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Abstract—A point to point hypothesis testing problem involving
two parties, one referred to as the observer and the other as the
detector, is studied. The observer observes a discrete memoryless
source and communicates its observations to the detector over
a discrete memoryless channel. The detector performs a binary
hypothesis test on the probability distribution of the observer’s
observation. The trade-off between the type 1 error probability
and the type 2 error exponent is explored. We obtain a single-
letter characterization of the optimal type 2 error exponent for
a given constraint on the type 1 error probability. We also show
that a strong converse holds, in the sense that, the optimal type
2 error exponent is independent of the constraint on the type 1
error probability.

I. INTRODUCTION

Consider the scenario depicted in Fig. 1, in which, a
statistician, or detector, wants to ascertain the underlying
probability distribution of the data observed at a remote node,
referred to as the observer. The data samples observed at the
observer, Uy, ..., Uy, denoted by UF, are communicated to
the detector over a noisy communication channel. Based on
the data received from the observer, the detector performs a
hypothesis test to determine the probability distribution of U*.
Assuming that U” is generated independent and identically
according to a fixed distribution, the simplest case of such a
test is a binary hypothesis test with the following null and
alternate hypothesis:

k
Null hypothesis Hy : U* ~ [ Pu. (1a)
i=1
k
Alternate hypothesis Hy : U ko H Qu. (1b)

i=1
Our aim is to characterize the performance of the above
hypothesis test as measured by the type 1 and type 2 error
probabilities. More specifically, denoting by ((e), the mini-
mum value of the type 2 error probability subject to a fixed
constraint € on the type 1 error probability, we are interested
in characterizing the optimal type 2 error exponent (T2EE)
given by —1 log(B(e)), € € (0,1).

It is well known that the optimal trade-off between the type
1 and type 2 error probabilities for the hypothesis test given in
(1) is achieved by the Neyman-Pearson test [1]. Also, when
the observations U¥ are available directly at the detector, a
single-letter characterization of the optimal T2EE for a given
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Fig. 1: Hypothesis testing over a noisy channel.

constraint € on the type 1 error probability is known. Denoting
the optimal T2EE by k(e), it is given by

’i(e):D(PUHQU)) V€6(071)7 (2)

where, D(Py||Qu) denotes the Kullback-Leibler divergence
between probability distributions Py and Qp [2]. Notice that
a strong converse holds in this case, in the sense that, x(e) is
independent of e.

If the detector and the observer are connected with a noise-
free link of capacity R > 0, it is easy to see that the T2EE
in (2) can be achieved by performing the Neyman-Pearson
test locally at the observer and transmitting the decision to
the detector over the noiseless link. We refer to this as the
local decision scheme since the test is performed locally at
the observer.

The trade-off between the T2EE and the type 1 error
probability has also been explored in a related distributed
hypothesis testing (HT) setting, where, the detector has access
to an independent and identically distributed (i.i.d.) side infor-
mation sequence V¥ correlated with U”, and the hypothesis
test is performed on the joint distribution of U* and V'*.
Although a single-letter characterization of the optimal T2EE
for this setting remains open, special cases have been solved.
In [3], the case when the communication between the observer
and detector is over a noiseless channel subject to a rate
constraint of R bits per source sample, is studied. A single
letter characterization of the optimal T2EE for a special case
of HT known as festing against independence is obtained in
[3]. Also, a single-letter lower bound on the optimal T2EE
is established for the general case and a strong converse
result is shown to hold. The lower bound obtained in [3] is
subsequently improved in [4] and [5].

In [6], we proved a single-letter characterization of the opti-
mal T2EE for testing against independence, when the noiseless
channel in [3] is replaced by a noisy channel. Extensions of
this problem to the case of general HT is studied in [7], where
lower bounds on the optimal T2EE are obtained by using a
separation based scheme that performs independent HT and
channel coding, and, a joint HT and channel coding scheme



that utilizes hybrid coding [8]. While the above mentioned
works study the most basic setting, the trade-off between the
T2EE and type 1 error probability has also been explored in
several other distributed HT settings, see [9], [10], [11], [12],
[13].

