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Kinematics of
Couette flow
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Couette flow in parallel plates -

—> v, (H) =V, (t) =7(t)H
—l .
e V= g(t )y €y
p g(t ) :)aetfeormation Steady Shear

X(t) _ x(t+&) W &
N

________________ Transient flow

Path lines
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Rate of deformation tensor for shear flow 13
: . OV,

Velocity Fields v=g(t)ye, c(t)= E
Rate of deformation 0 o(t) 0
tensor y=l¢(t) 0 0

0 0O O
Rate of deformati , «/7 Y -
e O F[7|=[wv+ (vo) |- 5= =[et)

Always positive It can be positive
or negative

The rate of deformation
may depend on time,
but not in space.
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Why shear-flow is a standard flow;

« It is the simplest flow field
It represents various, more complex laminar flows
* The stress tensor has a simple form: 2x2 nonzero entries
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Shear
Flows
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All possible shear flows

1. Steady shear flow v,

—> Velocity field

y VX = 7}0 y
X

2. Small amplitude oscillatory shear

Vi

<
z V, =7, cos(at) y
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All possible shear flows

3. Stress Growth

Y
X
t<O0
4. Stress relaxation
Vu
q
Y
X D)
t<0 Deparmen
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All possible shear flows

5. Step strain

“ t<0 : t>0 <t)=7,60)

6. Creep .
Fixed shear stress

<0 . t>0
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All possible shear flows 2ot

7. Constrained Recoil after steady Shear Flow

'/ :
— Cessation of shear stress

t<0
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Steady
Shear

Flow

Department
Of Chemical

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras



Steady shear flow o

— Notation
— —
Vi (X%, Y,2) =7, Y Rk 1,2,3 @& x,y,z
vy (X’ Y, Z) =0 >
Vv, (X,y,2)=0 . Kinematics
Q.'(t ) - 7./0
Material properties
z-Xy T, — T Tyy o Tzz

== W= & D) 2 Vo= -2

/4 4 /4
77 — 77(7/) l//l — W1 (7/) WZ — ’7”2 (7/) Department
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Material properties: shear viscosity g
1000p0
- A typical
@ polymeric
2 fluid
_ by E
77 IR E.-;;
V4 S& 100p0 -
= ﬂ
-
. 1000 . . .
0.01 0.1 1 10 100
- Shear Rate or Frequency (1/s)
At low shear rates the viscosity is independent of the
shear rate. It is called zero shear rate viscosity n,. .
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Material properties: ¥, :
A typical
polymeric
fluid
v, = T .—zTyy
/4

Shear Rate (s™)

|+HDL1 -+ HDB1 = HDB2 - HDB3

For Newtonian Fluids W, =y, = 0
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Material properties: shear viscosity for melts | ¢

SN S | | I Polymer melts
105 Q=B—u— =~ —
T o
—_ 5
77 . __104F - 0 - —
y oo SN
] - o
& -
- v ——— X
10° — 4 388 \\:\ —
= 403 "\\\4.\
@ ° 423 v \-\\\-.
T{K N
102 — A 443 N,
O 463 \?ev"
e 483 N
10 | |V 518 | | | 1 |
10~4 103 102 10-7 1 10 102 10° 10°
v{s~!)

Viscosity of LDPE melts at various temperatures
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Material properties: shear viscosity for solutions | ss¢
oo
] I I
L . 1.0 —]
Intrinsic viscosity: Polymer
_ Solution
[77] = Iim 77 778 [n] for polystyrene in
0 O Benzene (328 K)
- CUS o ® Trans-decalin (322 K)
C: p0|ymer' § 0.9}— @ 1 — Chiorobutane (336 K) —
CO”CC”TPGTiOH = m Cyclohexane (333 K)
Higgins Law:
n =L
773 08— —
=1+[nlc+Kk[nc®+--- | | l
-3 -2 -1 0 1
log B = log{[n}on M/RT)y
The intrinsic viscosity [n] of polystyrene in various solvents, as
a function of a normalized rate of deformation, B.
[n],: zero shear value, n, solvent viscosity. S
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Startup of
Steady

