19). Now, from [42, Lemma 2.4, item (iv)] it
follows that the eigenvalues of the closed-loop matrix M = A—BC7 are given
by \; = a% Note that [42, Lemma 2.4] assumes a DARE of the form (19) and
studies the properties of the matrix A—BC7”', for C = (BTGB+ 1)_1AGTB,
see [42, Equation below (11)]. Therefore, it follows that A1 = é



implies that:

k—2
Jim C'MFIQ(MT)F e+ ) " eTMIQ.(MT)'C
o 1=0

= 771(02,17‘72,2,,02)
+ 772(0'z,1a 02,2, pz) + 773(Uz,1a 02,2, pz)~ (B.18)

Recall that the JSCC-LQG scheme is designed such that the
asymptotic average transmit power is P. This implies that:

m (Uz,la 02,2, pz) +772(Uz,1a 02,2, pz) +773(0z,1a 02,2, pz) =P.

For the power constraint in (5) to be satisfied for every k =
1,2,3,..., we should have P, < P. From (B.17) we conclude
that this condition can be equivalently stated as follows:

)\2(k—1)( 771(0'2,1,0—2727/)2))

+ )\Q(k Y (a2(01702a pS) - ,’72(02’1’02’2’ pZ))
()\1)\2>k_1(043(0'1;027ps) - 773(0-,2,1’0-272’”3)) < 0.

041(0'1, UQ,ps) -

C. Proof of Theorem 3

We begin with KE'(’QG. Since (24) is the optimal estimator
based on the observation Ui,kﬂ, it follows that we can upper
bound Kjqg by upper bounding the number of channel uses
required to achieve a target MSE pair using the decoder in
(22). Recall that the MSE of the decoder in (22) is given
by (23): ]E{(S — 5ik)?} = a; *B{U},,}. Let B{(S; —

l,k) } £ D, 1. be the MSE after k channel uses, i.e., at time
instance k£ + 1. We upper bound D, via upper bounding

E{UZ) 11}

Slnce the eigenvalues of M are inside the unit circle, it
follows that [MkQS(MT)’“]“, — 0 as k — oo, and therefore,

nm,Hoo[ i MlQZ(MT)l], = [Quii"”

covariance matrix then the diagonal elements of M*Q,(M7T)*
are non-negative and we can write:

E{Uf 1} < [MFQ,(MT)F], .

Next, we derive an upper bound on [M¥Q(M7)*]. . Fol-
lowing the arguments leading to (B.10) we can write
M*Q,(M*)T = RRT, again omitting the dependence in k from
the matrix R, we write:

[M*Q,(MT)], |

Since Q, is a

[Qu] 0,1

2, .2
=711+ 73,

where r; and ry are given in (B.12). For ease of reference we
repeat the expressions for r; and rs:

™ = (0’1 (’01114)\11C — 1}21}3)\§) + /)50'21)11}2(/\]2C — )\If))

o,

et(V)

1
== 1 - 2 * * Ak -
T2 det(V) o2V p2 - v1v2 - (A3

AR,

7Note that [Zf;(} MZQZ(MT)I] > 0k=12,...,

1,2 . .
the diagonal elements are sum of the variances of the noise.

i = 1,2, since
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Next, we upper bound [M*Q,(MT)¥]
r? and 73:

11 Vvia upper bounding

1
|T’1‘ < W (01 (|U1U4||)\1|k —+ ‘UQUB’H)\QVC)

Hlos| - o2 - forva|(|Ae]® + [M[*))
(2) o1 (Jvrvadi] + |vavsAa|) + |psoav1va|(|A2] + A1)
< [det(V)

A
=T1

where (a) follows from the fact that |\;| < 1,4 = 1,2. Using
similar arguments we bound |ro| as follows:

o2/1 = p2|viva|(|A2] + [A1]) 4

Ira] < =7

| det (V)]

Hence, we have [MFQ,(MT)*] |
that: ’

< 72+ 72, and this implies

E{U7} <77 +73+[Qula

Following similar arguments we have [M’“QS(MT)’“]2 , <

73 + 72, where:
s lorvgva|([Aa] + o)) + [psoa| ([vrvada] + [vavsAa])
| det (V)]
o924/1 — pg (|111v4/\2| + ‘U2U3/\1|)

[det (V) ’

(1>

T4

and therefore:

E{U3.} <75+ 77+ [Qul22 £ U2

)

I —_— .
1= Dloglal 1T

To lower bound Kjgc we first lower bound the MSE in
(25) as follows:

To conclude, we have:

N [Qu,k+1]i,i ([MkQ ]z 7)
G )20 52 o7
. {(Sz Sik) } I [Qu ket 1]ii — 205 [M*Q, i + ofad”
(a) 2 [Qz]z i U%z ([ st]z z)
o .
~ Qi — 2af [MFQi + ofa
(B.19)

To see why step (a) holds we note that:

[Qu e+1ii — 0%2 (IM*Qy],, i>2
[Quk+1]ii — 20X [MFQy); s + o2a2F —

S’i,k)2} = o2 — E{gfk}, and

0<

This follows as IE){(SZ -
therefore we have:

9 1— [Qu k+1}' ) ([MkQ ]z z)
7i [Qu k+1]7, i_2 f[M Qs}z 1+0 a2k

17

[Qu k+1]1 17*(['\/' Qs ]1 1)

o
2 2k

Qurrili 2aF(MFQL,FotalF = 1. Next,
consider the function f(z) = iig,x > 0,a,b 6 R We now

show thatif 0 < f(x) < 1, then f(x) is an increasing function.

which implies that [




The derivative of f(x) is given by: f'(z) = (ztil;l)? Consider
the following cases:
e a,b > 0: From the fact that f(x) < 1, it follows that
b > a, and therefore f'(z) > 0.
e b>0,a < 0: For this case, it is clear that f'(x) > 0.
e a,b < 0: From the fact that f(x) < 1, it follows that
a < b, and therefore f’(z) > 0.
e b < 0,a > 0: This assignment is not valid since f(z) <
1.

We conclude that for all valid cases f’(x) > 0 which implies
that f(z) is an increasing function. With this in mind we note
that [Qu.k+1]ii > [Q.]ii,'® which concludes the proof of step
(a) in (B.19).

