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Abstract—Content caching at the small-cell base stations (sBSs)
in a heterogeneous wireless network is considered. A cost function
is proposed that captures the backhaul link load called the
“offloading loss”, which measures the fraction of the requested
files that are not available in the sBS caches. Previous approaches
minimize this offloading loss assuming that the popularity profile
of the content is time-invariant and perfectly known. However,
in many practical applications, the popularity profile is unknown
and time-varying. Therefore, the analysis of caching with non-
stationary and statistically dependent popularity profiles (assumed
unknown, and hence, estimated) is studied in this paper from a
learning-theoretic perspective. A probably approximately correct
(PAC) result is derived, in which a high probability bound on the
offloading loss difference, i.e., the error between the estimated
(outdated) and the optimal offloading loss, is investigated. The
difference is a function of the Rademacher complexity of the set
of all probability measures on the set of cached content items,
the S—mixing coefficient, 1/ V/t (t is the number of time slots),
and a measure of discrepancy between the estimated and true
popularity profiles.

I. INTRODUCTION

A potential drawback of the small-cell infrastructure to
offload wireless data from a macro base station (BS) is that the
backhaul link-capacity required to support the peak data traffic
can be extremely high, necessitating complex and expensive
solutions to ensure high throughput and performance during
peak traffic periods. Caching can reduce the peak load by
shifting part of the traffic to off-peak hours by storing popular
content items in the cache memories located at small-cell
base stations (sBSs) during off-peak traffic periods [1]. The
benefit of coded caching across sBSs is shown in [2], while in
[3] caching is analyzed for networks modeled spatially using
independent Poisson point processes (PPPs). In [4], proactive
caching is shown to increase energy efficiency.

Most prior work in this area, including [2] - [4], assumes
a priori knowledge of the popularity profile of the cached
content, which is unreasonable in practical scenarios. This
assumption is relaxed in [5] - [8], and various learning-based
approaches are proposed to estimate the popularity profile,
while a theoretical analysis has been carried out in [9] to
study the implications of learning the popularity profile on the

B. N. Bharath is with PES Institute of Technology, Bangalore South Cam-
pus, INDIA, E-mail: bharathbn@pes.edu. K. G. Nagananda is with PES
University, INDIA, E-mail: kgnagananda@pes .edu. D. Giindiiz is with
Imperial College London, UK, E-mail: d.gunduz@imperial.ac.uk.
H. V. Poor is with Princeton University, Princeton, NJ, USA, E-mail:
poor@princeton.edu. This work was supported in part by the U.S.
National Science Foundation under Grants CCF-1420575, DST/INT/UK/P-
129/2016 and CNS-1456793.

performance. However, these works assume that the popularity
profile is fixed, and the requests are assumed to be independent
across time. In practice, there are many applications (for
example, video on demand) in which the popularity profile of
cached content is time-varying [10]. Motivated by the growing
significance of caching in improving the quality of service
for end-users during peak traffic periods, we analyze the
performance of a random caching strategy for a non-stationary
popularity profile, which may exihibit statistical dependence
across time.

A heterogenous network in which the users, BSs and sBSs,
are distributed according to independent PPPs is considered.
The sBSs employ a random caching strategy. A protocol model
for communication is proposed, and a cost function, which
captures the backhaul link overhead called the “offloading
loss”, is considered. The offloading loss at time ¢, which
depends on the popularity profile, is denoted by 7 (¢). Our
goal is to obtain risk bounds on this offloading loss when the
popularity profile is time-varying and unknown. Assuming a
request model (see Assumption 1), the BS first estimates
the popularity profile based on the requests observed during
the first ¢ slots. It then chooses the caching probabilities m =
(m1,m2,...,mN), where N is the number of popular content
items that can be cached, in order to minimize its offloading
loss 7 (t), based on the estimated popularity profile. sBSs in
the coverage area of the BS use this optimal caching policy to
store content items in their caches. Since the popularity profile
is time-varying, it becomes necessary to frequently refresh the
caches, say after every 7" time slots, albeit at an additional cost.
Thus, it is important to investigate the minimum periodicity 7'
of cache updates that guarantees the desired offloading loss.

