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Abstract

Transmission of a Gaussian source over a time-varying multiple-input multiple-output (MIMO)
channel is studied under strict delay constraints. Availability of a correlated side information at the
receiver is assumed, whose quality, i.e., correlation with the source signal, also varies over time. A
block-fading model is considered for both the states of the time-varying channel and the time-varying
side information; and perfect channel and side information state information at the receiver is assumed,
while the transmitter only has a statistical knowledge. The high SNR performance, characterized by the
distortion exponent, is studied for this joint source-channel coding problem. An upper bound on the
achievable distortion exponent is derived by providing the side information state to the transmitter, while
the channel state remains unknown. For achievability, transmission schemes based on separate source
and channel coding, uncoded transmission, joint decoding, as well as hybrid digital-analog transmission
are considered. Multi-layer schemes, which transmit successive refinement layers of the source, are
also proposed, based on progressive as well as superposed transmission with joint decoding. The optimal
distortion exponent is characterized for the single-input multiple-output (SIMO) and multiple-input single-
output (MISO) scenarios by showing that the distortion exponent achieved by multi-layer superpositon
encoding with joint decoding meets the proposed upper bound. In the MIMO scenario, the optimal
distortion exponent is characterized in the low bandwidth ratio regime, and it is shown that the multi-
layer superposition encoding performs very close to the upper bound in the high bandwidth expansion

regime as well.
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I. INTRODUCTION

Many applications in wireless networks require the transmission of a source signal over a fading
channel, i.e., multimedia signals over cellular networks or the accumulation of local measurements at
a fusion center in sensor networks, to be reconstructed with the minimum distortion possible at the
destination. In many practical scenarios, the destination receives additional correlated side information
about the underlaying source signal, either form other transmitters in the network or through its own
sensing devices. For example, measurements from other sensors at a fusion center, signals from repeaters
in digital TV broadcasting or relay signals in mobile networks.

The theoretical benefits of having correlated side information at the receiver for source encoding are
well known [[1]]. However, similar to estimating the channel state information at the transmitter, it is costly
to provide an estimate of the available side information to the transmitter, or may even be impossible
in uncoordinated scenarios. Without the knowledge of the channel and the side information states, a
transmitter needs to transmit in a manner that can adapt dynamically to the time-varying channel and
side information qualities without knowing their realizations.

Here, we consider the joint source-channel coding problem of transmitting a Gaussian source over
a multiple-input multiple-output (MIMO) block-fading channel when the receiver has access to time-
varying correlated side information. Both the channel and the side-information are assumed to follow
block-fading models, whose states are unknown at the transmitter. Moreover, strict delay constraints apply
requiring the transmission of a block of source samples, for which the side-information quality state is
constant, over a block of the channel, during which the channel state is constant. The two blocks do not
necessarily have the same length, and their ratio is defined as the bandwidth ratio between the channel
and the source bandwidths.

When the knowledge of the channel and side information states is available at both the transmitter and



the receiver (CSI-TR), Shannon’s separation theorem applies [2], assuming that the channel and source
blocks are sufficiently long. In this case, the optimal performance is achieved by first compressing the
source with an optimal source code and transmitting the compressed bits with a capacity achieving channel
code. However, the optimality of source-channel separation does not extend to non-ergodic scenarios such
as the model studied in this paper.

This problem has been studied extensively in the literature in the absence of correlated side information
at the receiver [3]-[5]]. Despite the ongoing efforts, the minimum achievable average distortion remains
an open problem; however, more conclusive results on the performance can be obtained by studying the
distortion exponent, which characterizes the exponential decay of the expected distortion in the high SNR
regime [6]]. The distortion exponent has been studied for parallel fading channels in [7]], for the relay
channel in [8], for point-to-point MIMO channels in [9], for channels with feedback in [10], for the two-
way relay channel in [11]], for the interference channel in [12], and in the presence of side information
that might be absent in [13]]. In the absence of side information at the receiver, the optimal distortion
exponent in MIMO channels is known in some regimes of operation, such as the large bandwidth regime
[9] and the low bandwidth regime [14]. However, the general problem remains open. In [9]] digital multi-
layer superposition transmission schemes are shown to achieve the optimal distortion exponent for high
bandwidth ratios in MIMO systems. The optimal distortion exponent in the low bandwidth regime is
achieved through hybrid digital-analog transmission [9]], [14]]. In [15]], superposition multi-layer schemes
are shown to achieve the optimal distortion exponent some other bandwidth ratios as well. Overall, multi-
layer transmission has been shown to achieve the largest distortion exponents among the existing schemes
in the literature.

The source coding version of our problem, in which the encoder and decoder are connected by an
error-free finite-capacity channel, is studied in [[16]. The single-input single-output (SISO) model in the
presence of a time-varying channel and side information is considered for matched bandwidth ratios in
[17]], where uncoded transmission is shown to achieve the minimum expected distortion for certain side
information fading gain distributions, while separate source and channel coding is shown to be suboptimal

in general. A scheme based on joint decoding at the receiver, called JDS, is also proposed in [17]], and it



is shown to outperform separate source and channel coding by exploiting the joint quality of the channel
and side information states.

Our goal in this work is to find tight bounds on the distortion exponent when transmitting a Gaussian
source over a time-varying MIMO channel in the presence of time-varying correlated side information
at the receivelﬂ We first derive an upper bound on the distortion exponent by providing the channel
state information to the encoder. Then, we consider single-layer encoding schemes based on separate
source and channel coding (SSCC), joint decoding (JDS), uncoded transmission and hybrid digital-
analog transmission. Motivated by the improvements provided by multi-layer transmission in [9], we
then consider two different multi-layer joint decoding schemes based on successive refinement of the
source followed either by progressive transmission over the channel (LS-JDS), or by superposing JDS
codes in a broadcast fashion (BS-JDS), and show that these schemes achieve the best distortion exponents.

The main results of this work can be summarized as follows:

o We first derive an upper bound on the distortion exponent by providing both the channel and the
side information states to the encoder. Then, a tighter upper bound is obtained by providing only
the channel state to the encoder.

e We characterize the distortion exponent achieved by JDS. While this scheme achieves a lower
expected distortion than SSCC, we show that it does not improve the distortion exponent.

e We then consider a hybrid digital-analog scheme (HDA-WZ) that combines JDS with an analog
layer. We show that HDA-WZ outperforms JDS not only in terms of the average distortion, but also
the distortion exponent.

o We extend JDS by considering multi-layer transmission, where each layer carries successive re-
finement information for the source sequence. We consider both the progressive (LS-JDS) and
superposition (BS-JDS) transmission of these layers, and derive the respective achievable distortion
exponent expressions.

e We show that BS-JDS achieves the optimal distortion exponent for SISO/SIMO/MISO systems,

1Preliminary results have been published in the conference version of this work in [18|] for SISO channels and in [[19] and
[20] for MIMO channels.



thus characterizing the optimal distortion exponent in these scenarios. We also show that HDA-WZ
achieves the optimal distortion exponent in SISO channels as well.

o In the general MIMO setup, we characterize the optimal distortion exponent in the low bandwidth
ratio regime, and show that it is achievable by both HDA-WZ and BS-JDS. In addition, we show
that in certain regimes of operation, LS-JDS outperforms all the other proposed schemes.

We will use the following notation in the rest of the paper. We denote random variables with upper-case
letters, e.g., X, their realizations with lower-case letters, e.g., z, and the sets with calligraphic letters,
e.g. A. We denote Ex|[] as the expectation with respect to X, and E 4]-] as the expectation over the set
A. We denote random vectors as X with realizations x and random matrix by H and realizations H. We
denote by R, the set of positive real numbers, and by R}t the set of strictly positive real numbers in

R™, respectively. We define (z)* = max{0, z}. Given two functions f(z) and g(x), we use f(z) = g(x)

log f(x)
log g(x)

to denote the exponential equality lim,_, =1, while > and < are defined similarly.

The rest of the paper is organized as follows. The problem statement is given in Section [[Il Then,
known results on the diversity multiplexing tradeoff are provided in Section which will be used later
in the paper. Two upper bounds on the distortion exponent are derived in Section Various single-layer
achievable schemes are studied in Section [V| while multi-layer schemes are considered in Section [VI]

The characterization of the optimal distortion exponent for certain regimes is relegated to Section

Finally, the conclusions are presented in Section [VIII

II. PROBLEM STATEMENT

We wish to transmit a zero mean, unit variance real Gaussian source sequence X™ € R™ of inde-
pendent and identically distributed (i.i.d.) random variables, i.e., X; ~ A (0, 1), over a complex MIMO
block Rayleigh-fading channel with M; transmit and M, receiver antennas, as shown in Figure [1| In
addition to the channel output, time-varying correlated source side information is also available at the
decoder. Time-variations in the source side information are assumed to follow a block fading model as
well. The channel and the side information states are assumed to be constant for the duration of one
block, and independent of each other, and among different blocks. We assume that each source block is

composed of m source samples, which, due to the delay limitations of the underlying application, are
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Fig. 1. Block diagram of the joint source-channel coding problem with fading channel and side information qualities.

supposed to be transmitted over one block of the channel, which consists of n channel uses. We define

the bandwidth ratio of the system ag’]
A 2N . .
b= — complex channel dimension per real source sample.
m

The encoder maps each source sequence X™ to a channel input sequence U" € CM:*" ysing
an encoding function f(™™ : R™ — CM:*" guch that the average power constraint is satisfied:

St Tr{E[UU,]} < Myn. The memoryless slow fading channel is modeled as
V= LHUZ‘—FNZ‘ 1=1,...,n
Mt b ) ) )

where H € CM~*M: jg the channel matrix with i.i.d. zero mean complex Gaussian entries, i.e., h;j ~
CN(0,1), whose realizations are denoted by H, p € R™ is the average signal to noise ratio (SNR) in
the channel, and N; models the additive noise with N; ~ CN(0,I). We define M* = max{M;, M, }
and M, = min{M;, M, }, and consider A\p;, > --- > A1 > 0 to be the eigenvalues of HH.

In addition to the channel output V* = [V1,..., V,,] € CM*"  the decoder observes Y € R™, a

randomly degraded version of the source sequence:
Y™ = /ps L X"+ 2™,

This scaled definition is done for consistency of results with previous works in the distortion exponent literature, which use
real/real or complex/complex sources and channels [9].



where I'. models Rayleigh fadinéﬂ in the quality of the side information satisfying E[I'?] = 1, p; € R
models the average quality of the side information, and Z; ~ N(0,1), j = 1,...,m, models the noise.
We define the side information gain as ' = T'?, and its realization as ~. Then, I" follows an exponential

distribution with probability density function (pdf):

pF(PY) = 6_"/7 Y Z 0.

In this work, we assume that the receiver knows the side information and the channel realizations,
~v and H, while the encoder is only aware of their distributions. The decoder reconstructs the source
sequence X = (™) (V" Y™ H, ~) with a mapping ¢g(™™ : C*Mr 5 R™ x CMMr R — R™,
The distortion between the source sequence and the reconstruction is measured by the quadratic average
distortion D £ L 37" (X, — X;)2

We are interested in characterizing the minimum expected distortion, E[D], where the expectation is
taken with respect to the source, the side information and channels state realizations, as well as the noise

terms, and expressed as

* A . .
ED(p,ps,b) =, i min  E[D.
2n<mb.

In particular, we are interested in characterizing the optimal performance in the high SNR regime, i.e.,
when p, p; — oco. We define = as a measure of the average side information quality in the high SNR

regime, as follows:

A1 log ps
z = lim .
p—oo log p

The performance measure we consider is the distortion exponent, defined as

log E|D
A(b,x) £ — lim log E[D]

pp—oo  logp

3The assumption of a real source sequence X™ and a real fading coefficient T is made in order to allow a degradation model
possible. That is, the side-information qualities can be ordered among different channel states. Complex source and fading side
information sequences would not allow an ordering in the quality of the side information sequences.



III. DIVERSITY-MULTIPLEXING TRADEOFF

Here we digress shortly from the distortion exponent problem introduces above, and briefly talk about
another, more commonly used, performance measure in the high SNR regime, that will be instrumented
in our analysis. The diversity-multiplexing tradeoff (DMT) measures the tradeoff between the rate and
reliability in the transmission of a message over a MIMO fading channel in the asymptotic high SNR
regime. Hence, the DMT is a performance measure for the channel coding problem over block-fading
channels. In this section we briefly review some known results on the DMT, which will be useful in the
distortion exponent analysis. We refer the reader to [21]] for a more detailed exposition of the DMT.

