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Maxwell Model

» (onstitutive modelling is the art and science of finding appropriate tensorial expressions for the
stress as a function of the deformation to match observed material behavior

» The Maxwell model is empirical (like Newton’s and Hooke’s laws) and its validity depends on
how well it predicts material behavior
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Maxwell Model eseo
Differential approach, based on “additivity” ideas of elasticity, E:.
which hold for small deformations

Viscous fluid
te=d no memory of past events
Viscoelastic
Material
Remembers where it was at t,
Hook's Law for elastic solids _
Valid for infinitesimally small displacements g(t ) o G7=/( to L )

Newton's Law for viscous fluids z'(t ) — 777/(1: )
Valid for arbitrarily large displacement gradients = =
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: 9, XY
yxy(t):_j/xy(tost) ::::
Maxwell Model - A oc:
7y (tot) = |, 7 (1)t c
Initial State:
No Force Imposed
Use of Spring
(elastic behavior) S
and dashpot f total
(fluid behavior) -
in series.
Final State:
Force, f, resist to
the displacement
<—
. J
The (small) displacements can be added
When the resistances are in
The total parallel, the Kelvin-Voigt

model is derived —

displacement is: dtotal = dsping + ddashpot
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Maxwell Model

The force on the spring: ‘|: T =GgpUspring

d (ddash)
dt

f=u

The total

Displacement diotal = dsping + ddashpot

d(dtotal) d(dsping)+ d(ddashpot)

dt dt dt

d(dtotal)_ 1 df _|_£f

dt G, dt
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Maxwell Model 0co:

:7707}yx

p df _ d(dtotal)

U

f+ — =
G, dt dt

G Relaxation
0  Modulus

ot

5227707:}

cilo
= GO

Is this generalization
correct?
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Integral form of Maxwell Model eseo
Addition of contributions of past events with “fading” E:'
memory to predict the stress at the current time:
_ The stress at time t depends on
T(t) I {( j : t)m}y(t )at’ = therateofstrzliinattimetand
the rate of strain at all past times t’

with a weighting factor that decays
— I g (-4 7/(’[ t’)dt’ exponentially (backwards) in time.
OR
The history of strain at all past times

Two parameters ~ J — 19 Relaxation 7, o
Go Time 12
Zero-Shear Fading) M "
To Viscosity (Fading) Memory function
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Maxwell Model
Predictions in
Rheological Flows

Department
Of Chemical

Engineering
John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras GhemEng .




Simple Shear Flow

Kinematics  v(y,t) = £(t)ye,

¢(t) =y, = constant

Material
Properties
T Txx — T Ty —F
B yX B . vy _ yy 7
p=2 =T P, =
Yo Yo o
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Steady Shear Flow

Tyx
Yo

Cannot Predict
Shear Thinning

n =T
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Constitutive

2':770]} Model
Tow —T
0 LIJZE yy.2 ZZ:O
Yo
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Start up of Simple Shear Flow

Kinematics v(y,t) =c(t)ye,

. . 0 ¢() O
g(t) T 7/0 H (t) Z': g(t) 0 0
Lo o0 o0
Material
Properties
Yo Yo Yo
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Start up of Simple Shear Flow

Constitutive Model

770 aT . _|_770 arxx .
7T+ = :7707/ Ux Z ot =7 s =
= G, ot = :
7 +£—(%’y=f77’ =
t(t=0)=0 wig ot
- 770 az-zz _ . _
zz 60 ot _7707/22_
8
",
+ =
e 87‘ = 1,7 ,H(7)
t t !
r(t) = jw@’j O H )t (’ﬂyojoe‘“‘”’m(t')dt'
u:_t—t'
| Mo (t-t')/ A [ Mo u o 1_a-tld
—(J%Ie a’ = (J“L//“du No¥o®' |, =Moo(1-€""")
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Start up of Simple Shear Flow oo

/2y n* ET._YX:no(l—exp(—t/Z))

