POWER FLOW IN STRUCTURES DURING STEADY-STATE FORCED VIBRATION

by

JEROME ANTON10

BSc, MSc DIC

Thesis submitted in fulfilment of the requirements
for the degree of Doctor of Philosophy

of the University of London

Department of Mechanical Engineering
Imperial College of Science and Technology

London SW7 April 1984




To Patricia and Sika



3
ABSTRACT

A study is presented of the flow of vibrational power in linear structures during steady-state forced
vibration. The main thrust of the work is directed towards an assessment of some applications
proposed in the literature for vibrational power flow, and the identification of other areas where
power flow methods are applicable.

With the help of basic Electrica Engineering concepts, the vibration analysis of spring-mass-damper
systems is used as a vehicle for clarifying the basic relationships between power, energy and motion
response in vibrating structures. The structures under consideration are presumed to be composed of
substructures connected together at joints. The expressions for power flow are derived in terms of
the frequency response matrices, and the nature of energy flow via the coordinate directions at the
joints between substructures is examined.

A vibration isolation method proposed in the literature aims at minimising the time-average power
flow to the structure which is to be isolated. An evaluation of the proposed method is presented. It
is shown that under certain circumstances a reduction of the time-average power flow will not
necessarily result in lower vibration amplitudes and, therefore, the proposed method must be
employed with caution.

One object of the present work is to explore other areas of vibration analysis, outside the context
of Statistical Energy Analysis, where the concept of power flow could be usefully employed. To
this end, a method is proposed for assessing the relative importance of coordinates in the vibration
analysis of connected structures by the Impedance Coupling technique. The method is based on the
assumption that the relative importance of any coordinate at a joint depends on the magnitude of
the energy transferred per cycle via that coordinate direction. The method is applied to a range of
test structures, and the results show that the underlying assumption is sound and that the method
works.

The flow of vibrational power in a simple beam structure is measured using a method proposed in
the literature. The accuracy of the measuring technique is assessed, and some of the difficulties
encountered in its application are discussed.
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Nomenclature

Most of the symbols used in this thesis have been defined in the text. The
following list includes some of the more important symbols and those that

have not been defined explicitly in the text.

a Acceleration
b Width of beam
A Cross-section area; also, a constant

[C] Viscous damping matrix

D A constant; also, Rayleigh’'s Dissipation Function
E Modulus of Elasticity
f.F Force

F, Transmitted force

f, Force applied to Structure A

{f}, Vector of force amplitudes relating to Structure A
I Second moment of area

Io Second moment of area per unit width of a beam
k Stiffness; also, wavenumber

K Stiffness

[K] Stiffness matrix

lii Mass per unit length

m Mass

M Mass; also, bending moment

[M] Mass matrix

P(t) Instantaneous power as a function of time

P Complex power

P.. Time-average power

P.. Alternating component of instantaneous power

P.. Amplitude of alternating component of instantaneous power
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Shear force

Imaginary part of complex power

Force transmitted to Substructure A in direction of coordinate i

Cross-correlation function between the stationary random

processes f and v. The cross-correlation function between two

random processes, X and y. is defined as

Ryy(1) = E [x(Oy(t + )] = j Syy(wedw

~co

Cross-spectral density between force f and velocity v. The

cross-spectral density S,(w) of a pair of random processes, x and vy,

Ry, (De?d+

is defined by 1 T
Sxy(w) = Py J'
-

where R,(T) is the cross-correlation function.

Kinetic energy

Te Time-average Kinetic energy

T,
[Ty(w
u

U,

v,V

x.X
ixia
Y
(Y]

W)

Force transmissibility

)] Force transmissibility matrix
Potential energy
Time-average potential energy

Velocity

Vibration intensity calculated from input power measurements

Vibration intenssity at position X

Force component of vibration intensity at position X
Moment component of vibration intensity at position x
Moment component of vibration intensity obtained from measurement
Displacement

Displacement vector relating to Structure A

Mobility

Mobility matrix of Structure A

Element in the i"™ row and j* column

of the mobility matrix of Structure A
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[2®] Impedance matrix of Structure A

" column of the

Z¥ Element in the i* row and j'
impedance matrix of Structure A. Note that in general Z&'#1/Y{

E[ ] Denotes the ensemble averaged value of the quantity

in square brackets

Re( ) Denotes real part of complex quantity in brackets

Im() Denotes imaginary part of complex quantity in brackets

(..., Denotes time-averaging

4 Denotes the addition of two component impedance matrices, the addition
being restricted to those coordinates that are common to both

components

Greek letters

o8 Constants; also used as indices

e Viscous damping ratio

n Damping loss factor

e Phase angle; also, rotational motion

¢ Transverse displacement of uniform beam vibrating in flexure
p Mass density

T Time-period of vibration

¢ Phase angle

w Angular frequency

Wa Natural frequency

A A constant

Superscripts

H Hermitian transpose of a matrix
T Transpose of a matrix

*

Denotes the complex conjugate
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Chapter 1

INTRODUCTION

The last two decades have seen a steady growth of interest in the use of the
concept of power flow in vibration problems. The bulk of the published work
has been in connection with the development of an approach to vibration
problems which is now generally known as Statistical Energy Analysis
(SEA). The primary variable of interest in SEA is energy rather than one of
the usual vector quantities. Applications of the concept of power flow have
also been proposed in other areas of vibration analysis. These include the
identification of vibration transmission paths, nondestructive testing of
structural components and vibration isolation. The work described in this
thesis is a contribution to the literature on the use of power flow
considerations in vibration problems involving steady-state forced

excitation.

Statistical Energy Analysis

SEA provides a set of procedures for calculating the average responses of
the component parts of a vibrating system in the high frequency regime.
Energy is the primary variable of interest in SEA, and this accounts for the
fact that most of the published theoretical and experimental work involving
power flow has been in connection with SEA. The original formulation of the
SEA procedure is based on the observation that the time-average power flow
between two lightly-coupled oscillators, randomly excited by independent
forces, is directly proportional to the energy difference between the
oscillators [1]. From this basis the theory was gradually developed to

enable the proportionality between power flow and energy to be applied to
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multi-modal structural and acoustic systems.

Since the development of the SEA approach in the early 1960’s the literature
has grown quite rapidly. A number of surveys and reviews have been published
for various audiences [eg 2 = 7] but perhaps the most complete exposition
of the subject to date is the work by Lyon [8] whose book also contains a

very extensive list of references of earlier work.

Although SEA is now a well-established method, there are still several
analytical and experimental problems to be overcome (7] The validity of
SEA techniques depends on a number of fundamental assumptions, and the
extent to which these are justified in various practical situations is often
difficult to determine. Also, some of the parameters required in the
application of SEA are difficult to obtain in certain situations. Recent
additions to the literature indicate that efforts are continuing to extend
the theoretical basis of SEA, and to develop some of its theoretical and

experimental techniques in a more systematic way. See, for example,

references 9 — 12.

Other applications of the concept of power flow

Outside the context of SEA, not much has been published concerning the use
of power flow in vibration problems. Goyder and White [13,14,15] have
studied the flow of power from machines to built-up structures, and have
proposed a vibration isolation method which aims at minimising the power
flow to the foundation. They examined the nature of typical flexible
foundations and obtained simple formulae for approximating the behaviour of

the foundations. They then used these approximations to study the flow of
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power through single— and two-stage isolators to the supporting foundation.
As a follow-up, Pinnington and White [18] have studied the flow of power
through machine isolators to resonant and non-resonant beams. These works
represent a significant contribution to the literature on power flow in

vibrating structures.

Recently, Verheij [17] has also published the results of a study of the
multi-path sound transfer in resiliently-mounted machinery on board ships.
He describes the development of several experimental techniques for
measuring the power flow from shipboard machinery to the surroundings via

various transmission paths.

A question that arises from a study of the literature on the use of power
flow in vibration analysis, outside the SEA framework, is this: Does the
time-average power flow to a component of a vibrating structure provide a
good indication of its level of vibration? A similar question does not arise
with SEA because the underlying assumptions of the SEA procedure are very
clearly stated. These assumptions concern, among other things, the nature of
the exciting forces, the characteristics of the components and the nature of
the coupling between adjacent components. There is a need for other users of
the concept of power flow to state their assumptions very clearly, and to
examine the conditions under which these assumptions are valid. The proposal
to use the reduction of time-average power flow as a criterion for assessing
the effectiveness of vibration isolation appears to be based on the
assumption that a reduction of power flow will always be accompanied by a
reduction of the vibration transmitted to the foundation. The validiity of
this assumption requires examination. and this is one object of the work

described in this thesis.
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The underlying principle of the use of power flow in nondestructive testing
is quite simple. Since a flaw or damage in a structural component acts as a
location of increased dissipation, it should be possible to detect the flaw
by monitoring the flow of dissipated power in the component when it is set
in vibration. However, the translation of this basic principle into practice
is fraught with many problems, the most significant of which is the
difficulty of measuring power (or dissipation) very accurately. Although
some measure of success has been reported in the literature leg. 18,19],
the use of dissipation measurements for flaw detection is not yet well—
established. Brownjohn and Steele [20] have reported an unsuccessful
attempt to monitor the power flow along a steel bar as a possible means of
locating the site of structural damage on the bar. A similar experiment

carried out recently did not yield encouraging results [21]. The use of the

concept of power flow in nondestructive testing is an area that urgently

requires further research.

Measurement of input power and power flow in vibrating structures

The growth of interest in the use of methods based on power flow has been
accompanied by the need to measure power. In principle the input power to a
structure from a vibration generator may be obtained by measuring the input
force and the velocity at the driving-point, and calculating the time-
average value of the product. In practice the measurement of input power
presents several problems. The accurate measurement of force and velocity at
the same point on a structure is difficult. Studies by Brownjohn et al.
[ 2 2] have shown that the acceleration measured with an impedance head has

an inevitable error which is proportional to the input force and the square
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of the frequency, and is inversely proportional to the series combination of

the stiffness of the force crystal and its attachment to the structure.

A major difficulty with input power measurements by direct multiplication of
force and velocity signals is that accuracy depends heavily on the correct
determination of phase angles. Ottesen and Vigran [23] have proposed a
method for measuring input power by direct analogue multiplication and
integration of force and velocity signals whereby the influence of phase
errors is controlled through the measurement of both real and imaginary
power components. Swift and Bies [24] have also described a power injection
device which reduces phase angle errors by matching the mechanical impedance
of the driver to that at the point of power input. The use of this power
flow transducer for the measurement of input power to a plate has been

reported by Bies and Hamid [25].

In the determination of power from force and velocity, the velocity may be
obtained by electronically integrating the signal from the acceleration
transducer. The velocity signal obtained in this way is much smaller than
the acceleration signal, and is consequently more prone to the influence of
noise. To overcome this problem in the case of random excitation, Fahy [26]
proposed a method by which input power may be determined from the
integration of the cross-correlation between the force and acceleration

signals.

Many attempts have been made to measure power flow through vibrating
structures with varying degrees of success. Noiseux [27] proposed a method
for measuring vibrational intensity (power flow per unit width of cross-—

section) in uniform beams and plates vibrating in flexure. Simple elasticity
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theory was used to obtain expressions for the vibrational intensity. The
application of the method is limited by the fact that it requires the
measurement of rotation, a measurement which is quite difficult to make.
Rasmussen [28] has recently reported the use of Noiseux’s method to measure
the vibration intensity in a steel plate loaded with two viscous dampers.
Rotation was obtained from the difference of the signals from two
accelerometers mounted on a block. His results, judged against input power
measurements, were reasonable. However, there is still the need to examine

the accuracy of the method more closely.

Pavic[29] has also formulated methods for making wave intensity
measurements similar to Noiseux’s. The intensities are calculated from data
obtained purely from measurements of kinematic quantities. Spatial
derivatives of displacement are required for the calculations, and these are
obtained by finite differences. The inevitable errors associated with the
application of finite differences to measured data constitute one of the

main shortcomings of the method.

It is analytically possible to determine the power flow through a built-up
structure by using the velocity responses of the assembled structure and the
mechanical impedances of the individual components. However, it is unlikely
that experimentally-determined data will be sufficiently accurate to enable
reliable calculation of power flow. Moreover, for a structure which has
already been assembled it is not easy to obtain the frequency response data
for the individual components unless these have been determined previously.
Goyder [30] has reported an unsuccessful attempt to determine power flow in

a simple connected structure by this method.
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The increased availability of digital equipment appears to have stimulated
the formulation and application of spectral density methods for the
measurement of input power and power flow in structures; see, for example,
references 31, 32 and 33. In their study of power flow from machines to
resonant and non-resonant beams, Pinnington and White [18] also proposed a
method for measuring the power transmission through spring-like isolators,
using the isolator dynamic stiffness and the cross-spectrum of the
acceleration signals above and below the isolator. One limitation of the
method is that it considers motion in one direction only. Indeed, this is a
limitation which is shared by many of the methods proposed for the
measurement of power flow in vibrating structures. Very often it is assumed
that the structure moves only in translation at the point of measurement.
Consequently, any power flow due to rotational motion is not accounted for.
In real structures the magnitude of energy transmission due to rotational
motion is seldom negligible. The tendency to assume pure translation is

probably due to the difficulty of measuring rotation accurately.

Object and scope of present study

The initial Chapters of this thesis are concerned with setting out clearly
the basic relations governing the flow of vibrational energy in structures
during steady-state forced vibration. The discussion of the basic relations
begins in Chapter 2 with the classical problem of the vibration of simple
spring-mass-damper systems excited by sinusoidal forces. In Chapter 3 the
flow of power and the transfer of energy in connected structures is
considered. The general expressions for the time-average power flow to the
components of a connected structure are derived, and the flow of energy in

the coordinate directions at the joints between substructures is examined.
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One object of the present study is to explore other areas of vibration
analysis, outside the context of Statistical Energy Analysis, where power
flow considerations could be usefully employed. Thus, in Chapter 4 a method
is proposed for assessing the relative importance of coordinates in the
vibration analysis of connected structures by the Impedance or Receptance

Coupling technique [34].

The vibration isolation method proposed by Goyder and White [13.14.15] and
further studied by Pinnington and White [18] is based on the tacit
assumption that a reduction of the time-average power flow to a structure
will automatically lead to a reduction of the vibration transmitted to the
structure . One object of the present study is to assess the validity of
this assumption for the case of steady-state forced vibration. An evaluation

of the power flow approach to vibration isolation is presented in Chapter 5.

The flow of power along a simple beam structure has been studied
experimentally, and the results are presented in Chapter 6. Power was
measured using the method proposed by Noiseux [27]. The accuracy of the
measuring method is assessed and some of the difficulties involved in its

use are discussed.

A substructure approach is adopted in analysing the vibrating systems under
consideration in this thesis. The discussions are generally based on steady-
state forced excitation, although reference is made to random excitation
from time to time. Wherever possible the vibrating systems are described by
their frequency response functions. These functions may be in any one of six

related forms: Receptance, Dynamic Stiffness, Mobility, Impedance,
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Inertance and Apparent Mass. Since there is some confusion in the
literature concerning the precise definition of some of these terms, it is
necessary to state here that the usage adopted throughout this thesis

follows that by Ewins [35].



-21-

Chapter 2
POWER AND ENERGY RELATIONS FOR SPRING-MASS-DAMPER SYSTEMS

SUBJECTED TO SINUSOIDAL FORCE EXCITATION

2.1 Introduction

The vibration analysis of spring-mass-damper systems excited by sinusoidal
forces offers a particularly suitable vehicle for introducing the relationships
between power, energy and response in vibrating systems. This chapter
introduces a discussion of the power and energy relations for vibrating

systems made up of a finite number of masses, springs and dampers.

The discussion begins with the classical problem of the vibration of a
simple one-degree-of-freedom system consisting of a spring-mounted mass
and a viscous damper. The expressions for energy and instantaneous power
provide an insight into the transfer of energy back and forth between the
source and the oscillator. The relationships between time-average power,
velocity amplitude and force transmissibility are also examined. It is shown
that, in general, the time-average power input to the oscillator is not a
reliable indicator of the amplitude of response and the magnitude of the

force transmitted to the support.

The discussion is concluded by examining the power and energy relations
for multi-degree-of-freedom spring-mass-damper systems. The relationships
between instantaneous power and vibration response are examined for the
undamped dynamic vibration absorber as a simple example of a multi-DOF

spring-mass system.
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2.2 The Simple One-degree-of-freedom System

2.2.1 Kinetic and Potential Energy
Under steady state conditions the velocity response of the one—degree—of—

freedom system in Fig.2.1 is sinusoidal, and may be written as

W1) = |V|coswt (2.1)

The instantaneous Kkinetic energy, T.is

T = -;—mvz(t) - %m| V Peostut
This may be written as

T = %m|V|2(l + cos 2u1) (2.2)

This result is shown graphically in Fig.2.2.

Harmonic exciting force, f(t)

|

Mass m

Viscous damping coefficient ¢
Stiffness k

T I7T7 777
Fig.2.1 One-degree-of-freedom system
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Kinetic Energy —=

-

*/w *w In/2w 2x/@ Time ‘

Fig.22 Instantaneous kinetic energy of one-degree-of-freedom system

The kinetic energy is seen to vary sinusoidally between zero and a
maximum value of sm|V|?, with a frequency which is twice that of the
velocity v(t). The kinetic energy as a function of time consists of a

constant component
1 2
T,= ;’"IVI (2.3)

plus an alternating component whose average value is zero. The average

value of kinetic energy is therefore equal to the constant component, T,.