For a family of channel codes with rate R = rlog p, where r is the multiplexing gain, the diversity
gain is defined as

log P,
d(r) = — lim 2BF0)
p—oo  logp

)

where P,(p) is the probability of decoding error of the channel code. For each r, the supremum of the
diversity gain d(r) over all coding schemes is given by d*(r). The DMT for a MIMO channel is given

as the solution to the following problem [21]],

M.,
d'(r) = inf ) (2i = 1+ M* — M.)a;
=1
M.,
stor > (1—a), (1)
=1

where at £ {(ay,...,apr,) € RM- .1 > a3 > ... > ayp. > 0}. The DMT obtained from is a
piecewise-linear function connecting the points (k, d*(k)), k = 0, ..., M,, where d*(k) = (M* —k)(M, —
k). More specifically, for » > M,, we have d*(r) = 0, and for 0 < r < M, satisfying k < r < k+1 for

some k =0,1,..., M, — 1, the DMT curve is characterized by

d*(r) £ @ — Ti(r — k), 2)



where we have defined
by 2 (M* —k)(M,—k) and T2 (M*+ M, —2k—1). 3)

IV. DISTORTION EXPONENT UPPER BOUND

In this section we derive two upper bounds on the distortion exponent by extending the two bounds
on the expected distortion £ D* obtained in [17] to the MIMO setup with bandwidth mismatch, and

analyzing their high SNR behavior.

A. Fully informed encoder upper bound

The first upper bound, which we denote as the fully informed encoder upper bound, is obtained
by providing the transmitter with both the channel state H and the side information state . At each
realization, the problem reduces to the static setup studied in [2], and source-channel separation theorem
applies; that is, the concatenation of a Wyner-Ziv source code with a capacity achieving channel code
is optimal at each realization. Averaging the achieved distortion over the realizations of the channel and
side information states, the expected distortion is found as

1 _
EDinf(pa Ps,b) = EH,F [W2 bC(H)] )

where C(H) is the capacity of the MIMO channel in bits/channel use.
Following similar derivations in [9]] and [17], we find an upper bound on the distortion exponent, stated

in the following lemma.

Lemma 1. The distortion exponent is upper bounded by the fully informed encoder upper bound, given

by
Aint(b, ) = 2 + Avvo (), “4)

where

M.,
Ao (b) £ " min{b, 2 — 1+ M* — M.} (5)
i=1



B. Fartially informed encoder upper bound

A tighter upper bound can be constructed by providing the transmitter with only the channel state
realization H while the side information state v remains unknown. We call this the partially informed
encoder upper bound. The optimality of separate source and channel coding is shown in [17]] when the
side information fading gain distribution is discrete, or continuous and quasiconcave for b = 1. The proof
easily extends to the non-matched bandwidth ratio setup and, since in our model pr(7) is exponential,
and hence, is continuous and quasiconcave, separation is optimal at each channel block.

As shown in [16], [17], if pr() is monotonically decreasing, the optimal source encoder ignores the
side information completely, and the side-information is used only at the decoder for source reconstruc-
tio Concatenating this side-information-ignorant source code with a channel code at the instantaneous
capacity, the minimum expected distortion at each channel state H is given by

1 obc( 9bC(H)
DOp(pv psaba H) =—e r [ ( > s
Ps Ps

where E(z) is the exponential integral given by Fy(z) = [ ¢t~ 'edt. Averaging over the channel state

realizations, the expected distortion is lower bounded as

ED;I([)7 ps,b) = EH[Dop(p, ps,b,H)]. (6)

An upper bound on the distortion exponent is found by analyzing the high SNR behavior of (6] as

given in the next theorem.

Theorem 1. Let | = 1 if /M, < M* — M, + 1, and let | € {2,..., M.} be the integer satisfying
2-3+M*—M, <z/M, <20 —1+M"— M, if M* — M.+ 1 < x/M, < M*+ M, — 1. The
* We note that when the distribution of the side information is not Rayleigh, the optimal encoder follows a different strategy.

For example, for quasiconcave continuous distributions the optimal source code compresses the source aiming at a single target
side information state. See [|17]] for details.



distortion exponent is upper bounded by

(

x if0<b<sr,

bM, if 4~ <b< M*— M, +1,

e4+d () if1+M =M, <b<2l—1+4+M*— M,
Ayp(b,z) =
x+d () f2A-14+M —M <b< 5%,

Avinvio(b)  if g <b < M*+ M, — 1,

z4+d* (%) if M*+ M, —1<b,

where k € {l,..., M, — 1} is the integer satisfying 2k — 1+ M* — M, <b <2k + 1+ M* — M,.
If x/My, > M* + M, — 1, then

Aup(b, ) =z + d* (%) ,

where d*(r) is the DMT characterized in (2))-(3).

Proof: The proof is given in Appendix |
Comparing the two upper bounds in Lemma (1| and Theorem (I} we can see that the latter is always
tighter. When = > 0, the two bounds meet only at the two extremes, when either b = 0 or b — co. Note
that these bounds provide the achievable distortion exponents when either both states (Lemma (1)) or only
the channel state (Theorem (1)) is available at the transmitter, also characterizing the potential gains from

channel state feedback in fading joint source-channel coding problems.

V. SINGLE LAYER TRANSMISSION

In this section, we propose transmission schemes consisting of a single-layer code, and analyze their

achievable distortion exponent performance.

A. Separate source and channel coding scheme (SSCC)

SSCC is optimal in the presence of CSI-TR, as described in Section When CSI-TR is not

available, the binning and the channel coding rates have to be designed solely based on the statistics of



the channel and the side information. Thus, the transmission suffers from two separate outage events:
outage in channel decoding and outage in source decoding [[17]. It is shown in [17, Corollary 1] that, for
monotonically decreasing pdfs, such as pr(y) considered here, the expected distortion is minimized by
avoiding outage in source decoding, that is, by not using binning. Therefore, the optimal SSCC scheme
compresses the source sequence at rate R ignoring the side information, and transmits the compressed
bits over the channel with a channel code with rate . such that %RC = R;.

At the encoder, the quantization codebook consists of 2™ length-m codewords, W™ (i), i = 1, ..., 2m%:
generated through a ‘test channel’ given by W = X + Q, where Q ~ N(0, aé), and is independent of
X. The quantization noise variance is such that Ry = I(X; W) + ¢, for an arbitrarily small € > 0, i.e.,
O'2Q = (22(B-=¢) _1)~1, For the channel code, a Gaussian channel codebook with 2" length-n codewords
U"(s) is generated independently with U ~ CN(0,1), and each codeword U"(s), s € [1,...,2"F], is
assigned to a quantization codeword W™ (i). Given a source sequence X", the encoder searches for a
quantization codeword W™ (1) jointly typical with X", and transmits the corresponding channel codeword
U(i).

The decoder recovers the digital codeword with high probability if R. < I(U,V). An outage is
declared whenever due to the channel randomness, the channel rate R, is above the capacity and the

codeword cannot be recovered. Then, the outage event is given by
Os={H:R.>1(U;V)}, (7)

where I(U; V) = logdet(I + MLHHH)
If W™ is successfully decoded, the source sequence is estimated with an MMSE estimator using the
quantization codeword and the side information sequence, i.e., Xl = E[X;|W;,Y;], and reconstructed

with a distortion Dg(bR./2,7), where
Da(R,7) £ (psy + 2271 ®)

If there is an outage over the channel, only the side information is used in the source reconstruction

and the corresponding distortion is given by Dy(0,~). The probability of outage depends only on the



channel state H. The expected distortion for SSCC can be written as

ED;(bR.) = Eo:[Da(bR./2,T)] + Eo,[Da(0,T)] 9)

=(1 = F,(H))Er[Da(bRc/2,T)] + Fo(H)Er[Da(0,T)],

where P,(H) £ Pr{R. > log det(I + ML*HHH )} is the probability of channel outage.

In the next theorem, the distortion exponent achievable by SSCC is provided.

Theorem 2. The achievable distortion exponent for SSCC, A4(b, x), is given by

Bp + kT o o
As(b,a}):rna)({‘jy,bk—i_k—’_‘r}7 fOl"b€|: k+1 + 2 L+

k=0,1,..,M,—1,
Tk+b k—|—1 ) L )7 ) Ly )

where @y, and Y, are as defined in (3).

Proof: See Appendix [ |
The illustration of the achievable distortion exponent by the SSCC scheme and its comparison with

other transmission techniques and the proposed upper bound is deferred to Section

B. Joint decoding scheme (JDS)

In this section, we consider a joint source-channel coding scheme, which, by joint decoding of the
channel and the source codewords, reduces the outage probability. It uses no explicit binning at the
encoding, and the success of decoding depends on the joint quality of the channel and the side information
states. This scheme is considered in [[17] for a SISO system, and is shown to outperform SSCC at any
SNR and to achieve the optimal distortion exponent in certain regimes.

At the encoder, we generate a codebook of 2™ length-m quantization codewords W™ (i) and an
independent Gaussian codebook of size 27328 with length-n codewords U(i) € CMX" with U ~
CN(0,1), such that %Rj = [(X;W)+e, for an arbitrarily small € > 0. Given a source outcome X", the
transmitter finds the quantization codeword W' (i) jointly typical with the source outcome and transmits
the corresponding channel codeword U(¢). Joint typicality decoding is performed such that the decoder

looks for an index ¢ for which both (U™(i), V™) and (Y™, W™ (7)) are jointly typical. Then the outage



event is

0; = {(H,’y) (X, W)Y) > gI(U; V)}, (10)

where 1(U; V) = log det(I + - HH) and I(X; W[Y) = Llog(1 + 22 31).

Similarly to SSCC, if there is no outage the source is reconstructed using both the quantization
codeword and the side information sequence with an MMSE estimator, while only the side information
is used in case of an outage.

The joint decoding produces a binning-like decoding: only some V™ are jointly typical with U(s),
generating a virtual bin of W codewords from which only one is jointly typical with Y™ with high
probability. The size of those bins depends on the particular realizations of H and I unlike in a Wyner-Ziv
scheme, in which the bin sizes are chosen in advance. Since the outage event depends jointly on the

channel and the side information states (H, ), the expectation over the states is not separable as in @)

Then, the expected distortion for JDS is expressed as
b
EDj(R;) = Eos | Da §Rj, I')| + Eo,[Dg(0,T)].

JDS reduces the probability of outage, and hence, the expected distortion compared to SSCC. However,

the next theorem reveals that both schemes achieve the same distortion exponent.

Theorem 3. The distortion exponent of the JDS scheme, Aj(b, x) is the same as that of SSCC charac-

terized in Theorem [2} i.e., Aj(b,x) = Ag(b, x).

Proof: See Appendix [ |
Although JDS and SSCC achieve the same distortion exponent in the current setting, JDS is shown to
achieve larger distortion exponents than SSCC in general [[17]. A comparison between the two schemes

is deferred to Section [V-El

C. Uncoded transmission

Uncoded transmission is a robust joint source-channel coding scheme that is known to have a gradual

degradation with worsening channel quality. Uncoded transmission is suboptimal even in a point-to-point



SISO channel in the presence of side information; however the benefits of uncoded transmission have been
illustrated in the presence of time-varying side information in [[17]. It is shown in [[17] that in a fading
SISO channel with b = 1, uncoded transmission is exactly optimal in terms of the expected distortion
when the side information gain follows a monotonically decreasing pdf, such as pr(v) in our model.
However, for general MIMO channels and bandwidth ratios, it falls short of the optimal performance,
since it cannot fully exploit the additional degrees-of-freedom in the system.

In uncoded transmission, the source samples are used directly as the channel inputs. Since the channel

is complex, we reorder the source sequence as X2 € C> given by

m 1 . T
Xe = ﬁ ([Xla 7X%] +][X%+la aXm]) ) (11)

where j =+/—1. In the transmission we consider M, of the M; transmit antennas since only M, samples
are effectively transmitted at each channel use, because rank{H} < M,.

For bM, <1, the channel input U" is generated scaling the first nM, source samples of XC% and

nM.,

e(n1)M +1]T. At reception, the

mapping them to the channel input as U" = [X%,Xz%] 410X
transmitted n M, source samples are reconstructed with an MMSE estimator using V" and Y™+, while
the remaining 3 —nM, source samples that have not been transmitted, are estimated using only Y}, ;.
For bM, > 1, the whole source sequence is transmitted in the first 53~ channel uses scaling the power

by bM,, and reconstructed at the decoder using an MMSE estimator. The minimum average distortion

achieved by uncoded transmission with average power P at state (H,~) is given by

M
~ 1
Dy(P,~,H) £ : (12)
ul ) ;1+Pum+ws
where p1 > .-+ > pup, > 0 are the ordered eigenvalues of the matrix HM*H]\H/‘,*, where Hj; is

the submatrix of H formed by the M, columns corresponding to the antennas effectively used for
transmission. Then, the expected distortion is found as

bM*E[Dy (1, H,T)] + (1 — bM,)E[D,(0,H,T)] if bM, < 1,
ED, =

E[D,(bM*,H,T)] if bM, > 1.



The distortion exponent for uncoded transmission is obtained similarly to A;(b, ) and is given in the

next theorem without proof.

Theorem 4. The distortion exponent for uncoded transmission, A, (b,x) is given by

T if bM, < 1,
Ay(b,z) =

max{1l,xz} if bM, > 1.
It is evident from Theorem 3| that uncoded transmission cannot exploit the available degrees-of-freedom
in the system (multiple antennas, channel bandwidth), and its distortion exponent performance on its
own is very poor compared to digital and hybrid schemes. In Section the performance of uncoded

transmission will be compared to the proposed achievable schemes and upper bounds.