Next, we lower bound the numerator of (B.19) and upper
bound the denominator of (B.19). Recall that M* = (A —
BCT)* and consider upper bounding [M*Q,]; 1. Similarly to
Section B-B we write M* in terms of the eigenvalues matrix
D and the eigenvectors matrix V of M as in (B.9): M*¥ =
VD*V~1. From (B.11) we have:

VDFVTIQ,

1 l:l}l'U4)\]f — 1)21)3)\]5

v1v2(A5 — AT) }

- det(V) | vsua(A\F —N5)  vioaAs — vougAf
U% Ps0102
PsT102 0% ’

from which we compute:

07 (0104 —vau3\) + psor109v1va (N = AT)
B det(V)

[Mst]l,l
(B.20)

Using the fact that |\;| < 1,7 = 1,2, we obtain the following
upper bound on [M¥Qg]1 1, k > 1:

|IM*Qq]1,1]
< o7 ([v1vadi| + [v203X2]) + |pso1020102| (| A2] 4 A1)
- | det(V)]
£ By

Similarly, we also bound:

|IM*Qy]2,2 |
< 3 ([v1vada| + [v203A1]) + |pso1020204] (| A2] 4 A1)
- | det(V)]
£ Bo.

Now, for ¢ = 1,2, plugging 3; into (B.19) and setting D; , =
D; we write:

0,2 [Qz]i,i - 512
Qi + 2lag®B8; + oF[a;|?F’

which can also be written as:
Di[Q.)ii — 02[Q.)ii + 57 > —D; (2|ai|k5i + 0'1'2|ai|2k) ,

o?(Q.)ii — 87 — D;i[Q.]
D,

D; >

= < 20ai]*B; + 0P|l

18From (B.7) it follows that E{UZ,} > [Q.]s i
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Next, we recall that |a;| > 1 and write:

2 . _ B2 _D. i
7ilQbi = B DilQelia < (5, 4 o),

Applying the log to both sides we have:
02[Q ] . _52 —D»[Q ] .
1 1 253 7 7 z]1,1
o ( D; )
< log (26 + o7)]ai**) ,

which can be written as:

02[Q.)ii — B2 — Di[Q.is
1 i zt,1 i i [ X2z ]i,1 < 9%k1 n
o < (25, + 02)D; ) < Zklog|ai

Thus, we write:
2 2
log (fﬂ; [Q:]i,i —B; ;DL[QZ]H)
(2B8i+07)D;
< Kiqc,

2log |as|
which is stated in (30b).

APPENDIX C
PROOFS FOR THE JSCC-LQG SCHEME FOR THE
SYMMETRIC SETTING

A. Proof of Theorem 4

We begin with the following lemma:

Lemma 1. For symmetric GBCFs co = —c;j.

Proof. We explicitly express c; in terms of a;. Recall the
definition of the vector C in Section IV-A:

C=(B"GB+1)"'AG'B (C.1)

where G is the unique positive-definite solution of the DARE
G = ATGA — ATGB(BTGB + 1) !B? GA, such that all the
eigenvalues of the matrix A — BCT have magnitudes smaller

than 1. Let G = Bl gz} From [44, Prop. 1] we have that
3 04

a1 0

for the symmetric case and for A = [
O —Qaq

} the elements
of G are given by:
(af —1)(1 +af)?
4a? ’
(1—a?)*(1 +ai)
4a? ’

91 =94 =

92 = g3 =

and it follows that G = G”'. Writing AG” B = AGB explicitly:

nea=[5 [ o] 1)
0 —ai1] |92 g1] |1

-]

Using the expligit Sxpressions for g, and g» we can write
g1+ g2 = % Next, writing BTGB + 1 explicitly
we obtain:

BTGB +1=2(g1 +g2) + 1= (1 +ai)(af — 1) + 1.



We now can explicitly compute ¢, the first element of C in
(C.1):

. ai(g1 + g2)
214 g2) +1
ai(1+af)(af - 1)
2((1+a?)(a? — 1)+ 1)
aj —1

= : (C2)
2a3

Computing ce via similar arguments we find co = —¢;. O

Next, we recall (B.8):
k—2
Pk — CTMk—lQS(MT)k—lc + Z CTMlQZ(MT)lC,
1=0

and note that with co = —c¢; (B.10) is specialized to:

CTM*Q,(MT)FC = & ((r1 —r3) + (r2 —14)%) . (C3)

In the symmetric setting we also have 07 = 09 = o0, and
01 = 0,2 = 0,. From the expression for the matrix M and
from the expression for c; it follows that v; = vy, vy = vs,

and —Ay = \;. Therefore, (B.12) is specialized to:
ri= T (2 (1) 4 paorea(-1F - 1) (Caa)
det(V) V1 2 °
/\’st\/q k
ro= T(V) (1)11}2((—1) — 1)) (C4b)
7"327/\%0S (0102(1=(=1)") +ps (v} (=1)" —13)) (Co)
det(V) st ?
MNogy/1—=p2 k_ 2
_A1YsV =T Fs 1k = . 4
T4 det(V) (U1( ) U2) (C.4d)

Next, we explicitly write rq — r3:

—1)*+psvrva((=1)F—1)
—Uﬂ/g(l— (—l)k)_ps (U%(_l)k —U%))
Negr

= dargyy (e () (o= (1))

+or0(ps+1)((-1)" 1)),
and by squaring we obtain:
(r1 —13)?
- dA:‘(’V) (v3(1 = pe(=1)") + 3o — (-1)")
+o1vs(ps + 1)((=1)F = 1))°
= ﬁ (vf(lps(l)’“)2+v§(ps(1)’“)2
det”(V)

+ofug (14p,)*((—1)F =1)
+207v3 (1= ps (=1)%) (ps — (= 1)%)
+2’01v2(1*Ps(*l)k)(p9+1)(( )kil)

+20105 (ps — (—1)") (ps +1)((=1)" ~ 1)) :
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Now, for even values of k we have:

(r1 —r3)°
_ Aro? 401 o 1\k\2
S CURVACID
+uy(ps — (=1)%)? = 20703 (1 — p)?)
_ Aol CN20,2 232
= detQ(V) ((1 pS) (Ul U2) )
= AFo2(1—ps)?, (C5)

while for odd values of k we have:

(ry —r3)?
)\Qk 2

105 4 2 4 2
= v 1+ s +v 1+ s
det2(V)( 11+ ps)" +va(1+ps)

+4ofv3 (1 + ps)? + 20fv3 (1 + ps)?
— dvjva(1+ ps)? — dv1v3 (1 + ps)?)