Shear Flow

or Stress
Growth
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Steady Shear Flow Startup

V,=0

. t<0

Material properties

Startup
Viscosity

Coefficient of 1st
normal stress

difference
T.,—T
+Uxx yy
Wl T .2
4

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras

t>0 Kinematics

Coefficient of 2™
normal stress

difference
Ty — Ty

W, =——
7/

Department
Of Chemical

Engineering
Chemeng " [



Material properties: Startup shear viscosity .e
Initially entangled chains, later disentangled

3 | : : 1
i Linear elastic i ()
behaViOr .;, = 107 770 }-,0_)077 7/0
nt(t)=—- é’ —rw(%)ﬂijg?f(t:?o)
A 4q 2,69
.- 10‘
10 1
0.1 1.0 10.0
TIME. s
' Department
Polystyrene solution Department
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Material properties: Startup W, *

. . v = .107
102 }FLinear elastic 170
behavior 427

¥/ (ty) Pas’

Polystyrene solution

0.1 . 1
0.1 1.0

10
TIME, s
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Cessation of
a Steady

Shear Flow
or Stress
Relaxation
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Cessation of shear flow

Y Y
t<0O t >0 Kinematics

0-10 150

Material properties 0 t=20

Coefficient of 1s' Coefficient of 2nd
Cessation normal stress normal stress
Viscosity difference difference
__T_W T T Ty Ty T,
m =— W, = .2 W, = .2
4 Y Y
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Material properties: Cessation shear viscosity

1.0
Linear elastic
behavior
y = 0278
T = 01
n (t)= r 2 L
o ~
A g ~
7 085
1.7
3.4
01}
214 108
| | A
0 2 4 6
Polyisobutylene TIME. s
solution
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Material properties: Cessation ¥,-

Linear elastic
behavior
T —T
_ _ XX yy
l/jl (t) T .2
7/ e
= 17
= 34
03 r 108
21.4
Polyisobutylene
solution 01 | L
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Small Amplitude
Oscillatory Shear:
SA0S
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Small Amplitude Oscillatory Shear (SAQS) ool

4
V, =¥, COS(at) y
X
Location of a wall-point Location of a wall-point
under steady shear under oscillatory shear
: : H . .
(1) =V, t=Hy.t |(t) = Hy, sin(at) = —y, sin(wt)
)
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Small Amplitude Oscillatory Shear (SAQS) :

_Y

displacement  y
®

sin(at) = y, sin(wt)

stress z,, =7, Sin(at +9)

= (z, cos(5) )sin(wt) +(z, sin(5) )cos(wt)
\ )

| .
"Out of phase” Fluid
with the applied
displacement

0=90

Department
Of Chemical

Engineering
John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras ChemEng .




SAQS

Viscous fluid
Viscous behavior,

Ty = 7}077” COS(COt) completely “out of phase”
with deformation

Elastic solid

. Elastic behavior,
— 7/06 Sln(a)t) completely “in phase”
with deformation

Cyx
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Complex shear modulus G~

T, =7,G'sin(at) +y,G" cos(axt)
Storage modulus G' = Qcos(é)
Yo
Loss modulus G"= 53in(5)
Yo
Complex -
Sh — / - 4
shear G (w)=G'(w)+1G"(w)

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras
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Complex viscosity  7°

Ty = v.n'sin(at) + y,n" cos(awt)

4 " ,Z.O GI
'=2o.5in(5) = n"=->-c0s(0)=—

7/0 w 7/0 w

Complex

viscosity 77* (C()) = 77’(0)) —1 77”(60)
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Material functions for SAQS

Magnitude of shear modulus G |=vG?+G"
GII
Loss angle tan(s) = o
L G
Dynamic viscosity n' = —
" G’
Out of phase component of n’ n' = —
Magnitude of complex viscosity 0’ =n'? +n"
5 1
Magnitude of complex compliance J|= ~
: y__uc
Storage compliance =T G)
Loss compliance y_ 1G”
1+tan~* (o)
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Storage and loss moduli

\ A
SUPER } LOSs
BALL | (6")
® A TENNIS  [LOSS
BALL (€")
O X
A
STORAGE
(6) STORAGE
(6)
]
- - \_( \4
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How strongly viscoelastic
is a material?