D. HDA Wyner-Ziv coding (HDA-WZ)

In this section we consider a hybrid digital-analog (HDA) scheme that quantizes the source sequence,
uses a scaled version of the quantization error as the channel input, and exploits joint decoding at the
decoder. This scheme is introduced in [22] and named as HDA Wyner-Ziv Coding (HDA-WZ), and
shown to be optimal in static SISO channels in the presence of side information for b = 1. HDA-WZ is
considered in [[17] in the SISO fading setup with b = 1, and it is shown to achieve the optimal distortion
exponent for a wide family of side information distributions. In this paper, we propose a generalization
of HDA-WZ in [17] to the MIMO channel and to bandwidth ratios satisfying b > 1/M*.

For b < 1/M,, we ignore the available side information and use the hybrid digital-analog scheme
proposed in [14]]. In this scheme, which we denote by superposed HDA (HDA-S), the source sequence
is divided and transmitted using two layers. The first layer transmits a part of the source sequence in an
uncoded fashion, while the second layer digitally transmits the rest of the source samples. The two layers
are superposed and the available power is allocated among them to maximize the achievable distortion
exponent. At the destination, the digital layer is decoded treating the uncoded layer as noise. Then, the
source sequence is reconstructed using both layers. The distortion exponent achievable by HDA-S is

given by Ay (b, z) = bM, for b < 1/M, [14].



HDA-S can be modified to include joint decoding and to use the available side information at the
reconstruction to reduce the expected distortion. However, as we will show in Section ifo0<b<
x/M,, simple MMSE estimation of the source sequence is sufficient to achieve the optimal distortion
exponent, given by A*(b,x) = z, and if x/M, < b < 1/M,, HDA-S achieves the optimal distortion
exponent. Therefore, considering HDA-S with joint decoding will not improve the distortion exponent in

this regime.
Lemma 2. The distortion exponent achievable by HDA-S is given by Ap(b,x) = bM, if b < 1/M,.

Next, we consider the HDA-WZ scheme for b, > 1. At the encoder, consider a quantization codebook
of 2 length-m codewords W™ (s), s = 1,...,2™F»  with a test channel W = X + Q, where Q ~
N (0, 022) is independent of X, and quantization noise variance is chosen such that & = I(W; X) + ¢,
for an arbitrarily small € > 0, i.e., 03 = (2f#~¢ —1)~!. Then, each W™ is reordered into length-57i-

is given

complex codewords W (s) = [W(s), ,Wﬁ(s)] e Cor M- where Wi(s), i =1, ..., BIVAL

by

Wi(s) = NG (Wint. 41(8); s Wiigyar, ()] + G IWirnyn +1(8); 5 WZiM*(S)DT’

Similarly, we can reorder X™ and Q™, and define X; and Q; for i =1, ..., 53
We then generate 2™ independent auxiliary random vectors T € (D(n_ 2M ) M

* distributed as T; ~
CN(0,1), for i = 1,...,n — 57~ and assign one to each W (s) to construct the codebook of size 2mEn
consisting of the pairs of codewords (W (s), T(s)), s = 1,...,2™f For a given source sequence X,
the encoder looks for the s*-th codeword W (s*) such that (W (s*), X™) are jointly typical. A unique
s* is found if M, R;, > I(W;X). Then, the pair (W (s*), T(s*)) is used to generate the channel input,
which is scaled to satisfy the power constraint:

U — \/%[Xi_Wi(s*)]’ fori=1,.., 55,

i =

: m
Ti_ﬁ(s*), for ¢ = e +1,...,n.

Basically, in the first block of 57~ channel accesses we transmit a scaled version of the error of the

*



quantization codeword Q; in an uncoded fashion, while in the second block of n — 577 accesses we
transmit a digital codeword.

The decoder looks for an index s such that W (s), Y™ and the channel output corresponding to the un-

coded input, V;? 2(Vy,...,V, /20, ], are jointly typical, while simultaneously T(s) is jointly typical
with the channel output that corresponds to the coded input block, V;:M 21V, J2M. A1y , V] Let

Y= [Yoi)m41s o Yiar ), fori =1, ..., a1-» be blocks of V™. At the receiver, decoding is successful

with high probability if
I(W;X) < MRy < I(WT;VY) 13)
The outage event is obtained in Appendix as
On = {(Hﬁ) I(W,X) > I(W; Vi Y) + (bM, — 1)I<T§VT)}7 (14)

where I(T; V) = logdet(I + 3-HH") and,

(15)

«de P H
H(W: Vi Y) = log ((6(1+aé))M det(I + 5 HH ))) |

det(I + o) ({-HHY +£T))
where £ £ 1 + p,y.
If Wait is successfully decoded, each X" is reconstructed with an MMSE estimator using V and

Y™ with a distortion

M. -1
1 - 1
* =1 Q *

The derivation of (16) is found in Appendix
If an outage occurs and W is not decoded, only Y™ is used in the reconstruction, since U" is
uncorrelated with the source sequence by construction, and so is V™. Using an MMSE estimator, the

achievable distortion is given by Dg4(0, ). Then, the expected distortion for HDA-WZ is found as

EDy(Ry) = Eo; [D(0, H,T)] + Eo, [Da(0,T)].
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Minimum expected distortion achievable by SSCC and JDS for a SISO and a 3 x 3 MIMO channel for b = 2 and
x = 1. The partially informed encoder bound is also included.

The distortion exponent of HDA-WZ, Ay (b, x), is characterized in the next theorem.

Theorem 5. Let bM, > 1. The distortion exponent achieved by HDA-WZ, Ay (b, x), is given by

p
X

Ap(b,x)

14

\

Proof: See Appendix

E. Comparison of single-layer transmission schemes

bM,—1+M. Y},

I

. 1 x
if 3. <0 <ams
. D=1tz | 1 ®p—ltw , 1
ifbe n il vk S e il v ool I

for k=0,...,M, — 1.

Here, we compare the performance of the single-layer schemes presented in this section. Figure [2]

shows the expected distortion achievable by SSCC and JDS schemes and the partially informed encoder
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Fig. 3. Distortion exponents upper bounds and lower bounds for single-layer schemes in function of b for x = 0.5 and 2 X 2
MIMO. The performance of these schemes is also shown in the absence of side information, i.e., z = 0.

lower bound on the expected distortion in a SISO and a 3 x 3 MIMO setup for b = 2. It is observed that
JDS outperforms SSCC in both SISO and MIMO scenarios. We also observe that both SSCC and JDS
fall short of the expected distortion lower bound, ED;i. Moreover the gap increases with the number of
degrees-of-freedom in the system. We note that not only the gap between the achievable distortion values
increase, but also the gap between the slopes of the curves, which means that the proposed transmission
schemes perform especially poorly in the high SNR regime.

To illustrate this, we compare the distortion exponent achieved by SSCC, JDS, uncoded transmission,
HDA-S and HDA-WZ in Figure [3|in a 2 x 2 MIMO channel, as a function of the bandwidth ratio. In the
figure, we consider both a side information quality of x = 0.5, and the case without side information,
i.e., ¢ = 0. First, we note that, as discussed in Section for b < 0.25, the upper bound is achieved
by simply estimating the source sequence based on the side information, while for 0.25 < b < 0.5, the
upper bound is achieved by the S-HDA scheme, ignoring the side information. For larger bandwidth ratios,
HDA-WZ improves upon SSCC and JDS, while uncoded transmission achieves the optimal distortion

exponent for b = 0.5 and then saturates, becoming highly suboptimal for large b values. Note that uncoded
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transmission outperforms SSCC and JDS for the range 0.5 < b < 0.7 if = 0.5, and for 0.5 < b < 1 if
z = 0. In general we observe that single-layer schemes are not capable of fully exploiting the available
degrees-of-freedom in the system, and their distortion exponent performance falls short of the proposed
upper bounds, especially in the large bandwidth regime. This motivates us to consider other achievability

techniques in order to achieve higher distortion exponent values.

VI. MULTI-LAYER TRANSMISSION

In the previous section, we have observed that the distortion exponent achievable with single-layer
schemes is far from the upper bound, especially in the high bandwidth regime. Here, we consider multi-
layer schemes to improve the achievable distortion exponent in this regime. Multi-layer transmission is
proposed in [9] to combat channel fading by transmitting multiple layers that carry successive refinements
of the source [23]]. At the receiver, as many layers as possible are decoded depending on the channel
state. The better the channel state, the more layers can be decoded and the smaller is the distortion at
the receiver. We propose to use successive refinement codewords that exploits the side information at the
destination [24]], and the extension of the JDS schemes to progressive multi-layer JDS transmission and

broadcast strategy with JDS, and derive the corresponding distortion exponents.

A. Progressive multi-layer JDS transmission (LS-JDS)

In this section we consider the progressive transmission of multiple layers over the channel. The refine-
ment codewords are transmitted one after the other over the channel using the JDS scheme introduced in
Section Similarly to [9]], we assume that each layer is allocated the same time resources (or number
of channel accesses). In the limit of infinite layers, this assumption does not incur a loss in performance.

At the encoder, we generate L Gaussian quantization codebooks, each with 2% codewords W™ and
bR;/2L = I(X; Wy[Wi ) 4-€/2, for I = 1, ..., L, with an arbitrarily small € > 0, such that each Gaussian
codebook is a refinement for the previous layers [24]. The quantization codewords W} are generated
with a test channel given by W; = X + ZiL:l Qi, for I =1, ..., L, where Q; ~ N(0,0?) are independent
of X and of each other. Note that Y — X — W, — W_1 — --- — Wj form a Markov chain. As shown
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in Appendix for a given rate tuple R = [Ry, ..., Ry], with Ry > --- Ry > 0, the quantization noise

variances satisfy
Zgg = (2Zi=(gRime) _ )= l=1,.., L. (17)

We generate L independent channel codebooks, each with o length-7 codewords U?/ L e gMixn/L

with Uy ; ~ CN(0,I). Each successive refinement codeword is transmitted using JDS as in Section
At the destination, the decoder successively decodes each refinement codeword using joint decoding from

the first layer up to the L-th layer. Then, [ layers will be successfully decoded if
b
IXGWIY, W) < o 1(G V) < TG WY, W),

that is, [ layers are successfully decoded while there is an outage in decoding the (I + 1)-th layer. Let

us define the outage event, for [ = 1, ..., L, as follows

Ofsé{(H,v):I(X,WAY,W{l) > bI(U;V)}, (18)

where I(U, V) = log det (I + L-HHY ) and, with Ry 2 0,

Zi:liRi
I(X;WG\WZ‘I,Y)leog P e
1 2 QZizigRi—i—f}/p
s

The details of the derivation are given in Appendix Due to the successive refinability of the Gaussian
source, provided [ layers have been successfully decoded, even in the presence of side information [24]],
the receiver reconstructs the source with a MMSE estimator using the side information and the decoded
layers with a distortion given by Dd(Zézl bR;/2L,~). The expected distortion can be expressed as

follows.

(19)

L !
bR
EDi(R) = ) _Eop)nos, !Dd (Z 2L’ 7)

=0

The distortion exponent achieved by LS-JDS is given next.
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Theorem 6. Let us define
b EM —M,+2k—1, M,2M,—k+1, (20)

and the sequence {c;} as

M.
co =0, Ci:Ci—l‘f‘(ﬁiln(M‘_Zl)a
7

fori=1,... M, —1, and cp;, = oo.
The distortion exponent achieved by LS-JDS with infinite number of layers is given by Aj (b, x) = x
if b <xz/M,, and if

T
_ —<b<
Ck—1 + M, <cp+ M. — 1’

for some k € {1, ..., M.}, the achievable distortion exponent is given by

— Y
A?s(b7x):$+z¢i+Mk¢kX<1—e bk )7

i=1

where

b—cp_1
* ¢k e % T
KR = —

b Mior |’

and W(z) is the Lambert W function, which gives the principal solution for w in z = we".

Proof: See Appendix [ |

The proof of Theorem [6] indicates that the distortion exponent for LS-JDS is achieved by allocating
an equal rate among the first x*L layers to guarantee that the distortion exponent is at least x. Then, the
rest of the refinement layers, are used to further increase the distortion exponent with the corresponding

rate allocation. Note that for x = 0, we have x* = 0, and Theorem [6] boils down to Theorem 4.2 in [9]].
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B. Broadcast strategy with JDS (BS-JDS)

In this section, we consider using the broadcast strategy in which the successive refinement layers are
transmitted by superposition, and are decoded one by one with joint decoding. The receiver decodes as
many layers as possible using successive joint decoding, and reconstructs the source sequence using the
successfully decoded layers and the side information sequence.