— AF02(1 4+ p, )2U1 + 05 + 6vivs — dvva(vf + v3)

det?(V)
2 Nk (1 + py)al, (C.6)
where (a) follows from the following lemma.
Lemma 2. The following equality holds:
vf+v§+6va§—4v1v2(vf+vg) 4
detZ(V) = ar-

Proof. We begin with expressing Aq,v;, and ve. From [42,
Lemma 2.4] it follows that \; = i see Footnote 16
for a detailed explanation. Next, we explicitly write M =
ap — €1 C1
- —(a1—c1)
M, corresponding to the eigenvalue A;, obeys MVy = A1 V.
This equation can also be written using a matrix form:

L=

Recalling that eigenvectors have unit norm, we obtain an
explicit expression for Vy:

, and note that an eiegenvector Vg of

— )\1 C1
_(al — Cl) —

(M= A D)Vo = [“l

—c1

C1
c%+(a17c17)\1)2
a1—c1—\1

U1 o
U2 N AP N Y)
Veit(ar—ci—X1)

Substituting \; = é we obtain:

C1
v = T
\/C% +la1—a—5;)?
i (C.7a)
\/alc1 ((a1 — c1)ag — 1)2
a; — C1 — aill
Vo = —
\/cf + (a1 =1 — 5-)?
1-— (CLl — cl)al (C 7b)

VCEEN

ayp — cl)al — ].)



v} + v5 + 60303 — dvyvg (v 4 v3)
det?(V)
(a1 —1)*+(af -

1)8+6(aj—

1)?(af —1)*+4(aj —
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D(ai —1)*((ai —1)*+ (af = 1)*)

((aF — 12— (a2

—1)4)2 €9

Note that (C.2) implies that 0 < ¢; < a;. Using the expression
for ¢; we now write a1(a; — ¢1) — 1 in terms of aq:

ai(ar— 1) —1=ay <a1_ (a%_l)) 1

2a3
. a? + aq B
2a3

(af —1)?
= —. C.8
207 (C.8)
Thus, the numerator of (C.7a) equals aic; = 2 2 , while the
numerator of (C.7b) equals 1 — (a1 — ¢1)ay = M We

further note that the denominators of (C.7a) and (C. 7b) are the
same. Therefore, we write (C.9) at the top of the page. The
denominator of (C.9) can be written as:

((a1=1)?=(af=1)")?=((af-1)*(ai +1)* ~(af ~1)")?
=16af(a? —1)" (C.10a)
The numerator of (C.9) can be written as:
AR Kl
+4(ag —1)(af =1)*((a1 = 1)*+ (af = 1)*)
= (af — 1)* (8a} + 8 + 8(af — 1))
= 16a%(a] — 1) (C.10b)

Thus, by combining (C.10a) and (C.10b) we obtain:
dviva (v +v3)  16af(a® —1)*

~ 16af(a? — 1)*
=aj. (C.11)

vf 4+ 03 + 6vivd —
det?(V)

This concludes the proof of the lemma. [

Similarly to (C.6), we write:

(ro —r4)”
Araz(1—p3) 2
= W (UlUQ((_l)k — 1) - U%(_l)k +/U§)
Aol - 3
=2 d(;t(Q(V) ) (vag((fl)k — 124 vf 4+

—2030y (= 1)F((=1)F = 1)
+20103((=1)% — 1) — 20203 (- 1)k)

)\Qk 2 1— 2 ki
_ ;ko;( p;)7 , ?s even, (C.12)
APo2(1 — p2)ai, kis odd.
Hence, combining (C.3) and (C.5)—(C.12) we obtain:
cTMkleS(MT)kflc
2)\2(k_1) 2(1 - py), k — 1 is even,
~ ) o2 2(k g2 : (C.13)
TAL 2(1+ ps)at, k—1is odd.

Next, we focus on Zl 02 CTM!Q.(MT)!C. Following the
steps leading to (C.13) we write:

220\ 02(1—p,),  lis even,
22\ 02(1 4+ p.)at, 1is odd.

For even values of k£ — 1 we have:

CTMZQZ(MT)ZC _ {

k—2
ZCTMIQZ<MT>IC
=0

7_1 L_l

Z 2202 (1—p AT+ Z 2c202(1+p.)at ™+

m=0
Eol_ g
=2c302((1 — p.) + (1 + p.)air}) Z Afm

(@) 2¢202((1 — p.) +
1—)f
2(k—1
- )‘1( ))7

(1+ p-)ai) (1= 2201y

=pp-(1 (C.14)

where (a) follows from the fact that a; = /\% For odd values
of k£ — 1 we have:

k—2
» c'Mi.(MT)'c
=0
52 b1
= 2¢20%(1 — p )N+ Z 2c202 (14 p.)ai\jm+?
m=0 m=0
k—
=2c302(1 = p )N 4 2d02((1 - )
k22
+(1+p2)afA) Y A"
m=0
k—
_ (1 =ah2¢302(1— p )N 4 2¢302((1 - p2)
1— )}
2(k—2
L (L p)ai) (1 = X7
1A
_ 2ci0%(1 — pz))\f(kd) B 2c202(1 — p, )\
1\ 1\

B pz) + (1 + pz)aéll)‘%)
1A

2302((1— p.) + (L+ p)ata)a

N 2c¢202((1

11—\t
263021~ p) + (1 + po)ad)
— M
~2d02((1 = p)M + (1 + pz)aéll))\Z(kfl)
4 1
1— A
= 1 — iz ATEY. (C.15)



Recalling that 119 = 2c302(1—ps) and po = 2c302(1+ps)as,
we combine (C.13)—(C.15) to obtain (32). Slmllarly to (B.18)
we have that limy_, o, Py = P, and since || < 1 it follows
that 1y = P. Therefore, the power constraint (5) is satisfied
if and only if po < pq1 and po < ps.

B. Proof of Proposition 3

First, we show that the maximal possible scaling which
satisfies (5) is: U—VQ Then, we prove that the optimal estimator

and the obtained MSE are given in (34) and (35), respectively.
Finally, we show that setting v = -5 indeed minimizes the
MSE. ’

1) Maximal Scaling: Recall that (33) constitutes an upper
bound on the variance of the sources transmitted via a JSCC-
LQG scheme initialized with U; = S, which satisfy (5).
Explicitly writing the conditions of Thm. 4, i.e., uo <
and po < pg, where pj,7 = 0,...,3 are defined in (31), we

obtain:
05(1 —p.+ (1 + pz)a2)
U?(l_Ps)S 17/\4 L )
1
0’3((1 - pz)/\% + (1 + pz)a%)

IN

0?(1+p8)a/% 1_)\4
1

This implies that:
o2 < min { 03(1 —ps+ (1 + pz)a%)
‘ - X)1-p)
Uz((l - pz))‘% + (1 + pz)aéll)
(1= AL+ ps)ai
and therefore, the maximal possible scaling which satisfies (5)

} . (C.16)

is L.