The power taken by the mass m is given by the time rate of change of

T. From equation (2.2). we have

dT _ o 2.,
7; = zlel sin 2wt (2_4)
which is a sinusoid with twice the excitation frequency and zero average

value. Thus, the time-average energy consumed by the inertia element is

Zero.
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The time variation of potential energy, U,is similar to that for Kkinetic

energy. If we let
x(1) = | X | cos(wt + 6) (2.5)
where 8 is a phase angle, we have the result
U= ilelz[l + cos 2(wt + 0)] (2.8)
The average potential energy is
U, = Sk|x|?
w = kX (2.7)
The time rate of change of potential energy is

dU w

Ht—=—5k]Xlzsin2(wt + 8) (2.8)

which has zero average value. A plot of U against time is of a similar form

to that in Fig.2.2 for Kkinetic energy.

2.2.2 Instantaneous power and energy

The well-known equation of motion for the one-degree-of-freedom system shown
in Fig.2.1 is

m¥X + cx + kx = f(t) (2.9)

If each term in this equation is multiplied by the velocity, v(t), we have
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miv + o + kxv = f(t)W1)

(2.10)

Now, o = %(%"'VZ) - 4T 2.11)

and kvx = %(%kxz - 2.12)
The equation of motion (2.9) is therefore equivalent to

o’ + %(T +U) = £ (2.13)

This expression is a statement of the conservation of energy. The quantity
cv® represents the instantaneous rate of energy dissipation by the viscous
damper; :g—(T+U) is the instantaneous rate of energy intake by the
inertia and elastic elements; and f(t)v(t) is the instantaneous power input

to the system.
In the sinusoidal steady-state, we may write
_— 1 jut . =juh
S0 = J(Fe4F ) (2.14)
1, jo . _j
and W) = E(Ve’ "+ Ve (2.15)
where the force, F, and velocity, V, are complex quantities (with
magnititude and phase) related through the system’s frequency response

functions. The superscript * indicates a complex conjugate value.

Integration of equation (2.15) gives the displacement as
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i _1_ jot _ % —jet

and the squares of velocity and displacement are given by

20 - Vo200 10 jow 1
V(1) 4Ve’ + Ve +2V’V (2.17)

x(1) = —é(l”:”“’ +V M oy

and (2.18)
These equations may be written in the forms
v = 2V [+ SReAVE™) (2.19)
and ) = ﬁl"lz— ﬁRe{V’e””} (2.20)
The potential and Kinetic energies thus become
T = ZIVP+ZRe(v?e™) (2.21)
and u-- & +ﬁRe{Vze’2“'} (2.22)

The first terms in these equations are respectively T,, and U, as given

by equations (2.3) and (2.7). The time derivatives are

d_T=l i 2_j2wt
P ZRe(]meti ) (223)
dU _ 1p k2 om
and dt ZRe(jwVei ) (2.24)

Substituting these into the equation of motion (2.13), we have
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1,21 k . 2 j2ury
VI + SRe(( +jwm + V)= fm) (2.25)

Using equations (2.14) and (2.15). the right hand side of equation (2.25)

may be written as
1 . 1
SOw) = SRe(F'V) + JRe(F ve* (2.26)
Since (k/jw + jom + c) is the impedance of the system, and the
product (k/jw + jom + ¢)V equals the force F. equation (2.25) may be
written as
1
S @m0 = 2e| v 2+ 21R e(F V™) (2.27)
The product f(t)v(t) is the instantaneous power supplied to the system by
the external force f(t). Equation (2.27) shows that the instantaneous power
consists of a constant component

=1 . 1
Foy=SRe(F'v) = 5c|V|2 (2.28)

(which is the time-average value of input power) plus a double-frequency

sinusoidal component which is given by the term

Pari = %RC(F Ve’zw') (2.29)

With F as reference phasor, equation (2.28) may be written as
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1

where ¢, is the phase angle of the velocity response relative to the
exciting force. Thus, in the language of vector algebra, the time-average

power input may be said to be given by one-half the scalar product of the

force and velocity vectors.
Equation (2.26) may also be written as
1
Smn = S|F|[V|cose, + %|F||V|cos(2wt +oy) (2.31)

A plot of the expression for instantaneous power is shown in Fig.2.3.

f(t)v(t)
i

PN S WY A VY AN Y
[ \ /t?.v-iﬁjll’lcosw
WY g Y -

Fig.2.3 Instantaneous power as a function of time

Fig.2.3 shows that the instantaneous power is negative during some parts
of each cycle. The area of each portion of the plot below the time axis
represents an amount of energy that is being returned to the excitation
source by the system, this energy having been stored as Kkinetic and

potential energy. We must note that in general power flows in both
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directions, and the power input to the system is not characterised by a
uniform flow of energy. Since the system contains a dissipative element,
more energy flows into the system than is returned to the excitation
source. The net amount of energy supplied to the system is transferred at

a rate equal to P,.

The value of cos¢, characterises the extent to which the system is
damped. We know that cos¢, is zero for ¢, = m/2, and unity for
¢, = 0. When the system is excited at the natural frequency,
w.,=V(k/m), the mobility is purely real. ¢, is zero and cos¢, IS unity.
The power input is then limited only by the damping in the system. The
instantaneous power curve lies wholly above the zero axis so that the
cross-hatched portions are just eliminated. Thus at the natural frequency

none of the energy supplied to the system is returned to the source.

When an undamped system is excited at its natural frequency there is a
net amount of energy gained by the system for each cycle, proportional to
the amplitude of that cycle. Since the system contains no energy
dissipating elements the amplitude builds up in each cycle. Steady-state
conditions are never attained, and the system will ultimately ‘explode*
unless the frequency of excitation is changed. For an undamped system
excited away from resonance, the mobility is purely imaginary and cost&
becomes zero. The curve in Fig.2.3 then oscillates symmetrically about the

zero axis, and the average power input is zero.

2.2.3 The Concept of Complex Power

We have seen that when a system is subjected to sinusoidal excitation in
the steady-state, energy may be exchanged back and forth between
excitation source and the system. The term reactive power or wat ttess

power, borrowed from Electrical Engineering, may be used to refer to the
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rate at which this energy exchange occurs.

The reactive power is defined to be equal to one-half the product of force F
and the component of velocity at right-angles to the force. This definition
is natural since the average power, P,,. is equal to one-half the product of
force and the in-phase component of velocity. The average power, according
to equation (2.28). is equal to the real part of 3(F*). Following the usage
in Electrical Engineering we may regard the complex quantity 3(F*V) as a
complex power. The real part of this complex power is the average power
input, which may be referred to as the active power. The magnitude of the
complex power is equal to the amplitude of the double-frequency alternating

component of instantaneous power.

We may write the complex power as

- . 1 -
P=Pp+jQu=35FV) (2.32)

where Q,, denotes the quadrature component of the complex power. Using the

relationships V = F/Z = FY, we may write alternatively

pelery=Lipp
P 2F FY 2|1='|Y (2.33)
= 1 L4 . ] 2 ®
P = EV VZ = 5|V| Z
(2.34)
The power per root-mean-square force is
P(F-rm.f value) Y (2 35)

and the power per root-mean-square velocity is
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.
(V=rms value) = VA

(2.36)

Thus the complex power supplied per unit rms force is numerically equal to
the mobility, Y; and the complex power supplied per unit rms velocity is

numerically equal to the complex conjugate of impedance. Z.

Returning to equation (2.9). if we substitute f(t) = Fe*' and

v(t) = Ve™, we have

. kv
cV + jo(mV - F) =F (2.37)
Taking the complex conjugate, we have

* . . | 2 .
F =cv +1w(%2——mV) (2.30)

The complex power may then be written as

1, . 1 lelz m
P=- =—c|V|?* + j2o(——- - iy )2
SEV) 2c|V| * j2l s 4|V|) (2.39)
. kVIE k0
Now, from equation (2.7), 5z = ¢IXI'=U, (2.40)
and, according to equation (2.3). %lel2=T,v (2.4 1)

Also, %c]V'2= P, - according to equation (2.28). and therefore equation (2.39)

becomes

P=pP, +jQ, = %cmz + j20(U,, — Ta) (2.42)

Of particular interest to us here is the result
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O = 2(U,,— T,,) (2.43)

This result states that the reactive power is proportional to the difference
between the average potential and kinetic energies. In other words. the

reactive power is proportional to the time-average Lagrangian.

If the inertia and elastic elements in the system do not store equal
amounts of energy, on the average, i.e if U,#T., then some of the
stored energy is continuously transferred back and forth between the
excitation source and the system. On the other hand if U,=T,, then the
inertia and elastic elements merely exchange a certain amount of energy
between them, and the excitation source does not take part in this
interplay. Thus we see that the reactive power is a measure of the extent
to which the excitation source is called upon to participate in the

exchange of stored energy.

2.2.4 Frequency response functions in terms of energy functions
Using the conventional definitions of mobility and Impedance, equation
(2.42) may be written as
= 1 _ 1,2 1,2, . -
P=2CF V)= 5[F\Y== E|V|z =P, +j20(U, - T,)

(2.44)

Thus we can express the mobility as

= Pyt j4U, —T,) (2.45)

Y(w) IF2
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and the impedance as

2P, — jdw(U,, —T
Z(w) === J|‘:,(|2’" ) (2.46)

Equations (2.45) and (2.46) express the mobility and impedance explicitly in
terms of the power and energy functions if it is assumed that these

expressions are evaluated for unit force and unit velocity respectively?

For a single-degree-of-freedom system, the mobility and impedance become
purely real only when the system is excited at the natural frequency,
V(k/m). Since equations (2.45) and (2.46) become purely real only when
U,.=T,. equality of the time-average potential and Kkinetic energies implies

a condition of resonance.

t The general definitions of mobility and impedance are:
V.

Mobility, Y, = (—)

v Fi/p =0,k4j

F.
Impedance, Z;; = ('l_’:_-)yk-o. ktj

The impedance matrix of a system is equal ‘to the inverse of its mobility matrix:

and

(z) = [v]"

The mobility, Y, relating the force and velocity response in any two coordinate directions, i
and j. remains the same irrespective of the number of coordinates used to describe the system.
However, the impedance Z, depends on the particular choice of coordinates, and therefore
impedance data is meaningless unless complete information is given about the system of
coordinates. For the case under consideration here. there is no ambiguity because there is only
one degree of freedom.
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2.2.5 Variation of time-average power with excitation frequency and
damping coefficient
In terms of the system’s parameters the time-average power input to the

one—degree—of—-freedom system in Fig.2.1 is

1 2 w2C
P, = -|F
g 2| l(Ic—¢.>2m)2+m2c2 , (2.47)
This may be written as
- lipp_ A
Pa = 3IFl (k —Am)2 + A2 (2.48)

where A = o°

Differentiating with respect to A we have

dP,, _ |F|*c[(k = xm)? + N3] = c[Ae2 = 2mA(k — Am))
a2 [(k = xm)? + Ac)2 (2.49)

At the frequency for maximum power input, 9P,/0A = 0, ie
cl(k = xm)? + A*] = c[Ac® = 2mA(k —Am)] = 0

- k+wxm)=0
o elk =am) ) (2.50)

Equation (2.50) is satisfied if k = Am, i.e when excitation is at the
natural frequency. At this frequency the mobility is purely real, and the
power input is

Fl?
Pato =y =I5 (2.51)
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The variation of time-average input power with excitation frequency is shown

in Fig.2.4.

The magnitude of average power input depends to a large extent on the
system’s capacity to dissipate energy. It is therefore necessary to
investigate the influence of damping. Differentiating equation (2.47) with

respect to the damping coefficient, we have

dPﬂV — 0|F|l2 wz 2(0‘02

de 2 Yk - @2m)? + w2c? [(k —w?m)2+ w2c?)? ! (2.52)

The damping coefficient for maximum power input may be obtained by equating

dP,./dc to zero. This leads to the condition
k — o?m)= ¥c? (2.53)

Thus, if excitation is at a fixed frequency, maximum power is supplied when

the damping coefficient satisfies equation (2.53). ie when

2
c= | wm, (2.54)

We see from equation (2.54) that the damping coefficient for maximum power
depends on the excitation frequency. If the system is excited at the
undamped natural frequency. maximum power is suppplied when damping is zero.
At other excitation frequencies the damping coefficient for maximum power is
given by equation (2.54). The variation of power input with damping is shown

graphically in Fig.2.5 for the two excitation cases.
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Time-average power, P,, o=

—

Frequency

Fig.2.4 Variation of average power with frequency

Time-average power, P,, —o=

Time-average power, P, —&=

(a) Excitation at natura frequency

Damping coefficient ¢ ===

(b) Excitation away from natural frequency

Damping coefficient ¢ =————am

Fig.25 Variation of average power with damping
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An expression for the maximum power may be obtained by substituting the
damping coefficient from equation (2.54) into the expression for input

power, equation (2.47) :

W2 1
Popmany = 3 \Fl'7—==
avimax) 4 P(—wzm] (2.55)

2.2.6 Relationships between time-average power, velocity amplitude
and force transmissibility

Equation (2.28) gives the relationship between time-average power and
velocity amplitude: P, = 3|V}

If damping is kept constant the average power input is proportional to the
square of velocity amplitude. Thus power and velocity amplitude have a
similar dependence on excitation frequency. A plot of velocity amplitude
versus frequency is similar in shape to that shown in Fig.2.4 for time-

average input power.

The expression for velocity amplitude is

w|F|
(k —?m) + 22 (2.56)

vi=

The variation of velocity amplitude with damping s shown graphically in
Fig.2.6. For all excitation frequencies |V| decreases continuously as
damping is increased. Thus, except for excitation at the natural frequency,

power and velocity amplitude do not have a similar dependence on damping.
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Velocity amplitude, V| &=

Damping coefficient ¢ ———w=

Fig.2.6 Variation of velocity amplitude with damping

The force transmissibility is

] 1+ ey
T,= s/(] “Zn+ Crer (2.57)

The usual plot of transmissibility as a function of frequency ratio is shown

in Fig.2.7 for various values of damping ratio.

——

[~ ]

—

Force transmissibility, T,

Frequency ratio. wfw,

Fig.2.7 Force transmissibility as a function of frequency ratio
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r (a) w/w, < /2 1 (b) w/w, > V2

- -

Z =

G — - — e ———— Bl —— — — — = = =
g s

£ g

£ £

0

Damping ratio e——m Damping ratio ———=

Fig.2.8 Variation of force transmissibility with damping

We see that except for an undamped system the force transmissibility is
maximum at a frequency which is less than the undamped natural
frequency. This contrasts with the average power input which always has

its peak at the natural frequency, w, = V(k/m)-

The variation of T, with damping is shown graphically in Fig.2.8. If the
excitation frequency is kept constant the effect of variations in damping
depends on the excitation frequency. In the region where (w/w,)<VZ2,
increased damping reduces the force transmissibility. Where (w/w,)>V2,
increased damping increases the transmissibility. Thus, force transmissibility

and average power input do not have a similar dependence on damping.
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2.3 Multi-degree-of-freedom spring-mass-damper systems

23.1 Instantaneous power and energy functions for the general N—degree—of—
freedom system
The equation of motion for a system with N degrees of freedom may be

written as

M]{3} +[C){x} + [K]{x} = {f} (2.58)

where [M], [K] and [C] are the inertia, stiffness and viscous damping
matrices respectively, and §{f} is the excitation force vector. It is assumed
that the system possesses a finite number of degrees of freedom, and that
the displacements are completely specified by N independent coordinates.
We are also assuming that the conditions leading to symmetric inertia,

stiffness and damping matrices are satisfied [36].

The instantaneous power input to the system by the N forces is
N
P(t)y=fix, + 5+ ...+ fyky = Z.qu.q (2.59)
q=1

If we premultiply the matrix equation (2.56) by the transpose of the

velocity vector, $vi" = {x}", we have

N
TIMHEY + ()TICH v + v Y TIR Y = (V)T ) = Ef,v, (2.60)

q=1
The energy functions are defined as follows:
N

N
1 1 \4 v,
D-E{V}T[C]{v}-izz Car’r (2.6 1)

q=1 r=]
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N_ N
1 T 1
T3 T0) =1 Y v
2 2 e v (2.62)
q=1 r=1
and 1 N N
: 1
U-E{x}T[K]{x}-EZqukq’x’ (2.63)
NOW, q=1 r=)
N N.
dUu 1
ar EZZk (XJ,
9-1 r-1
non d N d
-l Xr 1 xﬂ
‘2 Ckﬂftth + Ec qurxrd_,
9-1 r=]

SH

q=-! r-l

= {(V}T[K]{x} (2.64)

By a similar process we find that

dT T
—_— M
dt VM) (2.65)
Using equations (2.61). (2.64) and (2.65). equation (2.66).
may be written in the equivalent form
p N
P(t)=2D +E(T +U)= quvq (2.66)

q=1

The expression in equation (2.66) is a generalisation of the result obtained
for the simple one-degree-of-freedom system. The functions 2D, T and U
are respectively the instantaneous rate of energy dissipation, the
instantaneous Kinetic energy and the instantaneous potential energy. The

function D is the well-known Rayleigh's Dissipation Function [37].
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For steady-state sinusoidal excitation we may write

1 et o 0 =t
V() = E(qu’ +V e

l . _;
and x, (1) = 2Jf‘“’(yﬂ,lw_ Vi Jty

Now,

l 1 * oy *
Yo = q(Ved Ve VT + Ve

=1 .1 2
= SRV + SRV V™)

and similarly X, =2—l§Re(VqV:)—$Re(VqV 2ty

(2.67)
(2.66)

(2.69)

(2.70)

Substituting into equations (2.61). (2.62) and (2.63), we have for the

energy functions

N N N N
= l hd ] 2wt
D=7 z ch,qu, + 4R e(d e . VoV,
9-1 re=) g=1 r-1I

= {1V + R v ) IO v )

) N N N N
BE . 1
T 4zzmquqV, +2Re(e’2“"c REAA
1‘1" r-1 g=1 r-1
= VY IMIV ) + SR @ (V) M1V )

_N N i N N
=1 )Yy e_1 20 \'
U Y L k,VV,— mR e(e* >‘ }j k, V.V,
g=1r=1 a=1r=1

1
= VRV D= LR (V) iK1 (v ))

2.7 1)

(2.72)

(2.73)
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where the superscripts H and T are used to indicate respectively the
Hermitian and the ordinary transpose of the vectors to which they are
appended. We see that each of the energy functions is made up of a
constant term plus a double-frequency sinusoid. In each case the constant

term is the average value of the function. Thus we have

D, = %({V}"[C]{V}) (2.74)

T, = (V)" IMI{V}) (2.75)

U, = —({(V}¥IKH{V) (2.76)
LA

For reasons of energy conservation the amplitude of the sinusoidal
component of each energy function must not be greater than its average
value. If this were not so, a physically impossible condition would arise
whereby the instantaneous value of the function would be negative during

some time interval.