At the encoder, we generate L Gaussian quantization codebooks, at rates 3R, = I(X; W, Wi +e/2,
I =1,..,L, e >0, as in Section [VI-Al and L channel codebooks U}, I =1,..., L, iid. with U;; ~
CN(0,I). Let p = [p1,...,pL,pr+1]T be the power allocation among channel codebooks such that
p= ijll pi. We consider a power allocation strategy, such that p; = p&-1 — p& with 1 = & > & >
... > &1 >0, and define € £ [¢1, ..., £1]. In the last layer, the layer L+ 1, Gaussian i.i.d. noise sequence
with distribution N; ~ CA (0,1) is transmitted using the remaining power py 1 = p¢ for mathematical

convenience. Then, the channel input U" is generated as the superposition of the L codewords, U;* with

the corresponding power allocation /p; as

L
1 -
U= — g VriUj ++/ pseN™.
VP

At the receiver, successive joint decoding is used from layer 1 up to layer L, considering the posterior
layers as noise. Layer L + 1, containing the noise, is ignored. The outage event at layer [, provided [ — 1

layers have been decoded successfully, is given by
b _ _
o = {(H,'y) : 5I(Ul;V|Ul1 h < 1(X; wi|y, w! 1)}. 1)

If [ layers are decoded, the source is reconstructed at a distortion Dd(Ziﬂ bR;,v) with an MMSE

estimator, and the expected distortion is found as

L l
b
EDy(R, €)= Eop, [Dd (§ j2Ri,r)
=1

=0

)

where R £ [Ry, ..., Rr] and O%SH is the set of states in which all the L layers are successfully decoded.

The problem of optimizing the distortion exponent for BS-JDS for L layers, which we denote by



25

AL (b, z), can be formulated as a linear optimization program over the multiplexing gains r £ [ry, ..., 7],
where R; = rjlogp forl =1, ..., L, and the power allocation &, as shown in in Appendix and
can be efficiently solved numerically. In general, the performance of BS-JDS is improved by increasing
the number of layers L, and an upper bound on the performance, denoted by Ay (b, ), is given in
the limit of infinite layers, i.e., L — oo, which can be approximated by numerically solving Aé(b, x)
with a large number of layers. However, obtaining a complete analytical characterization of Aé(m, b)
and AJ (b,x) is in general complicated. In the following, we fix the multiplexing gains, and optimize
the distortion exponent over the power allocation. While fixing the multiplexing gains is potentially
suboptimal, we obtain a closed form expression for an achievable distortion exponent, and analytically
evaluate its limiting behavior. We shall see that as the number of layers increases, this analytical solution
matches the numerically optimized distortion exponent.

First, we fix the multiplexing gains as & = [y, ..., 7] where 7y = [(k+1)(§—1—&)—e1] forl =1, ..., L,
for some €; — 0, and optimize the distortion exponent over . The achievable distortion exponent is

given in the next theorem.

Theorem 7. Let us define

blk+1)—@
Nk £ (k+1) ML and I'n=—"——. (22)
Tk 1 —ny

The distortion exponent AbLS(b, x) is achievable by BS-JDS with L layers and multiplexing gain t, and

is given by AbLs(b,x) = x for bM, < x and by

Ti(Ti(z + Pp) + ab(k + 1))

AL (by2) =2+ &) — ’ >
bo(b, ) = T 4 Py (Tr 4 b(1 + k) (i + b(1 + k)Ty) — b(k + 1)®,T @y
for
Cpi1+x Ppt
=0,...,M,—1.
b e k1 y Lk ) ) k 0, )
Proof: See Appendix [V1] "

An upper bound on the performance of BS-JDS with multiplexing gains t; is obtained for a continuum

of infinite layers, i.e., L — oo.
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Corollary 1. The distortion exponent of BS-JDS with multiplexing gain T in the limit of infinite layers,

Agﬁ(b, x), is found, for k=0, ..., M,—1, by

o _ ‘1>;H_1—|-33 Dy
A (byx) = max{z,b(k + 1)} forbe[ b1 ’k+1>’

and

- b(l—l—k)—q)k P Pp+x
22(b = b .
b (b:2) k+x<b(1+kz)—¢>k+1> for e[kﬂ’ k

Proof: See Appendix ]

The solution in Theorem [/| is obtained by fixing the multiplexing gains to r. This is potentially
suboptimal since it excludes, for example, the performance of single-layer JDS from the set of feasible
solutions. By fixing r such that 9 = --- = r7 = 0, BS-JDS reduces to single layer JDS and achieves a

distortion exponent given in Theorem [3| i.e., A;(b, z). Interestingly, for b satisfying

P P+
be |—, , k=1,...,M,—1,
single-layer JDS achieves a larger distortion exponent than Agﬁ(b, x) in Corollary |1} as shown in Figure

Note that this region is empty for x = 0, and thus, this phenomena does not appear in the absence of

side information. The achievable distortion exponent for BS-JDS can be stated as follows.

Lemma 3. BS-JDS achieves the distortion exponent
Abs(bv .Z') = InaX{Ag:(b, JJ), Aj(b7 1‘)}

Next, we consider the numerical optimization of the distortion exponent Aé(b, x) and compare it
with the distortion exponent achieved by fixing the multiplexing gain. In Figure ff] we show one instance
of the numerical optimization of AL (b,s) for 3 x 2 MIMO and z = 0.5, for L = 2 and L = 500
layers. We also include the distortion exponent achievable by single-layer JDS, i.e., when L = 1, and the
exponent achievable by BS-JDS with multiplexing gains r, with L = 2 layers and in the limit of infinite

layers, denoted by Ags(b, x) and Agg(b,m), respectively. We observe that the numerically optimized
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distortion exponent improves as the number of layers increases. There is a significant improvement in
the distortion exponent just by using two layers in the high bandwidth regime, while this improvement
is not so significant for intermediate b values. We also note that there is a tight match between the
distortion exponent achievable by Lemma [3] and the one optimized numerically for L = 500 layers.
For L = 2, we observe a tight match between Ags(b,x) and AZ (b,z) in the high bandwidth regime.
However, for intermediate bandwidth ratio values, A7 (b, x) is significantly worse than A7, (b, z) and, in
general, worse than A;(b, z). Note that, as expected, if the power allocation and the multiplexing gains
are jointly optimized, using two layers provides an improvement on the distortion exponent, i.e., AZ (b, x)
outperforms A (b, z). We also observe that Azs(b, ) and Ay, (b, z) are discontinuous at b = 2.5, while
this discontinuity is not present in the numerically optimized distortion exponents.

Our extensive numerical simulations suggest that, for b values satisfying (24), the performance of
Afs(b, x) reduces to the distortion exponent achievable by a single layer. We also observe that as the
number of layers increases, the difference between AL (b,z) and Ags(b, x) is reduced, and that the
distortion exponent achievable by BS-JDS as stated in Lemma [3} i.e., Ays(b, 7), is indeed very close to
the optimal performance that can be achieved by jointly optimizing the multiplexing gain and the power
allocation. In the next section, we will see that in certain cases fixing the diversity multiplexing gain to 7
suffices for BS-JDS to meet the partially informed upper bound in the MISO/SIMO setup, and therefore

b(b.2) = AgE(b, ).

VII. COMPARISON OF THE PROPOSED SCHEMES AND DISCUSSION

In this section, we compare the performances of the proposed schemes with each other and with the
derived upper bounds. First, we use the upper bound derived in Section to characterize the optimal
distortion exponent for bandwidth ratio values that satisfy 0 < b < max{M* — M, + 1,z}/M,. We
show that, when the bandwidth ratio satisfies 0 < b < x/M,, then, the optimal distortion exponent is
achieved by ignoring the channel and reconstructing the source sequence using only the side information.
If /M, <b< (M*— M, + 1)/M,, then the optimal distortion exponent is achieved by ignoring the
side information, and employing the optimal transmission scheme in the absence of side information.

Then, we characterize the optimal distortion exponent for MISO/SIMO/SISO scenarios. In MISO/SIMO,
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Fig. 4. Distortion exponent achieved by BS-JDS with L = 1,2 and in the limit of infinite layers with respect to the bandwidth

ratio b for a 3 x 2 MIMO system and a side information quality given by x = 0.5. Numerical results on the achievable distortion
exponent for L = 2 and L = 500 are also included.

ie., M, = 1, we show that BS-JDS achieves the partially informed encoder upper bound, thus charac-
terizing the optimal distortion exponent. This extends the result of [9] to the case with time-varying side
information. For SISO, i.e., M* = M, = 1, HDA-WZ also achieves the optimal distortion exponent. For
the general MIMO setup, the proposed schemes do not meet the upper bound for b > 1/M,. Nevertheless,
multi-layer transmission schemes perform close to the upper bound, especially in the high bandwidth

ratio regime.

A. Optimal distortion exponent for low bandwidth ratios

First, we consider the MMSE reconstruction of X" only from the side information sequence Y™
available at the receiver, ie., X; = E[X;|Y;]. The source sequence is reconstructed with distortion
Dpo(y) 2 (1 + psy)~!, and averaging over the side information realizations, the expected distortion

is given by ED,, = E[D,,(T")]. The achievable distortion exponent is found as A,,(x,b) = z, which

meets the upper bound A, (z,b) for 0 < b < x/M,, characterizing the optimal distortion exponent.
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Lemma 4. For 0 <b< z/M,, the optimal distortion exponent A*(b, x)=x is achieved by simple MMSE

reconstruction of X™ from the side information sequence Y™.

Additionally, Theorem [I] reveals that in certain regimes, the distortion exponent is upper bounded by
Anmvo(b), the distortion exponent upper bound in the absence of side information at the destination
[9, Theorem 3.1]. In fact, for z/M, <b< M* — M, + 1, we have A,;,(x,b)=0bM,. This distortion
exponent is achievable for b satisfying /M, < b < (M* — M, +1)/M, by ignoring the side information
and employing the optimal scheme in the absence of side information, which is given by the multi-
layer broadcast transmission scheme considered in [25]. The same distortion exponent is achievable by
considering BS-JDS ignoring the side information, i.e., A*(b,z) = AbLs(b, 0). If /M, <b<1/M,, the

optimal distortion exponent is also achievable by HDA-S and A*(b,x) = Ap(b, z).

Lemma 5. For /M, <b < (M*— M.+ 1)/M,, the optimal distortion exponent is given by A*(b, x) =
bM,, and is achievable by ignoring the side information sequence Y™ and using BS-JDS. If x/M, <

b < 1/M, the distortion exponent is also achievable by HDA-S.

In large bandwidth ratio regimes, i.e., for b > (M* — M, + 1)/M,, transmission schemes exploiting

both the channel output and the side information sequence are required.

B. Optimal distortion exponent for MISO/SIMO/SISO

We first particularize the upper bounds on the distortion exponent to M, = 1. The fully informed

encoder upper bound is found as
Ajns (b, x) = x + min{b, M*},
and the partially informed encoder upper bound is given by

max{x,b} for b < max{M*,x},
Ay (b)) =

M*+x(1- MT) for b > max{M*, z}.

Notice that as the bandwidth ratio increases, the partially informed encoder upper bound Afm(b, x)
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Fig. 5. Distortion exponent A(b, z) with respect to the bandwidth ratio b for a 4 x 1 MISO system and a side information
quality given by x = 0.5.

converges to the fully informed encoder upper bound A;,¢(z, b), i.e., we have Ay ¢(oco, z) = A

up(ooa IE) =

x + M,.
Now we particularize the proposed lower bounds to M, = 1. The distortion exponent of SSCC and

JDS is given by

x+ M*
A](b, CC) = max {w7bw},

while for uncoded transmission we have

x if b<1,
Ayu(b,z) =

max{l,xz} if b>1.
Note that for b = 1, uncoded transmission meets A, (b, r) = max{1l, z}, while SSCC and JDS are both
suboptimal. This observation is valid for general MIMO channels, as well.

The following distortion exponent is achievable by HDA-S for x < b < 1, and by HDA-WZ for b > 1,
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Fig. 6. Distortion exponent in SISO channels as a function of b for z = 0.4.

in the MISO/SIMO setup.

max{z, b} for b <1,
Ah(bax) =

M+ +a)y g 1,

max{z, N1

As seen in Section |VII-Al HDA-S meets the partially informed upper bound for b < 1. HDA-WZ is in
general suboptimal.

For the multi-layer transmission schemes, the distortion exponent acheivable by LS-JDS is given by

b
1—k* M* B
Afs(b,iﬂ):]?—f—M* <1—€7b(M* )>’ /Q*: W(e ) .

b M*

As for BS-JDS, considering the achievable rate in Corollary [T] this scheme meets the partially informed
encoder lower bound in the limit of infinite layers, i.e., A (b,z) = A}, (b, ). This fully characterizes

the optimal distortion exponent in the MISO/SIMO setup, as stated in the next theorem.
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Fig. 7. Distortion exponent A(b, ) with respect to the bandwidth ratio b for a 2 x 2 MIMO system and a side information
quality given by x = 0.5.

Theorem 8. The optimal distortion exponent A* (b, z) for MISO/SIMO systems is given by

max{z, b} for b < max{M*,x},
A*(b,z) =

M*+z(1—-2)  for b> max{M*,x},

and is achieved by BS-JDS in the limit of infinite layers.