Yo

It can predict the gradual
increase of shear stress

Tyx (1) = 77070 (1—€

Tw — T T
+ "X yy

Yo Yo
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Step strain Test o¢

Kinematics v(y,t) =g(t)ye,

(0 t<O
g'(t):lirrg)<7}o,0£t<g = 7,0 (t)
8_) 0 t=¢

7,€ = constant =y,

Material
Properties
T Tow — T Tyw —7T
_ Y XX yy _ W Z7
G(t,y,)=— Gy, = > Gy, = 2
Yo Yo 7o
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Step strain Test et

Tlo az ' T +ﬁarxX =1y Yy =0 =0
T+ ==pf | o o el &
=G, at L

T +ﬁaryy NoVw =0 Ty =0
Z'(t:O):O y Go ot Oa,—agy yy
. Ny 074 _
T +—- 1N =0 T, 0
72 G, ot 0732’2'
Tlo y - ot
Ty +———=1,7,0 (1)
yX G, o 0/0
t ' t '
Tyx(t ) — J_w(%je_(t—t )/1705(1:!)(:“:' _ (%)%L e—(t—t )/la(tr)dtr _ (%jj}oe_t/i
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Step strain Test

G(t) =2 =T exp(—t/ 2)

7y (1) ——y'o e !4 Yo A
GO

Predicts realistic behavior
for the Relaxation Modulus G, = G(t — O)

Tow —T
Gy = XXZW:o Gy, = W2 =0

1

Yo Yo
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Relaxation Modulus

12

AG(t) 1g

Mo 08
06 \

ﬂ-d \
ﬂ:E \
0.0 ¥-‘

8 10 \
0.01
0.001 h--

0.01 0.1 1 f 10
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Relaxation Modulus

Comparison with Experiments for polystyrene solution, Mw= 10°,
again points to the need for model improvement

10.000
G(t), Pa e
%ﬂﬁ
1.000 *@%
G, :7770 =2500Par 4\ Maxwell Model
A=150s
100 B
AT
)
3
&
A
1[} I I L |
1 10 100 1.000 10.000

time. s
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22,
i
Generalized
Maxwell model
‘ for multiple
= - - relaxation times
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Superposition of Maxwell Models with eecs
different relaxation times A >4, > .4, :
Mk o~ (-1 4
£, 0=] [ lkj (Ot
N
7(t) = ég o ®
z(t>=f_twi (ﬂe(ttm p(t)dt' =
¢ N 2N unknowns
- > ("kj e (A y(t,t')dt' (A
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Steady Simple & Step Shear o2¢

N _
T Ty —T Ty —1T
_ ¥ _Ix Ty —_W
77=._:§,77k ¥p=—7—=0 Yp=——7F—=0
Yo k=1

Cannot Predict
shear thinning

Step Shear

N
_ Mk Can describe relaxation for
G = Zlexp(_t/ﬂ“k) more extended periods of time
k=1
Tyx =T Tyw—T
G\PlE XX.2 Yy :O G\PZE W2 7 :O
Yo Yo
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[ ] ] [ ] ‘..
Comparison with Experiments ees.
Adding four Maxwell modes improves linear data b

®
10,000 | |
I.f'__“"-h-a..,____qﬁ %g E_]:"I‘qi k ;;.Ltfsj gtr"Paj

G(t). Pa =" Do

3 1300

4 50 1s00

1,000 =2
100
10 | S
1 10 100 1000 10000

time t
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SAOS ees

Kinematics  V(Y,t) =c(t)ye,
g()=yoc08(ah) | yo=7,/@

0 &) 0
y=|¢) 0 0
Material L0 0 O
Properties ( t)
T , .
o) G'sin(at) + G” cos(at)
Yo
/ T .
G'(w)=-2cos(5) G"(w)="2sin(5)
Yo Yo
Storage Modulus Loss Modulus
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0000
([ X X N

SAOS 3
°

Predictions of GMM

GMM

N
t 77 —(t-t’ k y / /
7(t) = IOOZK,TE]E (t—t')/ 2 :|;=/(t )t

G’ (0)) Z 77k/1k0)

1+ lka)

N
G"(a)): @

k1 1t (ﬂk 50)2
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SAQS prediction of the Maxwell model for ses
a single relaxation time