Differentiating equations (2.72) and (2.73) with respect to time, and

substituting the results into equation (2.68), we have

N N
== l j 20t . qu
P 3 z z Ve V + Re(e’ z Z( + jom, + T‘;)VqV,)
g=1 r=] g=1r=1
= 2 j2wi
P, + 2Re(e’ EFqVq)

= (2.77)
As in the case of the simple one-degree-of-freedom system, the
instantaneous power input to the system equals a constant plus an

alternating component of twice the excitation frequency.
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In §2.2.3 the complex power input due to a single excitation force, F,
was defined to be equal to the complex quantity V. This definition is
maintained here; but since there are now N forces, the total complex

power is represented by the summation }YFV,.

Now, under steady-state conditions we may write

{f} = {F}“
{v} = (VvV} (2.78)

Substituting these into the equilibrium equation (2.58) and cancelling the

exponential factor, we have

GwlM] + [C] +J.—’“—,1K1){V} = {F}

(2.79)
Extracting the q™ row from this matrix equation, we have
N
. qu
Z(meq,+cq,+ .T"—’)Vr =Fq (280)
re=]
Taking the complex conjugate and rearranging, we have
N
F'm= ; kor o e
¢~ ) g —Jelmy, = )V, (2.81)

q=1

Multiplication by Vv.,/2, and summation over the index q gives the

complex power:

N N N N

N N
1 . jw . 1
= V - = - ;
IWRELAN) etk c Rt (2.82)

g=1 r=} g=1 r=} g=1 re=]




Ll
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Using equations (2.74), (2.75) and (2.76). we may write equation (2.62) in

the form

P=P,+jQ,=2D,+j2uU,—-T,)

(2.63)

from which we have
Py = 2D,, (2.64)
and 0n= 20(U,-T,) (2.65)

These results are identical to those obtained for the simple one—decgree—of-—
freedom system. The real part of the complex power is the time-average
power dissipated by the system, and the imaginary part or the reactive
power is proportional to the difference between the average potential and
kinetic energies. When the average potential and Kkinetic energies are equal,
the reactive power is zero, and the excitation sources do not take part in
the interchange of stored energy. It can be shown that in the case of
single-point excitation, the amplitude of the alternating component of
instantaneous power is equal to the magnitude of complex power. Consider
the result in equation (2.77) if the system is excited by a single force, F,.
We have

FV,
P =P, + Re(-51e™) (2.66)

This may be written as
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FV
P=p +L2—L‘cos(zwz+¢,.) (2.87)

av

where ¢, is the phase angle of the velocity phasor V, relative to the force,

F.. Now from equations (2.82) and (2.83). we have

EV _ IFY
5t =5t =L+ QL) (2.88)

Therefore equation (2.87) may be written as

P =P, + (Pl + QL) cos2ut + ¢,) (2.89)

and thus the amplitude of the double-frequency sinusoidal component of

instantaneous power equals the magnitude of the complex power.

As in the case of the simple oscillator, there is a simple correlation
between the driving-point frequency response functions and the energy
functions. Suppose there is only a single excitation force, F,. Then

equation (2.83) may be written as

(2.90)
FV,=4D_+ j4uU ~—T
Taking the complex conjugate of both sides of equation (2.91) we have

F,V,=4D,, - j4(U, —T,b) (2.92)

Dividing both sides of equation (2.91) by FF; = |F|?, we obtain the




result

V 4D, + jau(U,— T,)
Tf - Y W) = —= |F¢|2‘v = (2.93)

and, dividing both sides of equation (2.92) by VVi' = V%, we get

7= Zue) = VP (2.94)

If the functions D,.. U,. and T,, are evaluated for unit force then
equation (2.93) expresses the driving-point mobility explicitly in terms of
these energy functions. A similar interpretation may be given to the
Impedance expression (2.94) on the understanding that the functions D,,,
U, and T,, are evaluated for unit velocity response. (Here, the system is

being described by a single coordinate, i. so that Z,, = l/Y,,.)

2.3.2 The undamped dynamic vibration absorber
We shall now examine briefly the classical problem of the undamped

dynamic vibration absorber, Fig.2.9, from the point of view of power flow.

(et L L L L L L L

force
f(1) = |Fleosat

R

y Absorber subsystem
m,
3% s

Fig.2.9 Undamped dynamic vibration absorber

k, » Main system
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The velocity responses are:

for the main mass:

V(1) = —l%’(kz ~ myw Sin et (2.95)

and for the absorber mass:
vy(f) = —Li—lkzw sin wt (2.96)
where A= (k + kz—wzmn)(kz‘“’zmz)“ki (2.97)

The instantaneous power input to the system by the exciting force is

1|F|?
P )= -EI—A—m(k2 - wzmz) sin 2wt (2.98)

By employing the general expressions derived in Chapter 3, the

instantaneous power flow to the main system is found to be

__JFP 2 .
Prnain() = = 537 ok —w m, )k, ~ *m,)? sin 2wt (2.99)
and that for the absorber subsystem to be
1|FP? . 2 :
Pyl =3 l;,‘—w kymy(k; — w'm,) sin 2wt (2.100)

The power expressions in equations (2.98). (2.99) and (2.100) are pure
sinusoids with twice the excitation frequency. The absence of a constant
component is due to the fact that the system js not damped.

The untuned absorber

For an untuned system, k,/m, # k,/m,. When the excitation frequency is
equal to the natural frequency of the absorber spring-mass subsystem, i.e
w*=k,/m,, the instantaneous power input is zero, according to equation

(2.98). The power flow to each of the subsystems is also zero according to
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equations (2.99) and (2.100). Equations (2.95) and (2.96) show that the main
mass remains stationary, while the absorber mass vibrates with an amplitude
which is determined by the magnitude of the exciting force and the stiffness

of the absorber spring.

When the excitation frequency coincides with the natural frequency of the
main system, i.e w®<k,/m,, the instantaneous power flow to the main system
is zero. The energy input is taken up entirely by the absorber subsystem.
Although the main system does not take any energy the motion of the main
mass is not zero. The vibration of the main mass is maintained by energy
being transferred back and forth between the mass m, and the spring k..

The tuned absorber

If the system is tuned, so that wi=o3, i.e k,/m,=k,/m,, then at this tuned
frequency the instantaneous power input is zero. The main system remains
stationary while the absorber mass vibrates as a result of the interplay of

stored energy between the mass m, and the spring k,.

Fig.2.10 is a plot of the amplitude of the instantaneous power flow to the
subsystems of a vibration absorber system with the following parameters:
m,=20.0kg, m,=1.0kg, k,=5.78x 10°N/m, k,=2.25x10'N/m. 1rThe driving-point and
the transfer mobilities are also shown in Fig.2.11. The point of interest
here is that there is a frequency range, between the two resonances, in
which the velocity response of the main system increases as the
instantaneous power flow decreases. This result shows that we cannot rely on

the instantaneous power flow to a subsystem as a sole indicator of its

response amplitude.

t+ Note that the vibration absorber system being considered hereisuntuned, i.e w, % w,. Here,
W, =170rad/s and &, = 150rad/s.
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2.4 Discussion

In this chapter the vibration of simple spring-mass-damper systems has been
examined from the point of view of power flow and energy transfer. The power
and energy relations for these systems have been derived and discussed,
drawing heavily on concepts that are already well established in Electrical

Circuit Theory; see, for example, ref 38.

The study of the one-degree-of-freedom system provides insight into the
nature of energy transfer back and forth between the source of excitation
and the system. By employing the concept of complex power, it has been shown
that the driving-point frequency response functions may be expressed in
terms of the energy functions. This relationship, though notable, is limited
because it applies only to driving-point data and only if unit force or unit
velocity is assumed. By investigating the dependence of time-average power,
velocity amplitude and force transmissibility on frequency and damping, we
have also ==sm shown that time-average power is not always a suitable

indicator of vibration levels.

Broadly speaking, the power and energy relations discussed for the simple
one-degree-of-freedom system are also applicable to more complex systems.
The brief study of the undamped dynamic vibration absorber shows that a
reduction in the instantaneous power flow to a part of a structure could be
accompanied by an increase of the vibration amplitude of that part of the
structure. This result, which provides further evidence of the unsuitability
of power flow for assessing vibration amplitudes, is not unexpected for

undamped systems since such systems do not require an external supply of
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energy to maintain their vibration. Thus it is easy to conceive of a
situation where the vibration of a particular subsystem is maintained purely

by the interchange of Kkinetic and potential energy within the subsystem.
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Chapter 3

POWER FLOW AND ENERGY TRANSFER IN CONNECTED STRUCTURES

3.1 Introduction

In Chapter 2 the basic power and energy relations for vibrating systems were
introduced with a discussion of the vibration of simple systems having a
finite number of degrees of freedom. Such systems are composed solely of
rigid bodies which have mass and inertia, and are capable of acquiring
kinetic energy, and massless bodies which can store only potential energy.
The potential and dissipative forces are due to the relative motion between
pairs of rigid bodies. However, vibrating systems made up of components that
are perfectly rigid or without inertia are idealisations of real systems.
The components of real engineering structures have continously distributed
mass and elasticity. This chapter concerns the flow of power and the
transfer of energy in real elastic structures which are presumed to be
composed of subsystems connected together at joints. First, the expressions
for input power are examined briefly for both single-point and multi-point
excitation, and the general expressions for the power flowing to the
components of connected structures are derived. Then some consequences of
power balance considerations are discussed and, finally, the nature of
energy flow in the various coordinate directions at the joints between

connected structures is examined very closely.
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3.2 Power input to elastic structures

When a structure is excited by a single force the instantaneous power

input is given by
P(1) = fm1) (3.1)

where f(t) and v(t) are the instantaneous values of force and velocity
respectively. If the exciting force is sinusoidal, then in the steady-state we

may write
1 Fwl * —jwt
Sy =SIFe” + F e’ (3.2)
and wi) = —;—[VJ“"-%— Ve (3.3)

where F and V are complex quantities. Substituting these into equation

(3.1). we have

P(r) = %Re{F'V} +%Re{FVe"2‘“’} (3.4)

This equation may also be written as

1 1
P(r) = 5|F||V|cos¢ + 5|F|[V|cos(2wt + ¢) (3.5)

where ¢ is the phase angle of the velocity phasor relative to the force.

When a structure is subjected to sinusoidal force excitation in more than
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one coordinate direction the instantaneous power input is given by the

summation

N
P@) = Zf,,(t)v,,(t)

q=1

N
= %Z(Re{F;Vq} + Re{FV ™)
g=1
N

- %R e[Z(F;Vq +&*F V)]

(3.8)
q=1
Now
V=Y, F|+Y,F,+....+ Y \F,
N
Y
=1 (3.7)
Therefore
N N N N
1 . 20t
P()= SR e[z ZFqu,F, + &2 Z ZFqu,F,l
. g=1r=] | g=1 r=|
= yReUF}YIIYI{F ) + SR> (F)T[Y]{F}) (3.8)

where [Y] is the NxN mobility matrix relating to the coordinate directions
in which excitation forces are applied, and §{F} is the excitation force
vector. Equations (3.4) and (3.8) show that. for both single-point and
multi-point excitation, the instantaneous power as a function of time
consists of a constant component and a double-frequency sinusoid.

By using the relationship

F,=Z Vi +ZpVy+ ...+ ZyVy
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and noting that Re{F;Vq}:Re{FqV;}. equation (3.6) may also be written in

terms of the velocities and the impedances:

P(1) = 3RV} (21(v)) + LRe((v)T1Z1V)) (3.9)

3.3 General expressions for time-average power flow in connected structures

3.3.1 Power flow when coupling is in a single coordinate direction
In Fig.3.1 the two substructures are connected in coordinate j. One external
force is applied in coordinate i. The velocity response of the coupled
system may be written in terms of the system’s mobility matrix and the force

Fi:
vl [VO vel g
il i ij f
k= Vi) 310

We may also write

m-E5 2l
0 Zi 23V (3.11)
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Coupled Structure C

Substructure B

Fig.3.1 Two substructures coupled in a single coordinate

The time-average power flow from substructure A to substructure B is the
time-average value of the product of the velocity at j and the internal
force exerted on B by A. The velocity V; can be obtained directly from
equation (3.10). However, the internal force exerted on B must be
determined indirectly. We separate the coupled structure into its
component parts and apply equal and opposite forces on the substructures

in such a way that force balance and motion compatibility are satisfied,

Fig.3.2.

e ———— -
F, '
v, V. v,

) J

Fig.3.2 Coupled Structure separated into component parts

The systems shown in Fig.3.1 and Fig.3.2 are dynamically equivalent since
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the velocities and the resultant forces are the same in both cases.

Therefore we may consider each of the substructures separately.

Considering B alone, we may write

V
J
F o=_1 (3.12)
J Y}f)
and. taking A alone we have
{V.-},_ il Yb"{‘},}
Viif Y Y (3.13)

The time-average power flow to substructure B is the average of the

product f(t)v,(t), and is given by
p® = %Re{F,-V;} (3.14)
Using the expression for F, from equation (3.12) we have

® _ 1,2 1 3.15
P, lelRe{Y%,,} (3.15)

Where there is an external exciting force in the coupling coordinate we
may still follow the same analysis as above. However, when the structure

is broken up into its component parts the forces to be applied to the two

substructures are not equal in magnitude.
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-

F‘(is) ]_'}A)
‘ —_—-
v;

Fig.3.3 Power flow when there is external force in coupling coordinate

In Fig.3.3 the forces F and F{¥ must satisfy the condition

(A) (B)
Fi" + F® =F, (3.16)

where F, is the force externally applied in the coupling coordinate. As
before, we obtain the force F® from the mobility of B and the velocity

response V;:
i Y® (3.17)

The time-average power flow from A to B is then given by

@) _ 1 .
P& = 5Re{r;‘”vj}
| « 1
]JJ

vy

= %!le’Re{ } (3.18)

This is, in fact, the same equationasthat derived for the case where

there is no excitation force in the coupling coordinate. We note also that
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the velocity V, is obtained from the mobilities of the coupled system and

the external excitation forces:

_ (O ©)
V,=Y3'F;T Y,°F, (3.19)

3.3.2 The general case of power flow

F®

\ el e
——
A
F.g-zz/ — F,
St
A
Fé.lx Qn(.A)

B)
Frei

Fig.3.4 Time-average power flow in the general case

Fig.3.4 shows a coupled structure which has been separated into its two
corn ponent parts. Forces Q{".Q"...QL" and Q{®.Qt”....QL" have
been applied in the m coupling coordinates so that the resultant force in
each coordinate is equal to the externally-applied force on the coupled
structure. There are n coordinates on substructure B, m of which are

coupling coordinates. Taking substructure B alone, we may write
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0, rlﬁ) V4 SN 258)— 4 v
0,8 ZIB) ze ., 4 !
IZ .21 fz L] - L] L] ) ZZ") VZ
o."¢ = |z% W . . . . 2
: . A . o (3.20)
F® zg zy - - . .ozl |,
- \

The total time-average power flowing from A to B via the coupling

coordinate directions is given by

m
] .
an) = ZERe{an)Vk} (3_2 l)
k=1
Now B) o 7By 4 7By, 4 &)
k k171 Kk V2 """ * an Vn
n
B
= ZZ;U)VI
=1
Therefore. m n
By __ 1 .
PUD =1 Y RelV} )z
k=1 =]
1 .
= ’Z‘Re{z [ 474 55 v}
k=11=1
Also,
20z ze) oy
" o zH zB . . z@i |y,
z ViZiu'Vi = {v; v, Vo . L. ) (3.22)

x
-
]
)

_ZSnBl) z3) ZE.‘.’,_’J Y,
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Therefore, PUD — %Re({yk}"[zg)]{y}) (3.23)

where §{V{ is the nxl column matrix of the velocity responses in all the n
coordinates of substructure B, and Vg is the mxl column matrix obtained by
taking only the first m rows of {V}. The matrix [Z{"] is the mxn matrix
obtained by taking the first m rows of the impedance matrix of B.

The total time-average power flowing into substructure B can be obtained by
summing the contributions due to all the forces Q!*, Q¥

(8) (B).
Fm&l ..... Fn .