In this paper, we derive probably approximately correct
(PAC) type guarantees on the offloading loss difference
Ar(t,T), which is defined as the difference between the
offloading loss incurred by using the outdated caching policy
obtained by optimizing 7 (t) at time ¢ + 7', and the optimal
offloading loss at time ¢ + T. We show that Ar(¢,T) < €
with a probability of at least 1 — § for any 6 > ¢ and € > 0,
where ( is a function of the 5-mixing coefficient, the number
of content items /N comprising the popularity profile and the
user density. The [-mixing coefficient is a measure of the
statistical dependency of the time-varying popularity profiles.
If the popularity profile process is “sufficiently” mixing, i.e.,
if the process becomes almost independent after a sufficiently
long time, and if the user density is very high, then the desired
e can be achieved for negligibly small § > 0. In particular, to
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achieve a fixed probability 6 > (, we require the error € to be
a function of N, the rate of change of the popularity profile,
and the Rademacher complexity, which is a measure of the
difficulty in estimating the offloading loss.

The following are the main findings of this paper: (1) the er-
ror € increases with /V; (2) the desired error € can be achieved
with higher probability (i.e., ¢ becomes smaller) for a larger
user density, thus improving the caching performance, since
higher user density results in more user-requests, allowing a
better estimate of the popularity profile; (3) the higher the
correlation of the popularity profile across time (defined in
terms of the S—mixing coefficient), the longer the waiting time
t to achieve a target error level € with probability 1 — J; (4)
the error € is a function of the rate of change of the popularity
profile, and hence 7. Thus, outdated cache content results in
a larger error for a given J, and a rapidly varying popularity
profile requires more frequent updates to achieve the desired
error performance; (5) a higher Rademacher complexity results
in poorer error performance; and (6) when the user requests
are independent and identically distributed (i.i.d.), the error
performance is better compared to non-stationary and statisti-
cally dependent requests. For stationary popularity profiles and
large t, frequent cache-updates are not necessary to achieve
the desired performance. To the best of our knowledge, this is
the first time random caching is studied with non-stationary,
statistically dependent and unknown popularity profiles from
the standpoint of learning theory.

II. SYSTEM MODEL

A heterogenous cellular network is considered in which
the users, BSs and sBSs are spatially distributed according to
independent PPPs with densities \,, A\, and \g, respectively
[11]. The sets of users, BSs and sBSs are denoted by ®,, C R2,
®, C R?, and ®, C R?, respectively. Each user requests a
content item (or files) from the library F = {fi,..., fx}
of N files, each of size B bits, from its neighboring sBSs.
The requests are assumed to be statistically independent across
users. However, the requests from each user are assumed to
be non-stationary and statistically dependent across time. We
assume that the size of the cache at each sBS is at most M
files. The problem considered in this paper is that of caching
relevant “popular” files at the sBSs, wherein, depending on
the availability of the file in the local cache, the requested
file from the user will be served directly by one of the
neighboring sBSs. In order to access cached content items,
a user u € P, identifies and communicates with a set of
neighboring sBSs employing the following protocol: Each sBS
s located at =, € ®, communicates with a user u located at
Xy € Oy if ||z, — 25||< 7, for some v > 0. This condition
determines the communication radius. In this protocol, we
ignore the interference from other users in the network. The
set of potential neighbors of user u located at x, is denoted
by M. 2 {y € ®, : |ly — zu||< 7}. The caching policy
will depend on the distribution of the requests from the users,
which is assumed to be unknown, and will be estimated. In the
next subsection, we present a stochastic process modeling the

{X(s):s €Ria ) {X(5):8 € Rupsran} {X(5):5 € Ru_y 10,0} {X(5): 5 € Rayy_y1,00 )
Arrivals  Arrivals Arrivals Arrivals
—re—> — —

a a2 i Qom

Fig. 1: This figure shows a time period consisting of ¢ time
slots each of duration A, which is divided into 2m blocks,
where the i-th block is of size a; slots, and ¢ = E?Z ;.

requests from the users, and devise a method for estimating
its distribution.