In Figure [5| we plot the distortion exponent for a MISO/SIMO channel with M* = 4 and x = 0.5, with
respect to the bandwidth ratio b. We observe that, as given in Theorem [§] BS-JDS achieves the optimal
distortion exponent. As discussed in Section [V-E} single-layer schemes perform poorly as the bandwidth
ratio increases. We observe that HDA-WZ outperforms JDS in all regimes, and, although it outperforms
the multi-layer LS-JDS for low b values, LS-JDS achieves larger distortion exponents than HDA-WZ for
b > 3.

In Figure [6] we plot the proposed upper and lower bounds on the distortion exponent for the SISO
case and * = 0.4. We observe that the performance of the schemes is similar to the MISO/SIMO

case. However, the distortion exponent values achievable by LS-JDS are lower than those achievable by
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Fig. 8. Distortion exponent A (b, z) with respect to the bandwidth ratio b for a 4 x 4 MIMO system and a side information
quality given by z = 3.

HDA-WZ for all b > 0.4. HDA-WZ achieves the optimal distortion exponent for b > 1.

Lemma 6. The optimal distortion exponent for SISO channels is achieved by BS-JDS, HDA-WZ and
HDA-S.

C. General MIMO

Here, we consider the general MIMO channel with M, > 1. Figure [7] shows the upper and lower
bounds on the distortion exponent derived in the previous sections for a 2 x 2 MIMO channel with
x = 0.5. First, it is observed that the optimal distortion exponent is achieved by HDA-S and BS-JDS
with infinite layers for b < 0.5, as expected from Section while the other schemes are suboptimal
in general. Uncoded transmission also achieves the optimal distortion exponent at b = 0.5. This holds

for any MIMO system as stated in the following lemma.
Lemma 7. Uncoded transmission achieves the optimal distortion exponent for b = 1/M.,.

For 0.5 < b < 2.4, HDA-WZ is the scheme achieving the largest distortion exponent, and outperforms
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Fig. 9. Distortion exponent A(b, ) with respect to the bandwidth ratio b for a 4 x 4 MIMO system and a side information
quality given by = = 3.

BS-JDS, and in particular, when the performance of BS-JDS reduces to the performance of JDS, since
HDA-WZ outperforms JDS in general. For larger b values, the largest distortion exponent is achieved by
BS-JDS. Note that for b > 4, Aj (b,0.5) is very close to the partially informed encoder lower bound.
We also observe that for b 2 2.4 LS-JDS outperforms HDA-WZ, but it is worse than BS-JDS. This is
not always the case, as will be seen next.

In Figure [8] we plot the upper and lower bounds proposed for a 4 x 4 MIMO channel with z = 3. We
note that, for b < max{1,x}/M,, A*(b,3) = 3, which is achievable by using only the side information
sequence at the decoder. For this setup, LS-JDS achieves the best distortion exponent for intermediate b
values, outperforming both HDA-WZ and BS-JDS. Again, in the large bandwidth ratio regime, BS-JDS
achieves the best distortion exponent values, and performs close to the upper bound. We note that for
high side information quality, the difference in performance between JDS and HDA-WZ decreases. This
is in line with the observation that, for = > 1/M,, uncoded transmission does not provide any distortion
exponent improvement with respect to simple MMSE estimation form the side information sequence.

Comparing Figure [7] and Figure [§] we observe that, when the side information quality is high, digital
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schemes better exploit the degrees-of-freedom of the system than analog schemes.

In Figure [9] we plot the upper and lower bounds for a 7 x 7 MIMO channel with = 3. In comparison
with Figure [§] as the number of antennas increases the difference in performance between JDS and
HDA-WZ decreases. This seems to be the case also between BS-JDS and LS-JDS in the high bandwidth
regime. However, LS-JDS significantly outperforms LS-JDS for intermediate b values. We also observe
that the two proposed upper bounds get closer to each other as the minimum number of antennas M,

increases.

VIII. CONCLUSIONS

We have studied the high SNR distortion exponent when transmitting a Gaussian source over a time-
varying fading MIMO channel in the presence of time-varying correlated side information at the receiver.
We have assumed a block-fading model for both the channel and the side information states, and perfect
state information about the time-varying channel and the side information states at the receiver, while
the transmitter has only a statistical knowledge. We have derived two upper bounds on the distortion
exponent, as well as lower bounds based on separate source and channel coding, joint decoding, uncoded
transmission and hybrid digital-analog transmission. We have proposed multi-layer transmission schemes
based on progressive transmission with joint decoding as well as superposition with joint decoding. We
have considered the effects of the bandwidth ratio and the side information quality on the distortion
exponent, and shown that the multi-layer transmission scheme with superposition transmission meets the
upper bound in MISO/SIMO/SISO channels, solving the joint source channel coding problem in the high
SNR regime. For general MIMO channels, we have characterized the optimal distortion exponent in the
low bandwidth regime and shown that the multi-layer scheme based on superposition performs very close

to the upper bound in the large bandwidth ratio regime.

APPENDIX |

PROOF OF THEOREM 1]

The exponential integral can be bounded as follows [26, p.229, 5.1.20]:

1 2 1
5l <1+t> <e'Ei(t) <In <1+t>, t>0. (24)
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Next, using the lower bound In(1 + ¢) > , for t > —1, we have

i
1+t

1 2\ 1 2/t 1
“h(1+2) > - 25
2”( +t)>21+2/t t+2 (23)

Then, ED; in () is lower bounded by

1

EDpi(pvpsvb) >/HQC(H)—|—2psph(H)dH' (26)

Following [21]], the capacity of the MIMO channel is upper bounded as

C(H) = sup log det <I + ]\ZHCUHH>
C,:Tr{C,}<M, t

< log det (I + ,OHHH) ) (27)

where the inequality follows from the fact that M;I — C,, = 0 subject to the power constraint Tr{C, } <
My, and the function log det(-) is nondecreasing on the cone of positive semidefinite Hermitian matrices.

Let A\ps, > --- > A\; > 0 be the eigenvalues of matrix HH, and consider the change of variables
A\ = p~%, with a; > ... > aypy, > 0. The joint probability density function (pdf) of & = |1, ..., apy, |

is given by [21]]:

M. M.

pae) = Kyl oy (logp)™ [T o~ M0 T (0™ = p™)? | exp (— Zpai> , (28)
i=1 i<j

where K]\_/ﬁ a7, 1s @ normalizing constant.

We define the high SNR exponent of p4(c) as Sa(cx), that is, we have pa(a) = p~54(®), where

SM (20— 14+ M* — M)ay if an, >0,

lI>

Sa(a) (29)

00 otherwise.



Then, from and we have

E‘D;l(p7 Ps b) Z /

H

1

pr(H)dH
H?iﬁ (1+ P)\i)b + 2ps
1

:/C!H?Jﬁﬂ*'

pa(a)da
pl_ai)b + 2ps
> / G()pa(a)da,
ot
where we define

Gp(a)

and the set ot = {a € RM- : 1> o

[I>
I~
.zz

-1
T —a\b
(1+p17) +2ps> ’
=1
>
Then, in the high SNR regime we have,

. > ayp, >0} in (30).

YN (1—an)* | 9 o)1
Ge) £ lim logngp(a) — lim 0807 +2")
p—oc  logp

p—+00

log p
— if 2 > b3 (1 —ai)t,
M (-t if e <b (1 an)t,

where we have used the exponential equalities 1 + p'~® = p(1=@)" "and p, = p®.
Therefore, for sufficiently large p, we have

log G,(ax

ED;i(P7P57b) Z/ exp <glp()logp> pa(a)de
ot og p

| exp (Gl ogp) patayia.

ot

log ED*

Defining A7 (b, x) = —lim, 00 Tozp

2, the distortion exponent of the partially informed encoder is
upper bounded by
Az (b,r) < lim

p—oc log p log /a+ exp (G(a) log p) pa(a)dar.

From Varadhan’s lemma [27], it follows that the distortion exponent of ED;;i is upper bounded by the

(30)

37



38

solution to the following optimization problem,

Aup(b, ) = inf[G(e) + Sa(a)], 31)

In order to solve 1b we divide the optimization into two subproblems: the case when x < b Ef\i 1 (1—ay),

and the case when = > b> M (1 — ;). The solution is then given by the minimum of the solutions of

these subproblems.

If 2 > b3 M (1 — o), the problem in reduces to
M

ALy (b,x) = x+i£+fZ(2¢ — 14+ M* — M,)a;
=1

: (32)

Sl

M.,
st Y (1—a) <
i=1

The optimization in can be identified with the DMT problem in (I for a multiplexing gain of r = 7.

Next, we give an explicit solution for completeness.

First, if bM, < x, the infimum is given by Aip(b, r) = x for a* = 0. Then, for k < ¥ <k + 1, for
k=0,..,M,—1,ie., kiH < b < %, the infimum is achieved by

(

1 fore=1,.... M, —k—1,
a; =k+1-2 i=M, —k

0 fori =M, —-k+1,..., M,.

Substituting, we have, for k =0, ..., M, — 1,

AL () = 2 + g — Ty (%—k) —r+d (%)

where @, and T are defined as in (3).

Now we solve the second subproblem with x < bzij\i*l(l — ;). Since 1 > a3 > ... > ay, > 0 we
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can rewrite as
M.
A2 (bx) = inf M, — > aig(i)
" i=1 )
s.t. ga <M, -7, (33)

where we have defined ¢(i) = [b — (2i — 1 + M* — M,)]. Note that ¢(1) > --- > ¢(M,).

First, we note that for bM, < x there is no feasible solution due to the constraint in (33).

Now, we consider the case * < M, (1 + M* — M,). If ﬁ <b< 1+ M*"— M, all the terms
¢(i) multiplying «;’s are negative, and, thus, the infimum is achieved by a* = 0, and is given by
Azp(b, x) =bM, If 1+ M*"— M, <b< 3+ M*— M,, then ¢(1) multiplying o is positive, while
the other ¢(i) terms are negative. Then af = 0 for i = 2,..., M.. From (33) we have oy < M, — {. If

b > 37—, the right hand side (rh.s.) of is greater than one, and smaller otherwise. Then, we have

Note that o > 0 since b > 5.
When 2k — 1+ M* — M, <b<2k+1+ M*— M, for k = 2,..., M, — 1, the coefficients ¢(i),

i =1, ..., k, associated with the first &k o; terms are positive, while the others remain negative. Then,

af =0, fori=k+1,.., M. (34)

(3

Since ¢(i), i =1, ..., k, are positive and ¢(1) > --- > ¢(k), we have of =1 for i =1,....,k — 1, and
the constraint becomes ay, < M, — (k — 1) — % If b > ﬁ, then the r.h.s. is greater than one, and
smaller otherwise. In order for the solution to be feasible, we need oy, > 0, that is, M, —(k—1) -7 > 0.

Then we have

af = : (35)
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If b < 57—=f— the solution in is not feasible. Instead, we have o = 0, since ¢(k) < ¢(k — 1),
af=0fori=k+1,...,M,, and o =1, for i = 1,..., k — 2. Then, the constraint in is given by
ap-1 < My — (k—2)— %. Since b < m, the r.h.s. is always smaller than one. For the existence

of a feasible solution, the r.h.s. is required to be greater than zero. Therefore, we have

x x x
1 =M, — (k—2)— —, if ——<b< ———.
Y1 k=2=3 TGy S wm—a-y
In general, iterating this procedure, for
x x
——<b< -, =1,...,k,
M, —(j—1) M, —j 7
we have
.
1 fori=1,...,5—1,
;= qM,—(j—1)—2 fori=j, (36)
0 fori=75+1,..., M,.
\

Note that for the case 5 = 1, we have oy = M, — %, which is always feasible.

We now evaluate with the optimal o* if 2k — 1+ M* — M, < b < 2k + 1+ M* — M, for some

ke{2,..,M,—1}. Forb> ﬁ, we have oy = - =ap =1 and a1 =+ = apr, =0, and then
M.
Aip(b,l‘) = Zmln{b, 25— 14+ M" — M*} = AMIMO(b)
i=1

For 17~ < b < 4%, substituting 1} into 1' we have

AL (bx)=x+ (M — M, —1+5)(j—1)

+(M*—(j—1)—%)(2j—1+M*—M*),

where

for some j € {1,...,k}.
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Note that with the change of index j = M, — j’, we have, after some manipulation,
2 * ./ -/ x -/ * -/
A2, (b,@) =2+ (M* = ) (M. = ') = (=) (M + M. =27 = 1),

in the regime

xT
J+1

<b<Z, j'=M,—k .., M —1.

M\.‘&

This is equivalent to the value of the DMT curve in at multiplexing gain r = 7. Then, for

X X
E§b<mwehave

A2 (ba) =2+ d’ (%) .

If b> M* + M, — 1, the infimum is achieved by o =1, for ¢ =1,..., M, — 1, and a}k\/[* =1- % if
b > z. If b < x, this solution is not feasible, and the solution is given by (36). Therefore, in this regime

we also have

A2 (b,x) = +d" (%) .