2; OSptimal Estimator and Resulting MSE: Following the
same arguments as those applied in Appendix B-A the optimal
estimator of .S; based on the observation U; y11(7) is given

N E{S;U;
by E{Si|Ui,k(7)} = MU k. Letting S = NAER-
we can write:

]E{Si

i} = Z=B {8000}
Note that It {5’1|mk(’y)

0? = ~-02 Let Qs £ E{SST}. Following the arguments
leading to (B.4) we write:

1 [MkQ }z i Ufaf
af[MFQs); i +02a;

} can be obtained from (24) by setting

= Uirr1(7)

TV Quirt (D] D
— \[ ([M Q ’L i — O af) ‘
- [Quk+1(V)]ii — 27akMFQg);; + yo2a2k U27k+1(7)-

Moreover, by following the arguments leading to (B.6) we
obtain (35):

E {(Si - gi,k)Q}

_ oQuar (Ml — 7 (IM*Q4s, ) e
[Qu,k+1(’7)] — 27a [M Q. L i Jr,wz 2k :

28

3) Explicit Expression of the MSE: We now derive an
explicit expression for the MSE. From (C.17) it follows that
we need to characterize [Qy x+1(7)]1,1 and [M*Q]1 1. Next,
we explicitly characterize [Q, x+1(7)]1,1 as a function of k.

a) Analysis of [Qu k+1(7)]1,1- From (B.7) we have:

[Qu,k+1 (7)1

v+ [MFQ (MT)E . (C.18)

ZMQ MT)!

1,1

We now separately analyze the two terms on the RHS of
(C.18).

Analysis of - [MFQ,(MT)¥]  _ : Following arguments sim-
ilar to those leading to (B.10) we have IMFQ (MT)F] | =
r1 +r2, where 1 and r9, specialized to the symmetric setting,
are given in (C.4). Further simplifying the expressions we
obtain:

Ao, k is even,
r = ou .
det?V) (v} +v3 — 2p,v102) Kk is odd.

0,
T2 = 72)\}1905\/ 1—p2viv

det(V)

k is even,

k is odd.

2
vi+vs—2pv1 vz) +4(1—p2)va§)

2
Thus, as P(s, p)é< <(

btai det?(V) » see (372),
we obtain:
)\21@702 k is even
[MEQu(MTYF] = 71 T L (C19
7R = (o) s oag,

where we note that ®(og, ps) > 0. Next, we analyze the
second term on the RHS of (C.18).

Analysis of [Zf Y MZQZ(MT)Z}1

arguments used for deriving (C.19), we write:

: Following the same

A2l 2 [ is even
MIQ.(MT)], | =147, ’
[ Q:(M7) ]1,1 {)\%l@(gz’pz) [ is odd.

Now, for even k, following similar arguments that led to to
(C.14), we obtain:

k—1 5-1
lz MQ. (M) | = (02 4+ (02, p:)AT) DA™
=0 1,1 m=0
o2+ M0 (0., p.)
- 11_ i (1—X2k)
:\I’O(l_)\%k%

where T, £ w is defined in (37b). Since

®(o1,ps) > 0and 0 < A; < 1, it follows that ¥y > 0.



o2 (A (702 — o) + W) — 7 (Afo2)?
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E {(51 _Sl,k)Z} =

Y(NED(0y, ps) — 205 + 02A7 %) + W — AF T,

Nk (yo2 — Wg) + Wg — 2v02 + 703)\1721@ k is even,
FOP (100 ps) = 1) + Wo) — NPT L
A2k (3D (0, ps) — U1) + Wg — 29T + yo2A; 2F )
T A k is even
yo2(AZE — 2 4 A7) 4 W (1 — A2F) , o
YA oI R(0s, pa) = MITE) + 03(To = MM IY) o g

For odd k, we follow steps similar to those leading to (C.15)
to obtain:

k—1
Z MZQZ(MT)Z
=0

1,1
k—1
L1

ST o2
m=0
(2 +0(02,p2)3) (1-275 D) (1-20) 227D
1A
— 03 + /\%(I)(O'upz) _ )\Qk q)(0.27p2) + )\%Uz
1— A ! Y
=Ty — A} ;.

= (03 + <I>(Uz7pz)/\§)

Hence, we have:

k is even,

C.20
k is odd. ( )

Ty — AT,

k—1
Z MlQZ(MT)l
=0

_ {%(l —AFh),

1,1

Next, we combine (C.19) and (C.20) to obtain:

[Quk+1 (M1 = At (o = Wo) + Wy, k is even,
o ’ AR (y® (0, ps) — 1) + ¥y k is odd.
(C.21)

b) Analysis of [M*Qs]1 1: Recall the definition of I'y =
2 2 2
wfgf_ﬁ’w in (37d). For the symmetric setting, we
1

rewrite [M*Q;]1,1, given in (B.20), as follows:

o2\ (02 — 3(=1)% + pevrva((—1)F — 1))

MFQq)11 =
[ Q }1,1 ’U% — ’U%
Neg2, k is even,
= o2 (vi+v2— sV1VU .
K :( 1+v227v22p 1v2) k is odd.
1 2
_ )\]]1:03, k %s even, ©22)
ATs Kk is odd.
c¢) An Explicit Expression: By plugging (C.21) and
(C.22) into (C.17) we obtain an explicit expression for the

MSE given in (C.23) at the top of the page. Next, we show
that (C.23) decreases when v increases.

4) The MSE Decrease with y: We begin with the case of
even values of k:

a) Evenvalues of k: Note that Uy > 0. Thus, as A2¥ < 1,
we have that if A2 —2 + )\1_% > 0 then the MSE decreases
when v increases:

AP 22341 (AR -1)?

>0, k>0.
22 A2

A 2427 =

Thus, for even values of k, the MSE decreases with ~.
b) Odd values of k: Recalling the definitions of
®(0g, ps) and I's in (37a) and (37d), respectively, we write:

2
o s (v% + 02 — 2psvlv2) +4(1 — p?)v?v2
0 det?(V) ’
N U% + ’U% — 2psv1V2

Gi= det (V)

which implies that ®(o, ps)=02-Co and I'y=02-C}. Thus,
for odd values of k, we write the MSE as follows:

E {(51 -5 k)2} — Yo\ (Cy—C2)+02(Wo— A2k )
| Yo2(A2*Cy—201 + A7)+ —AF 0,

Deﬁning 91 £ O’g)\%k(CO — 012),92 £ 0’3(\1/0 — )\%k\ljl)7€3 £
02(A\3FCy—2C1 + A7 ?%) and 4 2 Wy —\2* W, the MSE is of
the form: MSE(y) = 3;3;123 Clearly, if §; > 0,7 = 1,2,3,4,
and 63 > 6, then MSE(~) decreases with ~. Thus, we now

show that these conditions hold.