A. User Request Model

Let the stochastic process X, (7) € {1,2,..., N} denote the
index corresponding to a request from a user v € ®,, at time
7 € R. For example, each user can maintain an independent
local Poisson clock, and makes a request whenever the local
clock ticks. For any two users v, w € ®,,, the request processes
X,(7) and X,,(7) are independent. For the ease of analysis,
let us divide the time into slots of size A > 0 each. Further, for
each v € @, {X,(7),7 € R} is a non-stationary and statis-
tically dependent stochastic process across time slots, but the
process X, (7) within each time slot (i.e., 7 € [iA, (i +1)A),
i =1,2,...) is assumed to be stationary. Further, we assume
that there is a “typical” BS at the origin with a coverage radius
of R > 0. The BS estimates the popularity of the content
items based on the requests it receives. Essentially, at a given
time slot ¢, the BS collects requests (for ¢ time slots) from all
the users in the BS’s coverage area to estimate the popularity
profile of the requested files. Let n, ~ Poiss(m\,R2) denote
the number of users in its coverage area. The arrival instants
of the requests from different users are assumed to be random,
and their distribution satisfies the following assumption.

Assumption 1: There exist constants 0 < apin <
Qmax < 1 such that for any random n > 1 users in the coverage
area of the BS, the number of requests in a € N time slots,
denoted by 7, € N, satisfies aninna < 74 < Omaxna.

It turns out that the results based on the above assumption
can be used to derive performance guarantees when the arrival
process is a homogenous Poisson point process. Further, we
assume that the request instants and the number of requests
within a time slot are independent of the files requested. The
set of request instants at which the requests from all the users
in the coverage area of the BS arrive within the i time slot is
denoted by R;. Let X (s) = U, ca, q|x. <z {Xv(5)} denote
the set of requests from all the users in the coverage area of
the BS at time s € R. The set of requests from all the users in
time slots t; to ¢, is denoted by Xy, 4, = {X(s) : s € Ryy 1, }
where Ry, 1, = U?:tl R (see Fig. 1). After receiving requests
X1, within first ¢ time slots, the BS computes the empirical



estimate of the popularity profile, i.e., the probability of the
i" file being requested in time slot ¢, as follows:

b=~ 3 1{X(s)

g =i}, i=1,...,N, (1)
tSERLt

where 7; = |Ry | is the total number of requests in the first
t slots. The accuracy of the estimate P(*) £ {p; 4ot =
1,2,..., N} depends on (i) the number of available samples,
which in turn is related to the number of users in the coverage
area of the BS, (ii) the number of requests per user, and (iii)
the behavior of the process X (s). The estimate in (1) is valid
only when there is a positive number of user requests, which
is guaranteed by Assumption 1 above. In the next section,
we present the performance measure for the above model, and
state the main problem addressed in the paper.

III. PROBLEM STATEMENT

We consider a typical user located at the origin denoted by
o€ ®,. At time slot ¢t € N, the “offloading loss” is defined
as

B
TOH, PO X, )2 R Ve N Xipad, @

where II() denotes the caching policy, P =
{p1(t),p2(t),...,pn(t) is the popularity profile in slot
t, Ry and R% denote the rate supported by the BS and the
time overhead incurred in transmitting the file from the BS
to the user, respectively, and f, denotes the file requested
by the typical user in the ¢-th slot. In the above, with a
slight abuse of notation, fy ¢ N, is used to denote the event
that the requested file fj is not present in the caches of the
neighboring sBSs. The offloading loss is the scaled probability
of the content requested by user o not being cached by any
of the sBSs within its communication range conditioned on
the requests received by the BS until the beginning of time
slot ¢, i.e., X1 4—1. We employ the following random caching
strategy, which enables us to derive a closed form expression
for the offloading loss at time ¢.

Random Caching strategy: At time ¢ (determined by the
BS), each sBS s &€ &, caches content items in an i.i.d.
fashion by generating M indices distributed according to
0 2 {my(t) s S mlt) = 1, } (see [12]),

We seek to solve the following optimization problem:

min

li T, PO X 1), 3
(M eP:TEN sup Z ! 1) ( )

t—o00 1

where P, denotes the N —dimensional probability simplex. An

expression for 7 (TIM, P X, ; 1) is given in the following

theorem whose proof can obtained by replacing p; by px ;(¢)

in the proof of Theorem 1 found in [9, Appendix A].
Theorem 1: The average offloading loss at time t for the

random caching strategy I1(*) is given by

T, PO, X, q) = lng )Pl )], “)

where px ;(t) £ Pr{f; requested by o in slot t|X1¢-1}, and
g(mi() £ £ exp{-Am2[L — (1 - m(1)M]).