10

1

0.1 4

0.01

0.001

0.001 0.01 0.1 1 10 100 1000
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Comparison with experiments of GMM for :
multiple relaxation times (5 modes)

1.E+07 R —F N 2
1 e . _ f}'kﬁkﬂ}
+ G (Pa) G(f’ﬂ)—ZHM gy
1.E+06 m G" (Pa) < =l k
N
- _ .
Glo)= Z 2
1.E+05 o 1+ (L)
1.E+04 7 E:
k 2s)  gukPa) i
J 1 23E3 16 T
1.£+03 7 2 30E-4 140
! 3 30E-5 90
4 30E-6 400
15402 J 5 3.0E-7 4000
1 E+01 I/ |
1E+00  1E+01  1E+02 1E+03 1E+04 1E+05 1E+#06  1E+07

aro, rad/s
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General linear
viscoelastic model

- - -
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Boltzmann Superposition

The experiment of multiple step changes in shear

Consider a sequence of small
deformations where their

i o .
it response is linear.

Sy(ty)

For the 15 deformation the
stress is:

Ty () =G(—-1) Jy () 4 <t<t,

For the 2" deformation the
‘ i s 4 t stress is:

Ty () =Gt —1) & (1) +G(t—1;) I x(t) tp<t<ty

dy(ty)

SHEAR STRAIM

dy(t,)

N
After N deformations: 7, (t) = ZG(t—ti) F () ty <t
=1
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000
General linear viscoelastic model 253
Continuum Yy (1) N d ’
Consideration: Tyx (t) = -[O G(t —1 ) Y yx (t )
Change of AN N At
Varidbles Ay () =y () Ot
t
Ty (1) =&3(t —t') 7 (t)dt’
@ It reminds us that
inprct N\

t history of the
Ty (1) = IOG(t —t) Y yx (t")dt’ / material.
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General linear viscoelastic model $38s
Has factorized structure: Nature of fluid * Nature of flow, 7,7 E:'

r(t)=[ G(t-t') y(t')dt' =

For all stress [=

components: ¢
[ M(t-t) p(tt )t

G(t—t") :Relaxation Modulus} Nature

M (t—t')=o6G(t—t')/ at' :Memory Function J ©ffluic

t
In practice: z(t) = J‘O G (t — t') 7_/(1: ')dt’
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Steady Shear Flow :

Kinematics  v(y,t) = £(t)ye,

¢(t) =y, =constant

0 ¢ O
s = At 0 O
Material )=/ gé) 0 0
Properties
T Txx — T fw ot
B yX Ty vy _ yy 7
77:— qjl= .2 LIJZ:
7/0 7/0 7/0
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Steady Shear Flow 3
Constitutive Relation
¢ , t |
)= j_ G(t—t') y(t)dt e ®=[ GE-t) 7y ()t
7; () =0
o Ty =Tz
‘Plzrxx.zryy:() Y, = yy. =0
Yo Yo
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o000
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Steady Shear Flow :
Constitutive Relation t
t _ N\ '
ey = GE-1) 7O rp()= [ GE—t) fodt
t
- )?Oj G(t—t') dt’
With change of variables s=t—t' ds=d(t—t')=—dt’
t'=—0=s=00 t'=t=5=0
Thus: £y (t) = 7 j 'G(s) ds
0 In the LVE
T 00
The viscosity is: n = _yx = j G(s)ds -~
Yo 0
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0000
. . . L X N
Uniaxial Elongation 43
~1/2 0 0
Kinematics y=Vv+(W) =25 0 -1/2 0
B 0 0 1
L - t
Constitutive Model Z(t) :J‘ G(t _tr) y(tr)dtr
With change of variables s=t—t' ds = d(t —t’): —dt’
t'=-ow0=5=0 t'=t=5=0
(—1]2 0 0) Extensional Stress

S
z(s+t’):2éojoG(s) 0 -1/2 Olds | %&=Tu Tx
L0 0 1,
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Start-up of Steady Shear °