Positivity of 0, : The positivity of 6, follows directly from the
definitions of Cy and C.

Positivity of 05 and 6,: Note that both ¥ and ¥ are positive.
Furthermore, since )\f < 1, it is enough to show that ¥y —
A?W; > 0. We have:

o2+ X9 (0,,p.) (0, ps)+02A3

\1107)\%\111: z 1 z) Pz 7)\% z) Pz M 24
1-X{ 1-X} *

Positivity of 05: Let x = \2*, and write 03 = o2(xCo —
2

20, +x71) = %(XQCO — 2C1x + 1). Therefore, as x > 0

and Cy > 0, f3 > 0 if the discriminant of x2Cy — 2C;x + 1

is negative:

—16(1 — p3)vfvs
det?(V)

A =4C% —4Cy = < 0. (C.24)

Thus, we conclude that 65 > 0.



Proving that 6, > 03: We have:
03 — 0, = 02(\FCy — 201 + \[2F) — a2)2%(C, — CF)

= AT — 2770y + CF)

= a2\ - 1) > 0.
Thus, for odd values of k, the MSE decreases with . We
conclude that the MSE decreases with -y, for all values of k.
Hence, the optimal ~ is determined by the per-symbol average
power constraint, and is given by , /%, where v is specified
in (33).

C. Proof of Proposition 4

We first show that the global minimizer (regardless of the
per-symbol average power constraint) of the distance between
th initial and steady state covariance matrices D(Qy, Qq.1) is
given by 7*. Recalling that U; = /7S, we write D(Qu, Qu,1)
as:

D(Qu, Qu,1) = v/2(02 — 702)? — yps02). (C.25)
Therefore, to find the minimizing v we minimize following
polynomial in 7:

a(v) =205 (1 + p3) = 290502 (1 + pups) + o (1 + p7).

Differentiating ¢(y) and equating the result to zero we obtain
the minimizing -~y as:

+2(puc,

270

 _ 05(1 + Puﬂs)
B (RO

Now, to show that v = % minimizes (C.25) under (5),
we first recall that in the proof of Prop. 3 we showed that
the MSE monotonically decreases when the scaling coefficient
increases, and also showed that v = 5 is the maximal scahng
such that (5) is satisfied. In the f0110w1ng we show that = <

|4

~*, and therefore, since ¢(7y) is convex, v = >z minimizes

D(Qu; Qu,1) under 3. ‘

To prove that 5 < ~+* we first derive explicit expressmns
for o2 and p,. Recall that 02 = [Qu]1.1, and that p,02 =
[Quhﬁg, where Q,, is the solutlon of (20). The following lemma
provides explicit expressions for o2 and p,:

(C.26)

Lemma 3. o and p, are given by:

(ﬁzﬁa—ﬁ+ﬁ+£;%b4+ﬁ—ﬁ+£»,(Cy@
2a3 (a7 —1)
1— (1—-2
pu = af —p.(1—2a8+af) (C.27b)

142af+ai+pz(a}—1)

Proof. The matrix Q,, is the solution of the discrete algebraic
Lyapunov equation:

Qu = MQM" +Q.,
2

To prove the lemma we show that o

following equations:
o2 o? o? 1| o?
M u — z u — M z ,
0 |:pu0'f3 szff PuUi 0 Psz
where the matrix My is a full rank matrix derived as fol-
lows: First, recall the proof of Lemma 2 which states that

M= A — BCT. (C.28)

and p, satisfy the

30

a; —c¢ c . . .
M= |" ! ! . Using the relationship between
- —(a1— 01)
c1 and aq in (C.2): ¢ = 2 3 , the matrix M can be written
as:
af+1 a1—1
_ 2a3 2a3
M = A i1 (C.29)
B 2a§ - 2a1
Writing Q, = Ou PuTy = |1 | anq plugging the
v lpuon o @2 @

expression for M from (C.29) into (C.28) we have:

g g q1+a§qlfglfaf)q2 QI*G§QI*§51+G§)‘12
1 2 2a? 2a?
{qQ ql] T | eiafai—(1+af)ee  eitafar—(1-af)ee
2(1‘13 2(1‘13
2 2
+ Jz pzaz
pZO' 0’3 ’
which can also be written as:
(1 2a1+a1)q1+( 1+“1)’12 (= 1+a1)q1+(1+2a1+a1)q2
2a 2a
(c1tad)a+(+2a8+ad)es (1=2aS+aS)qy+(—1+ad)gs
Qa‘l3 2(1‘15

o p:0?
= {pzaf o2 | (C.30)
Note that the two rows of (C.30) are in fact the same equation.
Therefore, we obtain the following system of equations for

[lh,flz]Ti

_ 1—2(1(13—0—(1? aj—1 2
2(1613 2a8 q| g,
8_ 6, 8 = 2
aj—1 1+2a7+aj Q2 PZUZ
2a? 2a?
_ 172a?+a§ a§71
_ Qa? 2a%
= MO - aﬁfl 1+2a?1+a§
2a$ 2a$

Lastly, we note that since a; > 1, the matrix My is invertible.
Thus, we obtain:

02(1—ai+af+al+p.(—1+af —af+af))

q1 = )
203(a% — 1)
. o2(— (1—a1+a1+a1)—|—pz(1+a1—|—a1—a?))
© 2a3(a? +1)
Finally, recalling that p, = Z—f we conclude the proof of the
lemma. [

Next we use the explicit expressions for o2 and p,, to show
that % < +*, or equivalently v < M Recall the
deﬁmtlon of v in (33), repeated here for ease of reference:

v = min{aZ(l —p2 + (14 p2)a?)
03((1 - pz))‘% + 1+ pz)azll) }
(1= AD(L+ ps)ai '

(=M1 =ps)
Using the relationship A; = -

, we write ¥ = min{v, 15},

where:
s 02ai(1+af +p.(af — 1))
vV =
(a7 = 1)(1 = ps)
by 2 o2(1+af + p.(af — 1))

af(af —1)(1+ ps)



aZ(1+ps)

=14 ps +2a8ps +af(1+ ps) + p(1 — 249
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— ps + ai(1 4 p))

Ayl = , (C.31a)
" 5 — D1+ ) b1
03(1 — ps) -1+ ps + 2“?/)8 + aslg(l +ps) + pz(1 — QG? — Ps + a%(l + ps))
Ao =5 . . (C.31b)
7 2ai(ay — 1)(1 + p3) ps +1

2
A 0, (A4pups)
= 71+p§ 11 >

We now show that either A, ; 0
— vo > 0, which implies that v <

2
2 0 (1+pups)
or Ayp = — T+

Ui(ﬂi’p}g”s). Plugging the expressions for o2 and p,, in (C.27)

2
into (C.26) we write ZuliFrur2)

as:

aa(1+ pups) _ 02(1 + 24§ — af(ps —
1+ p?