Even assuming that the conditional probabilities px ;(t) are
perfectly known, the complexity involved in solving (3) can be
high owing to the fact that the caching policy at time ¢ depends
on X;,;, which grows with ¢. In practice, the conditional
probability Pr{f; requested |X; ;_1} is unknown, and has to
be estimated. Also, the BS may not have enough samples
to compute a reasonably good estimate of this conditional
probability. Hence, it is reasonable to consider the uncon-
ditional probability in the definition of the offloading loss.
Thus, one can minimize the offloading loss 7 (I, P(1)) £
[Zf\il g(ﬂ',;(t))p,;(t)}, where p;(t) is the probability of the
i" file being requested at time t. However, the p;(t)’s are
unknown; and hence, an estimate of the popularity profile
needs to be used in place of P®*). More precisely, at time
t, (le)t f[jj denote the caching policy obtained using an estimate
PO e

T, PW). (5)

H* = arg min

I eP,

Suppose the cache content items chosen by the optimal

caching policy at time ¢ will be used to satisfy user demands

over the period (¢, t+1T. Let us consider the offloading loss in

using fo at a later time, say at time ¢+ 7. The offloading loss

at time ¢4 7 is given by 7*(t+T) £ T(IIf, P(*+7)). Further,

let IT} ;- denote the optimal caching policy at time ¢+71" using
perfect knowledge of the popularity profile P*+7) j.e.,

min 711D pEHD), (6)

Mowr = Y8 eiTep,
with the corresponding offloading loss 7*(t + T) £
T (17,7, PAHD). Similar to [9], the central theme of this
paper is the analysis of the offloading loss gap A7 (t,T) £
T*(t +T) — T*(t + T). For example, if Az(t,T) is small,
then each term in (3) is small, which results in a small average
offloading loss. Moreover, this approach is central to analyzing
the prediction problems involving non-stationary stochastic

processes [13]. Next, we present the main result of this paper.

IV. MAIN RESULTS

We study risk bounds on the offloading loss difference,
A7(t,T) when the popularity profile is non-stationary. Es-
sentially, for any € > 0, we seek to identify a risk bound
6 > 0, such that

Pr{T*(tJrT)fT*(tJrT) >e} <4 %)

First, we relate (7) to an expression in terms of the estimation
error in the following theorem.

Theorem 2: For the estimate of the popularity profile in (1),
the following bound holds:
Pr {%*(t +T) - T (t+T) > e} < 2Pr {Ar(Xy1y) > €},

N -
i=1 g(m)(pz',t - pi,t+T) s

where Ap(X1:) = SUPpep.
and g(m;) is defined in Theorem 1.



Proof See [14, Appendix A].
The term Pr {Ap(X; ;) > €} can be bounded as follows:

oo
S ol

Pr {-AT(XI,t) > 6}

=0
< Pr{nu_0}+za£“}5 '
J=1
= exp{f/\uWR2 ZO‘EHT)E ]

where aguT)E(j) £ Ppr {Ar(X14) > €| ny =7} Pr{n, =

We  next derive an upper bound on
Pr {.AT(X1 1) >€ln, =37} The term Ap(X;,) depends
on p; ¢, which involves the sum of non-stationary random
variables (RVs) which are possibly correlated across time. In
order to apply the standard large deviation bounds, we must
convert the sum of non-stationary dependent RVs to a sum
of blocks of independent random vectors through a coupling
argument, which is explained later in this section. For a
given stochastic process Xi o, and s € N, let P, - (%)
and Py, (x| €) @ Prys—00(*) denote the joint and product
distributions of the stochastic processes X; . and X, ,
respectively. If X; . and X, ;. are independent, then
IPr rys(*) = P1oyr (%) @ Prisosoo(*)|[rv= 0. Thus, for a
given s, this difference, maximized over all 1 < 7 < o©
is a natural measure of the dependency between X , and
X:4s,00- This is commonly referred to as the S—mixing
coefficient. For s € N, the S-mixing coefficient is given by

B(‘”é sup |[|Pr 7 ys5(%) = P17 (x) @ Prys oo (x)|l7v- (8)

<7<o0
A stochastic process is said to be [-mixing if 5(s) — 0
as s — oo. For a given stochastic process that is [$-mixing,
two well-separated sequences of the process are approximately
independent, where the approximation error is given by 3(s).
Thus, we assume that the request process X (¢) is a S-mixing
stochastic process, i.e., 8(s) — 0 as s — oo.