’, Gll >> Gl Gll > GI Gll —_ Gl Gl > Gll GI >> Gll
tan(o) = — Viscous behavior | Viscoelastic Elastic behavior
' behavior
tand >>1 tand <<1
tand >1 tand=1 tand <1
—> 00

—0
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rQ (L lied f coes
G' & G" vs. applied frequency
o000
(| X )
[Ford E
PDMs
1.000 .0O00E5 ?1.000E6
1.000 Ooooooooooooc 1.000E5
o]
@oeegoogoooooooooooooq
1000 0000000000000000000000005 0, 00028838 10000
0000©88@80 ;
10000 100 00" o0 ,
100 00°7 o0 % 1000
— o © i
< 2 oooo o00 OOO : @
o o 000 o OO =
— 100. : OOO OOO 00 ?100.0%
& ",‘_:&000 ° o RS
00 0° o [
10.0 00 o 0 -10.00
1000 0 % i
o° 00 [
1.00 \\00 o +1.000
0 /\ o |
e} o L
0.10 o ° +0.1000
o L
cooPDMS Extended frequency sweep 00010, Frequency sweep ste
0.010 000 ‘ ‘ 0.01000
1.000E- ELOOOE 4 OOOE 3) OlOOO O 1000 1 OOO 10 OO 100 (@]
frequency (Hz)
The amplitude of deformation can be chosen arbitrarily,
but it should be small enough. Department
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00
0000
00060
000
Loss Angle o
o
1000000 80
175
170
100000 -
: >
: 18
© 10000 1 155 »
e =
s 10&
¢ @
© 145
1000 -
T 40
1 35
100 . . . . 30
0.01 0.1 1 10 100 1000
Frequency
"
tan(o) =—  Itisafunction of temperature,

" frequency and polymer structure
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e00
0000
00060
000
o0
o
1000 - . o , : ~100.0
| Inthe linear region Non-linear region
| G is constant G =1(y)
100.0 | i =
1 L Q.
? i G/' ?n/
< ] Y
) ©
° B =
\V2)
10.00 End of LVR 8]
] ~at a critical - wn
] . o
] ~ strain y, -
1,000 T - 0,01000
0.010000  0.10000 1.0000 10.000 100.00 1000.0

% strain, y
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Concept of Linear Viscoelastic Region

“If the deformation is small, or applied sufficiently slowly, the
molecular arrangements are never far from equilibrium. The
mechanical response is then just a reflection of dynamic processes at
the molecular level which continue constantly, even for a system at
equilibrium. This is the domain of LINEAR VISCOELASTICITY. The
magnitudes of stress and strain are related linearly, and the
behavior for any liquid is completely described by a single function of
time.” (Bill Graessley, Princeton University)

Reference:
Mark, J.,et.al., Physical Properties of Polymers, American
Chemical Society, 1984, p. 102.
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Magnitude of complex viscosity

10000
m\ﬁ'
|1{1:(ﬂ3;| 1000 - ﬁ"’m'
a.s .
1DD | | | |
001 01 1 10 100 1000

2 2 -1
‘n*(w)‘:\/(é’(a))) +(6"(0)) ® (s7)
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Calculation of A, n,, J*, from SAQS

RC-3 T=25C 5/26/B4 - 5/28/84 RATE SWEEP
1. BE-OB.

