. Bifurcation Analysis in the
Imperial College Follower Force Model

LondOn Bethany Clarke*, Eric Keaveny*, Yongyun Hwang**

Department of Mathematics*/Aeronautics**, Faculty of Natural Sciences, Imperial College London CONTACT ME!

1. MOTIVATION 3. OVERVIEW OF BEHAVIOURS — INITIAL VALUE PROBLEM
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scale. Their dynamics are TRRR A G D and f to generate * Linear Whirling QP1

driven by molecular motors T P the solution space

which translocate along the » S . Initigl condition: 200 : z z z z z z z z : : : : : : : : : : : :
filament length, applying e vertically upright * x x x % % x x x| ¢ Glk Kk K k Kk k K k k k
compressive forces. Cross section Microtubule filament. {50% * x x % x x x x x\@ &\ K * k k Kk k k k&
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MT-motor systems essential | ‘ Figure 5 (right): State \ 1(')0 2(')0 | | ’ (') 0
in understanding fluid space of solutions

obtained via the IVP. Bifurcation 1

transport and cell motility. Bifurcation 2  Bifurcation3  Bifurcation4  Bifurcation 5

GOAL: to develop a
complete understanding
of the fundamental

4. BIFURCATION ANALYSIS

microtubule-motor Flgure 2 (above) A Cross- con of . . .
two cilia from [2]. The small circular Bifurcation 1: BUCkImg * =

protein model. rings shown are microtubules. * Linear stability analysis shows the steady state becomes
unstable at f = 35.3, regardless of the aspect ratio.

* At bifurcation, A € C = Hopf bifurcation.

 Two complex conjugate pairs of eigenmodes become
positive at the same time = Double Hopf Bifurcation.

* Consistent with weakly nonlinear analysis (growth of

solution scales like ~ 0(\/f — f*)).

2. THE MODEL

* To represent a single
molecular motor, we impose a
compressive force at the
filament tip (see Figure 3).

Q CONCLUSION: Figure 6 (right): Linear stability 10 |

Double Hoof Bifurcation analysis on the vertically upright ' ' . . .
P filament for various aspect ratios. 0 10 20 30 40 50 60

Figure 3 (right): A schematic of (left)
the physical problem, and (right) our
model in the discrete setting.

Dimensionless follower force, f

— . Bifurcation 2: Whirling to QP1 Bifurcation 3: QP1 to Beating « —=x

* Floquet analysis on
whirling = bifurcation
at f = 137.2.

* Floquet analysis on
beating = bifurcation
at f = 140.2.

* Filament model from [3]:
 Model filament as N segments, radius a.

60

 Segment n has position vector Y, and tangent t,,. e [VP shows stable e IVP confirms this is
* For each segment we have force and behaviour is then ~ 40— ~ where QP1 becomes
torque balances: QP1. E E unstable.
Fe —Fy = * A € C = period :520 = e 1 € R = saddle node,
Ig +Tc — TH =0 doubling or Hopf. gg 0 E pitchfork or
where F /T, are the constraint Figure 4 (above): Segments * QP1 is quasiperiodic ' transcritical.
forces/torques to enforce nandn + 1in our = not period doubling. -20 x x - x x * |VP = pitchfork.
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* In Stokes flow, velocity and angular velocity of each Bifurcation periodic whirling solution. . periodic beating solution. Pitchfork Bifurcation
segment are then found through the relation:
g =M I;H Bifurcations 4/5: Beating Onwards *— ¢ —>* Figure 3 (below): Floquet
H| analysis on the beating solution

° EXleClt apprOX|mahonS Of M can be found ® Floquet analyS|S on beatlng (Figure ‘ T1: intermittent/chaotic ‘ T2: periodic for various aspect ratios.

* Integrate the system forward in time to progress the 9) = bifurcation 4 at f* = 460 for O —a i re] | /%x

simulation, using unit quaternions to describe the rotation a=44(f"lasal). 140 1T o Eg&; —

of the local frame over time. e A € C = period doubling or Hopf. 120~ 72 =06 Img\\;
* [ = C||F|| is the nondimensional follower force, * IVP = enter a transitory region with 1op 1 @ =88, Tm() -7

controlling the strength of the force, where Cis a constant chaotic mtermfctent (T1) ar.1d periodic @ 73: periodic K*arz

depending on the bending rigidity and filament length. (T2,T3) behaviours depending on f quasiperiodic
* o = length/radius is the aspect ratio affecting the ratio and a — bifurcation classification /ﬁy

of viscous forces to elastic bending forces. depends on a!

* Increasing f we recover another
We vary f and a and observe the solution {QP2) - quasiperiodic, so y
dine behavi can’t use Floquet analysis! Figure 10 (above): Plots of filaments
corresponding nenaviours. | timest beh -20 ' ' ' '
/. CONCLUSION: Depends on ! OV€r Severe Bmes sps jor Enaviours oo | az0 | 40 0, o0 | &0
in transition/QP2 regimes.
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