1)+ ps)
2af(aj — 1)(1 + p2)

o2 (=p=(L +ai(ps — 1) + ps — 2a%p;))
2ai(a} —1)(1+ p3)

Thus, A, 1 and A, » are given in (C.31) at the top of the page.

Note that since |ps| < 1, the first terms on the RHSs of (C.31a)

and (C.31b) have the same sign. Therefore, since |ps| < 1,

we conclude that sgn(A, 1) = —sgn(A, 2). This implies that

either Ay ;1 > 0 or A, o > 0. Finally, since v = min{vy, v»}

we conclude that ﬁ < ¥

_|_

D. Proof of Theorem 5

To explicitly characterize Kjqg we solve the inequality
E{(S1—51 1)} < D, where E{(S,—S; 1)?} is given in (C.23).
We begin with even values of k.

1) Analysis for even values of k: For even values of k we
are interested in the minimal even k such that:

(73\110(1 — )\%k)
2(\2k _ 2k 2k <D, (C.32)
yo2 (A 24+ A7) + Wo(1 = AFY)

where /7 is a scaling factor of the transmitted sources, i.e.,
Uy = /7 - S. This inequality can also be written as:!?

o2 Wo(1 — M) <D (yo2(AF — 2+ AT%F) + W (1 — ATH)).

Next, we multiply both sides of the inequality by \2*, and
collect common terms to obtain the inequality:

AP (Wo(D - 02) — Dyo?)

+ /\%k (\Ilo(crs - D)+ 2D’ya§) - D’ya§ <0,

which, by using the definitions of Y and Y;, can also be
written as A\J¥ Yo+ A2*T; — Dyo? < 0. Next, we set x = \2F
and note that Ty < 0.2° Thus, we obtain the following monic
polynomial inequalities:

T Dro?

2 1 YO

—_— — > C.33

x‘ + az,ro T, 2 0 (C.33)
D'yaf

1(T +
ooz then PO (x ) has no

The discriminant of z2 + x% -

4D~027Yy). Therefore, if Ty <

To = is equal to
4D

9Note that yo2(A2F — 2 + A7) + Wo(1 — A2F) > 0.

20From the fact that ® (o, p,) > 0 it follows that ¥y > 0. Furthermore
from (6) we have that D; < o§. Therefore, as D1, 1y, Uf > 0 it follows that
To = \Ilo(Dl — 0‘?) — Dl'yag < 0.

) D
real roots. Since z2 + az% — ;0‘79 is convex, if it has no

real roots then it is strictly positive. Hence, in this case the
required distortion is achieved for every even k. Therefore, we

set k = 2 and obtain z{ = a1 .

On the other hand, if Yo > ; D 5oz then P©(z) has two real

roots. We write 2 +a: D%;* as:
2
2 1 D’}/Us
r+pr+q, p=—, q=— .
Yo To

The roots of this polynomial are given by -+ \/—2 —q.
Now, since T; > 0 and Ty < 0 we have —2 5> O As Yo <0,
then ¢ > 0. Therefore, P®(z) has two posmve roots; one is
smaller than —%, and the other is larger. In fact, it is easy
to see that P©(1) = 0, thus, the larger root equals 1. Let
(239, 25) denote the real roots of P©(z). Since z = A3,
and since k > 1, then the root we seek is min{z'?, :132)} Let
xg‘) denote the required root. Then we have:

eI {min {a:(le),x(;)},
© 2

—4
a; -,

4D'ya2 <To<0

otherwise.
2) Analysis of Odd k’s: For odd k’s we use (C.23) to write:
YO 0B(0,p) — MT2) 4 02(Wy — N _

YAk D (0, ps) — 205 + 02A72) + Wg — N2y —
(C.34)

Based on Subsection C-B3c, this inequality can also be written
as:

A (v®(0s, ps) — W) (07 — D) —AT2)

+ A" (Tg(02 — D) + 2DAT) — Dyo? <0,
which, by using the definitions of Y5 and Y3, can also be
written as AfFTy + A25T3 — Dyo? < 0. Now, similarly
to (C.33), we set z = A to obtain the following monic
polynomial inequalities:

D’ya’

a? +rgs — =% <0, Ty >0,
R P AL ) (€35)
Y3 — Dvaf <0, Ty =0.

The discriminant of P©(z) = 22 + x% - D%Y;f is given

by 7 (T3 + 4D170273). Therefore, by applying arguments
2

similar to those applied in Subsection C-D1 we have:

—2 -3
ay”, T2 < W’
(0) .(0)
L 8 mm{:v1 , Ty }, D 762 < 7Ty <0,
0 7 ) Dyo?
’i‘y:b ) Ty =0,

max {x(lo), ac(;)} , otherwise.



Note that if Yo > 0, then one of the roots is negative while the
other is positive and smaller than 1. In such case we choose
the positive root. Furthermore, if P (x) has no real roots,
then we set xg)) = a;? which results in the minimal possible
odd k&, ie., k = 1.

Next, we focus on the case of Y9 = 0 and note t;lat for
T = 0 equation (C.35) can be written as: z < DTA’—: This
follows from the fact that T3 = Wo(02 — D) + 2DyIs > 0.

To see this note that ¥y > 0,02 > D and D,y > 0.

Furthermore, the numerator of I', isn (37d) is positive, while
the positivity of the denominator of I'y follows from (C.11)
which implies that v? — v3 > 0. Next, we show that 0 <
D%f < 1. The first inequality follows from the fact that
Y3, D,v,02 > 0. The second inequality follows from the fact

2,2, .2
that Ty = ZeWitv—20:01v2) o 52 We conclude that when

e
D~o?
T, = 0 we can set ;z:g’) = ;’—3
i log( .
Lastly, as # = A2 = a;2* then k = —- 8] Thig
1 1 2log Ja1]

implies that we have two candidates for the required K: K©
obtained from 2 and K obtained from . Since K is
an integer, we use [-], and the functions f©(-) and f©(.) to
round up to the nearest even and odd integers, respectively.