P® ety = SRV IIZ PNV Y) (3.:24)

3.3.3 Some consequences of power balance considerations

Consider a structure C which is made up of two subsystems A and B.
Subsystem A has a coordinates and B has g coordinates, and the two
subsystems are connected such that the total number of coordinates required
to describe the coupled structure is N. The time-average power flow to the

coupled structure C may written as

1
o) = SRV I Z Vln {¥ J ) (3.25)

The matrix [Z2] is the NxN impedance matrix obtained by inverting the
mobility matrix, {Y], of the coupled structure, and §Vi,, is the column
vector of the velocity responses.

We may also write a similar expression for the time-average power filow to

each of the subsystems:

1
P = RV Il Z D)oV Y o) (3.26a)

1
and p® = ERe({V}fxﬂ[Zm]pxp{V}axl) (3.26b)
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where [Z"] = [Y®™]*', and [2®]) = [Y®]', and the vectors {Vi., and
$Vi,, are velocity vectors relating to the coordinates on each subsystem.

Now, equations (3.26a) and (3.26b) may be written as

AL l R Vad
Vz [Z(A)]nXa’ 0 VZ
1
P =SR] . SR B )
o =3 e _ l 1 ) (3.27a)
: o , © _
¥ L | ALY
and vae [ I - v,
£} 0 |1 o v,
@ _ 1 |
PO =R{)p mm e ) (3.27b)
0 l (277,
N L - Vh
The sum of equations (3.27a) and (3.27b) is
ViNH 2%
v, Z @ 0 v,
PU+P® = 2RA{ 4
j 0 z® : (3.28)
VN L - VN

The matrix addition implied in equation (3.26) is restricted to those
coordinate directions in which the two subsystems are connected. For the
rest of this section we shall use the symbol ~¢- to denote this type of matrix
addition.

Now, power balance considerations require that the time-average power flow
to the coupled structure be equal to the sum of the power flow to each of
the subsystems, i.e

P = P+ P (329)

Consequently we may write

Re({V}H[z(C)]{V}) = Re({V}H[Z(A)*Z(B)]{V}) (330)

Although we know from Impedance Coupling theory (Chapter 4) that the matrix

[z"4Zz®] is equal to the impedance matrix of the coupled system, [z2©],
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this fact cannot be deduced from equation (3.30). If equation (3.30) is
expanded and the individual terms are examined it will be found that the
equation relates only the real parts of the matrices. The
condition Re([Z“]) = Re([Z¥#Z®)]) is, in fact, sufficient for equation

(3.30) to be satisfied.

The fact that time-average power balance considerations lead to a
relationship involving only the real parts of the coupled and subsystem
matrices reveals a limitation on the information obtainable from time-
average power. This limitation is more obvious if the time-average power
input to the structure is written in terms of the mobilities and the
exciting forces:

1
Pif’=5Re({F}”[Y‘C’]{F}) (3.31)

For a given excitation force vector, any alteration to the system which does
not affect the real parts of the elements in the mobility matrix will leave
the time-average power unchanged. However, we know that the motion response
depends on both the real and imaginary parts of mobility, and therefore the
time-average power flowing to a system does not define its motion responses

uniquely.
By following a similar recipe but starting with the alternating component of
power, another equation may be derived relating the coupled impedance matrix

to the subsystem matrices. The alternating component of instantaneous power

input to the coupled structure is

1 .
Pail = SRV I TN (Z Ol (V™) (3.32)

Similarly-. we may- write for the subsystems
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PY) = SR{V}IZN(V )™

alt (3.33a)
and P = JRA(V)TIZ W1V (3.33b)
The sum of equations (3.33a) and (3.33b) is then
PU)+ P8 = SR(1V)TZW 42V} ) = P (3.34)
and we may therefore write
Re({V}T[z‘C’]{V}e’Z“')=Re({V}TIZ“’QZ"’J{V}e”“”) (3.35)

It is not possible to deduce from equation (3.35) that the matrices [Z'“]
and [Z"9Z"™] are equal. Unlike equation (3.30), however, it represents a
relationship involving both the real and imaginary parts of the matrices. We
may infer from this that the alternating component of power contains more

information than the time-average power.

3.3.4 Random Excitation
Expressions for power input
Let a force, f(t), of spectral density S;r(w). act on a structure to
produce a velocity response v(t). The time-average power input to the

structure may be written as
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P,, = E[f(m1)] (3.36)

Now, by definition, the input-output cross-correlation function is

Rpy(r) = E[f(Nt + 7)] = J Sey(@ed w (3.37)

where Sgy(w) is the input-output cross-spectral density. Thus the power

input may be written as
P,, = Rp(r = 0)

o

= I Sgp(wdw

-
o

= J' Y (0)Sy p(w)d w (3.38)

-
where Y(w) is the driving-point mobility of the structure.
An alternative expression for the power input may be obtained by using
the output-input cross-correlation function and its corresponding cross-

spectral density:

P, = Ryp(r = 0) = I Syplw)dw (3:39)

From equations (3.38) and (3.39) we may write

P, =

(S R

J‘ [Sep(w) + Sy p(w)ldw

@

J‘ [Spy(w) + S;-y(w)]dw

N | =

:Bé

= | Re[Sf (@))dw

8 g

= | Re[Y(«)Sprp(w)ldw

= | Sep(w)Re{Y(w)}dw (3.40)

When a structure is subjected to random excitation in more than one

coordinate, the time-average power input may be written as

T T
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m

P, = ZE v, (0] (3.4 1)

r=1

where m is the number of coordinate directions in which forces are

applied.
Now,
E[f(tyv(1)] = RF',,'(T = () = I S,'V’(w)d @
-0
Therefore,
m ® m
Fp = Z J- Spy(de = Z J‘ Re{Sgy(w)}dw
=1 ~co ey B (3.42)
Also,
m
SF'V,(“") = Z SF,F,("") Yr‘(w)
3™}
Therefore, m m
P, = Z J. R e(z S,-’F'(w)Yn(w))dw
p=] —CO =]

W m m

= J (z ZRe{SF (@)Y, () })dw

e fiprory (3.43)
If the excitation forces are uncorrelated then, for rfs, S,gr(v) = 0, and

the power input reduces to

@ m

P, = J(Zne{ Ser(w) Yilw)})d w

=00 j=}

and since the power spectral density, S,.'F’(w), is real, we have
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P, = J. (Z S,'F‘(w)R e{Y ()} )Mo (3.44)

OO ju=]

Expressions for power flow

Random force
f.()

Vi) vi(t)

Fig.3.5 Power flow when coupling is in a single coordinate

Fig.3.5 shows two substructures, A and B, connected together in coordinate
j to form a coupled structure C. A random force f,(t) of spectral density
Sgr(@) acts in coordinate i. The time-average power flow to substructure
B is the average value of the product of the velocity v(t) and the internal

force, f f(t), exerted on B by A. We may write

P:,) =E[f S”(;)Vj(()] = LSF'VJ(w)d ) (3.45)

where S.,(w) is the cross-spectral density between the velocity v,(t) and
vy
the transmitted force f{(t). We may define a force transmissibility

. B) . o
function, ng. to relate the transmitted force to the excitation force:

F®(w) YiO(w)
A  Y{ENw) (3.46)

The spectral density of the transmitted force is
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Sr(@) = Spp @) T (W) (3.47)

and the cross-spectral density between transmitted force, f{®(t). and

velocity, vi(t) is

St (@) = Spp @)Y ;7 (w)

= Spr @) TH@)|Y )

Nw)
S,.-‘ (w)[Y{'B)( )'2}’}7)(@)
(3.48)
The time-average power flow to substructure B is then given by
[+ -]
Y w)
P = [(srmoizg i o)ee
-0
= J.(Sr,r,(“’)ly(a)( )Izkf(ym )) (3.49)

Consider a connected structure, C, which has been separated into its
component parts, A and B. The coupled structure is described by a total

of m coordinates, and there are n coordinates on substructure B. Let the

forces fi®, f® f{® be the resultant forces exerted on B due to

coupling to A as well to as external excitation. The total power flow to

substructure B is then

n

Py = Zb‘lf BV ()

re=1

J Z Re{SE )Y P ()} )dw (3.50)

T pum=)
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(8) . . i
where Sp,p,(w) is the cross-spectral density between the transmitted forces

f, and f,.

The matrix of transmitted force spectral densities may be determined as
follows. Consider the situation where the excitation forces are sinusoidal.

Then, we may write
{Fl}nxl = [z (B)(w)]ux;l{ V(B)}nxl (351)

where {Fd.. is a column vector of the resultant forces transmitted to B
in its n coordinates, [Z®(w)] is the nxn impedance matrix of B. and
$V® is a column vector of the corresponding n velocities. Equation (3.51)

may be written as

{F ot = 1Z )il VS i L F S e

= [T im{ F 5 Y m (3.52)

[TP(w)] is a force transmissibility matrix relating the resultant forces to
the m external excitation forces. [Y}?(w)] is the reduced mobility matrix
obtained by deleting from the overall system mobility matrix those rows
which do not relate to substructure B. {F is the column vector of the
external sinusoidal forces acting on the coupled structure. The matrix of
transmitted force spectral densities is then given by

S L2k = [T 2 sl S, £, (Vo] T 17 @t (3.53)
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where [Sp,,l(w)] is the spectral density matrix of the external excitation

forces.

3.4 Energy flow via coordinate directions at joints between substructures

In §3.2 it was shown that the instantaneous power input to a structure by

N sinusoidal forces is given by
PQ) --;-Re({F}”[Y]{F}) + %Re(e'z“"{F}T[Y]{F}) (3.54)

This expression represents a summation of the power due to the forces
acting in each coordinate direction. The power input due to the force
acting in the g'" coordinate may be obtained by extracting the

corresponding terms from equation (3.54):

N
POy =1g, Y, F,) + —R e”“ F
2 (Z L ) ‘ Z; chFr (3.55)

Equation (3.55) shows that the instantaneous power input through any
coordinate direction is made up of a constant term plus an alternating
component of twice the excitation frequency.

The constant term is

N

PO =R e(z F.Y,F,)

P (3.56)

and the alternating component is

PY = Re J“ZF Y, F

r=1

(3.57)
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A plot of equation (3.55) is shown in Fig.3.6 In that figure. $.® is the

amplitude of the alternatinng component of power. and is given by

N
A(ﬂ) - 1 FY
Pai= 3l ) FYoFl (3.58)
r=1
P,
A

Fig.3. 6 Instantaneous power input in direction of coordinate q

The cross-hatched areas above the time axis, labelled E!3, represent
energy being delivered to the system by the force of excitation. The areas
below the time axis labelled E3, represent energy that is returned to the
source of excitation by the vibrating structure during each half-cycle. The
difference between E!¥ and EL, is energy that is lost in the system

through dissipation, such that the following relationship holds:

P@y
@ _r@ o
Ep—Ed =% (3.59)

where T is the time period of vibration.
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It is shown in Appendix 1 that

@ ;(’)'
E - __‘._ P + M
pos = —5((x—¢)cos¢ + sing) (3.60)
and
A
E® = PY(sing — ¢ cos ¢) (3.61)
w
_l(p(q))
where = cos (g 3.62
) (2.6

The foregoing discussion refers to the flow of energy to a structure from
external sources. When considering power input to a structure it is
important to note that the time-average power is always positive. If this
were not so a physically impossible situation would arise whereby the
conservation of energy would be violated. In effect the system would be
returning more energy than that being supplied to it. These remarks apply

also to the total power flowing to any subsystem of a connected structure.

The situation is different when considering the flow of energy in any
individual coordinate direction at a joint between subsystems. In this case
negative values of time-average power are admissible. A negative value of
time-average power in any coordinate implies that the subsystem returns
more energy than that supplied to it in that coordinate direction. The
instantaneous power flow via any coordinate direction is given by equation
(3.55). with the proviso that the forces F,F, . . F,.....Fyare the resultant

forces (internal and external) exerted on the subsystem.
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3.5 Discussion

One purpose of this chapter is to set out some of the general expressions
concerning power flow in connected structures. The expressions derived in
§3-3 are meant to indicate the general procedure by which the power flow to
any component of a connected structure can be calculated if a substructure
approach based on frequency response data is adopted. The examination in
§3-4 of the nature of energy transfer in the coordinate directions at the
joints between subsystems lays the foundation for a method, proposed in
Chapter 4. for assessing the relative importance of coordinates when the

Impedance Coupling technique is used in the vibration analysis of

structures.

By using the requirement that the power input to a system be balanced by the
sum of the power flow to each of the subsystems, two equations were obtained
relating the system impedance matrix to the subsystem matrices. The fact
that the basic Impedance Coupling relation (i.e the addition of subsystem
impedance matrices to obtain the overall system matrix) cannot be extracted
from these equations reveals an important difference between the information
contained in power flow data and that represented by frequency response
data. The main ingredients in the derivation of the Impedance Coupling
relation are the imposition of force balance and motion compatibility
between the subsystems. Since power involves both force and motion
(velocity) one might expect to be able to derive the Impedance Coupling
relation by starting from a consideration of power balance. That this is not
the case is not altogether surprising, since power flow contains information
which is specific to the particular excitation forces imposed on the system.
Frequency response data, on the other hand, indicate the input-output
(force-motion) characteristics of the system, and are of a more general

nature.
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Chapter 4
A METHOD FOR ASSESSING THE RELATIVE IMPORTANCE OF COORDINATES

IN THE VIBRATION ANALYSIS OF CONNECTED STRUCTURES

BY THE IMPEDANCE COUPLING TECHNIQUE

4.1 Introduction

One of the commonly-used techniques for the vibration analysis of complex
structures is the method of Receptance or Impedance Coupling [34]. The
method involves the subdivision of the structure into a number of
subsystems each of which is analysed separately to obtain its frequency
response data. The frequency response properties of the complete structure
are then obtained by combining the subsystem data in such a way that

force balance and motion compatibility are satisfied at the connection

points.

At the start of any Impedance Coupling analysis it is necessary to decide
which coordinates are to be included in order to obtain an adequate
description of the dynamic behaviour of each subsystem. In general, six
coordinates are required to describe completely the motion of any point on
a structure . However, inclusion of all six coordinates at each connection
point is seldom practicable partly because it leads to very large system
matrices which may be difficult to handle. Deleting unimportant
coordinates reduces the size of the problem, and, where some of the
subsystem data are to be obtained experimentally, big savings may be

made in the time required for mobility measurements. In certain simple
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cases (for example, where the structure is two-dimensional, and motion is
known to be restricted to one plane) it is obvious which coordinates may
be deleted. However, in more complex situations the coordinates to be
used in the analysis are not at all obvious. Previous applications of the
Impedance Coupling technique have shown the difficulties involved in
deciding which coordinates may be excluded from the analysis without
significant loss of accuracy [39]. Computational studies {40] have also
indicated that the accuracy of the analysis may not be improved by
merely increasing the number of coordinates included. The particular
choice of coordinates to be used in the analysis has been found to be of

considerable importance.

In this chapter a method is proposed for assessing the relative importance
of coordinates in the analysis of connected structures by the Impedance
Coupling technique. The method is based on the premise that the relative
importance of any coupling coordinate depends on the magnitude of the
energy transferred in that coordinate direction. Calculations on a number

of simple structures are used to test the validity of this assumption.

4.2 The Impedance Coupling Technique

The practical application of the Impedance Coupling technique involves
three main steps:
(i) Division of the system into subsystems
The determination of the best subdivision is not always obvious, and
may require considerable judgement. Very often, it is convenient to
divide the system into a series of components, each of which has a

distinct geometry or function. It is useful to examine the system for
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planes of symmetry which might permit a complete 3-dimensional
analysis to be made in stages.
(ii) Analysis of each individual component, by whatever means is
best suited to it, to obtain the frequency response properties relating
to all points of interest on the component.
A theoretical analysis may be sufficient for simple components such
as beams, springs, etc. In the case of more complex components,
however, it might be necessary to resort to direct measurement. In
such cases it would almost invariably be necessary to process the
measured data by a modal analysis method [42] before inclusion in
any subsequent analysis.
(ili) Combination of the component response properties to obtain the
properties of the complete system.
The underlying theory of this final step is described in the following
sections. A detailed exposition of the theory of Impedance or Receptance
Coupling may be found in the work by Bishop and Johnson [34]. Examples
of the practical application of the technique to real engineering structures

may also be found in references 39 and 41.

4.2.1 Single- coordinate Coupling

The simplest case of Impedance Coupling arises where two subsystems are
connected in a single coordinate. Consider two single-coordinate subsystems,
A and B. which are to be connected to form a coupled system, C, as

shown in Fig.4.1.

A
B C
fa
—_—
, -~ ! —
l Xa Xp

Fig.4.1 Single-coordinate coupling
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For steady sinusoidal vibration at a given frequency, the velocities of the

subsystems may be written as

Va=Y,, and Vg =Y,f; (4.1)

where Y, and Y, are the driving-point mobilities of A and B

respectively, relating to excitation in the coordinate x.

When the subsystems are connected together to form C, their velocities

must be identical at the connection point, so that

V,=Vg=Vec (4.2)

Also. by considering force balance at the connection point we may write

fe=fatTs (4.3)

Dividing through by V., and noting from equation (4.2) that v, V, and

Vg are identical, we have

LC_=f"4+fL
V. TV, Y, (4.4)

Using the definition of mobility we have that

ve' =y~ ¥y




-78-

For steady sinusoidal vibration at a given frequency, the velocities of the

subsystems may be written as
Va=Y,, and Vy =Ypfp (4.1)

where Y, and Y, are the driving-point mobilities of A and B

respectively, relating to excitation in the coordinate Xx.

