COUNTING CURVES AND GROMOV—WITTEN INVARIANTS

PROJECTIVE PLANE |

The complex plane C* = {(x,y) | z,y € C}
can be compactified by adding a new point,
which is called a POINT AT INFINITY, for
each direction. In this way two parallel lines
meet at the point at infinity corresponding
to their common direction. This new space
is called the PROJECTIVE PLANE and is
denoted by P%.

Points in PZ can be described by the triple
of their HOMOGENEOUS COORDINATES
xro : x1 : T3], where xg,x1,xs are arbi-
trary complex numbers such that at least
one among them is non zero. The homoge-
neous coordinates are defined up to multi-
plication by non zero complex numbers, e.g.
1:2:3] and |[—2 : —4 : —6] are the same
point of P&. The embedding C* — PZ,
called chart, is given by (z,y) — |1 : x : y]
and the points [0 : z1 : x2| constitute the
line of the points at infinity.

Distinguishing between points at infinity
and points not at infinity is not relevant,
since you may always change your coordi-
nates in order to make your favourite line
be the line at infinity. PZ is a compact topo-
logical space in a natural way and has the
structure of complex manifold.

PLANE ALGEBRAIC CURVES

The equation a;x + asy + ag = 0 gives a
line in the plane C?, if a; # 0 or ay # 0.
In order to work in the projective plane
we have to take the homogeneous equation
aoTo+ ai1xr1 +asxre = 0. The set of points of
P2 satisfying this equation is called a line in
PZ or a PLANE CURVE OF DEGREE 1.

Degree 2 polynomial equations, like z? +
> = 1, y = 2%, or z° — y* = 1, define
conics. Their projective completions, e.g.

the zero loci of x% + x5 = ¢, Toxre = T7,
or x7 — x5 = x§, are called conics in PZ or
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COUNTING PLANE CURVES

Question. How many rational plane curves of degree d pass through 3d — 1 general points?

Fix an integer d > 0. Fix points pi,...,p34—1 In general position in the projective plane

P%. Look at the following number:

Ny = #{C C IP% rational curve of degree d and such that pq,...,p3q-1 € C}.

First examples. /N; is the number of lines passing through 2 general points; theretfore
N1 = 1. N5 is the number of conics passing through 5 general points. Since a homogenous
polynomial of degree 2 in 3 variables has 6 coefficients, Ny = 1.

In general, N, is a positive number and N3 = 12, Ny = 620, N5 = 87304. These are

very non trivial results and they were the only known numbers until 1994 when M AXIM
KONTSEVICH came out with a surprising recursive formula:

3d — 4 3d — 4
N, = Ny, Ny, | d5d3 — d3d .
o= 30 N (g, ) - ()

d=d1+ds2
dq1,do ENT

His revolutionary approach introduced the MODULI SPACE OF STABLE MAPS
Mo 3q4-1(P4,d). Tt is a compact topological space with some extra algebraic structure and
its points correspond bijectively to morphisms IP% — IP)(Q: of degree d with a choice of 3d — 1
points on the domain P{. In other words, the points of Mg 34_1(P4,d) are parameterisa-
tions of plane rational curves of degree d. In this way, the number N, can be interpreted
as the degree-zero part of a homology class on Mg 34_1(P%,d) and is the first example of a
GROMOV—WITTEN INVARIANT:
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ABOUT THE GENERAL THEORY

What we said above can be broadly gener-
alised. Indeed, one may want to know the

PLANE CURVES OF DEGREE 2.

In general, fix an integer d > 0 and a ho-
mogeneous polynomial F' in the variables
xo,T1, Lo, With complex coeflicients, and de-
gree d. Then the set of points of PZ satis-
fying the equation F' = 0 is called a PLANE
CURVE OF DEGREE d.

number of curves of genus ¢ (and fixed ho-
mology class 8 € Hy(X,7Z)) lying on a pro-
jective variety X and passing trough some
submanifolds Yi,...,Y,,. This number is

denoted by <[Y1],...,[Yn]>§fn’ﬁ and called
GROMOV—WITTEN INVARIANT. One

expects to get these numbers computing in-
tegrals on the moduli space M, (X, ) of

RATIONAL CURVES .

Algebraic curves can have many shapes, as
the underlying topological space of an alge-
braic curve is a compact connected (pos-
sibly singular) space of real dimension 2.
If they are smooth, their GENUS, i.e. the
number of holes of the doughnut, is an 1m-
portant mvariant.

The Riemann sphere Pt = C U {oo} is the
unique smooth curve of genus 0. In other
words, there exists only one complex struc-
ture on the sphere S?.

An algebraic curve C' is called RATIONAL
if it is close to be P¢ in the following sense:
there must exist a non-constant morphism
Ps — C. Here, by morphism we mean
a continuous function of topological spaces
that is defined locally by polynomials.

All lines and conics are rational. Most of

the plane curves of degree > 2 are not ratio-
nal, therefore rational curves are somehow
special.

genus g stable maps with target X. How-
ever, they are extremely hard to compute,
usually rational (which is rather unsatis-
factory!) and the so called “degenerate
contributions” cause various unwanted be-
haviours.

Counting curves problems are a central topic
of research in Algebraic Geometry and Mir-
ror Symmetry and there is still a lot to un-
derstand, discover, adjust ...