We now provide the details of the coupling argument,
through which the dependent stochastic process is replaced by
independent blocks of random variables. This will facilitate the
use of a concentration inequality; in particular, McDiarmid’s
inequality. Fix m € N, and consider a sequence of consecutive
blocks of size a; € N, ¢ = 1,2,...,2m, slots such that ¢t =
Z? 1 a; (see Fig. 1). Let ag = 0 Con51der the time instants
at which the requests arrive corresponding to odd and even
blocks defined as ']T((f') £ Uj:j2072747__.72(m_1) Ra;+1,a;,, and
T 2 Uj.j=1.35... 2m—1 Ra;+1,a;4,» respectively. Thus, the
requests corresponding to the odd and even blocks are given
by X{, 2 {X(s): s € T} and X7, 2 {X(s) : s € T},
respectively. In order to use a coupling argument, for a fixed
R1:, we define a new stochastic processes Xf', £ {X(s) :
5 € ']I‘gf)}, h € {e, o0}, such that the requests in the even
(and odd) blocks of Xl,t are independent. However, within
each block, the RVs can be arbitrarily correlated. Further,

{X(S) HEE RS Rai—1+1,ai} and {X(S) HEE RS Rai—l‘f’laai}
have the same distribution, ¢+ = 1,2,...,2m. We can always
construct such a stochastic process, and the pair (X (s), X (s)
is called a coupling (see Fig. 1). We define X7, and X7,
similarly to X{, and X7,. The following theorem provides
a bound on the performance guarantees in terms of the
[—mixing coefficient.

Theorem 3: For the given model, and the popularity es-
timate in (1), with a probability of at least 1 — §, & >
2(exp { =\, TR%} + S22 B(ay)), the following holds':
(XT )L E[A7 (X7 )]}

TH(t+T)=T"(t+T) < min{E[Ar

1
NamaxBamax 1Og (57/>
aminROamin 2m )

9)

In (9), §' £6/2—exp {—A,7R?} — ng ' 8(a;) > 0, and

N

Zg(ﬂ'i) (ﬁﬁt - pi7t+T) )

i=1

AT()N(I(Z)) £ sup
IIeP,

(10)

where pf', £ lﬁ Zse'ﬂ‘ff) 1{X(s) =i}, h € {e,0}.
h

Proof See Appendix A.

Next, we bound min{E[AT(Xft)},IE[.AT(Xf’t)]} to get
the desired result. The bound that we derive depends on
the Rademacher complexity and the nonstationarity of the
stochastic process. We begin with the following definition.

Definition 1: (Rademacher complexity) The Rademacher
complexity of P, is defined as [15, Chapter 3]

sup Zg ;) ZUZSI{X

HePr i1 5T

) = i}l;

where the Rademacher RVs o, ; € {—1,1}, i = 1,2,...,N
and s € T\" are iid. with probability 1/2, o £ {0;, €
{(~1,1}:i=1,2,...,N,s € T\"}, and h € {e, o}.

Next, we provide the main result of this paper.

Theorem 4: For the given model and the popularity es-

timate in (1), with a %)robabﬂlty of at least 1 — 4§, 6 >
2(exp {—AumR%} + 375 B(a;) > 0), the following holds:

T*(t+T) < T*(t+T)+max{RY, RM}

N oy Bamax

+ InaX{AEeT, A(O) T+

RO GminQmin

where R, 2 is the Rademacher complexity, amax
maX1<z<2m als Aghj)‘ é SupHeP,, le\i1 g(ﬂ-z)dgh) (ta T),
d"(t,T) &
is as defined in T eorem 3.

Proof See [14, Appendix B].

(f) Lzseﬁj) Pis —

Here, the dependence of the caching probability on ¢ is omitted for brevity.
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Fig. 2: Offloading loss as a function of the cache size.