When the subsystems are connected together to form C, their velocities

must be identical at the connection point, so that

Ve=Vs=Vc (4.2)

Also, by considering force balance at the connection point we may write

Je=SatSs (4.3)

Dividing through by V., and noting from equation (4.2) that v, V, and

Ve are identical, we have

fe S )i
VTV Y, (4.9)

Using the definition of mobility we have that

Yo =y, +Yg
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or. in terms of impedances,

Z.=2,+2Z,

4.2.2 Coupling in more than one coordinate

(4.5)

For the case where the components A and B each has more than one

coordinate, all of which are involved in the coupling process, the mobilities

of each component may be expressed in matrix form, and the velocities of

the components may be written as
Wia=1L, {f}e. (V=YL )s
The compatibility equation (4.2) becomes
(Vie=ia={Vl
and, the equilibrium equation (4.3) becomes

{flc= {f},4+{f}n

Now, from equation (4.6). we have

1. =Y (v},
{1 =1Y1{V},
le=IY1{V)e

Substituting into equation (4.8). we have

IV e = Y1V}, + ¥ {V],

(4.6)

(4.7)

(4.8)

(4.9)
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Using equation (4.7), we have the coupling equation

it =R+ )5

or, Zlc=1Z),+(Z]s (4.10)

4.2.3 The General Case
The most general case of Impedance Coupling arises where each
component has several coordinates, not all of which are involved in the

coupling process.

A
B
C
af2 8l
- e —= cfs
— —— ‘
AX aXs B%2 B%3 cX e
cX2 cX3

Fig.4.2 The general case of Impedance Coupling

Consider the simple case where two subsystems, each having two
coordinates, are to be connected in one coordinate to form a 3-coordinate

system as in Fig.4.2. The velocities of the subsystems are given by



-81-—

| 4 Y Y A
ATl AYll A 11} ! - [Y]AU}A (41 Ia)
A2

4V NETIN S

and

aV. 8Y22 3Ys; 82
g =[Y1s{/}s (4.1 1b)

sVs Y5 gl »f

When the components are coupled together, compatibility requirements

lead to the following equations:

Vi = 4V
V2 = V2 =4V,
v, - (4.12)

Also, considering force balance in the three coordinate directions we have

o/ U L
sz == +

_——— (4.13)
C-/:i 0 {f}a

Now,

Ula=YI MV}, =1Z1,{V},
fls =YV} =1215{V]},
Fle =) {V)e =1Z1c{V )},

So that, using equation (4.12) we have
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(Z1,{V} _ 0 _
U = {7
0 (Z1p{V}s
¥ [~ 1 =]
pray 2 i 0 i Vi o, o0 0 i
|
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- V
42 2 | o |§? + 0 ] 8222 822 vz
________ ] |
0 o L o) 0 1| #n 8233 s
— l - =N I_ _
' a— \
aZ L a1z 0 | W
= AZ 21 I ZntsZs | FY4Y 2
T S
V.
0 i #Z32 ; 8233 ¢

Thus, in the general case the impedance matrices of the components have
to be partitioned, all the coordinates at the joints between subsystems
being grouped together. The impedance matrix of the complete system is
then obtained by adding the component impedance matrices in the way

suggested above.
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4.2.4 Coordinate Elimination

By a simple extension of the coupling process described above, the
frequency response properties of a multi-component structure may be “built
up” by a sequential addition of its components. Any coordinates used in
joining two subsystems which are of no further interest may be dropped
from the mobility matrix of the coupled system by simply deleting the
corresponding rows and columns. Consider again the case shown in Fig.4.2.

For the coupled system C we may write
ivic = [Y]c“ic

This may be expanded to give

Iad] =Yt « Vil + Yisfs
Ve - Yui Yo o Yaifs

4.1
Vs =cVai + Yot Yasfs (4.15)

Now, if we are not interested in the response in coordinate X, we may
delete the second of equations (4.15). Furthermore, if the external force f,
applied in coordinate X, is zero, the second term in each of equations
(4.15) may be deleted. Thus, the reduced description of the frequency

response properties of the coupled system may be written as

cvi ,:CY " cYu] /i (4.16)

Vs Y Yyl |c/fs

Coordinate elimination applied to a mobility matrix does not imply a

reduction in the system’s degrees of freedom. It merely results in a
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reduced description of the system, and a reduction in the size of the

matrices to be handled in any subsequent analysis.

When coordinate elimination is applied to the impedance matrix of a
system the effect is rather different. Consider again the case shown in

Fig.4.2. for which we may write

h=ZuVi*t Zi:cV2* Zis Vs
H=ZauVit Za2cVat Za Vs (4.17)
fi3= 53, Vit Zs2cVat Zss Vs

If, for example, we are not interested in the force f. applied in coordinate
X2, We may remove the second of equations (4.17). Since the impedance
terms ¢Z,. ¢Zse and ¢Z;, are, in general, different from zero we may
delete the second term of each equation only if the velocity ¢V, is zero.
Thus, the elimination of coordinates from an Impedance matrix has the

effect of grounding those particular coordinates.

It must be mentioned that the main subject of this chapter is not
coordinate elimination in the sense that has been described in this section.
We are concerned here with situations where some of the coordinates
taking part in the coupling process must be excluded from the analysis in
order to reduce the size of the problem. The exclusion of such coordinates
will lead to some inaccuracy. The method proposed in the next section
provides a basis for deciding which coordinates may be excluded from the

analysis without severe loss of accuracy.
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4.3 Proposed method for assessing the relative importance of coordinates

It was shown in Chapter 3 §3-4 that the instantaneous power flow
through any coordinate at a joint between two subsystems is made up of a
constant term, plus an alternating component of twice the excitation
frequency. The constant term, P,. is the time-average power flow in that
coordinate direction, and is closely related to dissipation, although it is not
entirely dependent upon it. (In an undamped system, for example, the
time-average power flow in any coordinate direction at a joint could be
non-zero if there is a closed circulation of energy, ie energy entering a
subsystem in one coordinate direction and leaving via another in such a
way that the total flow from adjacent subsystems is zero.) The alternating
component of power, P,,. is a measure of the rate at which energy is
transferred reversibly between the subsystems via that coordinate direction.

The instantaneous power as a function of time is shown in Fig.4.3.

P (¢)( )

Fig.4.3 Instantaneous power flow in any coordinate direction




Since the transmission of vibration through a structure is the result of the
propagation of energy-bearing waves, it seems reasonable to expect that the
relative importance of any coordinate in the transmission path will be
related to the extent to which it participates in the energy transmission
process. It is proposed that the relative importance of the coordinates at a
joint be assessed by comparing the magnitudes of the energy transferred
via each coordinate direction. The energy transferred, EY, is represented

by the greater of the two quantities E{2 and E in Fig.4.3. and is given

by
( ) ;;(a?t M
E® =—Z[(x-¢)cos¢ + sing)] (4.18)
where
N
YO
-39 w9
r=1
W
¢ = cos |}§T’| (4.20)

and, F, and F, are the internal forces transmitted at the joints in the ¢

and r coordinate directions repectively.

EY takes account of the energy that is irreversibly transferred, as well as

the energy that is merely swapped back and forth between the subsystems.T

t+ The method proposed here is based on energy rather than time-average power partly because
time-average power is very heavily dependent on the amount and distribution of damping. A
method based on time-average power is likely to break down when it is applied to systems that are
assumed to be undamped, whereas energy transfer dways exists whether the system is damped or

undamped.
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44 Some illustrative examples

In order to test the underlying asssumption of the proposed method a number
of simple structures were analysed. For each structure a complete analysi'[s
was first carried out, and the energy transfer in each coordinate direction
was calculated over a chosen frequency range. Based on the energy
calculations predictions were made about the relative importance of the
coupling coordinates. Further analyses were then carried out in which
various combinations of coupling coordinates were excluded, and the
responses were compared with those for the complete analysis to see if the
predictions were borne out. The Impedance Coupling computations were
performed using the computer program COUPLE1[45,46].

4.4.1 Example |

The test structure here consists of two simple Bernoulli-Euler beams
connected together as shown in Fig.4.4. The structure vibrates in one plane
under the action of a sinusoidal force of unit amplitude. The coupling
coordinates are x. y and 8. However, since the excitation is applied at
right-angles to the structure there is no motion in the x coordinate

direction, and therefore x is excluded from the analysis.

y
Exciting force Transfer response

X

Beam A Beam B

Data: Length of Beam A = 3m
Length of Beam B = 2m
Second Moment of area = 0.16667x10%m*
Cross-section area =0.20x10°m?
Density of beam material = 7850kg m™
Modulus of Elasticity = 20.7x10'°Nm
Damping loss factor = 0.10

Fig.4.4 Test structure for Example |

§ ‘Complete analysis’ refers to an analysis which includes all the coordinates at the joints

between components.
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The energy transfer for the two coordinates y and 6. are shown graphically
in Fig.4.5(a) for the frequency range 0 - IOOOHthhe time-average power and
the amplitude of the alternating component of power are also shown in
Figs.4.5(b) and 4.5(c). It is seen that the energy transfer via the two
coordinate directions are roughly equal. The same is true of the time-
average power and the alternating component of power. On the basis of the
relative magnitudes of energy transfer we would expect that the two
coordinates would be of roughly equal importance. This expectation is borne
out by the fact that when either of the coordinates is excluded from the
analysis the responses differ from the true values by similar amounts; see
Figs.4.6(a) and 4.6(b). In the case of the driving-point responses,
Fig.4.6(b), the deviations from the true responses become smaller as the
frequency increases. It was found that at high frequencies the exclusion of
both coordinates (ie completely uncoupling the two beams) has very little
effect on the driving-point responses, Fig.4.6(c). These observations are
explained by the fact that on a damped finite structure there is a frequency
above which the driving-point characteristics are approximately the same as
those of a similar structure of infinite extent [43,44]. At high
frequencies the reflected waves returning to the driving-point are heavily
attenuated, and the actual location at which the waves are reflected has
only a small effect on the driving-point response. The implication of these
observations is that when assessing the relative importance of coordinates
misleading results could be obtained if attention is restricted to driving-

point responses alone.

+ Note that in Fig.4.5(a),(b) and (c) the energy or power flow via the coordinates at the joint is
indicated for the individual coordinates. The total energy or power flow is not shown. In the
response plots, Fig.4.6(a),(b) and (c), the responses are shown for the complete analysis as well as
the responses based on various coupling conditions. Note that the legends used for the response
plots are not meant to be related to those used for the energy plots. This note applies to al the
plots in the rest of this chapter.
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Fig.4.5(a) Example I — Energy flow in coordinate directions
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Fig.4.5(c) Example 1 - Amplitude of alternating component of power
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Mobility (dB re.1ms 'N')

-55F ]
————- Beam A alone ]
Complete Analysis ]
attaasaaal i 1 Il 1 1 saaataaag I ! Il
%% 160 200 3008 400 SO0 600 700 800G 800 1000
Frequency (Hz)
Fig.4.6(c) Example | - Driving-point response of coupled structure

compared with Beam A alone

4.42 Example 11

The subsystems of the test structure are identical to those of Example I,
except that this time they are connected together at an angle of 10° as
shown in Fig.4.7. As in Example I, excitation is applied at the free end of
Beam A, and responses are obtained at both the driving-point and the free
end of Beam B. Here, a complete analysis requires the inclusion of all three
coordinates at the joint. A plot of the energy transfer in each of the three
coordinate directions is shown in Fig.4.8(a) for the frequency range 0 -
1000Hz. The transfer and driving- point responses are also shown in

Figs.4.8( b) and 4.8(c).
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Examination of Fig.4.8(a) shows that, except for the frequency range 450
- 6850Hz approx., the energy transfer in the x coordinate direction is much
smaller than that in the y and 8 coordinate directions. Also, the energy
transfer in the y and 8 coordinate directions are of about the same
magnitude. On the basis of the energy transfer we would expect that the
elimination of the x coordinate will not severely affect the accuracy of the
responses except in the 450 - 650Hz range. Fig.4.8(b) shows that outside
this particular frequency range the x coordinate may indeed be excluded from
the analysis without any serious loss of accuracy in the transfer response
calculation. Fig.4.8(c) also shows that the driving-point responses follow a
similar trend to those in Example 1. The exclusion of coordinates has a
smaller effect on the driving-point response as the frequency increases. The

explanation given for Example 1 applies here.

Mobility (dB re.1ms 'N")

—.—.— 8 Coordinate Deleted 3
-BOF .t y Coordinate Delsted 3

— = —~ z Coordinate Deleted
Complete Analysis
1

REUVITVS FUVTUTTUVT VOUTITUITS FRPPIUUUIN FUTOTOTTIN FTVUTITIE FRTTITTTE FUPTUOT | TP
0 100 200 300 400 500 600 700 800 9000 1000

Frequency (Hz)

Fig.4.8(b) Example II- Transfer response
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Fig.4.8(c) Example Il - Driving-point response

4.4.3 Example 111

The test structure here is shown in Fig.4.9. It is composed of two plane
frames which have been joined together at one point and at right-angles to
form a three-dimensional structure. An exciting force of unit amplitude is

applied in the plane of Substructure A as shown in Fig.4.9.

The energy flow via each of the six coordinates at the joint is shown in
Fig.4.10 for the frequency range 0 — 100Hz. Examination of this Figure shows
that the relative magnitudes of energy transfer in the six coordinate
directions are heavily frequency-dependent. This frequency dependence makes
an assessment of the relative importance of the coordinates rather more
difficult than the case of Examples I and Il. However, a study of the energy

transfer plot in conjunction with the response plots,
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Fig.4.1 1(a),(b),(c),(d), shows that within any frequency range the effect of
leaving out any coordinate from the analysis is directly related to the

relative magnitude of the energy transfer in that coordinate direction.

Transfer response

Substructure A

Excitation

0.55’”

Substructure B

Fig.4.9 Test structure for Example 111

Data

Cross-sectional Area = 2.0 x 10™*m*

Second moment of area, I, = 1.6667 x 10°m*
" l,, = 6.6667 x 10 m’

Density of beam material = 7850 kg m™

Modulus of Elasticity, E =20.7 x 10" Nm™

Shear Modulus, G = 7.96 x 10" Nm™

Damping loss factor,n = 0.01

Timoshenko shear coefficient = 0.8497

Torsional constant = 4.5776 x 107
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Fig.4.10 Example IIl — Energy flow in various coordinate directions

The energy transfer in the y coordinate is by far the largest. Thus, when
the y coordinate is excluded there is a very severe degradation of the
computed responses, Figs.4.11 (b) and 4.1 I(d). We must note however that
although y is by far the most important coordinate, Figs.4.12(a) and 4.12(b)
show that a single-coordinate coupling analysis is inadequate for most of
the frequency range. In the vicinity of the last resonance ( 88Hz approx. )

very much less energy is transferred in the x, z and 6, coordinate
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directions than in the other three. Thus, when any of these coordinates is
excluded the responses are still close to those for the complete analysis in
that frequency range. Indeed, Figs.4.12(a) and 4.12(b) show that an analysis
based on the y,8, and 6, coordinates alone is sufficient in this frequency
range. The energy transfer in the X coordinate direction increases very
sharply around the fourth resonance ( 54Hz approx. ). Consequently, as may
be seen from Figs.4.11(a) and 4.11(c) a marked degradation of the responses
occurs around this mode. For the second resonance ( 25Hz approx. ) the
energy transfer is high for all coordinates except x; and, as may be seen
from Figs.4.1 1 (a),(b),(c),(d), the exclusion of any coordinate except x

results in some loss of accuracy of the responses.
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Fig.4.11 (a) Example Ill = Driving-point response

with various coordinates deleted
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Fig.4.1 I(c) Example IlIl — Transfer responses
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Fig.4.12(b) Example Ill — Transfer responses
with various combinations of coordinates deleted

4.4.4 Example IV

The test structure for this example is a plane frame consisting of two
substructures which are connected together at two points, Fig.4.13. The
exciting force is in the plane of the structure, and therefore a complete

analysis requires the inclusion of three coordinates at each joint.
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Excitation

|

Substructure A

Transfer response
0.3m 0.3m

——=——=a1 Substructure B

0.5m 0.5m

Fig.4.13 Test structure for Example 1V

Cross-sectional Area = 2.0 X 10*m*

Second moment of area, I, = 1.6667 x 10" m*
Density of beam material = 7650 kg m™
Modulus of Elasticity, E =20.7 x 10" Nm™
Shear Modulus, G = 7.96 x 10 Nm™

Damping loss factor,n = 0.01

Timoshenko shear coefficient = 0.6497
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Fig.4.14 Example IV - Energy flow in various coordinate directions

The energy transfer in each of the coordinate directions is shown in
Fig.4.14. As with Example Ill, it is seen that the relative magnitudes of
energy transfer in the coordinate directions vary with frequency. However,
in this example the energy transfer is more evenly distributed among the
coordinates. The inference that may be made after examining the energy plot,

is that no single coordinate (or group of coordinates) is so unimoortant
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that it may be left out of the analysis. A study of the response plots,
Figs.4.15(a),.(b).(¢).(d), shows that this inference is correct. It is seen
that the elimination of any one of the six coordinates results in some
degradation of the coupled responses. The extent to which the responses
differ from those of the complete analysis may be predicted from the energy
transfer plot. For example, around the fifth resonance ( 93Hz approx.) the
energy transfer in each of the x,, y, and 8, coordinate directions is
greater than those in the other three directions. Consequently, when any of

these coordinates is deleted the fifth mode is missed altogether. See

Figs.4.15(a) and 4.15(b).
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Fig.4.15(a) Example IV — Driving-point responses
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Fig.4.15(d) Example IV - Transfer responses
with various coordinates deleted

4.5 Discussion

The four structures analysed in §4-4 were chosen to represent a spectrum of
cases from which the underlying assumption of the proposed method can be
verified. Examples I and Il are relatively simple cases in which the
assessment of the relative importance of coordinates is clear-cut. One
important fact brought out by both examples is that, for very highly-damped
structures vibrating at high frequency, the exclusion of coordinates at the
joints will sometimes have very little effect on driving-point response
calculations. The three-dimensional structure in Example Ill and the two-
dimensional structure in Example IV represent situations where the relative

importance of the coordinates is not very obvigus. Even in these cases there
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is still a direct correlation between the energy transfer in any coordinate
direction, and the effect on the responses of excluding the coordinate from
the analysis. Clearly, the examples presented here lend strong support to
the basic assumption of the proposed method. It must be mentioned, though.
that sometimes the only conclusion to, be drawn from an application of the
method is that none of the coordinates at the joints is so unimportant that

it may be omitted from the analysis.