Putting all these results together, for z < M, (M* — M, + 1) we have

bM., for ;- <b< M*— M, +1,

r+d*(£) for M* - M, +1<b< %,
AQ (,1,'71)): (b) M, —k

up
AMIMO(b) for ﬁ <b< M*+ M, — 1,

v+d* (%) forb>M*+ M, —1,

where k € {1, ..., M, — 1} is the integer satisfying 2k — 1+ M* — M, <b < 2k + 1+ M* — M,.
Now, we solve for M(M* — M, +1) < 2 < M,(M* + M, —1). Let | € {2,..., M,.} be the

integer satisfying M, (2(l — 1) — 14+ M* — M,) <z < M.(2l — 1+ M* — M,). The first interval of

b in which a feasible solution exists is given by 5~ < b < 2l — 1+ M* — M,. From the sign of the

coefficients ¢(i) in this interval we have o' =0 fori = (I +1),..., M, and of =1fori=1,....,1 — 1.
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Substituting, the constraint becomes oy < M, — (I —1) — 7. If b > 57" the r.h.s. is larger than one, and
aj = 1. On the contrary, if b < 5=, it is given by af = M, — (- 1) — 7 if b > M%(l_l), so that the
r.h.s. of the constraint is larger than zero. Iterating this procedure, the solution for all b values is found

following the techniques that lead to (36). In general, for 2k — 1+ M* — M, < b < 2k+ 1+ M* — M,,
k=1,.. M,—1 and

x x
Moo =Sy TRk
we have
1 fori=1,....,7—1,
G =4 M, ~(j—1)—% fori=j (37)
0 fori=7j5+1,..., M,.

The distortion exponent is now obtained similarly to the case © < M, (M* — M, + 1) in each interval
2k—14+M*—M, < b < 2k+1+M*—M, withk =1, ..., M,—1instead of k = 1, ..., M, —1, and thus, we
omit the details. Putting all together, if z satisfies M, (2(I—1)—14+M*—M,) < x < M,(2l—1+M*—M,),

for some [ € {2, ..., M.}, we have

z+d () for 2 <b<2—1+M*— M,

r+d (%) for2l -1+ M*"— M, <b< 7+,
Aip(x,b): (b) M., —k

AMIMO(b) for ﬁ <b<M*+M,—1,

z+d* (%) forb>M*+ M, —1.

Note that in the case | = M., we have AZ (x,b) = x + d* (§) for any b value.
Finally, the case © > M, (M* + M, — 1) can be solved simil. Notice that if o = 1,7 =1,..., M, —1
we have the constraint apy, < 1— %, that is, we never have the case a}kw* = 1. Then, the optimal « are

given as in (36), and we have

A2 (2,b) =z + d* (%) for -2 < b.

*
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Now, Ay (b, ) is given by the minimum of A}Lp(b, x) and Agp(b, x). First, we note that Ag,,;, (b, x) has
no feasible solution for bM, < x, and we have Ay, (b, z) = Al (b, x) = z in this region. For bM, > z,
both solutions A} (b, ) and A2 (b, x) coincide except in the range =5 Sb< M*+M,—1. We note
that A%Lp(b, x) in is linear and increasing in «, and hence, the solution is such that the constraint is
satisfied with equality, i.e., 2 = 325 b(1 — o). That is, A2 (b, ) < AL (b, z) whenever both solutions
exist in the same « region. Then, the minimizing o will be one such that either A}Lp(b, x) < Aip(b, x),
or the one arbitrarily close to the boundary z = b3 2"5(1 — a;)*, where Al (b,z) = A2 (b,).
Consequently, min{A} (b, z), A2 (b,x)} = A, (b,x), whenever they are defined in the same region.

Putting all the results together we complete the proof.

APPENDIX II

PROOF OF THEOREM [2|

To derive the distortion exponent of SSCC we first study the exponential behavior of Er[D;(R,T)]
in @) We consider the change of variables v = p~#, with pdf pg(3) given as in and Sp(B3) = G,
for 8 > 0, and R = rlog p. Then,

In the high SNR regime, we have

Er[Da(rlog p,T)] = / pmel@=R) 2}y 3)48,
R

where we have used (1 + p*—# 4 p?7)~1 = p~max{(@=F)".2r} - Applying Varadhan’s lemma we have

Er[D4(R,T)] = 5i€rg+ max{(z — 8)", 2r}+ 8 = max{x, 2r}.
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Then, for a family of codes with rate %Rc = %rc log p, @) is exponentially equivalent to

EDS(bTC log p) = (1 - Po(H))EF[Dd(bTC/2 log P P)] + PO(H)EF[Dd(O7 F)]
- (1 o p—d*(rc))p— max{z,br.} + p—d*(rc)p—x
- o~ max{z,br.} + p—(d* (re)+z)

=p min{max{z,br.},d*(r.)+z}

where we have used that the outage probability is exponentially equivalent to the probability of error
[21], i.e., Po(H) = p=4"("2) and d*(r.) is the DMT curve characterized in (2).
The best distortion exponent achievable by SSCC, A (b, x), is found by maximizing over r. as follows

Ag(b,z) = m%({min{max{x, breh,x +d*(re)}} (38)

c

The maximum achieved when the two terms inside min{-} are equal, i.e., max{br.,z} = = + d*(r.).
We chose a rate r. such that br, > x and r. < M,, as otherwise, the solution is readily given by
As(b, z) = x. Note that for bM, < z this is never feasible, and thus, As(b, z) = z, and if z > b-d*(M,),
the intersection is always at br, = x. Assuming k < r. < k+1, k =0,..., M, —1, the optimal r, satisfies

at br. = d*(r.) + z, or, equivalently, br, = x + ®; — (r. — k)Y, and we have

*_<I>k+ka+x

, O +EYL +x
¢ Tr+b ’ ’

Ag(b,x) =br:=b T, 10
Since solution 7 is feasible whenever k£ < r} < k + 1, this solution is defined in

Qpi1+z Pt
E+1 7~k

> , fork=0,..,M,—1, 39

where we have used @11 = ®; — Y. Notice that, whenever A;(b,z) < z in , we have br} < z,
which is not feasible, and therefore A4(b, z) = x. Remember that for bM, < x we also have A4 (b, x) = x.

Putting all these cases together completes the proof of Theorem [2]
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APPENDIX III
PROOF OF THEOREM [3]

Applying the change of variables \; = p~® and v = p—?, and considering a rate R; = rjlogp,

r;j > 0, the outage event in 1| can be written as

2—epb7‘j_1 M. b
O:=d(H,~): 1+ """ >TT1+ pNi
= =i e Tl

(1 +p1‘“")b}-

v
==

1

-
Il

- . 27epbr]» _
_ {(a,ﬂ) R

For large p, we have

2-<p"i _1 o
Y G W S el B A S S SRS

50 +pep  pEGGar 7

Therefore, at high SNR, the achievable expected end-to-end distortion for JDS is found as,
ED;(brjlogp) = / Dy(br;/21og p, p~")pa(a)ps(B)dads
%

T / Da(0, p~P)pa(a)pp(F)dads
O;

- / max{(e=5)* s} ) ~(S(@+H) gy g
A

n / o= @=B)* =(5(@)+B) ja 3

ipfa;(rj)erfA?(rj)
- p—min{A}(Tj%A?(?"j)}

= p ), (40)

where Dy(R,~y) is as defined in , and we have used Dy(rlogp, 5) = p~ max{(z=F)".2r} We have also

defined the high SNR equivalent of the outage event as

M.,
AL {(a, B): (brj—(x =BT =by (1 - a»*} :
i=1
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We have applied Varadhan’s lemma to each integral to obtain

A}(rj)éi%max{(x—ﬁ)*,brj}+ﬂ+SA(a), (41)

J

and

Aj(r;) £ inf(z = B)" + B+ Sa(a). (42)

J

Then, the distortion exponent of JDS is found as
Aj(rj) = min{Aj(r;), AF(r;)}. (43)

We first solve . We can constrain the optimization to a > 0 and § > 0 without loss of optimality,
since for a, 8 < 0 we have S4(a) = Sp(B) = +oc. Then, A}(rj) is minimized by a* = 0 since this

minimizes S4(cx) and enlarges AS. We can rewrite as
A}(rj) = [ijr;fomax{(x -8, bri} + 8
s.t. (br; — (z — B)T)" < bM..

If br; < (z — B)™, the minimum is achieved by any 0 < <z — r;b, and thus Ajl- (rj) = « for & > br;.

If brj > (z — 8)", then

Aj(rj) = inf brj + 5

s.t. br; — bM, < (z — B)T < br;.

If B > z, the problem is minimized by 8* = x + ¢, € > 0, and Aj(r;) = brj + « + ¢, for r; < M,. For
0 < B <z, we have g* = (z — r;b)™, and A}(Tj) = max{br;,xz} if br; < bM, + x. Putting all these

together, we obtain
Ajl- (rj) = max{brj,a} if br; <x+ bM,. (44)

If brj > x + bM,, A; is empty, and there is always outage.
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Next we solve the second optimization problem in . With g = =z, A? (rj) is minimized and the

range of « is enlarged. Then, the problem to solve reduces to
A?(rj) = infz + S(a)
M.
s.t. 1y > Z(l — Cki)Jr,
i=1
which is the DMT problem in (32). Hence, Agj(r;,b) = 2 + d*(r;). Bringing all together,

Aj(bx) = g}g{min{max{x, bri}, x4+ d*(rj)}}. (45)

Tj

Since d*(rj) = 0 for r; > M,, the constraint in {@#3) can be reduced to 0 < r; < M, without loss of
optimality since Aj(b,z) = x for any r; > M,. Then, @3] coincides with (38), and thus, SSCC and

JDS achieve the same distortion exponent.

APPENDIX IV

PROOF THEOREM [3]

In this Appendix we derive the outage region Oy, in (I4), and the average distortion expression in (I6).

Then, using these we obtain the distortion exponent achieved by HDA-WZ.

A. Outage region for HDA-WZ
From joint typicality arguments similarly to [22]], the decoding of WL is successful with high
probability if

(Wi, X™) < %Rh < [(Woi T i Viy™), (46)

For the left hand side (Lh.s.) of we have

m
2M

m m
I(Waa; X™) = ZI(Wz';Xi) = oM

i=1 *

I(W;X) = mI(W; X) < %Rh, 47)

due to the i.i.d. distribution of the source, Q; and X;. Note that the Lh.s. of (#6) always holds since R},

is chosen such that & = I(W; X) +e.
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The r.h.s. of the decoding condition is given by

B

2M n
W= T 3 vey™ O (W Vi Yo+ S I(Ts Vi)
1=1 Z‘:217\Z* +1
m m
= I (WiVwY) + (n -5 M*) I(T; Vo), (48)

where (a) follows from the i.i.d. distribution of the implied variables.
Substituting and into and dividing both sides by m/2M,, we obtain the outage condition
in . Next, we evaluate for Gaussian codewords. We readily obtain I(Vp; T) = log (det <I + ML*HHT)> :
Then, we have [(W;Vy'Y) = H(VyY) - HViyWY) + H(W). Let G = [W, Vy, Y], Since G
is a complex multivariate Gaussian random vector, its differential entropy is given by H(VyyWY) =

log((2me)3M- det(Cg)), where Cg = E[GG!] is given by
I+opl  VasgH? 4 /psl
Cec = |VasgH I+acjHH? 0 |,
Y/Psl 0 q!

with o £ p/M; and € £ 1 + p,y. By using properties of the determinant of a block matrix and some
algebra, we have

*

M
det(Cq) = det (T+ acpHH? + ¢03T) = [ | (1 +&op + J\Z)‘i> :
i=1 *

Similarly, we have

H(VyY) = log ((27T€)2M*§M* det (I + AZHHH>> ,

H(W) = log((2me)™ (1 + a))™"),

This completes the characterization of (I5]).
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B. Expected distortion achieved by HDA-WZ

We use an MMSE estimator to reconstruct each source block X;, 7 = 1, ..., 2%, with the available

information, which can be modeled by the linear model as follows:

W; I Q;

H H
Let B2 [I 0 71] and S; £ [Qi aHQ; + N; Z;| - Then, the distortion for each source block

is found to be given by Tr{D} = 5 S M Tr[I+ BCsB]~1, where D is the distortion matrix in the

reconstruction of each block, and

I Vol 0
Cs £E[S;S{'| = | /aH aciHHY +1 0
0 0 I

Using the block inverse properties, and the singular value decomposition of H we obtain the expected

distortion expression in (16).