When the communication channel from the observer to the
detector is noisy, it is unclear whether performing a hypothesis
test at the observer and communicating the decision to the
detector is optimal. More specifically, since the reliability of
the transmitted messages depends on the communication rate
employed, there is a trade-off between transmitting less infor-
mation more reliably versus transmitting more information less
reliably, to the detector. In the sequel, we show that making
decisions locally at the observer, and communicating it to the
detector is indeed optimal. We also provide a single-letter
characterization of the optimal T2EE, and show that the strong
converse holds for HT over a noisy channel.

A. Notations

Random variables (r.v.’s) and their realizations are denoted
by upper and lower case letters (e.g., X and z), respectively.
Sets are denoted by calligraphic letters, e.g., the alphabet of
a r.v. X is denoted by X. Following the notation in [2], Tp
and T[’;X]J denotes the set of sequences of type P and the set
of Px-typical sequences of length m, respectively. For a €
R™, [a] denotes the set of integers {1,2,...,[a]}. ax By
indicates that limy_,~ ax = b. For functions f; : A — B and
fo : B = C, fa o f; denotes function composition. Finally,
1(-), O(-) and o(-) denote the indicator function, the Big-o
and the Little-o notation of Landau, respectively.

B. Problem formulation

All the r.v.’s considered henceforth are discrete with finite
support, and, all logarithms considered in this paper are with
respect to base e. Let k,n € Z™T be arbitrary. The encoder

observes U¥, and transmits codeword X" = fFm)(Uk),
where f(57) . (fk — X™ represents the encoding function
(possibly stochastic) of the observer. Let 7 := 7 denote the

bandwidth ratio. Let Pxn» and Qxn» denote the probability
distribution of the channel input under the null and alternate
hypothesis, respectively. The channel output Y™ given X™ is
generated according to the probability law

Pynpen (y"1e") = T Py (y512;). 3)
j=1

i.e., the channel PYnl xn~ 1s memoryless. Let Py» and Qyn
denote the probability distribution of the channel output under
the null and alternate hypothesis, respectively. Depending
on the received symbols Y™, the detector makes a decision
between the two hypotheses Hy and H; given in (1). Let
H € {0,1} denote the actual hypothesis and H € {0,1} de-
note the output of the hypothesis test, where 0 and 1 denote H
and H,, respectively. Let A C Y" denote the acceptance
region for Hy. Then, the decision rule g(™ : Y™ — {0,1} is
given by

9"y =1-1 (y € A(")) :
Let
a (k,n,f“m),g(”)) :=1— Py» <A<">) . @
and 3 (k,n, f5), g = Qyn (A™), (5)

denote the type 1 and type 2 error probabilities for the
encoding function f*) and decision rule g(™), respectively.

Definition 1. A T2EE « is (7,€) achievable if there exists
sequences of integers k and ny, corresponding sequence of
encoding functions f*%) and decoding functions ¢(") such
that

lim sup Mk <, (6a)
k—o0

1
liminf — = log (ﬁ (k, ng, f(k’"’“),g("’“))) > K, (6b)

k—o0 k
and lim sup «a (k,nk, f(k’"’“),g(”’“)) <e. (6¢)

k—oco
For (1,¢) € Rt x [0, 1], let

k(7€) :=sup{r’ : k" is (7, €) achievable}. 7

We are interested in obtaining a computable characterization
of k(7,¢€).
II. OPTIMAL TYPE 2 ERROR EXPONENT

In this section, we prove a single-letter characterization of
k(T,€). Let

E. := E.(Py|x) = D(Py|x=al|Py|x=b), ®)
where
(av b) = arginax D(PY\X:;L'||PY|X:J;’)' 9
(z,2")eX XX
Let

ko = ko(T, Pr, Qu, Py|x)

) D(Pyl|Qu), if =0 and E. = oo,
| min (D(Py||Qu), 7E.), otherwise.