Kinematics  v(y,t) = £(t)ye,

SO=7H® 0 0

Material 0 0O O
Properties
T Ty — T Tw —7T
+ _ 7YX + XX yy + _ YW 7
nt=2 g = i =
Yo Yo Yo
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Start-up of Steady Shear
Constitutive Model
t
z(t) = J-_ G(t—t') y(t))dt’ 7 (t) = j_tooe(t—t') y o ()t
7; (D=0
\Pl+ _ Txx'—ZTyy —0 \P; _ TW._ZTZZ 0
Yo 7o
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Start-up of Steady Shear :

Constitutive Model

t . ’ ’
Ty (1) = jij(t —1') 7y ()’ Ty () = _[_wG(t —t') 7, H (t")dt

* t ! 4
=yo_[0(3(t—t)dt

With change of variables S—t_t' ds = d(t _t'): —dt’
t
Thus: £y () = 7o joe(s) ds
T t
The viscosity is: 77+ = _yx = j G(S)dS
Yo 0
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Cessation of Steady Shear :

Kinematics  v(y,t) = £(t)ye,

SO=7HCY o o 0

Material 0 0 O
Properties
T Tow —T Tow —7T
- yX _ XX yy - Yy .7
Yo Yo Yo
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Cessation of Steady Shear S

Constitutive Model

L t
)= G(t-t) /(t)dt p®= [ G-1) i)
7;i (1) =0
R el e L
Yo 7o
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Cessation of Steady Shear oo

Constitutive Model

t
= G —t\ ~ H R U d ’
= [ Gt-1) 7 () ORI CUPAICOL

0
_ 7oj_wG(t—t’) dt’

With Change of s=t—t' ds = d(t —t')= —dt’
Variables ,
U=—0=8=0 {=t=s=0

Hence: £ (0) = 7o j G(s) ds
{

o - Ty %
The viscosity is n — = jG(S)dS
Yo ¢
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The Linear Viscoelastic Model

Differential form of the n oT

Maxwell model r4+ 10 _=_ 7 7/
= G ot =

Integral form of the t .

Maxwell model T(t) = j (njoje—(t—t )4 }}(t’)dt’
= —0 —

Generalized Maxwell

N
model (N-Modes) 7(t) = jt Zl:(n_k)e(ttl)/ﬁk :|7}(t’)dt'
B = A N

General

t
Viscoelastic Model z(t) = J G(t —t’)}}(t’)dt'

Department
Of Chemical

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras GhemEng



Pros & Cons of GLVE Models s

« The first set of constitutive relations with "memory”
« Can predict SAOS & Step Change Flows well

 Easy Calculations

 Can approximate start-up and cessation flows

 Predict Constant shear viscosity (no shear thinning, small strain rates).

* Assume that strains can be added (small strains)

 Like in generalized Newtonian models, stresses are proportional to strain
rates. Hence they cannot predict Normal Stresses in shear flow.

« Their predictions are not frame-invariant!
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Frame Invariance

The rotating coordinate system is
related to the Cartesian one via:

{} = (X=X, Jcos(Wt) +(y -y, )sin(Wt)
y =—(X—X, )sin(Wt)+(y -y, )cos(Wt)

Constant velocity is applied on the
upper plate of a Couette device:

ux=yy where 701

The rate of strain tensor based on
the observer xyz-system is:

—sin(2Wt) cos(2wWt) 0
y=| cos(2Wt) sin(2Wt) 0 |y
N 0 0 0

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras

0

0

Yo

Steady state

shearing flow
Ux =gy

| Table rotating
{ with angular
l velocity W
l
I
|

s

The integral form of the GLVM stress tensor is

—sin(2W (t-s)) cos(2W (t-s)) 0

0

g=—IG(S)ZdS=—7IG(s) cos(2W (t—s)) sin(2W(t-s)) 0fds

0

0 0 0
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Remarks and conclusions oo

» The stress tensor depends on the rotation velocity of the moving
coordinate system!!!

» The zero-shear viscosity for t=0 is:

=-n,y = —7TG (s)cos(2Ws)ds =7, = TG (s)cos(2Ws)ds

0

Ty

Hence, it depends on the angular velocity!!!

» Also, elastic materials are analyzed under the Lagrangian framework.
Cause? The generalization of Maxwell’s equation to the tensorial form.