C. Distortion exponent achieved by HDA-WZ

The outage region in (14) is given by

M,
Oh:{(H,v): (1-1—012)
Q

> (((1+ py) (1 + aB))™-

M. 1 L)\z bM.,
Hz:l( + M., ) ) } (49)

T (14 A+ (L4 pey)o)
Similarly to the analysis of the previous schemes, we consider the change of variables \; = p~¢, and

v = p~P, and a rate R, = 1, log p, for 7, > 0. Then, we start by finding the equivalent outage set in

the high SNR regime. We have,

S

. P bM, . N

.
I
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and

where we use 0g = (25 —1)7! = (27p"™ —1)~! = p~". For the outage condition in (49), we have

1 M. M. P 2
(14 %) T+ x + (L))
(1 + pey) (1 + 0Z)Me T (1 + Ao
- pM*Thp ;Ni*l max{(l—a)*,(x—ﬁ)*—rh}
M. (= B)* M. T (1—a)+

= pEi”i*l (rn—(z=B)* +(1—0:)) T —bM. 33" (1—0u)

Therefore, in the high SNR regime, the set O, is equivalent to the set given by

M. M.
A 2 {(m)* Y = (=B (1))t > MY (1 0@}-
i=1 =1

On the other hand, in the high SNR regime, the distortion achieved by HDA-WZ is equivalent to

1 AL 1 -
Dh(ag%H,’Y) - <1+p57+02 <1+p)\i>>

i=1 Q M,

1

I
M= &

(14770 4 7o)
1

—min;—1,... m, {max{(z—B8) " ,rn+1—a;}}

<.
Il

hs

= max{(z—B) " ,rn+1—a1}

where the last equality follows since a; > ... > aypy, > 0. Then, in the high SNR regime, the expected
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distortion for HDA-WZ is given as

EDh(Thlogp):/ Dh(aé,H,’y)ph(H)pp(’y)de’y
o5

+ ; Dy(0,~)pn(H)pr(v)dHdy

= [ e ey @) () dads

c
J

+ / =B 1 (a)pi(B)dedB.
A

Similarly to the proof of Theorem [3] applying Varadhan’s lemma, the exponent of each integral is

found as
A} () = gllf max{(z — )", +1 — a1} + Sa(a) + 6,
and
Af(rn) = inf(w = B)F + Sa(e) + 5, (50)

First we solve A}L(rh). The infimum for this problem is achieved by a* = 0 and 8* = 0, and is given

by
Allz(rh) = max{x,r, + 1}, for rp, < Myb—1+ x.

Now we solve A%(rh) in . By letting 8* = x, the range of « is enlarged while the objective function
is minimized. Thus, the problem reduces to
A?(r,) = infz + S(a)
M
bM, — 1 —
S.t. TR > T Zl(l — ai)+'
1=

Again, this problem is a scaled version of the DMT curve in (32). Therefore, we have

bM, — 1\
Ai(ry) =z +d* <<M ) rh> :
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The distortion exponent is given by optimizing over 7y as
Ap(b,z) = max min{A} (r4), A% (rp) }.
Th

The maximum distortion exponent is obtained by letting A} (rj,) = A% (ry,). We assume 75,4+ 1 >  since
otherwise Ay (b, z) = z, and then, we have r, +1 = x + d* ((b — Mi*)*lrh) Let r}, = 7 (b — M%f)*l.
Using , for k <7, <k+1,k=0,.. M, — 1, the problem is equivalent to r}, <b — ﬁ) +1=
z + O — (1}, — k)Y, where ®;, and Y, are given as in . The r}, satisfying the equality is given by

R R S R
T'h = b 1
— o+ Py

)

and the corresponding distortion exponent is found as

bM, — 1)(®f + k Ty — 1 + )
bM, — 1+ M, Yy, ’

Anbyz) =1+ ¢

for

i) -1 1 &, -1 1
Crp1 -1+ p-lt > for k=0,..., M, — 1.

k+1 * M,’ k M,
Note that we have 7} + 1 > 2 whenever Ay (b, z) > x. Otherwise, 7 is not feasible and Ay (b,z) = .

Note also that if > bM,, the distortion exponent is given by Ay (b, x) = z.

APPENDIX V

PROOF OF THEOREM
A. Successively refinable codebooks

Consider a successively refinable codebook [23] at rate 5 R; = I(X; Wi|Wi=1) + ¢/2 for each layer.
We have

1wy Wi @ e wh — 1(xwity

Y rxwy) — 1(x; Wiy, 51)
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where (a) is due to the chain rule, and (b) holds form the Markov chain X — W; — W;_; —--- — W.
We have

l
b € i—1
(@) ©
= I(X W) — I(X 5 W)
=1

= I(X; W)

1 1
= -1 14+ —— l=1,..,L 52
B Og( +ZL 0_2>7 ) y 4y ( )

=l

where (a) follows from and Wy = () for the case | = 1.

B. Distortion exponent achievable by LS-JDS

In this section we obtain the distortion exponent for LS-JDS. Let us define R} = Zi:l R;. First, we

consider the outage event. For the successive refinement codebook the Lh.s. of (I8) is given by

—

a

ICGWIWELY) @ (X WHY) - 16 Wi |Y)

=

—~
=
=~

HW|Y) - H(Q) — HW;_1]Y) + H(Q,_1)

L
llog (le'::ll 01'2 1+ (1+7ps) Zj=l 012' >

L L )
2 Yoo 14+ (1+yps) Zj:l—l o’

where Q; 2 S°F, Q), and (a) is due to the Markov chain Y — X — Wy, — ... — W7y, and (b) is due to the

—
o
~

independence of Q; from X and Y, and finally (c) follows since H(W;|Y) = %log (sz‘::z o? + T J:Y ps>

for [ =1,..., L. We also have

, 1
I(X;WA]Y) = - log | 1 '
(X;W1]Y) 9 Og( + (L +yps) Zz‘Lzl U?)

Substituting (I7) into (52)), we have

1 9oy FRi—e
I(X;WW,Y) = S log S0P )
1 2 221':1 %Ri*e + vps
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Then, the outage condition in is given by
2 R 2 W I = P
log (2221 — > 7 log] (1 T >\Z-> . (53)

Therefore, in the high SNR regime, we have, for [ =1,..., L

T yps L pEm T 4 P
=) bype  poA RN 4 b
‘ le-_l ri—(@=8) 4 1
pZici pri=(@=h) 4
(Z"- L pri—(@=B)*t
s pri—(@=p)t’

(54)

p<

and

b My (o
]\//.;*)‘i> = pr2silizedt,

.
Llog}}(

The outage set (I8) in the high SNR regime is equivalent to

AlsA{ il—al (ziz >+ (Z” >+ . (55)

Now, we study the high SNR behavior of the expected distortion. It is not hard to see that is

h\c“

given by

013 ko [pu () ror [ ()] e

where (915 £ () and OL—H RM-+1 For each term in |i we have

b - . —max{& 3! (2— —Sa(e) —
Dy =R.~ :/ pm el D o (@= BT pmSa(@) 5B Gy, (57)
2L A

ls
1+1

b b
EOF |: <2LR17 >:| = / p_ max{f Ez:l Tl7(x_5)+}p_SA(a)p_ﬁdadB’ (58)
Ale

Eoys,

where the outage set in the high SNR regime is given by (59).
Applying Varadhan’s lemma to (57), the exponential behavior of for l =0,...,L — 1, is found as
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the solution to
Af £ iILl‘f max{b/Lfll, (z—B)"}+ Sala) + 8,
1+1

where we define Fll = 22:1 4. Similarly, applying Varadhan’s lemma to , the exponential behavior
of (58) for [ =0, ...,L — 1 is given by

A2 %f max{b/L7}, (x — B)T} + Sa(c) + 5.

Since 1 < 7r9 < ... <7y we have Afs - Aéil, and therefore Al > A;“. Then, from 1b we have

L L
. _At A - _AT
EDi(R) = p& —p B =" p a0,
=0 =0

We define Al¥(r) £ Afr, where r = [rq,...,71]. Then, the distortion exponent of LS-JDS is given as

follows:
A}, (b, z) = maxmin Al (r).
r
For =0, i.e., no codeword is successfully decoded, we have

AP(r) = inf(z — B)* + 5 + Sa(a)
M.

o 2SN ayt < (n—e-n)
L= — o —r; — (x — .
L& ' Lt
The infimum is achieved by § = z and using the DMT in (I)), we have
AlS(r) =z +d* (r).
The distortion exponent when [ layers are successfully decoded is found as

Al¥(r) = inf max {zri, (z — 5)*} + B+ Sa(e) (59)

St. % - (1—ag)t < <Z77l1+1 C(z- 5)>+ - (2#1 - 5>>+ |

i=1
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If 2 7"1 > z, the infimum of 1b is obtained for 3* = 0 and
ls : b =l
Al (I‘) = inf ZTl + SA(a) (60)
M.
s.t. Z (& — )T < 7rry1
il
Using the DMT in (I)), (60) is minimized as
b

— 7 d* (re) .

ls _
AP = 7

If & 7“1 < z, we have that the minimum of ( i is achieved by g* = (x - %Fll)+ if %Fll > (x—pB)

and is given by

AP(r) = @+ d* (1)

If %fll <(xr—-p)< b 771, the optimization problem in li is equivalent to
AP(r) = inf(z — B)" + 5 + Sa(a) 61)
b b *
N+ O
st Z;(l —a;)" < <L7‘1 (x 5)) ,

b
Zrll < (x—B) <t

The infimum of is achieved by the largest /3, since increasing (3 enlarges the range of . Then,

B* = (z — 27)*, and we have,

~

AB(r) =z +d* (rp1).

Finally, if b l+1 < (x — f3), there are no feasible solutions for . Therefore, putting all together we

have

b
Al (r) = infmaX{Lrl, } +d*(ri41).
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Similarly, at layer L, the infimum is achieved by a* = 0 and $* = 0 and is given by

b
AlLs(r) = max {er,x}, for rp, < M,.

Note that the condition on r;, always holds.

C. Solution of the distortion exponent

Assume that for a given layer [ we have 7”{‘1% <z < fll% Then, A¥(r) = x + d(rj41) for | =
0,..., [—1. Using the KKT conditions, the maximim distortion exponent is obtained when all the distortion
exponents are equal.

From Af(r) = --- = Al* (r) we have 1 = -+ = 7, and thus, 7l = [r,. Then, the exponents are
given by

Al(r) = &+ d(r1)
[
Aﬁﬁ(r) = bzrl +d*(rjy4)
ls Z 1 ~L—1 *
A7 _(r) =b—=r1 +b=7" " +d"(rp)

L L +1

~

. z 1
AZL (I') = bz’rl + bz?"ﬁ»l.

Equating all these exponents, we have

1 * *
bzriﬂ +d*(ri,) = d'(ryy,)

l * X
bzrl +d (TZ+1) =d"(r1) + .

See Figure [I0(a)] for a geometric interpretation of the rate allocation for LS-JDS satisfying the above
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a*(r) . a*(r)
y=d*(ry,) + igr

A=z +d*(r) |-

d* (7'1) ----- )

slope = 2k — 1+ M™* — M,

2k -1+ M*— M,
() | y=d'(ri) + 17 k—1+ *
d’E £+1g T N y=d*(r) + &r

y=d"(rips) + 27

e N P = ; M,—k M,—k+1 r

(a) Rate allocation for the source layers of LS-JDS illustrated (b) The DMT curve of an M; x M, MIMO system is
on DMT curve of the MIMO channel. composed of M, line segments, of which the i-th one is

shown in the figure.

Fig. 10. Geometrical interpretation of the LS-JDS rate allocation and the DMT curve.

equalities: we have L — [ straight lines of slope b/ L and each line intersects in the y axis at a point with
the same ordinate as the intersection of the previous line with the DMT curve. The more layers we have
the higher the distortion exponent of LS-JDS can climb. The remaining [ layers allow a final climb of
slope ib/ L. Note that the higher [, the higher the slope but the lower the starting point d*(r; +1).

Next, we adapt Lemma 3 from [9] to our setup. Let ¢ be a line with equation y = —«a(t — M) for
some o > 0 and M > 0 and let ¢; = 1,..., L be the set of lines defined recursively from L to 1 as
y = (b/L)t + d;y1, where b > 0, dr.+1 = 0, and d; is the y component of the intersection of ¢; with ¢.
Then, sequentially solving the intersection points for i = [+1, ..., L we have:

b o L—i+1
di—digg =M~ [ ———— .
i L <a T b/L)
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Summing all the terms for ¢ = [+ 1,..., L we obtain

d; = Ma [1 - (O[fb/L)LM] .

In the following we consider a continuum of layers, i.e., we let L — oo. Let [ = kL be the numbers
of layers needed so that bl /Lri = bkry = x, that is, from [ = 1 to | = kL.
When M, = 1, the DMT curve is composed of a single line with o = M* and M = 1. In that case,

with layers from L + 1 to L the distortion exponent increases up to

d*(res1) = Mo [1 - <a+o‘b/L> L(M)] :

In the limit of infinite layers, we obtain
. « _b=r)
lim d*(rpe+1) = Ma (1—6 a >
L—oo

We still need to determine the distortion achieved due to the climb with layers from [ =1 to [ = kL

by determining 1, which is found as the solution to A (r) = A% (r), i.e.,
bery + d*(rpg+1) =« — a(ry — M), (62)
Since = = bkri, r1 = x/bk, and from (62) we get to

d*(rpe+1) = —« (% - M) ,

which, in the limit of infinite layers, solves for

b
. M em~*

where W(z) is the Lambert W function, which gives the principal solution for w in z = we®. The

distortion exponent in the MISO/SIMO case is then found as

Ajs(byz) =2+ M* (1 — efb(lA;:*)> .
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For MIMO channels, the DMT curve is formed by M, linear pieces, each between M, — k and
M, —k—+1 for k =1,..., M,. From the value of the DMT at M, — k to the value at M, — k + 1,
there is a gap of M* — M, + 2k — 1 in the y abscise. Each piece of the curve can be characterized by
y = —a(t — M), where for the k-th interval we have v = ¢, and M = Mj, as in (20). See Figure
for an illustration.