The next theorem states that there exists a single-letter char-
acterization for k(7,¢€) given by kg, and furthermore, that a
strong converse holds. Before proceeding to the proof details,
we provide a brief sketch of it as follows. We first prove the
achievability for arbitrary ¢ € (0,1), and converse for the
case when ¢ — 0, known as a weak converse. Subsequently,
the strong converse is shown using a constructive method that
starts with any coding scheme that satisfies the given type
1 error probability constraint €, and constructs a modified
encoding and decoding scheme such that the type 1 error
probability tends to zero, asymptotically, and the T2EE is
decreased infinitesimally from that achieved by the original
coding scheme. The blowing up lemma [14][2] is the key tool
used for this purpose. The weak converse along with the strong



converse for HT when U” is observed directly by the detector
then implies the desired strong converse.

Theorem 2. x(7,€) = kg, Ve € (0,1), 7 > 0.

Proof: The proof consists of three steps as follows:
(i) k(7,€) > Ko, V€€ (0,1).
(i) lime_o K(7,€) = Ko.
(iil) x(7,€) < kg, ¥ ee€(0,1).
Assume that E. < oc. First, we prove (i). Let k € Z* and
nr = |7k|. We define f(*™*) as the composition of two
functions fgk) and fc(k’n'“), ie., fme) = fc(k’nk)Of§k), where

f(k)(uk) _ 0, if P, € T[Pu]s
B 1, otherwise,

and
nk (k)
(ki) () (B = @ if fs*(u*) =0,
Je <fs ( )> {b”k, otherwise.

Here, 6 > 0 is an arbitrarily small number, and a™* and b"*
denote the codewords formed by repeating the symbols a and
b from the channel input alphabet X', which are chosen such
that (9) is satisfied. Let the decision rule be defined as

: Nk s
g ey = 4O TV € ey e
1, otherwise,

where §’ > 0. By the law of large numbers, the type 1 error
probability tends to zero asymptotically, since

Jim. P(U* € Tl ,|H = 0) =1,
=0)=1

(10)
(1)

Next, we focus on the events that could possibly lead to a
type 2 error. Note that a type 2 error may occur only under
the following two events:

and lim ]P’(Y"k el |H

ko0 [Py|x=als

L k k n n

& = {U S T[Pu]a and Y € T[Pky\x a]o/}
L k k n n

& = {U ¢ T[Pu]a and Y™ € T[Pky\x a]sf}

It follows from Lemma 2.6 [2] and the fact that the number

of types is at most polynomial in k, that, for any v > 0,
P(&1|H = 0) <P(U* € Tlp, ), |H = 0)

< e HDP(PullQu)—7-0(9)) (12)

for sufficiently large k. The probability of the second event is
upper bounded (asymptotically with k) similarly by
n i Ic k
P& =1) <P (Y™ ety 10" ¢Th,,)
=P(Y"™ € T[TJL’“ v x—als | X = ™)
< ek (Be—y— 0(8") (13)

where (13) follows again from [2, Lemma 2.6]. By the union
bound, it follows that

Bk, nge, fEm) g0y <P(EH = 1) + P(E|H = 1),

which in turn implies in the limit § and ¢’ tending to zero
(subject to delta-convention given in [2]), that

D(PUHQU) _7)’T(Ec_7))7

The proof of achievability is completed by noting that v > 0
is arbitrary.

k(7,€) > min ( Vee (0,1).

Next, we show part (7i). We will prove the weak converse

lim R(Tv 6) < KO(T)a (14)
e—0

which combined with part (i) proves part (i¢). Similarly
to [3, Theorem 1 (b)], it follows that for any sequence of
encoding functions f(*"*) and decision rules g("*) such that
limsup 7 < 7 and

lim sup o (k n, fE7) g(nk)) <ep 250, (15)
k—o0
we have
-1
lim sup — log (ﬂ (]{;7 Nk, f(k,nk)7g(nk)))
k— o0 k
1
< 2 DPyn]|Qyne)- (16)

The right hand side (R.H.S.) of (16) can be upper bounded as
follows.

D(Pyni||Qynr)
g
= ZD(PYL|Y7_1||QYL|Y7_1|PY7_1) (17)
=1
ngk
:Z Z PY1 1 z 1 ZPY\Y? 1 yz|y )
1= 1y1 leyz 1 yley

(Py,-yil(yﬂyi_l))
log =
Qy,yi— (yily™h)
ny
Y e
i=1 yi—l

eyt

) D (P}/i‘yi—lzyi—l|‘Q)/i‘yi—1:yi—l) .