The practical application of the method may present some difficulties. In
order to calculate the energy transfer in the various coordinate directions
one is required to know the frequency response properties of the subsystems,
as well as the responses (or internal transmitted forces) when the
subsystems are assembled. This amounts to being required to know the results
of the complete analysis before the analysis is carried out. One possible
way round this difficulty is to carry out a preliminary analysis over
selected parts of the frequency range. On the basis of the results any
unimportant coordinates may be excluded, and the analysis repeated for the
whole of the frequency range. However, this could lead to erroneous
conclusions in situations where the relative importance of coordinates

varies with frequency, as in some of the examples presented here.

There are a number of instances where the application of the method is not
restricted by the difficulty discussed above. These include the situation
where a particular Impedance Coupling calculation has produced inadequate
results, and one wants to find a reason for this. The method may also be
found useful in a theoretical study prior to the coupling analysis of a real
structure. In this case one would apply the method to a similar theoretical

structure, made. up of simple components like beams, springs, masses, etc.
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The results from this preliminary analysis would then form the basis for

deciding which coordinates to include in the analysis of the real structure.

One area in which the proposed method could be employed is the
interpretation of frequency response data in order to decide what vibration
control measures are necessary. Quite often one is required to compare
rotational and translational mobility data. Such a comparison is difficult
because rotational and translational mobilities have quite different units.
The results presented in this chapter suggest that this comparison could be
done on the basis of energy transfer. Another possible application of the
method proposed in this chapter is vibration path identification. By
processing the frequency response data to obtain the energy transfer in each
of the coordinate directions along various transmission paths one should be
able to assess the relative importance of the vibration transmission paths
in the structure. The potential applications of the proposed method warrant

further study.
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Chapter 5
AN EVALUATION OF THE POWER FLOW APPROACH TO

VIBRATION ISOLATION PROBLEMS

5.1 Introduction

The object of vibration isolation is to reduce vibration levels, and the
criterion for defining the effectiveness of a vibration isolation excercise
depends on the particular type of problem. Traditionally, two types of
isolation problems are considered:
(i) The requirement to reduce the transfer of vibration from a machine to
the foundation or supporting structure on which it is mounted. In this
case the effectiveness of the isolation excercise is defined in terms of
the reduction in the magnitude of the dynamic forces transmitted from the
machine to the foundation.
(ii)The requirement to isolate a piece of sensitive equipment from the
vibration of its supporting structure. The main objective of isolation in
this type of problem is to reduce the amplitude of the motion transmitted
to the sensitive equipment.
In recent publications [13,14,15], a vibration isolation method has been
proposed which aims at minimising the time-average power flow to the
structure which is being isolated. The main attraction of the method appears
to be the fact that it combines both force and motion in a single concept.
However, the proposal to measure the effectiveness of vibration isolation in
terms of the time-average power flow is based on the assumption that a
reduction in power flow will always be accompanied by a reduction in the

magnitude of transmitted force or motion, and thus an improvement in
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isolation. There is a need to test this assumption, and in this chapter an

evaluation of the proposed method is presented.

The discussion is centred around a single-stage vibration isolation system
as represented in Fig.5.1. The system consists of a rigid machine of mass M,
mounted on a flexible foundation of mobility Y,, via a massless spring of
stiffness K,. An external sinusoidal force of constant amplitude and
frequency acts on the machine. Two simple approximations for the foundation
characteristics are considered, namely, a simple one-degree-of-freedom
system and a semi-infinite beam. The influence of some of the system
parameters on the time-average power, transmitted force and motion response

is investigated.
Excitation force. Fei*t

1

Rigid Machine, M,

Isolator spring of stiffness k,

Flexible foundati
/___\ : oundation
l S with point mobility v,
\(i

Fig.5.1 Single-stage vibration isolation system
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5.2 Expressions for time—average power flow, velocity amplitudes

and force transmitted to the foundation

The time-average power flow to the foundation of the isolation system shown

in Fig.5.1is [15]

Re(Y,)
(&)? +JjwM, Y, (5.1)

1

where w?=K/Mn

The amplitude of the foundation’s velocity response is

W, = |¥,|F| :
1= () + juM, Y] (5.2)
and that of the machine is
v = (¥, +iIIF| (5.3)
" 1= (&) +jeM, Y| '

The magnitude of the force transmitted to the foundation is

|F|
[1- (&2 +jeM, Y| (5.4)

|Fy| =

5.3 Influence of changes in the machine-isolator subsystem

By inspection of equations (5.1). (5.2) and (5.4). it is seen that provided
the foundation mobility is not altered. any change in the machine-isolator
subsystem which results in a reduction of the power flow to the foundation
will be accompanied by a reduction in velocity amplitude and transmitted

force.
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The foregoing conclusion may also be arrived at by the following argument.

For the purposes of dynamic analysis we may separate the machine-isolator

subsystem from the foundation, and impose force balance and motion

compatibility at the connection point so as to ensure dynamic equivalence to

the coupled system, Fig.5.2 . The time-average power flow to the foundation

is then given by the following alternative expressions:

1
P = 5|Fr’Re{Y)

P = IVR‘—’{Yf}
av E' f‘W

and

l Fejwl

Fig.5.2 Vibration isolation system separated into components parts

(5.5)

(5.8)
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It is immediately obvious from equations (5.5) that if the characteristics
of the foundation are kept constant,then the power flow is directly
proportional to the square of the transmitted force amplitude. In view of
equation (5.6) a similar remark applies to the foundation velocity

amplitude.
5.4 Influence of changes in the characteristics of the foundation

In order to investigate the influence of changes in the characteristics of
the foundation it is necessary to assume a form for the foundation mobility.
Two assumed forms for the foundation characteristics will be considered in
turn, namely. a one-degree-of-freedom spring-mass-damper system and a semi—

infinite beam.
5.4.1 One-degree-of-freedom approximation for foundation behaviour

We shall assume that the foundation behaves like a spring-mounted mass with

hysteretic damping, i.e

- Jo
Ky — oM, + jKpn (5.7)

Y,

where XI, K, and %, are the mass, stiffness and damping loss factor
respectively.

Our attention will be restricted to an investigation of the influence of the
damping loss factor of the foundation. The influence of the foundation
characteristics depends quite heavily on the frequency of excitation, and we

shall now consider two cases.
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5.4.1.1 Case where the excitation frequency coincides with the natural

frequency of the machine-isolator subsystem.

If w = w, equations (5.1), (5.2) and (5.4) become

1,2 Re{Y,}
Fo = iy, (5.3)
|F|
IVfl = oM
m (5.9)
_ _IF]
and |Frl oM,|¥,] (5.10)

Equation (5.9) shows that at this frequency the magnitude of the foundation
velocity is independent of the foundation mobility. Therefore [V, remains

constant as the damping loss factor of the foundation subsystem is varied,

Fig.5.3(a).

Foundation velocity amplitude V| ——a

Loss factor of foundation, n

Fig.5.3(a) Variation of foundation velocity with damping
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The modulus of mobility, |Y,|, decreases as the loss factor of the
foundation is increased and, consequently, in view of equation (5.10). the

magnitude of the transmitted force increases as shown in Fig.5.3(b).

Transmicted force amplitude, IFd

Loss factor of foundation, »,

Fig.5.3(b) Variation of transmitted force with foundation damping
The time-average power flow to the foundation is proportional to the ratio
RejY{/|Y|* as may be seen from equation (5.8).

Re{Yj} K,
Now, 7,2 = (5.11)

and therefore the time-average power varies linearly with the damping loss

factor as shown in Fig.5.3(c).

o
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Time-average Power

Loss factor of foundation, ——

Fig.5.3(c) Variation of time-average power with foundation damping

Figs.5.3(b) and (c) show that a reduction of the power flow due to a change
in the level of damping will be accompanied by a reduction of the force
transmitted to the foundation. However, the foundation velocity amplitude
will remain unchanged, according to Fig.5.3(a). Therefore at this excitation
frequency, w = w, the amplitude of the foundation velocity cannot be
attenuated by reducing the time-average power if this reduction is brought

about by altering the foundation damping.
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5.4.1.2 Case where excitation frequency is much greater than the natural

frequency of the machine-isolator subsystem.

and o® <K,/M, The loci of the

Consider the situation where (w/w,)®>>1,
complex quantities of interest in equations (5.1). (5.2) and (5.4) are shown

in Fig.5.4(a). (The influence of damping on the mobility of the simple
oscillator with hysteretic damping is set out graphically in Appendix 2) By
inspection of equation (5.1), (5.2) and (5.4), and with the help of
Fig.S.d.(a))the influence of foundation damping may be determined. The power

flow, velocity amplitude, and transmitted force are shown graphically in

Figs.5.4(b),(c) and (d) respectively.

2
»
<
2
g
‘80
o~
E
L of w)?_
ocus 1—(“70) +Jmeyf
\ 1<)
]
i 7, increasing
£
5', Locus of Y;
Sy
é‘ / fol’ wz <Kf/Mf
=~
T =oc ) .
£—® K Real Axis

@o

Fig.5.4(a) Loci of various complex quantities as damping is varied
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Time-average Power

Loss factor of foundation, = ™=

Fig.5.4(b) Variation of time-average power with loss factor

Foundation velocity amplitude, Vi —a

Loss factor of foundation, n; -

Fig.5.4(c) Variation of foundation velocity with damping

Transmitted force amplitude, Fl

Loss factor of foundation, ¢ -

Fig.5.4(d) Variation of transmitted force with damping
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It is seen that any reduction in power flow achieved by varying the amount
of damping in the foundation will result in an increase of either the
transmitted force or the velocity amplitude. Therefore an improvement in
vibration isolation cannot necessarily be obtained by using alterations in

the foundation damping to reduce power flow.

5.4.2 Semi-infinite beam approximation for foundation characteristics

Very often, when the modulus of the driving-point mobility of a damped
complex structure is plotted against frequency on a log-log scale, the graph
is found to be approximately a straight line in the high frequency range. In

such cases the modulus of the mobility may be written approximately as

Y ()| = 44 (5.12)

where A and b are real constants.
The phase characteristic corresponding to a mobility modulus of this form

is [47]
bx
$w) = (5.13)
and the mobility is then given by

O =Awb[cos(%) + j sin@)] (5.14)

A semi-infinite beam is an example of a structure whose mobility modulus
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eshibits straight line characteristics when plotted on a log-log scale. The

mobility of a semi-infinite beam is [48]

Y = (EI7e) 71— ) (5.15)

This may be written in the same form as equation (5.14), with A and b given

by

4 =(E’4"_")—% and b = -} (5.16)

We shall now consider the power flow to a foundation which possesses the

characteristics of a semi-infinite beam, restricting gur attention to the

influence of the flexural stiffness, EI, of the beam.

We shall first dispose of the case where the frequency of excitation
coincides with the natural frequency of the machine-isolator subsystem. In

this case I-(w/w,) = 0, and equations (5.1), (5.2) and (5.4) may be written

as
P, _ %lFlzw—fX;%{;}p = %(E‘TS)% (5.17)
= dol (5.18)
and |Fp| = wMI,,FJIy, = ﬁ’ﬂm(E;'" 3)z (5.19)

The time-average power flow and the transmitted force amplitude are
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proportional to the fourth root of the flexural stiffness according to
equations (5.17) and (5.19). Thus, if the time-average power is reduced by
altering the flexural stiffness of the foundation the transmitted force will
decrease. However, equation (5.18) shows that the foundation velocity is
independent of the flexural stiffness and, therefore, if R an attenuation
of the velocity is desired it cannot be obtained by reducing the power flow

in this way.

The more general case where w#w, is not very easy to deal with
analytically Therefore we shall consider a specific example with the
following parameters: M, = 20.0kg, w, = 2007, m = 58.875kg/m. The time-
average power, velocity amplitude and transmitted force have been computed
for a range of flexural stiffness values at excitation frequencies of
w = 05w, and «w = 1591w, with an exciting force of unit amplitude. The
results are shown graphically in Figs.5.5(a),(b),(c) and
Figs.5.6(a),(b).(c). A study of the plots for each of these two particular
cases would again show that if the flexural stiffness is altered in such a
way that the power flow is reduced, a reduction of transmitted force or
velocity amplitude is not always assured. Therefore, in the design of a
foundation of this sort, the flexural stiffness which gives the least time-

average power will not necessarily provide the best vibration isolation.
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Fig.5.5(a) Time-average power flow to foundation {(w=0.5w,)
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100 RN T T T T ¥ T T L
90|~ ]

70

60

S0

40L

E D] E

Force Tronsmissibility( °/O)

°o 150 360 450 soLo 'Eo s&n m%n 1260 néo 1500
Flexural dtiffness, El (KNm?)

Fig.5.5(c) Force Transmissibility (w=0.5w,)




—-122-

2
°
x
]
a
©
o
e
@
>
o
1
©
£
Lt at -
2r 4
0 1 A 1 A -l 1 'l . A
0 150 300 450 600 750 900 1050 1200 1350 1500

Flexural stiffness, El (KNm?)

Fig.5.6(a) Time-average power flow to foundation (w=1.591w,)

eol M L 1 T T
1]
—"m
E 0}
K
L]
©
2
g
> so} ]
S
o
®
>
505 . s ) N A L . I
[} 158 300 450 600 750 900 1050 1200 1350 1500

Flexural diffness, EI (KNm?)
Fig.5.6(b) Amplitude of foundation velocity (w=1.591w,)

100 T T T T T

SOF

@
Q
4

~3
o

SOF

4a0F

30

Force Transmissibility (o/o )

20F

ou_ 150 _-2d0 - 450 - -600_. a0 M L L L. —
900 1050 1200 1350 1500

Flexural stiffness, EI (KNm?)
Fig.5.6(c) Force Transmissibility (w= 1.59 1w,)




-123-

5.5 Discussion

It was shown in §5-3 that provided the characteristics of the foundation
are kept constant, the time-average power flow is directly proportional to
the squares of foundation velocity and transmitted force amplitudes. This
result is not as useful as it would appear because it is not applicable if
the machine interacts with the foundation with more than one degree of
freedom. Consider a vibrating system composed of two subsystems, A and B,
linked together in n coordinate directions, Fig.5.7, with the external

exciting forces applied to subsystem A alone.

n coupling coordinates

External

exciting forces

Subsystem A —_——— = Subsystem B

Fig.5.7 Subsystems linked in n coordinate directions

The time-average power flow to subsystem B may be written as

P

av

- ‘ERe({F}"lY“”]{F}) (5.20)

where [Y®™] is the mobility matrix of B, relating to the n coupling
coordinate directions, and {F} is a vector of the forces transmitted to B.
This expression may be written more explicitly as

Py = gIFREC YY) + SIRSREAVE) + . + gIFSREY)

l n n .
+3 FFRe{Y?)
2 z z R (5.21)
s¥r

r=] s=1
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This expression may also be written in terms of the velocity responses and

the impedances of subsystem B:

1 1 1
P, = 5|V,|’Re{2‘,‘;”} + ElelzRe{Z(zg)} F ot 5|Vn|2Re{Zf:)}

n n
+1 Y Y vivRe(z®)
$r

r=1 5=l (5.22)
Equation (5.21) is difficult to interpret on account of the fact that there
are now many more transmitted forces to be considered. If the dynamic
characteristics of subsystem A are altered in such a way that the time-
average power flow is reduced, it is not certain that all the n transmitted
forces will be simultaneously reduced. It is more likely that some of the
forces will actually increase while others decrease in magnitude. There will
then be the difficulty of deciding whether or not the alteration in
subsystem A has improved or worsened the situation. The foregoing remarks

also apply to the velocities, in view of equation (5.22).

The case where the reduction of time-average power is achieved by
alterations in the characteristics of the foundation was considered in §5-4-
It was necessary to assume a form for the dynamic characteristics of the
foundation. Two such assumed forms were considered, namely, a one—degree—of—-
freedom system and a semi-infinite beam. The results show quite clearly that
a reduction of the time-average power flow to the foundation will not always
be accompanied by a decrease in the amplitudes of the force and velocity
transmitted to the foundation. Therefore, we may conclude that the design of
machinery support structures on the basis of power flow alone will not

necessarily provide good vibration isolation.
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The time-average power supplied to any subsystem of a vibrating structure is
equal to the average rate at which energy is being lost in that subsystem.
This power loss is made up of the dissipated power, Py (ie power converted
to heat by damping mechanisms), and the power radiated into the surrounding
air or other fluid medium, P, It may be argued, on the basis of energy
conservation, that if the power flowing to the subsystem is reduced then
less power will be available for sound radiation. However, the effect of a
reduction of time-average power will depend quite heavily on how the power
reduction has been brought about. It is possible to conceive of a situation
in which the power radiated remains unaltered even though the total power
flow (equal to Py, + P,,) has been reduced. Consider the vibration problem
shown schematically in Fig.5.8. Let us suppose that we are concerned about
sound radiation from the receiver which is plate-like and supports only
waves propagated via the transmission path. If, in an attempt to reduce the
total time-average power flow, the power dissipated in the receiver alone is

reduced, the result could well be an increase of the radiated power.