V. DISCUSSION

Theorem 4 suggests that the sBSs should update their
caches at the time instants at which the error becomes
large. The only relevant term is max{AS%, AEO%} <Apr =

N
?ﬁﬁi}ﬂ?ﬁSUPHePwE:t:1§:seTg>UTg)g(Wﬂ|pLs"pat+TL

he following cache update mechanism is employed:

1) Initialize ¢ = 0 and 7" = 0. Update the caches randomly.

2) If A¢r > threshold, then update the caches us-
ing the caching probability obtained by solving IIj,; =
arg ming+7) cp,_ T pU+T=1) where PUFT—D
is the estimate obtained using (1), and set 1I' = t. Here,
threshold > 0 determines the error achieved.

3) Sett —t+ 1 and go to step 2.

The behavior of the offloading loss for varying cache sizes
is shown in Fig. 2. The setting comprises sBSs and users
distributed according to a PPP with densities A = 0.00001
and A, = 0.0001, respectively. The number of files is N = 50,
and the coverage of the BS and sBSs are 1000 m and
500 m, respectively. We let v = 500. The requests follow
a Poisson arrivals with rate A\, = 0.05. The requests for
the files are generated using the Zipf distribution with the
parameter chosen uniformly in the interval (0.9,1.1), and the
file index is randomly and uniformly permuted in every time
slot. This results in an independent but non-stationary arrival
of requests. The requests from a typical user at the origin
are used to evaluate the offloading loss. We assume perfect
knowledge of AE’? at the BS. Fig. 2 shows a plot of the
offloading loss with B = Ry as a function of the cache size
for the following scenarios: (i) cache update mechanism with
threshold = 0.0003, and (ii) periodic cache update with
periods 10 and 4 slots, for cache sizes 10, 15,20, 25 and 30.
In the periodic caching scheme, we follow the aforementioned
caching policy; however, the caches are updated periodically.
From Fig. 2, it is clear that the proposed cache update
algorithm outperforms periodic caching, since the cache is
updated only when required. Also, increasing the update
period degrades the performance as the cache content items
become less relevant.

The following remarks are in order (see (11)): (a) The error
€ increases linearly with N. To compensate for larger values

of N, the waiting time ¢ should be of the order of NV 2. a
similar observation was also made in [9]. As ), increases,
a lower value of & can be achieved. In general, as \, —
00, 6 = 0 cannot be achieved due to the dependence of the
stochastic process across time, i.e., 3(a) > 0, a > 0. (b) The
error € decreases as t increases. When the requests are i.i.d.,
amax = 1, and hence ¢ is small. Thus, when the requests are
correlated we incur a penalty of a,.x, since the error decreases
as \/1/(t/amax) compared to /1/t for ii.d. requests. The
error can be reduced by choosing an.x = 1, i.e., a; = 1,1 =
1,...,2m. Since () is a monotonically decreasing function
of x, the probability of achieving a lower error is very small,
indicating a tradeoff between the error and the probability with
which the bound in (11) holds. Also, lower values of § result
in a higher error. (c) The error ¢ increases with or==. The

higher this ratio, the larger the variation in the number of
requests. On the other hand, the lower this ratio, the lesser
the error; which indicates a greater number of requests. The

non-stationarity of the process is captured through AEhT), h e

{e,0}. For a stationary process AEhT) =0, h € {e,0}. (d
When the user requests are i.i.d., the error does not vanish
as t — oo, because the Rademacher complexity will not go
to zero as t — oo. This indicates the difficulty in estimating
the offloading loss, or equivalently the popularity profile, for a
given caching policy. (e) The only term that depends on 7' is
max{AEf%, A°)}. The frequency with which the cache update

should be done depends on Agg, h € {e, o}. For instance, if

Agh% h € {e, o}, is high, then the updates should be more
frequent.

VI. CONCLUDING REMARKS

A learning-theoretic analysis of content caching in heteroge-
nous networks with non-stationary, statistically dependent and
unknown popularity profiles has been considered. A PAC
result on the offloading loss gap is presented in Theorem 4,
based on the following caching algorithm: At every slot ¢, the
BS computes an estimate of the Rademacher complexity and
the discrepancy based on the available requests. The optimal
caching policy is employed at the BS and the cache content
items at the sBSs are updated only if the discrepancy in the
popularity profile is larger than a pre-specified threshold (to
be determined based on the error tolerance).