APPENDIX D
PROOFS FOR THE DYNAMIC PROGRAMMING SCHEME

A. Proof of Theorem 6

Let W = {ag,rx} be a “state” variable, and let m =
[mo, m1,...,mKk_1] be a given modulation vector. In the
following we show that there exists a deterministic function
po such that W) = po(kal, b, m), k= 1,2,....K.
Namely, given the action b; and the modulation vector m,
the state evolves deterministically as in (46). In appendix D-B
we show that P, = P is the optimal assignment for the JSCC-
DP scheme which implies that the JSCC-DP scheme exploits
all the available instantaneous average transmission power. For
«, We write:

ar = {(61,1%1 - bkyl,k)Z}

@ g1+ b2 (P +02) — 2bpE{e1 j—1Y1 1}

b
© e 2P+ 02

— 2bpdp—1E{e1 p—1(€1,k—1 + Mp—_1€21-1)} (D.1a)
= ap_1 +b3(P+0%) —be/2P(ag—1 + my_175-1),
(D.1b)
where (a) follows from the fact that since the transmitted
signal and the noises are independent, then when P, = P
we have E{Y? } = P + o2; (b) follows by noting that
Efe1 x—1Yir} = E{lap1Xs} = diE{eip—1(e1,6-1 +
My—1€2,,—1)}. For 7, we write:
re =E{(e1 k-1 — bkY1r) (€261 — bpmi_1Yo )}
= g1+ bgmy—1(P + p.0?)

— brdg—1mp_1(ok—1 + Mp_17K—1)

— bd—1(mp—100—1 + 1) (D.2a)
= rp—1 + bgmy—1(P + p.0?)
— bgmp—1\/2P(ok—1 + mp_17%—1).  (D.2b)
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Therefore, the optimization problem in (45) can be cast as a
dynamic program with state Wi, actions {bj}X , and cost
function o min(m), namely, a cost function that takes into
account only the MSE at time K and ignores all the MSEs at
times k < K.

As we aim at minimizing o min(m), the last action, b,
should be the MMSE estimator of €x_ based on Y7 g, which

is given by bx = W:

b @ di_1(ag—1+mrg_1TK_1)
K P+ o2

() P
2(ag—1 +mKr_1TK-1)

_ Plag—1+mrg_1TK-1)
2(P+02)? ’

(D.3a)

(g1 +Mmr_1TK-1)
P+o2

(D.3b)

where (a) is obtained by assuming that P, = P in evaluating
E{YE i 13 and (b) is obtained by plugging the expression for
dg—1 which is given in (42). In order to find the optimal
{bx}E_ |, we first plug (D.3b) into (46a) and write:

ag = ag_1+b%(P+o?)—by \/QP(OéK—1 +mg_1TK-1)
Plag_1+mg_1rK_1)

Ty

_ Plag—1+mr_1rk-1)

P+o?
1 P P

=K - - MK _1TK—

K—1 2(P + 02) 2(P 1 02) K-1TK-1
@ kvt + O imc TR, (D.4)

where (a) follows by defining nx_, = 1 — 2(}375_’”2) and

0 £ ___ P
K-1 = T 3(P+q2)

(D.4) we write:

. Next, plugging (D.la) and (D.2a) into

ag =nNx-10x-1+ 0k 1MmK 17K 1
=nr—1 (x—2 + b2 (P4 0?)
—2bg_1dg—2(ag_—2 +MmKg_2rK_2))
+ 0k _1mi—1 (k-2 + bj_ymK_o(P + p.o?)
—2bg_1dx—omi—o(Qrx_2 + MKr_2TK—2))
= b5y (nk—1(P+02)+0k_1mg_1mg_>(P+p.0?))
— 2bg_1dr—2 (Mxk—1 +Ox—1MmKrg_1MK_2)
X (ag—2 +Mg_2rK—_2)

+Nr—10K_2 + 0k _1mEg_1TK_2. (D.5)

Hence, given Wy _o,m,nx 1 and g _1, a is a quadratic
function of bx_;. This implies that the optimizing bx_; is
given in (D.6b) at the top of the next page. We note that (D.6b)
holds with K —1 replaced by k, k < K—1, and K —2 replaced
by k£ —1. In the following we derive the backwards calculation
of 1, and ;. Hence, (D.6b) along with (D.3b) constitute (48).
Note that given Wk _o and m, bx_; is a function of nx_
and O _1. Next, we plug (D.6b) back into (D.5) to obtain
(D.7) at the top of the next page. Hence, (D.7) implies that the
sequences 7, and 6y, for k = K — 1, K —2,...,1 obey the
backwards recursive formulation given in (47), where ngx _1



drgo(Mr—1+0xk_1mrg_1mg_2) (@x_2 + MK _oTK_2)
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br_1 =

Nk—1(P+02)+0x_1img_1mg_2(P+ p.o2)

(D.6a)

(Mr-1+0xk—1mrg_1mr_2) (0x_2 + MK _2TK_2)

B P
2(ag—2 + MK_oTK_2)

Nk—1(P+02) +0x_1mg_1mg_o(P + p.o2)

_ O _ _ _
NK-1+0xk_1mg _1Mmg_2 (D.6b)

_ \/P (ag—2+mr_orK—2)

2 Nk—1(P+02)+ 0k _1mg_1mg_2(P + p.02)

d2 5 (k-1 + Ok —1mg—1mi—2)° (g2 + Mg _org—2)°

AR = —

+Ng-_10K—2+ 0 _1MmKg_1TK_2

Nk—1(P+02)+0x_1img_1mg_2(P + p.0o2)

P (-1 +0x_1mg_1mg—2)" (g —2 + Mg _oTK_2)

2(r—1(P+02) +0x 1mpg_1mi_o(P + p.02))

+Nr_10K_2+ 0 1mKg 1K _2

P(ng—1+ HK—lmelmK72)2

= XK _ 1 —
A ("K : 2<nK_1<P+az>+9K_1mK_1mK_2<P+pzo§>>>

+ MK _2rK—2 <9K1mK1mK2_

A
= NK 20K 2 + 0 _omKg_oTK .

drx—o(Mx—1 +0x_1mrg_1mg_2)Crx—2

2(nx—1(P+02)+0x_1mg_1mg_2(P+p.03))

P (ng 140k 1mix_1mi_2)’ >

(D.7)

br—1

242 o Cx—2(Mr—1 + Ok _1mi_1mEk_2) + 02(NK—1 + Ok _1MK_1MK_2p;)

(D.12)

and 6y _, are provided just below (D.4). We conclude that
given the sequences 7 and 0, and given m and Wj_q, the
optimal coefficient by can be calculated via (D.6b), and then,
the computed by can be used in the forward calculation (46).
The optimal a for the given modulation vector m is given
by (D.4).