Transmission Path

Source —— Receiver

Fig.5.8 Schematic representation of vibration problem
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The use of power flow considerations in sound radiation problems requires
considerable caution and judgement. Even in situations where the analysis
shows that an abatement of sound radiation will result from a reduction in
the time-average power flow, care must be taken to ensure that all the
significant transmission paths have been accounted for. It has been shown,
for example, that for large resiliently-mounted engines at medium and high
frequencies the sound transmission through the surrounding air can be more
important than the transmission through a good resilient mount [49]. A
vibration isolation excercise which is successful in reducing the structure-—
borne power could well result in more power being transmitted through the

acoustic path.

The analysis presented here has been restricted to steady-state sinusoidal
excitation at discrete frequencies, and we have been concerned with
vibration responses in specific coordinate directions only. We have not
considered situations where the excitation forces are random and
distributed; nor have we considered spatial-average responses. These
considerations belong to the realm of Statistical Energy Analysis (SEA). The
literature on SEA suggests that the basic conclusion of this chapter is
equally applicable where the excitation force field is random. The design of
vibration isolation systems for random force excitation on the sole basis of
a reduction in the power flow is not likely to be satisfactory unless the
whole isolation problem is considered within the context of SEA. Outside the
framework of SEA there is no simple relationship between power flow and

vibration response.
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Chapter 6
MEASUREMENT OF TIME-AVERAGE POWER FLOW

ALONG A SIMPLE BEAM STRUCTURE

6.1 Introduction

The measurement of vibrational power flow in structures is of interest as a
means of identifying vibration transmission paths. The instantaneous power
flow across any section of a vibrating structure during steady-state forced
vibration consists of an active component, which is the time-average power,
and a reactive component which is sinusoidal and has twice the excitation
frequency. For the purpose of identifying vibration transmission paths it is
the active component of power which is of interest to us. By measuring the
magnitude as well as the direction of the time-average power flow at various
positions over a structure the major paths of energy transmission can be
identified. A decision can then be made on the appropriate vibration control
measures that are needed. These measures could involve, for example, the

application of damping materials along the transmission paths to absorb the

energy.

One of the methods available for the measurement of vibrational power flow
is that due to Noiseux [27] who proposed a method for measuring the
vibration intensity (time-average power flow per unit width of cross-
section) in uniform beams and plates vibrating in flexure. Suprisingly, his
method has received little attention until recently [28]. In this chapter

we present the results of the measurement of vibration intensity along a
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simple beam structure using Noiseux’s technique. Signal processing was done
with the Bruel & Kjaer Sound Intensity Analysing System Type 3360. The
object of the tests was to check the accuracy of Noiseux’s technique, and to

assess its acceptability for routine measurements in simple beam structures.

6.2 Theory and measuring method

One way of describing the net flow of vibrational energy at a given point in
a vibrating structure is by the vibration intensity vector, w. The
magnitude and direction of the intensity vector are defined such that the
time-average power flow per unit width in any given direction is equal to
the projection of the intensity vector, w, on this direction. A formulation
of the vibration intensity for a uniform undamped beam is now presented.
This formulation follows that presented by Noiseux [27] up to the point

where the vibration intensity transducer is considered.

Consider a uniform beam lying with its axis in the x direction and vibrating
in flexure. The flow of energy along the beam is due to a bending moment, M,

and a shear force, Q, as shown in Fig. 6.1.

z

Fig.6.1 Shear force and bending moment acting on beam cross-section
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Fig.6.2 Dynamics of beam element — positive sign convention

The shear force and bending moment acting on the cross-section whose normal
is in the +ve x direction are shown in Fig.6.1. Under the sign convention
indicated in Fig.6.2, the Bernoulli-Euler beam theory gives the following

bending moment-curvature relationship:

_ g &
M=Elgs (6.1)
while the shear force is given by
— ¢
Q= —Elg; (6.2)

where E is the hiodulus of Elasticity and I is the second moment of area. The

rotation is related to the flexural displacement, ¢, by

_ 9%
= ax (8.3)
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and the angular velocity is

The total intensity in the +ve x direction along the beam ist

wo=<-Qf>+<-MI>,
= wxf + Wem

(6.4)

(6.5)

where (.....), denotes time-averaging, and the shear force and bending

moment are calculated per unit width of the beam; w, and w,, are the force

and moment components of intensity respectively. For waves in the free-field

(see Appendix 3), the partial derivative of equation (6.1) may be written as

32
= Kt
M = ~EIk%

so that

where k is the wave number which is given by

2

k' = w'm
E1l
and iii is the mass per unit length of the beam.

It can be shown (see Appendix 3) that if the free-field solution

(6.6)

(6.7)

alone

is

considered. the force and moment components of intensity are equal, ie

w, = W,,. Equation (6.5) may then be written as

V\L = zwxf = 2wxm

=2<-Mb>,

(6.8)

T Note that'under the sign convention adopted here the rotation 8 and the moment M are in

opposite directions. The same relationship applies to ¢ and Q.
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and using equation (6.6) we have

w, =2 < Bk >, (6.9)
=2<B"zéff¥dtz>, (6.10)

2
where B=EJ= % (evaluated per unit width) and h is the thickness of the
beam.

For a pure sinusoidal vibration at an angular frequency, w, the integral in

equation (6.10) is equal to —¢/w® so that

VBm) (6.11)

Thus the measurement of the vibration intensity boils down to the
measurement of the rotational velocity and the transverse acceleration of
the beam. The transducer used to measure these quantities is shown in
Fig.6.3. It is modelled on the vibration intensity transducer used by Bruel
& Kjacr [28], and consists of two accelerometers rigidly glued onto a small

aluminium block.

£

| .

Fig.6.3 Vibration intensity transducer
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The rotational velocity is obtained from the difference of the two measured

accelerations:
i [(BoE
6= f( ot (6.12)

where Ar is the distance between the accelerometers. The transverse

acceleration. £, is found from the mean

e 1 .
= :,_‘(Ez ) (6.13)

Substitution of these into equation (6.11) yields

2./(Bm) - . £ -%
Wy = —\/—w— < %(51 + Ez) J(Ezmgl)dt >, (6-14)

The implementation of this equation is done in the B&K 3360 Sound Intensity

Analysing System, a block diagram of which is shown in Fig.6.4.

bank :{_/

Ar v

— 1.
t 1/3 - octave [} ;
Ez D"T Preamplifier pim= ADC 2 - digital filter :W Z X Ave_ragmg_
bank circuit

o 1/3 - octave m
T El D—b— Preamplifier [~ ADC [ digital filter — z

” 1.. o
E= E(E["’Ez)

Fig.6.4 Signal processing in the B&K 3360 Sound Intensity Analysing System
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6.3 Theoretical study of test structure

The most important feature of Noiseux’s technique is the assumption that the
force and moment components of intensity are equal. Indeed, the quantity
that is actually measured in a test is the moment component, w,, the total
intensity is simply taken to be equal to 2w,, For a uniform lossless beam
the relationship w,=w,, is strictly true only if measurements are made in
the free field. However, even where the measurements are not made in the
free field it is found that the force and moment components of intensity are
approximately equal under certain conditions. For example, if we consider
the near field of a semi-infinite beam excited at the tip, the force and
moment components of intensity are practically equal at distances greater
than a half wavelength from the point of excitation. (See reference 27 and
Appendix 3.) In order to ensure that our chosen test structure was amenable

to the measuring technique a theoretical study was carried out.

6.3.1 The test structure and its model

The structure chosen for the study described in this chapter consisted of an
aluminium beam one end of which was of 5-layer sandwich construction. The
damping layers were of PVC and the constraining layers were of sheet steel.

Details of the structure are given in Fig.6.5.

The test structure was modelled theoretically as a simple Bernoulli-Euler
beam with constrained layer damping applied at one end. The frequency
response data were computed using the program COUPLEI1, and the computed and
the measured driving-point mobilities are shown in Fig.6.6 and Fig.6.7

respectively. The exciting force is applied at the undamped end of the beam.
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It is seen that at low frequencies the theoretical model describes the
behaviour of the actual structure quite accurately. At higher frequencies
the measured mobility differs from that computed for the model in its
detail, but the general characteristics are similar. Because of the fact
that viscoelastic materials have properties which vary with frequency,
temperature and dynamic strain level [51], the model was not expected to
compare with the measured characteristics more favourably than this and, in
any case, an exact model is unnecessary for this kind of study. All that is

required is for the model to have the same general dynamic behaviour as the

real test structure.

Mild Steel \
PVC
\ 4

X
R e

Total length of beam = 126mm

Width of beam = 38.1mm

Struc_:tl_”al Thickness of beam = 6.35mm

Aluminium Span of constrained layer damping = 465mm
Thickness of PVC layer = 3.2mm
Thickness of constraining layer = 1.6mm

Fig.6.5 Details of test structure
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6.3.2 Corn pu ted results

The moment component of intensity, w,, was calculated as a percentage of
the total intensity, w, for various distances along the beam. The variation
of the ratio w,,/w, with distance is shown graphically in Fig.6.6 for three
excitation frequencies. Fig.6.9 also shows the variation of this ratio with
frequency at various distances. Roughly speaking, these plots take the form
that would be expected for a semi-infinite beam; see Appendix 3. The ratio
W.m/ W, increases from zero to an ‘overshoot’ value of about 60% before
settling to a value of about 50%.The ratio then remains steady up to a
certain distance from the sandwich portion of the beam. The span over which
the ratio remains steady at 50% depends on the frequency; the higher the

frequency, the longer the span.
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Fig.6.9 Computed variation of ratio w,,/w, with excitation frequency

6.4 Experimental results

6.4.1 Set-up for vibration intensity measurements

The set-up for the vibration intensity measurements is shown in Fig.6.10.
The beam was suspended from its damped end, and the excitation was applied
at the undamped end. The input force and the driving-point response were
measured using the Solartron Frequency Response Analyser. The signals from
the vibration intensity transducer were fed through charge amplifiers into

the B&K Sound Intensity Analysing System Type 3360. The main component of
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the B&K 3360 System is the Sound Intensity Analyser Type 2134. which is
primarily designed for acoustic intensity measurements and is basically a
digital frequency analyser with two input channels. The 3360 System measures
sound intensity over the 3.2Hz -10KHz frequency range in octave and third

octave bands, and displays the results in real time.

When the B&K 3360 is used for acoustic intensity measurements the
computations are based on the two-microphone method [52], employing a
finite difference approximation for calculating the particle velocity from
the pressure gradient and hence the acoustic intensity. The use of the B&K
3360 for vibration intensity measurements is possible only because the
mathematical expression for vibration intensity, as represented by equation
(6.14), is of the same form as the corresponding expression for acoustic

intensity.

The B&K 3360 displays results in octave and 1/3 octave bands, and since the
experiments involved only pure tones, it was necessary to choose each
excitation frequency to coincide with the center frequency of one of the 1/3
octave bands. During the calibration of the system various known signals
were fed from an oscillator into the analyser, and the intensity readings
were checked against the calculated values. The readings from the display
unit were found to be exactly equal to the intensities calculated from the

known signals.
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As a further check on the accuracy of the signal processing in the Intensity
Analyser, a series of tests was carried out in which the structure was
excited at a constant frequency, and the intensity was measured at a fixed
point along the beam for various magnitudes of input intensity. The input
intensity was calculated using equation (6.15) in §6.4.2, and one typical
set of results is shown graphically in Fig.6.11. The ratio w,/w,, was found
to be approximately constant for each set of tests. This result provided
further evidence of the accuracy of the Sound Intensity Analysing System. It

also boosted our confidence in the measuring technique.
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Fig.6.11. Measured variation of w, with input intensity, W,
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6.4.2 Variation of intensity with distance from driving point

The structure was excited at a fixed frequency of 315Hz, and the intensity
was measured at various distances from the point of excitation. The object
of this test was to verify the theoretical predictions of §6.3.2. ldeally,
the whole test should have been carried out with the input power held
constant, but this was not practicable owing to the need to turn off the
input when changing the position of the vibration intensity transducer.
Therefore, in addition to the intensity, w,, along the beam, the force and
acceleration at the driving point were also measured, and the input
intensity. w,. was calculated. The measurement of input force and response
represents an additional source of error which makes interpretation of
results a bit more difficult. Fortunately, as will be argued later, this is
not a significant source of error here. The variation of the ratio vxgm/w,,,
is shown graphically in Fig.6.12, and may be seen to be similar in form to
that for the ratio w,,/w, (from theoretical analysis), Fig.6.6, except that

1-

the deviations from the mean value of 50%are wider.
The input intensity was calculated using the expression

Win = ——|a||F|sin

" 2wb (6.15)

where b is the width of the beam, F is the input force, a the acceleration,
and 8 the phase angle between force and acceleration. The transducers used
for the measurements were new. Since calibration facilities were not readily
available the manufacturers’ sensitivity data was used. However, a mass
calibration test [35] yielded an inertance scale factor of unity which

helped to boost confidence in the manufacturers’ data.

t w,. isthe measured moment component of intensity. The damping between the driving point
and the point of intensity measurement is negligibly small. Therefore the total intensity, w,, at any

location should be equal to the input intensity, Wi, hence the comparison between the ratios
wo /W, (from measurement) and w,,/w, (from theoretical analysis).
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Fig.6.12 Measured variation of intensity with distance from driving-point

The main source of error in input power measurements is the phase angle. If
6 is \-cry small, sinf is very sensitive to errors. The error sensitivity of
sin0 decreases as @ increases from zero to 90” and so the influence of phase
angle errors depends on the size of the angle being measured. In this
particular test the phase angle was of the order of 20° (with small
variations as the intensity transducer was moved from one measurement point
to another). A phase angle error of the order of 3% (well within the
accuracy of the Solartron 1170) will produce a corresponding error of less
than 3% in the input intensity. Thus in this particular case the effects of

crrors in the mcasurcmcnt of input power are unlikely to be significant. The
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slight deviations of the ratio “§<’m|w"' from the expected value of 50%are

due to errors in the measurement of vibration intensity, W, along the beam.
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Fig.13 Measured variation of intensity with excitation frequency

6.4.3 Variation of intensity with excitation frequency

The vibration intensity was measured at a fixed point along the beam for
various excitation frequencies. Again, the object was to verify the results
of the theoretical study. Unfortunately, owing to the need to choose the
excitation frequencies to coincide with the center frequencies of the 1/3
octave bands on the Analyser display unit, the number of possible excitation
frequencies was very limited. Furthermore, at high frequencies the

wavelength will be very small, and the base area of the transducer will have
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to be very small in order to obtain reasonably accurate results. During the
tests it was observed that at high frequencies (greater than about 1200Hz)
the signals from the intensity transducer were quite noisy, and this was
thought to be due to the flexibility as well as the base area of the
intensity transducer. It was therefore decided to limit the tests to

frequencies below 1000Hz.

The variation of the ratio w,:m/w,,, is shown in Fig.6.13 for a measurement
50cm from the driving point. Examination of the corresponding curve in

Fig.6.9 shows that, theoretically, the ratio w/

xm/w"‘ should remain constant

at about 50%. Fig.6.13 shows that for all the eight frequencies for which
measurements were made the ratio remains within 20%of the expected value.
This comparison is quite good, considering that in this test the phase
angles were such that errors in the determination of input intensity could

not be discounted.

6.5 Discussion

The errors in the experimental results presented in the foregoing sections
may be classified into two broad groups as follows:
(i) errors arising from the inherent limitations of the measuring
technique; and
(ii) errors caused by the difficulty of measuring the required kinematic
guantities accurately.
We shall now discuss these sources of error with a view to assessing the

suitability of the method for routine application to beam structures.

The main inherent source of error is the assumption that the force and
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moment components of intensity are equal. This assumption is satisfied
exactly only if the free-field solution alone is considered. However, there
are many situations where the relationship wy=w,, IS approximately true
even in the nearfield. An example of this is a semi-infinite beam if
measurements are made at a distance greater than a half-wavelength from the
tip; see Appendix 3. The results of the theoretical study of our test
structure lead us to the view that in practice the assumption that wy,=w,,
IS not as restrictive as it appears. This view is reinforced by the results
of computations carried out for a number of finite beams. A typical set of

results is shown in Fig.6.14.
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Fig.6.14 Computed variation of ratio w,,/w, along finite beam
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Fig.6.14 shows the variation of the ratio w,,/W. with distance for a beam 1m
long and of 40mm x 10mm cross-section, excited by a force at the tip. The
beam is of mild steel and a damping loss factor of 0.01 is assumed. It is
seen from the ‘figure that provided the measurements are made at a high
enough frequency and at a distance not too close to the ends of the beam,
reasonable estimates of the vibration intensity can be obtained by assuming
wg =W, The higher the frequency the longer the span over which reasonable
measurements can be made. It is important to note that beyond a certain
distance from the driving-point the ratio w,,/w, becomes negative.
Therefore. measurement beyond this distance will result in errors in the

direction as well as the magnitude of the intensity.