G’ CAY G0

’*DE‘ﬂ!——u—ﬁ—rrn-r'— T T T T L I B R L) S R R R
1.0E-DO4 FREQ@ RAD/SEC TaEmEr,

27l w
w=10"rad /sec, 2z / » =1day
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Cox-MerZ's rule

w—>0

7'(@), =G0y +@G o)1,

n(y) =

n(y) =n'(o)

=y
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Laun’s rule

G (@))],,(C @) )

() =2o— G (o)

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras
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W=y
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A summary of
standard shear
flows,
deformations
and stresses
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00
0000
- sie
Flow Deformation ~ stress | &2
c(t) N 7y (0, 1) T yx (t)
' M !
a. Steady Yo i 7,
b = .
0 t ,{; t 0 t
s(t), ¥ (0,1) Zy (1))
b. Stress I M i
Growth 'f __ -
0 .12 {'} E 6 _t
c(t), ¥ (0, 1) 7, (1)
C. Stress Ll
Relaxation 7° A 5 nt-
0 '; 0 t
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0o
Flow Deformation  stress | 22¢
&(t) 7.0 T (0)
d. Creep ¥
- X .
0 t 0 0 t
&(t), (1)
e, 5'[&15! -‘___““—__f-
Stramn 'f ) _
0 & t t
&(t) 7y (1)

A f“rﬂ sin(@r + J)
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Summary of flows and Material Properties

Flow Material Function
Steady shear flow Y. =y =constant (7). ¥, (7). ¥, (7)
' . ' "
f'r,rweaall-amplltude oscillatory y =7, cosat lé '(:’)),:”'(’Z), ————
stress growth upon inception of | ; _o 1<0, j=7, 120 77 ¥ ) B r)
Stress relaxation after Jo=7,1<0, . =0120 (& 70), 1 (6.70), P53 (&, 70)

cessation of steady shear flow

Stress relaxation after a sudden

=9 &
shearing displacement Ve =700 G(”r 0) Gy, ("7 0)
Creep 7,=01<0, 7 _=7,120 J(/.ro)

Constrained recoil after s B, sl 7,(0- ‘. tO, 7.(‘0) Jf(to)

steady shear flow
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End of lecture
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Creep and
recoil
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Complex compliance  J° :

J () = T J'(0)—13"(w)
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Shear creep and recoil oot

6. Creep

Application of constant shear stress

Y Y
©t<0 120
7. Constrained Recoil after steady Shear Flow
L Zeroing of applied shear stress
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Of Chemical
Engineering

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras



Viscoelastic recoil
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Shear Creep

 Atsteady state, both shear stress and shear rate are constant.

* Thus at steady state (e.g. viscosity curve), the results are the same whether one
imposes the shear rate or the shear stress.

* However, the transient behaviors are described by different material functions.
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Shear creep and recoll
* Shear creep: A stress starts to be applied at t;. The
deformation y(t) is plotted as function of time
* Recoil: Stress is zeroed at t,, and deformation y(t) is
measured as function of time.
T
W | o 0, t<t
¢ ‘, (t)z{ |
+ T, Lz2t=>t)
Vp)
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Creep kinematic and Material Functions :

kinematic
0, t<O0

\_/Ej/yx(t)ygx Tyx(t)=< £>0

r

. 0’
Material functions
7 (0,1) /
J(t,To)E yXT Jr(t’,To)Eyr(t)
2.
Shear ’ Recoverable °
compliance compliance
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Shear creep and recoil:
Elastic and Viscous Materials
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Shear creep and recoil: Viscoelastic Material

creep . recoil 7,=0
7,>0 @ pgmmmmmm e m e e mm - -

Recoverable
deformation

Strain

1'1-:0 1‘2

time

Rate of deformation
reduces up to a
constant value.