We will again consider a continuum of layers, i.e., we let L — oo, and we let [ = Lk be the number
of lines required to have bkr; = x. Then, for the remaining lines from [+ 1 to L, let L(1 — k)ky be the
number of lines with slope b/L required to climb up the whole interval k. Since the gap in the y abscise
from the value at M, — k to the value at M, — k + 1, is M* — M, + 2k — 1, climbing the whole k-th

interval with L(1 — k)ky, lines requires
dL—L(l—n)m, = M"* — M, + 2k — L,
where

o L(1—kK)kk+1
dr—r(1—r)r, = Mo [1 - <a+b/L> ] :

In the limit we have

: _bA=r)my
Lh_{godL_L(l_“)“k = Ma«a [1 —e o ] .

Then, each required portion, kg, is found as

M* — M, +2k—-1 <M*—k+1)
R — n .

b(1 — k) M, —k

This gives the portion of lines required to climb up the k -th segment of the DMT curve. In the
MIMO case, to be able to go up exactly to the k-th segment with lines from [ + 1 to L we need to have
Zf;ll ki <1< 25:1 r;. This is equivalent to the requirement ¢ < b(1 —~) < ¢, using ¢; as defined
in Theorem @ To climb up each line segment we need k(1 — )L lines (layers) for k = 1,..., M, — 1,

and for the last segment climbed we have (1 — Zf;ll ;)L lines remaining, which gives an extra ascent
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of
75(1_»;)(1_2;?;11 i)
Ma(l—e a .

Then, we have climbed up to the value

k—1
dpsr = Y (M* =M, +2i—1)

i=1
1,

bR (1= kj)
+(My —k+1)(M*— M, +2k—1) <1 —eM*M*W> .

With the remaining lines, i.e., from [ = 1 to [ = kL, the extra climb is given by solving Al (r) = Al (r),

ie.,
x4+ d*(r1) = brry + dpy1-

The diversity gain d*(r1) at segment k is given by

k—1
d*(r1) = —a(r — M)+ > _(M* = M, +2i — 1).
i=1

Since we have bkr; = x, this equation simplifies to

Therefore, using c;_1 = b(1 — k) Zf;ll kj, we solve x from

T b(1—k)—cp_1q
—a(——M)zMa(l—ef o ),
bk

and find

L_a e o
K = bW<Ma )

The range of validity for each k is given by c¢x_1 < b(1 — k) < ¢x. Since for a given ¢, the solution



62

to ¢ = b(1 — k*) is found as

refk—17¢

when ¢ = ¢;,_1, we have

b> - tepg = Cpog
L VA A

When ¢ = ¢, since ¢x_1 — ¢ = aln(M/(M, — k)), we have

xeck—l_ck

b< + +—
—_— Cr = C .
S —%7 L vy

Putting all together, we obtain the condition of the theorem and the corresponding distortion exponent.

APPENDIX VI

PROOF OF THEOREM[7]

We consider the usual change of variables, \; = p~® and v = p~?. Let r; be the multiplexing gain
of the I-th layer and r = [rq, ..., 7], such that R; = r;log p, and define 7 = 2221 ;.

First, we derive the outage set Of’s for each layer in the high SNR regime, which we denote by L;.
For the power allocation p; = p&-' — p&, the Lh.s. of the inequality in the definition of (95’5 in is

given by

[(U; VU = (U VIUTY - [(UF; VioT
11 H
det (T+ Zy HH')

= log e
det (T + 4 HH )
= P ?2*1(51—1—04,;)‘*'_(&_%)_,_‘ (63)

The r.h.s. of the inequality in the definition of (’)lbs in can be calculated as in . Then, from
(63) and (54), L; follows as:
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L= {(a,,@’) by (G — ) = (G- )]
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=1

l + -1 +
<<Zbri—(x—ﬁ)> - (Zbri—(:c—ﬁ)> :

Since (’)g’S are mutually exclusive, in the high SNR we have

L l
EDys(R, ) = Z/@b Dy (Z b/QRiﬁ) pr(H)pr(v)dHdy
1=0 Y Y1 i=0
L l
=y / - (max{SL_ bri(a=B) }+B+54(0)) g g3
1=0" L1

L
= Z p_Al(r7£)
=0

- p—AbLS(raﬁ)

)

(64)

where, from Varadhan’s lemma, the exponent for each integral term is given by

AP (r,€) = jnf max {brb, (@ = B)"} + B+ Sal),

Then, the distortion exponent is found as

(65)

L _ : bs
Api(b, ) = max min {Al (r, E)} .

(66)
Similarly to the DMT, we consider the successive decoding diversity gain, defined in [9], as the solution
to the probability of outage with successive decoding of each layer, given by

dds(rlv 5[717 gl) £ glf SA(a)

(67)
M.
s.t.rp > Z[(&_l —a)t = (g — )]
i—1

Without loss of generality, consider the

multiplexing gain r; given by r; = k(&1 — &) + J;, where
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kel0,1,...,M,—1] and 0 < §; < §_1 — &. Then, the infimum for (67) is found as

das(r1,&§-1,&) = Pr&—1 — Y4y, (68)

with
.

&1, 1<i< M, —k,

O =406 —0, i=M —Fk,

0, M, —k <i< M,.

Now, we solve (65), using for each layer, as a function of the power allocation &_1 and &, and
the rate 7.

When no layer is successfully decoded, i.e., [ = 0, we have
Ags(r,s) =inf(z — B)" + 8+ Sa(a)
s bf*j (60— ai)* = (&1 — w)*] < (br1 — (= B))
i=1
The infimum is achieved by 8* = x and using (67), we have
AF(r,€) = 2+ dgs (r1,€0,&1) -
At layer [, the distortion exponent is given by the solution of the following optim
AV (r, &) = inf max{b7, (z — B) T} + B + Sa(a)
s.t. b% (G =)™ = (G —a)T] < Or™ —z+8)" = (b7, —z+ )T
i=1
If b7} > =, the infimum is obtained for 5* = 0 and solving
AY(r, &) = inf max{b7, x} + Sa(a)

M.
s.t. Z (& — )™ = (G341 — ) 7] < rpga
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Using (67), we obtain the solutio as

A?S(r7 E) = max{x, br':ll} + dds (Tl—‘rlu glu §l+1) .

If bfll < z, the infimum is given by 5* = (z — bFﬁ)*, and again, we have a version of with the

distortion exponent

A?S(r7 S) =T+ dds (rl-‘rlv Elv fH-l) :

At layer L, the distortion exponent is the solution to the optimization problem

A%(r, &) = inf max {br{, (z — B)"} + B+ Sa(a)

_l’_

M.
_ + -
st (€1 - 00)" — (6 — )] > (b7t — (@ = 7))~ (brb 7~ (- )
i=1
The infimum is achieved by a* =0 and $*=0, and is given by
A%(r,£) = max {bflL,x} , forrp < M,(§r—1—&L).

Note that the condition on r;, always holds.
Gathering all the results, the distortion exponent problem in (66) is solved as the minimum of the
exponent of each layer, A% (r, ¢), which can be formulated as

AL(b,z) = max t

r7£
S.t. tSSU‘l—de (’rl)gOaél)a
t < max{br}, 2} + dsq (r141,&,&41), forl=1,...,L—1,
t < max{brl z}. (69)
If > brf, then max{xz,br'} = z for all [, and the minimum distortion exponent is given by

AY(r,€) = z, which implies A#j(b,x) = 2. If z < bry, then max{x, br} = b7} for all [. In general,

if brf <z < bﬁﬂrl, q=0,..,L,and 7 £ 0, 7:1L+1 £ 0, then 1@} can be formulated, using r; =
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k(&1 — &)+ 0,8 = [01,---,6L] and &, as the following linear optimization program:
L N . .
M) = pin, gp
0<k<M.—1.

s.t. t<ax+ P&y — Yy,

t<ax+Pré — Yibiyq, for Il=1,...,¢q,

l
t<bY [k(&-1— &)+ 0] + ®p& — Trdpen,
=1

for l=gq,...,L—1,

L
t<bY k(&1 — &)+,
=1

0<d<&§1-¢, for l=1,...,L,

Z[bk(€Z—1 - &)+ 0] <. (70)

I=1
The linear program can be efficiently solved using numerical methods. In Figure [ the numerical
solution is shown. However, in the following we provide a suboptimal yet more compact analytical
solution by fixing the multiplexing gains r. We fix the multiplexing gains as 7, = [(k+1)(§_1—&) —e1],

€1 >0fork=0,....,M,—1,and 6; £ (§_1 — &) — €1, when the bandwidth ratio satisfies

Qpy1+2 O+
b . 71
S 71
Assume bry; >x. Then, each distortion exponent is found as
Al (r,€) = v+ ®p& — Tidrs1,
A?S(raS) = b7711 + P& — Tk5l+1, forl=1,...,.L —1,
AP(r,€) = biy. (72)

Similarly to the other schemes, for which the distortion exponent is maximized by equating the

exponents, we look for the power allocation &, such that all distortion exponent terms A?S (r,€) in



(66) are equal.

67

Equating all distortion exponents A?S(f',ﬁ) forl=2,..,L —1,ie, A?fl(f', £ = A?S(f', &), we have

dsa (F1,§1-1,&) = bri + dsa (Fr1, &, §41) -
Since 7 = [(k 4+ 1)(§-1 — &) — €1], we have
dsa (71,&-1,&) = Pr&—1 — Th(&—1 — & — €1).
Substituting in (73)), we find that the power allocations for [ > 2 need to satisfy,

(& — &41) = me(&—1 — &) + O(er),

where 7, is defined in and O(e1) denotes a term that tends to 0 as €; — 0. Then, for [ = 2, ...,

we obtain

& — &1 =n (& — &)+ O(e),

and &; can be found as

1-§4=(1-&) +Z —&i+1) + O(e1)

=(1-&) +Z77 — &)+ 0(er)
1—p!
=1-&)+ (& — 52)171@ + O(€1).
— Nk
Then, for [ = 2, ..., L, we have
=84 — (& — 52) — + O(e1).

— Nk

(73)

L-1

(74)

(75)
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From Ab (¢ &) =brF = bziLzl(k‘ +1)(&-1 — &), we have

L
AP #,€) =bk+1)(& — &) +bk+1)(&— &) _np "+ Oler)
=1
1-— 77,5_1
= b(k + 1) (50 - 51) + (62 - 61)1_77719 +O(61)~ (76)

Putting all together, from we obtain

AL (#,€) = + Ppéo — Ti(&o — &1 — e1),
A?S(f7£> = b(k + 1)(€U - 51) + ®k‘€1 - Tk‘(gl - &-2 + 61)’ for | = ]-a aL - 1)

Ab(#,8) = bk + 1)[(€0 — &1) + (&2 — E)T]+O(e1). (77)

By solving AL (b, x) = Al (#,€) = Abs(#,€) = Ab(#,€), and letting e; — 0, we obtain , and

(Th +b(1+ k) (T 4 b(1 4 k)Ty) — b(k 4+ 1)®,T,
(I)k(Tk + b(k + 1) - (I)k — JI)
(T4 b(1 + k) (T +b(1 + E)Ty) — bk + 1)@,y

&1 =

§1— &=

(78)

For this solution to be feasible, the power allocation sequence has to satisfy 1 > & > ... > 0,

ie., & — &41 > 0. From we need 7, > 0 and & — & > 0. We have n, > 0 if b > i’rf, which
holds in the regime characterized by . Then, £ — & > 0 holds if Ty +b(k+1) — &, — 2 > 0 and
(Te +b6(1+k))(Tr +b(1 + k)I'x) — b(k + 1), > 0. It can be shown that (Y + b(1 + k))(YTr +
b(1 + k)I'y) — b(k + 1)®,I';, is monotonically increasing in b > 0, and positive for k = 0, ..., M, — 1.
Therefore, we need to check if Yy +b(k+1) — &5 —x > 0. This holds since this condition is equivalent

to

b> i’k+1+«’13'
- k+1

Note that, in this regime, we have & > 0. In addition, & = & + (§1 — £2)T'x > 0. Therefore, for each k
the power allocation is feasible in the regime characterized by (7I). It can also be checked that bry > x

is satisfied. This completes the proof.
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A. Convergence for L — oc.

In the limit of infinite layers, i.e., L — oo, this scheme converges to Agﬁ(b,x) = max{z,b(k + 1)}

when 0 < 1 < 1, i.e.,

Ppr1+x Py
b
6{ kil kil

and it converges to

Aéi;’(b,:v):cbkm( b(k+1) — By )

b(k+ 1) — Py

when n; > 1, that is, for

(1]

(2]

(3]

(4]

(3]

(6]

(71

(8]

(9]

b, P+
b —_— .
6[k;+1’ k )
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