Equation (6.11) shows that the measurement of intensity reduces to the
delermination of the rotational velocity, 6. and the transverse
acceleration, £. The accuracy of vibration intensity measurements depends on
how precisely these quantities can be measured. Transverse acceleration can
be measured very accurately with an ordinary linear accelerometer. However,
the rotational velocity cannot be measured easily because rotational
transducers for routine vibration measurements are not yet available. In our
experiments, the transverse and rotational motions were determined from the
mean and difference of the signals from two ordinary linear accelerometers
mounted on a block. One shortcoming of this method is that an error in one
of the measuring channels will result in errors in both ¢ and 8. When these
are subsequently used in the calculation of intensity the error is further
compounded. Small accelerometer sensitivity errors and phase mismatch of the
measuring channels will have a significant effect on the accuracy of the
vibration intensity. There will also be problems when measurements are made

near nodes and antinodes. In the vicinity of an antinode the rotation is
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small. and consequently the signals from the two accelerometers will be
nearly equal. Signal processing involving the difference of two quantities
which are nearly equal is prone to errors. A similar remark applies to the

transverse acceleration in the vicinity of a node.

A number of mobility measurements were made in an attempt to assess the
extent to which the shortcomings of the vibration intensity transducer have
affected the accuracy of the intensity measurements. The accuracy of
transverse measurements was checked against a measurement made with an
ordinary accelerometer. The transfer mobilities measured by the two methods
are shown in Fig.6.15. It is seen that the intensity transducer compares

very well with the ordinary accelerometer.

Mobility (dB re 1m/s/N)

[ ~ — — -~ Ordinary Transverse Accelerometer

[ ————— Vibration ntensity Transducer

-70L ]
10 100 1000

Frequency (Hz)

Fig.6.15 Comparison of transverse mobility measurements
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In the case of rotation the measurements were compared with those of a new
rotationall accelerometer which is still under development? Since the
rotational accelerometer has not yet been calibrated properly it cannot be
used to judge the accuracy of the vibration intensity transducer.
Nevertheless, one cannot fail to note the fact that the comparison between
the measurements obtained from these two quite different transducers is
fairly good. This observation, together with the fact that the intensity
transducer measures transverse motion quite accurately, suggests that in our
vibration intensity measurements errors caused by the shortcomings of the

intensity transducer were not very severe.
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Mobility (dB re trad/s/N)

[ - = =~ = New Rotational Accelerometer
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-50 [
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Fig.6.16 Comparison of rotational mobility measurements

T A new rotational accelerometer is currently being tested. It is. in fact, an ordinary
accelerometer which has been modified so that it is sensitive to rotation rather than
translation. That the accelerometer is sensitive to rotation has been established. What is now

required is a suitable method for calibrating it.
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The main conclusion which may be drawn from all our theoretical and
experimental results is that Noiseux's method for vibration intensity
measurements is quite accurate as far as beam structures are concerned. The
requirement that measurements be made in the free field is not very
restrictive. In practice, accurate results will be obtained provided that
measurements are not made too close to the boundaries and sources of
excitation. A more likely source of error is the measurement of rotation.
Efforts to find a simple and accurate method for the measurement of rotation

should continue.
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Chapter 7

CONCLUSIONS

Various aspects of the flow of vibrational power in structures have been

considered in this thesis. The main conclusions will now be discussed with

some suggestions for further research.

In Chapter 2 the basic power and energy relations for vibrating systems were
discussed with a study of spring-mass-damper systems, drawing on well-known
concepts in Electrical Engineering. By studying the dependence of time-—
average power, velocity amplitude and force transmissibility on frequency
and damping for the simple oscillator, it was shown that an increase of the
time-average power does not necessarily lead to a higher amplitude of
vibration response, and vice versa. A brief study of the undamped dynamic
vibration absorber system also showed that a reduction in the instantaneous
power flow to any part of a vibrating system could be accompanied by an
increase -of its amplitude of vibration. The conclusion to be drawn from
these observations is that vibrational power flow is not a suitable sole

indicator of vibration response levels.

The general procedure for calculating the power flow to the components of a
connected structure was indicated in Chapter 3. It was shown that the basic
Impedance Coupling relation cannot be derived by considering power balance
alone. This result is evidence that power flow data are of a less general
nature than frequency response data. The flow of energy in the various
coordinate directions at the joints between connected structures was also
discussed. This discussion set the scene for the proposal, in Chapter 4, of
a method for assessing the relative importance of coordinates when the

Impedance Coupling technique is used in the vibration analysis of connected
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structures. The method is based on the assumption that the relative
importance of any coordinate is determined by the magnitude of the energy
transferred in the direction of that coordinate. The proposed method was
tried on a range of test structures, and it was found that there was always
a direct correlation between the magnitude of energy transfer in any
coordinate direction and the effect on the responses of excluding that
particular coordinate from the analysis. The conclusion that may be drawn
from this is that the underlying assumption of the proposed method is sound

and that the method works.

The frequency response data for the structures studied in Chapter 4 were
generated theoretically. One way of carrying this study further would be to
apply the meth’'od to structures whose data have been determined
experimentally. The object would be to find out whether or not measured
frequency response data are accurate enough to be used in the application of
the method. Two possible applications of the proposed method which require
further study were mentioned in Chapter 4. The first is the comparison of
rotational and translational mobility data, a comparison which is difficult
because of the different units involved. It is being suggested that this
comparison could be done on the basis of energy transfer. The other
application is the assessment of the relative importance of various
vibration transmission paths in a structure. This assessment could be based
on a computation of the energy transfer via each of the groups of coordinate

directions involved.

An evaluation was presented in Chapter 5 of a method proposed in the
literature for designing vibration isolation systems. The proposed method
aims at reducing the time-average power flow to the foundation. By studying
the simple machine-isolator-foundation problem, it was shown that the method

is applicable only where the machine interacts with the foundation with one




-152~

degree of freedom, and any reduction of power flow is brought about by
altering the characteristics of the machine-isolator subsystem alone. A
number of examples were considered where a reduction of the time-average
power flow results in an increase of the amplitude of the force and motion
transmitted to the foundation. The method is not applicable where the
machine interacts with the foundation in more than one coordinate direction.
This is because power, being a single scalar quantity, cannot be directly
related to response amplitudes except in situations where the motion
response can also be represented by a single quantity. The conclusion is
that the design of vibration isolation systems on the sole basis of a
reduction of time-average power flow does not guarantee successful isolation

and, therefore, the proposed method must be applied with great caution.

Several methods have been proposed in the literature for the measurement of
vibrational power flow in structures. The method due to Noiseux has been
used for measuring the vibration intensity (time-average power flow per unit
width of cross-section) in a simple beam structure. The experimental and
theoretical results presented in Chapter 6 lead to the conclusion that
Noiseux's method is quite accurate as far as beam structures are concerned.
The requirement that measurements be made in the free-field is not very
restrictive in practice, and problems with the method are more likely to

arise from the difficulty of measuring rotational motion accurately.

Noiseux’s method is also applicable to uniform plates, and it is suggested
that a theoretical and experimental study be carried out along similar lines
to those in Chapter 6. There is also a need to carry out an experimental
study of the practical use of vibration intensity measurements in vibration
path identification. However, such a study should be preceded by efforts to
find an accurate method for the routine measurement of rotational motion. In

our experiments rotation was obtained from the difference of the signals
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from two linear accelerometers. Further studies are required to assess the
accuracy of the two-accelerometer method of measuring rotation. Efforts to

develop a simple rotational accelerometer should also be stepped up.

It has been intended to provide an answer to the following question: Is the
power flow method any better than the well-established methods based on
frequency response data? In order to answer this question it is helpful to
consider briefly the nature of the information contained in the two types of
data. Frequency response data are of a very general nature in the sense that
they represent the input-output (force-motion) characteristics of a
structure for the particular coordinates under consideration. The main
application of frequency response data is in the construction of
mathematical models of test structures for use in further vibration
analysis. One such analysis is the prediction of the dynamic characteristics
of a complex structure by using the models of its component parts.
Mathematical models may also be used to predict the response of structures
to various combinations of excitation forces and to study the effects of

modifications.

In comparison with frequency response data, power flow data are less general
because they relate to the particular excitation forces prevailing. The
information obtainable from power flow depends on the particular form in
which the data is presented. Perhaps the least useful form arises when the
data is given as a single scalar quantity representing the total time-
average power flow to a structure. It is not possible to obtain from this
data any detailed information about the dynamic characteristics of the
structure; nor is it possible to learn much about the excitation forces. A
more useful form of power flow data is a set of vibration intensity vectors
giving the magnitude and direction of the time-average power flow per unit

width at a number of points over a structure. In this form, the data could
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be used to determine the locations of high energy dissipation and to
identify vibration sources and transmission paths. At the present time it
may be argued that methods based on power flow data do not offer any
significant advantage over the more traditional methods. However, the use of
power flow and energy in vibration problems outside the context of
Statistical Energy Analysis is in its infancy and, therefore, a definitive
comparison with other methods is premature. The potential of power flow
methods is quite considerable and lies mainly in the area of diagnostics.
Unlike mobility properties, power flow characteristics may be obtained from measurements made
when a structure is in service and is vibrating as a result of forces prevailing under operating
conditions. In such a case, power measurements could provide information.
about the relative strengths of excitation sources as well as the paths by
which vibration is being transmitted. It may be argued that if the
mathematical model of a structure has been formulated, the forces causing
the vibration may be determined by using measurements of the actual
vibration levels of the structure in service. However, the determination of
excitation forces in this way is very difficult in practice. But for the
immense measurement difficulties, power flow could provide an easier way of
assessing the relative magnitudes of excitation forces. As measurement
techniques improve we can expect to see a gradual realisation of the

potential of power flow methods.

In parts of this thesis arguments have been put forward against the use of
power flow in certain vibration problems. The intention has not been to
suggest that methods based on power flow and energy are inferior to other
more traditional methods. There are certainly many uses for power flow data,
as exemplified by the method proposed in Chapter 4. Further research is
required to identify other ways in which power and energy may be used in
vibration problems. What is being urged here is that any proposed

applications should be based on results that have been proved analytically

or experimentally and not merely assumed.
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DETERMINATION OF VARIOUS AREAS UNDER INSTANTANEOUS POWER CURVE

Determination of F..,

The area labelled E,, in Fig.lIA is the same as the cross-hatched area in
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APPEND1X 1

Fig. 1 B
Erx
Fig. 1A /
" | NN
(ﬁall - Pav) t W \/
L__T/2=1r/w-—'
l
Fig. 1B P,

A
The curve in Fig. 1B is of the. form P,,cos2wt. The time t, is given by

1

t=
1 2w

cos_'(pf)

P
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The total area under the curve from -t, to t, is

4
A -ZJ‘;’.“COSZwI dt

0
A
P

alr
w

2
Now, sin2wt; = \/(] - COSsztl) =" /1 - (591)

alt

sin 2ewt,

Therefore

A
a P,
A= w“ 1—(p—)

al

™

Also, the area of the unshaded portion under the curve is
P, P,
Pcvx2’l = “‘vcos" Eav
@ ( nll)

Therefore the area of the shaded portion is
P P P P
_ Talt (Lo T e
Eg= o V1= (37) w s (5)

A

= Pi'(sin¢—¢005¢)
w

where ¢ = cos"(gﬁ)
als

Determination o.f E,,

The area E,, may be determined by using the fact that

and therefore

T
Epo: = ”E + E'ltt
= Pz + —2i(sing — pcos )
A
Plr !
= %*Cosd’ + %'(sin¢-¢cos¢)
N

= PT'“((: —¢)cos¢ + sin¢)
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APPENDI X 2

THE | NFLUENCE OF DAMPING ON THE MOBILITY OF THE SI MPLE OSCI LLATCR

The mobility of the simple I|-degree-of-freedom spring-mass system with

hysteretic damping is
e R—
k — oM + jkn

where M, k and n are respectively the mass, stiffness and hysteretic damping

loss factor.

The real and imaginary parts of the mobility are

x
Re(Y} =Gy ¥y

ok — M)
Im{Y}= (ko) + k22

Consider a plot of the mobility on the complex plane. We wish to trace the
locus of the mobility as the damping loss factor is increased from zero to
infinity, with the frequency being kept constant. We assume that the locus

is circular with centre at ( 0, w/Z(K—wZM)) and radius w/2(k-wM). If this

assumption is true then the following condition must hold:

2
Ré* + ("" _2(k—:2M) ) - (2(ka—’sz\S)

where Re=ReiY}, and Im=Im}Y}
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The above condition is equivalent to

Ré+Im*=Im—2—
(k — w2M)

Now  Re*+Im?= wkq 2 ok—w™M)
m ((k—sz)2+k2—r,2) + (\K_sz)z+kz"2 )

_ w2k2n2 + wZ(k - sz)z
[k —«?M)? + k]2

w?

T k-oM)y ki
w

k- oIM)

as was to be shown.

The locus of the mobility is shown in Figures 2A, 2B and 2C for the three

possible excitation cases.
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APPENDIX 3

ANALYSIS OF VIBRATION INTENSITY IN UNI FORM BEANS

For a uniform undamped beam vibrating in flexure at a frequency w, the

complex representation of the transverse displacement is [53]

Ex,1, 0) = &[4, (w)e 7 + Ayw)e**

+ B,(0)™** + By(w)*"] (3-1)

where A,, A, B, and B, are complex constants and k is the wavenumber.

Free-field solution

The free-field solution is represented by the first two terms of equation

(3-1):

E(x, 0)= A (@) + A ()t

(3-2)
where the time factor e has been omitted.
The transverse velocity is
_ BE . —jkx jkx
v = 22 = jo[d(we + A(w)e™]
ot J [ 1 2 (3_3)
and the shear force associated with the wave is
- &%
Q =-£1(z)
= _13 jwt - ~jkx i
= —k’E1¢Vj[A(w)e** — 4,(w)e*¥) (3-4)

where E is the Modulus of Elasticity and | is the second moment of area.
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Thus the force component of the intensity is’

Wy = —11, <Re{Q}Re{v}>,

=1—2lee{QV.} 5
3_

=2 1% |4, - |4,?) (3-5)

where b is the width of the beam and I, is the second moment of area per

unit width.

The rotational velocity is

-4

= jol=jkA @) + jkA ()]

= kA, (w)e 7 = A ()]

(3-6)
and the bending moment associated with the wave is
.. 0%
19} —El'é;-z'
- _ 2 —jkx jkx
- EIk [A](w)e +A2(w)e' ] (3_7)
Thus the moment component of the intensity is
w =“’~1—R8{Mb.}
xm 2b
_1
= SEIR (4,2~ | 4,f) (3-8)

The force and moment components of the intensity are therefore equal.

tNote that under the sign convention adopted (see Chapter 6) the shear force Q is in the -ve y
direction, and hence a negative sign is introduced in the expression for the force component of

intensity. A similar remark applies to the moment component of intensity.
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Semi-infinite beam

Consider an undamped semi-infinite beam excited at one end x=0. Since there
are no reflected waves travelling in the -vex direction the complex

amplitude of the transverse displacement is

E(x,w) = A, 4+ B (3-9)

and the amplitude of the transverse velocity is

Wx,w) = jw[d,e7** + B e (3-10)
) 3t . —jk -k
Now o = Kliae™ B (3-11)

and therefore the shear force associated with the wave is

= 635 —_ 37, —jkx —kx
0 = ~EI(535) = ~EIKAe* ~ Be™ -1

The force component of the intensity is then

wxf = -zl—bRe{Qv.}

= —-z%ke{—flkﬁmle‘f"’—B,e"“](—jw)u “ekx + BTt}
__E Ik}w
= k§
Elk’w _ . 1o .
= 02 ) Re{—|A,* - j|B,[’e** — jB 4 je7*** — B4, e T**)
E Lik’w
2

Re{|A,|* + e**[jB,A ¢+ B A4,e7F)} (3-13)

Re{(jd e~ Bie*)(jare** + B )

Now write A, =|4,|¢*  ang B, = |B,|*
so that BiA] = |4,8)|f%) = |4,B,]¢*
and B4, = | 4,8, |e7/¢r704) < | 4,8, [e™*

where ¢ = (¢5 —¢,)
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Then equation (3-13) may be written as

E k3 _ . .
o = 3 “R ef |4, + e kxlA]Bll(jlékxﬂ) N e—j(kx+¢))}

E k3
= o2 w(|A1|2 +e-k"lA]B,|[cos(kx + @) —sin(kx + 4,)])

The bending moment associated with the wave is

M = 7t 2, —jkx —kx
—Ela-i—-—Elk [4,e - B ]

and the rotational velocity is

5 — 9(%% _
b a((a{) = wk[A4,e ka_jBle_hl

The moment component of the intensity is therefore given by

Wy = -%R e{M§.}
_ E{ozk,-j"’ e{ 14, — B et [ 1* + jB e
=EI°2ka')Re{|A,|2 ~j|B,J’¢e** - B,4 ;e_k’e'kx+jB;A,e'k’e°jk’}
E lok3wR e{14,2 - -kxlAlBl|[ei(kx+o) _jPkoy
J—’%&(Mllz — %% 4,B,|[cos(kx + ¢) — sin(kx + 4>)])

The total intensity is then

Wx = wxf + wxm = E1°k3w’Al,2

If the only excitation present is a force F at x=0,then

B = _F
2E [ k3

A= 1+

(3- 14)
(3- 15)
(3- 16)
(3-17)
(3- 18)
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and the total intensity is

_ elF?
Yx T JET KD (3-19)

and the components of the intensity are

Wy = %’5[1 + e **(cos kx —sinkx)) (3-20)
= & 1 - —kx k :
Wem = 3 [1 —e ™(coskx—sinkx)) (3-21)

and

w . .
The variation of the ratios w_"f and W;"' is shown in Fig.3A It is seen
. "

that at distances greater than a half-wavelength (x>% ) from the tip of the

beam the two components of the intensity are practically equal.
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Fig.3A. Variation of components of intensity for semi-infinite beam