Viscoelastic fluid recoils, and
reaches at a steady state, having a
permanent deformation.
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Creep compliance :
1
J(t’z-o) 77(7}t:oo)
0,t
oy =200
TO J S (TO)
the flow ability of a material
as a response of an applied
stress (~ 1/ (shear rate) )
t
It.z,) .t
(7 )
\ Steady state
compliance Department
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Creep compliance at steady state

dJ(t,z,) _dy,Ot)1 oy,
dt steadystate - dt z-o z-o

di(t,z,) Lt (47, =
dt steadystate 77(7/ oo)

Compliance at
steady state

John Tsamopoulos — Fluids Lab — Department of Chemical Engineering — University of Patras
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n(7.,)

)

Ji(7,)
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Compliance of a Newtonian Fluid

J(t)

/]

1/n
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Creep recovery o

« After the imposition of creep, the applied stress is zeroed
 Elastic and viscoelastic materials will recoil in the opposite
direction of the creep

1

J(t, z,) NG

R, (7,)
Ultimate
recoil function

0 L, t, creep

Department
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Kinematic and Material Functions

Ve =721(0,1,) = 7,,(0,1)
t

7 () =—[7(t")dt"
L

.
7 (1) =—[ y(t")dt’
0

J,(t7,) = R(t,7,) = 7Y

To

2| Department
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Recovery functions 3

(t) ‘steadystate B JS

I(t) = R(t) + -

o

0 L, t, creep
“
-1, 0 t’, recovery
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Shear recoil

e 7 recoverable
strain
* .
g — =
g total non-
- strain recoverable
? strain
fh, 1 L T T T T T T T T T T
5 =6 d
— = i |
=
It 4
[+
< |
= —glL 1
|
= -9f -
2 .
=10} .
1 | 1

PS melt
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Step stain
in shear
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Step strain in shear

5. Step strain in shear

xation

T t<0 . t>0 <(t)=7,5()

UNIVERSITY OF PATRAS
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Step strain for elastic materials ot

- Deformation is not a flow, unless the material is viscoelastic.

- If we impose an elastic solid in such a deformation, we can
calculate the shear modulus as 6.

Step strain Shear modulus

I G:Tﬂ
Yo
I OX
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Relaxation experiment for an elastic material ot

oven
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Stress relaxation experiment sees

UNIVERSITY OF PATRAS
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Relaxation experiment for a viscoelastic ot
material
+  Shear stress is decreasing
function of time. "
- Insmall deformations (in £
LVE), the ratio stress to -
deformation is only S
function of time. O Log time
- It is called shear modulus Shear deformation y, can be
G(T)i imposed via the qpplica'riop of
a large deformation rate in a

short time step

Yo = Vo
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Step strain in shear o

(0 t<0 e (b )
J(t)=limiy, O<t<e
&c—0
kO t>¢
O-

time
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Material functions for step strain o

7. (L,
Relaxation modulus G(t, 70) = yx( 4 0)
Yo
Relaxation modulus for . .
the 15t normal stress bty
difference Gt/fl (t’ /4 0) = y
0
Relaxation modulus for r —1
the 2" normal stress G (t y ) _ Ty 22
difference wa N1/ 00 y
0
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Linear Viscoelasticity 13
log G(1) >ll';t_l:l Y |
4 glassy zone g o= G0y
—— :
5 W G(t) — Iirrg TYX( )
terminal 7
-~ relaxation zone
f? ..... yenes rubbery

glass-to-rubber
transition zone

plateau

»
increasing molecular weight

* logt

Viscoelastic relaxation modulus of flexible linear polymers.

Polym J. 2009, 41(11), 929.
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Experimental observations
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o . J
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g E 3 For small deformations
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w 10 =
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Experimental observations

100
10 - y=0.52,0.76 and 1
Linear viscoelastic
G(ty) limit, G(t)
(kPa)
0.1 -
0.01 :
Time (s)
Y=|=1=—2—4 —8—18
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Gleissle’s rule :
@) =nly) n n*
t=1/y

VOSHG) Y1 ¥

n
. © [ an(x) :
¥ (N ~-2| x7* dx
1(7/) " { X }

k varies between 2<k<3, and can be calculated
with a fitting procedure
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