APPENDIX A
PROOF OF THEOREM 3

Consider the following:

N
Z g(m;) (ﬁf,t - pi,t+T)

i=1

t

(a) ‘T(e)
Ar(Xi,) < sup
ner.| Tt

N

Z g(mi) (ﬁ?,t - pi,t—i—T)

i=1

T

12)

mer.| Tt




where pf', £ ’T(—lt)yzsemt) 1{X(s) = i}, h € {e,0}, and
( ,

h .
Ar(X() 2 supnep, [, 9(m) (B = piair)| In 12,
(a) follows from the triangle inequality, and (b) follows from
the convexity of |-| and the sup. We can further write

\T“’\

PI‘{AT(XLt) > e\nu = j} < Pr AZ (Xl t) (13)

L

AN (X ) > €lng =
Tt

(a)
< Pr{Ar(X7;) > €l&} + Pr{Ar(X7,) > €[&;}, (14)

where &; £ {n, = j}, and (a) follows from the union bound.
We now bound the term corresponding to the even samples
(the bound on the term corresponding to the odd samples
follows similarly). We begin with Pr{Ar(Xf,) > €[n, =
J}=E[1{Ar(X{ ;) > €}|n, = j]. Since the indicator function
is bounded, using [13, Proposition 1], we have the following
upper bound:

E[L{Ar(X7,) > e}l&] < ER{Ar(X7,) > e}[€)]

+ ) Blagi-),
i=2

=Pr{Ar(X7,) > €&} + Y Blazi—1),  (15)
i=2
where X 1,1 18 as defined in Section IV. Since the conditioning
is on &, the time slot difference between adjacent even/odd
blocks is deterministic, and the -mixing is not conditioned
on the event. Similarly, it can be shown that
m—1
10(7) + Y Blag;), (16)
j=1
where 75 (J = Pr{.AT(X1 '+) > €lny = j}, h € {e o0},
and Ar(X f.) (resp. Ap(X 17t)) is obtained by replacing each
block of data in X7, (resp. X7,) by X7, (resp. X7,) in the
definition of Ar (X7 ,) (resp. A7 (X7 ,)). Using (16) and (15)
in (14), we get

E[{Ar(X7,) > e}nu = j] < d,

2m—1
Pri{Ar(X14) > €lny = j} < > arrn(G) + Y Blag). (A7)
he{e,o} j=2

Since each of the events above involves a sum of blocks of
data that are independent, we employ McDiarmid’s inequality
to get the following result.

Theorem 5: For any max{]E[AT(f(f,t)], E[Ar(X¢ )]} < e,
and m > 0, the following bound holds for all j7 > 1:

Z Pr{AT(X'{L’t) > eln, =5} <exp{—2mgn}, (18)
he{e,o}

R2
where gy £ 895

in rnln{e ,eo}amm

a2, B?a2, N? ?
A . A e
Amin = MiNg<;<om a;, and €, = e —E[Ap(X

maxi<;<2m @i,

£l h € {e o}

L
Umax =

Proof See [14, Appendix C].
The bound in (18) is independent of j. Substituting the
bound (18) into (17), and using the result in (8), we get

Pr{Ar(X1,) > e} < exp {-A7R*} + Gy, (19)
where G,, = exp{—-ym} + sz "Blai), v &

B 2 2
2R°am1“r;12n(;{§ JEV 2}o%ie  We need Pr {Ar(X1,:) > €} < §/2,
which” 1mp11es that

1
NamaxBamax IOg (57/)

o (20)

min{e, €,} >

aminRO Omin

where §' £ §/2 — exp {~A\,7R?} — 37" B(a;) > 0. But,
en=c—E [AT(XM)}, h € {e, o}. Using this in (20) results

. . . log (&
in the following constraint: € > & 7 + e R 2(72 )

where & 7 £ min i]E LAT(Xf’t)l ,E [AT(X{’J)] } Using
this constraint for ¢, the bound in the theorem follows with a
probability of at least (1 — d).

N Qmax Bamax

[l
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