Thus, for viscoelastic materials, which are partially elastic, we need a better
mathematical description to study them in the Eulerian framework.

Solution ?
Objective time derivatives Of Chomieal
Engineering
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SAOS ees

Kinematics \_/(y’t) — g(t) ygx
c() =y, 008(at) ; yo=7,l@

0 ¢(t) O
y = ct) 0 O
Material B 0 0 0
Properties ( t)
T , :
Y .7/0 = G'sin(wt )+G"cos( wt)
Yo
, T
G(w)=y.—°008(5) G"(w)=-2sin(5)
0
Storage Modulus Loss Moduluz0
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SAOS ees

GVLE Predictions

z(t) = fooG(t —t)y(t)dt’ G'(w) = jOwG(s)sin(a)s)ds

G"(w) = w jowe(s) cos(ws)ds

. G'(w)
0
Compliance in Steady Flow Jg = ||m(

w—0

(G"(w))
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00
0000
X X N
SAQS
( X )
L )
RC-3 polybutadiene M,, = 940,000, M,,/M, < 1.1, T, = -99°C
RC-3 T=26C S/26/84 - 5/28/84 RATE SWEEP
"“‘m‘ r LJ l'lv'l' T T l"‘llll ™r"T v'rvtl T T |'v|rv' T T '||1"' "j
G'(w ) : 3
Mo = nm( ( )jz lim(77'(@)) ; "
w—0 I0) w—0 I
- I “‘AA.‘naubblli““““““-l
G'(@) '
]70 :; - 4d(|n(0))) ’ ]
i oou,..° . 1
2 00 E LN G E
== [ 6@ (@) -
T d— "
s B =
. (G (w T E
A; = Ilm( ( )) IG(s)sds 3
w—0 3
|8
AG Js s 770 :
)‘05’031——1—v—1—rrwq- AL A R I S AL e e e A o T T
1. 0E-Da& FREQ RAD/SEC 1. DE~D2
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O A
o0+

> fime
t0 t1

b)
€A

€0

€0+

| I » time
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SA0S

G'(w) | _ %
. j— IOG(s)sds

lim(sin(as)) =

w—0

G'(w)=w j:c;(s)sin(ws)ds

a)_[ G(s)wsds

= lim
w—0

Glw) | 1=
30 = L'ﬂ%{ : )_ , joe(s)s(s)

> > =lim
) w—0 ) w—0 a)

(G,(w)): o wjoc;(s)sin(ws)ds je(s)sds
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SAOS

Plateau Modulus
Integration of
the loss modulus

6% =2 &(@Mln(o))

RC-3 polybutadiene M, = 940,000, M, /M, < 1.1, T, = —99°C

400
'-
e
300 - .
"‘E L
g . .
S 200 | .
o ™
gy o
o [ ]
=2 100 - ®e
™ ®e
° ‘ ®e0,
[ ]
0 y . . : . :
104 103 102 101 10¢ 101 102
o (rad/s)
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Creep Test

Kinematics

v=y, ()ye,

Material Properties

0,t
oy =200
TO
Shear
Compliance

0 = 0, t<0_ H(t
m®=1 " L= RHO

3, () = 40

Recoverable
Compliance

0

In linear viscoelasticity J is independent of T,

(cm?/dyne)

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras
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o000
o000
000
0o
Creep Test T
: o |
i J(t,7,)=Js +—
5 Mo
Bl |
E I i Compliance in steady state gives a
# modulus of the final stored elastic
"o TE (] energy
ij(s)sds
0

" 1 =
Boltzmann superposition results  JJ =—| G(s)sds =

2
o ™ [ [ G (s)ds}
0

o = IOG(S)O'S 32 =77i2 [ e)slines)
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Relaxation Modulus HH

Comparison with Experiments ool
for the determination of the relaxation time

Maxwell Model
G(t) =G, exp(—t/A) co
tG(1)] ey

The function tG(t)
reaches its max value when t = A

16(t) for polybutylene of high
molecular weight Mw=940,000
and zero dispersity in the length
of macromolecular chains. The
continuous line depicts the o
predictions of the Maxwell model.

o.2T
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