B. Optimality of P, = P in the JSCC-DP Scheme

In this subsection we prove that the optimal scaling dg, in
the MMSE sense, results in P, = P, Vk. We begin our anal-
ysis with dg_1, and recall that E{Y?;} = 2d% | (akx_1 +
mg_17x—1) + o2. Thus, rewriting (D.1b) for k = K we
obtain:

ag =g 1+b3(2d% _(ax_1+mg 11K _1)+02)

—2bgdg 1 (g—1+mKrg_1TK-1). (D.8)
Similarly, (D.3a) becomes:
dg_ _ _ _
br = — K-1(0g_1+MKr_1TK_1) _ (D.9)
2d3 (g1 +mr_1TK_1) + 02
Next, we plug (D.9) into (D.8) to obtain:
d? ar_1+mrg_1Tr_1)>
ax = ax_1 k(@1 +mE-1TK-1) (D.10)

2% (ax—1 +mi_1TK_1) + 02

Now, fix ax_1 and let rx_1 = prx_10K-1, |prx-1] <
1,1 which implies that ax_1 + mg_17Kk-1 = ax—_1(1 +

mg_1pr—1) > 0. Let (i, = ag+myry and define z £ d2_,.
We write:

dﬁ(ﬁl(aK?lerK?HK?l)Q = Cg{il r :fo(x)
242 (agx_14+mg_17Kk-1)+02 2(x_1 xT+02 '
where x,(x—1 > 0. It can be easily shown that L;S”) =

2 2
(205517%;:?02)2 > 0, which implies that fy(x) is a monotonic

non-decreasing function for x > 0. We conclude that for any
given a1 (D.10) is minimized when d%{_l is maximized,

\/2(<xx71+mé;<71m<71) and therefore Px = P,
thus, satisfying the average per-symbol power constraint with
equality.

Next, we consider the case of k = K — 1, and since setting
Py = P is optimal we can use 71 and 0 _1 given below
(D.4). Recall that E{X?} = d? | (2ap—1 + 2mp_17k—1) =
2d?_ (k1. Hence, we rewrite (D.5) with P replaced by
2d3. _5Cx—2 to obtain:

i.e., dK—l =

ag =bk 1 (nx-1(2d%_oCx—2 + 02)
+0x_1mi 1My —2(2d%_o(x—2 + p207))
—2bg_1dx—2 (Nx—1+ 0k _1mrg_1MK_2) (K2

+Nrx-—10K—2 + 0k _1mKg_1TK_2, (D.11)

where the optimal bx 1, in terms of dx o, is given in (D.12)
at the top of the page, see (D.6a). Plugging (D.12) into
(D.11) we write (D.13) at the top of the next page. Again,
NK—1,0x—2,0K_1,mK_1, and rx_o can be viewed as con-
stants. Let £ Nk + Ogmepmi_1, &k £ Nk + Opmemi_1p..
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B o (MK—1 + Ok 1M _1mi_2)° Cx o

A — —

2d% _Cr—2(NKk—1 + Ok —1mr_1mK_2) + 02(Nk—1+ Ok 1Mk _1MK_2p=)

+ K10k 2+ 0k _1MK_1TK_2. (D.13)
_ d%_o (K1 + Ok _1mg_1mK_2)° ¢,
2d% _oCx—2(Nk—1+ Ox_1mr_1mg_2) + 02(Nx—1 + Ok _1MmKr_1MK_2p>)
. 412(—27%(—1 &
© 2Ag—27K-1- T + k102
= fi(x). (D.14)

We now write the first term on the RHS of (D.123) as (D.124) at

1 dfl(m) _ C?{-Q'YK_1§K—10'Z
the top of the page. Since de = (2Cxk—2VK-1z+{x_102)2’

we conclude that the sign of %&x) does not depend on =z,
and therefore f;(x) is monotonic. Now, if £x_1 > 0 then
«a i 1s minimized when d%(_z is maximized, i.e., Px_1 = P.
On the other hand, if £x_1 < 0 then ax is minimized
when d3. , = 0. Clearly, the case of dx_o = 0 implies
that Px_1 = 0, which cannot be optimal as it implies that
ag = ag-—1. Finally, if €1 = 0 we have that ax is
independent of dy 5 which clearly cannot hold. We conclude
that the optimal choice of dx_o is the one which results in
Py 1 = P. Furthermore, we note that similarly to Subsection
D-A, the analysis for k = K — 1 holds for any k£ < K, which
implies that P, = P is optimal for all values of K.

APPENDIX E
PROOF OF PROPOSITION 5

From Remark 12 it is clear that JSCC-DP outperforms
JSCC-OL. Next, to compare JSCC-DP with JSCC-LQG we
show that both schemes have the same structure of state
evolution, transmitted signal, and decoders. Therefore, the
JSCC-LQG scheme is in the search space of JSCC-DP.

The JSCC-DP scheme: In the JSCC-DP scheme the trans-
mitted signal is given by (41):

Xi1 = di (€16 + mpeay) , (E.D

where ¢; 1, evolves as:
€1,k = €1,k—1 — b1, kY1 %, €21 = € 5—1 — b2 1Yo (E2)
Here, b1, = 0br and by = my_1bg. From (10), and

similarly to [37, Eq. (7)], it fqllows that the JSCC-DP scheme
estimates the source S; via S; = Zfri:l bimYim. Note that
in the JSCC-DP scheme we optimize over the sequences

{di iy, b}y and {mu}i'

The JSCC-LQG scheme: We can write the transmitted
signal in the JSCC-LQG scheme as follows, see Subsection
IV-A:

Xy =¢(Urp —Usp), (E.3)
where ¢ = —c; /a. Together with (E.3), the states U, j, evolve
as (18):

1 1
Ui =Ut -1+ Eyl’k’ Usp = —Us -1 + EYM' (E4)

Next, recall that the decoding in the JSCC-LQG scheme is
applied in two stages. First the state U;;, is estimated as in
(21), and then S; is estimated from the estimated state. From
(B.2) we have that the estimated state U,L-,kﬂ obeys:

K
Uinrr= Y af " Wi, (ES)

m=1

Now, for any decoder which estimates S; from Uz‘,k+1 via:
T,k Ui k—1, Where {Ti’k}le is a sequence which depends on
the decoder in use,?! Si 1. has the following form:

K K
Sik = Tikaf " Yim =Y FimYim  (E6)
m=1

m=1

for a known sequence {7; .}/ . In particular, this holds for
the three decoders (22), (24), and (35). Therefore, as the
transmitted signals, the state evolution, and the decoders have
the same linear (recursive) structure, and as in the JSCC-DP
scheme we optimize over the sequences {dx }2_, {bx} | and
{mi}7,", we conclude that JSCC-DP outperforms JSCC-
LQG with each one of the decoders, as long as (5) is satisfied.
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