Since

Py, jyi-1 (yily'™)

= Z Px,iyi-r (xily' ™) Py, x, (ili),  (18)
T, EX
and be_lyi—l( i Z_l)
= Z Qx.pyi-1 (@ily' ") Py x, (yilzi),  (19)
T, €EX

we can write

nk

D(PyllQyn) €30 0 Pray' ™)
i=1 ,i-1
cyi-1
» sup D (Pmlyi—l=yi—1‘|Qm|yi—1=yi—l) :| . (20)

X, |yi—l=yi=1

It follows from (18), (19) and the convexity of D(Px||Qx)



in (Px, Qx) that, D (Pyilyi71=yi—lHQy’ilyi—l:yi—l) is a
convex function of (Px,|yi-1=yi-1,Qx,|yi-1=yi—1) for any
y*~t € Y=L It is well-known that the maximum of a convex
function over a convex feasible set is achieved at the extreme
points of the feasible set. Since the extreme points of the
probability simplex Py are probability distributions of the
form

Px,(z)=1(x=12'), r € X, (21)

for some z’ € X, it follows that for some functions hy; :
YVi=l - X and hy; : V7! — X, i € [1:n], we can write

sup D(Py’i‘yi—lzyi—l||Qy'i‘yi—1:yi—1)

Py lyi-1—yi-1

=D (PYz'lxz:hli(y“lﬂ|P3Q\Xi:h2i(y'i’1))

< max D (Pyx—||Py|x=s) = E-. (22)
(z,2")EX XX
Thus, it follows from (20) and (22) that
1
ZD(Pyoe||Qyne) < S, (23)

k k

Also, the data processing inequality for Kullback-Leibler di-
vergence applied to Markov chain U* — X™ — Y™ yields

1 1
—D(Pyni|[Qyni) < %D(PU’“HQU’C) = D(Py||Qu). (24)
Hence, from (6a), (16), (23) and (24), it follows that

k
—1
. -1 (ki) g(ni)
hlrfrisolclp k log (ﬂ (k,mwf g ))
< min (D(Py||Qu), TE:) -

Noting that the R.H.S. of (25) is independent of
(ftRme) ge)) | the proof of (14) is completed by taking
supremum with respect to (f(k’"k), g(”k)).

(25)

Finally, we prove part (ii%), i.e.,

k(T €) < ko(T), ¥V e € (0,1). (26)

For k € 7%, let {ny, (%) g("+)} be any sequence such that
(6a) and (6¢) are satisfied. Let A("+) denote the acceptance
region corresponding to ¢("*). For fixed v > 0 and & > 0, let

(k7n )
B

= [uk ey, : P(Y™ € AMUF =k H =0) >}

By the weak law of large numbers, for 4/ > 0 and sufficiently
large k, we have that

]P’(U’“ eT[’;U]é\H:O) >1—+. @7
Then, it follows from (6¢) and (27) that
1 —e—
P(UreBl™H=0)> """ (8
s 1 -y
Taking v = 15€ and 7/ € (0, ﬁ), we have that
1—e¢
P (U* e B5™)|H =0) > . 29
( €85 )—2(1+e) 29)

For arbitrary u* € B,(Yk(’sn’“), let Z" be such that

(30)
€2y

Pyrrg xnk (A("k)ljnk) > 7,
and PX”k‘Uk (i‘nk |uk) > 0.

The existence of such a z"* follows by definition of Bg’f&nk).

For any set D C X7, let I''(D) denote the Hamming
l—neighbourhood of D, i.e.,

YD) := {#" € X" : dy(z", ") < for some z" € D}.

Due to (29), it follows by the application of the blowing-

up lemma [2] that there exists sequences of non-negative
(k)

numbers, {A\i}rez+ and {lp}rez+ such that, A\, — 0,
I, (k)
% —> 0 and

Pyoexne (rlk (,4<"k>) \gz"k) >1-A. (32

Let A() := T (A()). Note that E, < oo, if and only if
Pyx(ylr) >0,V (2,y) € X x V. Let

min
(z,y)€EXXY

vi= Py x (ylz) > 0. (33)

For each 7™ € A(™), there exists a y™* € A(™*) such that
dg (g™, y™) < li. Hence, for each such §"™* and arbitrary

™ € X", we have
Pyny, | X"k (Zjnk |-Tnk) l)lk < Pyny, | X"k (y”k |$nk) (34)

Also, for each y™* € A+ the number of 5™ € A™*) ig
|V|"*. Hence, from (34), we have

Py xni (/_l(nk)‘xnk> < ‘y'lkPYnk,‘Xnk, (A(nk)|$nk) vtk
This implies that

PY"k\Uk (A(nk”uk) < |y|lkPY"k\Uk (A(”k)|uk) y—lk.
(35)

Let the new encoding function flme) gk 5 X and
decision rule §("*) : Y™ — {0,1} be defined as follows:

_ =N v uk c Tk
(kar) (k) = F [Puls 36a
! () {f(k’”’ﬂ)(uk)7 otherwise, (362)
and g (y™) =11 (y™ € A, (36b)

From (27), (32) and (36), it follows that

o (g, fEm0, 000 ) <1 - (1= M) (1 =) L.

Also,
B (ki JE, 500 ) < ST Que(ut)
ukeT[’pr]S
+ Z QUk (uk)PynklUk (A(”")Mk)

kgTk
“ ¢T[PU]6



< Z Qur (u*)

k ek
“ ET[PU]5

T YD Quel) Py (ATOR) - G)

uk¢T[’;U]6
< D Qb
u’“ET[’};U]é
oY ST Qo () Pyejon (ATt
ukeuk
= > Qu(uh)
u’“GT[’jDU]O_

oYL (I, fO), g0
< e R(D(Pu]lQu)—0(8))

+ oY (kg g, g0

where (37) follows from (35). Thus, it follows from the facts

e . 0 and v > 0 that, for any v" > 0,

_ %bg (ﬁ (knk f(/c,m,g(nk)))

> min | D(Pyl||Qu) — O(9),

— %log (5 (k,nk, f(k,nk),g(nk))) — 4",

provided k is sufficiently large. Since D(Py||Qu) is the
maximum T2EE achievable for any type 1 error probability
constraint € € (0,1), when U* is directly observed at the

detector, it follows by taking §,~v” — 0 that
1 -
liminf —= log (ﬁ (k’ N, f(k,nk)’ g(nk)))
k—o00 k

> tpnint o (3 (ke £, 5 ).

This completes the proof for the case when E. < oc.

Next, consider the case F. = oo. Then, there exist y
such that Py x(y[b) = 0 and Py x(yla) > 0, where a
and b are defined as in (8). Assume 7 > 0. Since the
proofs of steps (i) and (i7) given above carry over, it follows
that lim. o x(7,€) = ko(7) = D(Py||Qu). On the other
hand, if 7 = 0, then taking n; = k3 and using the same
encoding and decision rule as in step (i) above, it follows
from (13) that P(&;|H = 1) = 0. From (10) and (11), the
type 1 error probability tends to zero, asymptotically with k.
Also, notice that (12) holds and that the above choice of ny
satisfies (6). Hence, x(0,€) > D(Py||Qu). Noting again that
D(Py||Qu) is the maximum T2EE achievable for any type
1 error probability constraint ¢ € (0,1), when U* is directly

observed at the detector, it follows that

k(0,€) = D(PullQu), V € € (0,1).

This completes the proof of the theorem. [ ]

III. CONCLUSION

In this paper, we obtained a single-letter characterization
of the optimal T2EE for HT over a noisy channel. The
achievability scheme shows that the optimal T2EE is achieved
by a scheme, in which the observer makes a decision about
the hypothesis locally, and communicates it to the detector
using a channel code of maximum reliability. This implies
that “separation” holds, in the sense that, there is no loss in
optimality incurred by separating the tasks of HT and channel
coding. It is also interesting to note that the optimal T2EE is
independent of the constraint on the type 1 error probability.
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