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Goal

Determine fundamental limitations in control

Here: Describe the “information” needed to make a subset invariant for a
control system

A recent survey on various definitions and application areas of entropy is
Amigé et al. DCDS B (2015).

Classically, entropy is used in dynamical systems theory in order to
describe the information generated by the systems and to classify them.

Control systems:
Delchamps (1990) (ergodic theory for quantized feedback)

Topological versions have been analyzed, in particular, by

Nair, Evans, Mareels and Moran (2004)
Kawan, Springer LNM Vol. 2089 (2013)
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Control systems

We consider control system in discrete time given by
Xn4+1 = f(Xn, Un), neN = {O, ]_, },

where f : M x () — M is continuous and M and () are metric spaces.
The solution with xg = x and v = (u,) € U := QN is denoted by
¢(n, xo, u), n € N.

We assume that for every xo € Q C M there is u(x) € () with
f(x,u(x)) € Q.

What is the “information” necessary to keep the system in Q7
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Control systems

We consider control system in discrete time given by
Xn4+1 = f(Xn, Un), neN = {O, ]_, },

where f : M x () — M is continuous and M and () are metric spaces.
The solution with xg = x and v = (u,) € U := QN is denoted by
¢(n, xo, u), n € N.

We assume that for every xo € Q C M there is u(x) € () with
f(x, u(x)) € Q.

What is the “information” necessary to keep the system in Q7

Motivation: Suppose that the present state x, of the system is measured.
If the controller has complete information about the present state, it can
adjust a feedback control u(x) appropriately. However, if the measurement
is sent to the controller via a (noiseless) digital channel with bounded data
rate it is of interest to determine the minimal data rate needed to make @
invariant. More abstractly: What is the minimal average information
needed to make @ invariant?
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Overview

This talk consists of three parts:
- Some motivation from classical entropy of dynamical systems

- Topological and measure-theoretic invariance entropy for control systems

- Relations to controllability properties
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Topological entropy for dynamical systems

Let T : X — X be a continuous map on a compact metric space.
Suppose B is a finite open cover of X, i.e., the sets in B are open, their

union is X.
For an itinerary « = (By, By, ..., Bp—1) € B" let

Ba(a) = {x € X|T/(x) € Bjforj=0,..,n—1} = Byn..Nn T~ ""VB, ;.
They again form an open cover of X,
B = (B, () |a € B"}.

Denote the minimal number of elements of a subcover by N(B(").
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Topological entropy for dynamical systems

Let T : X — X be a continuous map on a compact metric space.
Suppose B is a finite open cover of X, i.e., the sets in B are open, their

union is X.
For an itinerary « = (By, By, ..., Bp—1) € B" let

By(a) = {x € X|T/(x) € Bjforj=0,.,n—1} =Bon.nT-""YB,_,.
They again form an open cover of X,
B = (B, () |a € B"}.

Denote the minimal number of elements of a subcover by N(B(").
Then the entropy of B is given by

h(B,T) = lim E log N(B(")

n—oo N

and the topological entropy of T is
htop(T) = supg h(B, T).

Adler, Konheim, McAndrew (1965)
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A classical example

Consider the logistic map on the interval X = [0, 1] given by
Fa(x) = 4x(1—x),x € [0,1].
The topological entropy of Fy is
htop(Fa) = log,2 =1 > 0.

Hence this is a chaotic map.
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Metric entropy for dynamical systems

For a probability measure p and a partition P of X the Shannon entropy

IS
— ), H(P)logu(P
pepP

Let u be invariant for a map Son X, i.e.,, u(S71B) = u(B) for all B C X.
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Metric entropy for dynamical systems

For a probability measure p and a partition P of X the Shannon entropy

is
— ) u(P)logpu(P
pepP

Let u be invariant for a map Son X, i.e.,, u(S71B) = u(B) for all B C X.
For an itinerary & = (Py, Py, ..., Pho—1) € P" let

Po(a) = {x € X |S/(x) € PJ- forall j} = PonS~1PN---NS~(-Dp, .
They vyield a partition pn) — = {Pn(a) \zx € P"} and

ha(P.S) = lim “H, (P™).

n—oo N

The Kolmogorov-Sinai entropy of S is

h.(S) = s;ij h.(P,S).
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The logistic map again

Recall
Fa(x) = 4x(1 —x) on [0, 1].

A (trivial) invariant measure is y = do with entropy hs,(Fs) = 0.
A nontrivial invariant measure is given by its density (with respect to

Lebesgue measure)
1

m,x € [0,1].

The corresponding metric entropy is
hu(Fs) =logy2 =1

(hence equal to the topological entropy).
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Comments

The Variational Principle states that
sup hy(T) = hiop(T)
M

and invariant measures y with maximal entropy, i.e., h,(T) = hsop(T),
are of special relevance.

Often, entropy can be characterized by (the positive) Lyapunov
exponents.
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Invariance entropy for control systems

Describe the minimal information to make a compact Q C M invariant
for

Xn+1 = f(Xnv Un)v up € Q,
with solutions ¢(n, xo, u), n € N, in M.

This can be done in a topological or in a measure-theoretic framework.
Topological invariance entropy is well developed. It is based on itineraries
in Q corresponding to invariant open covers of Q. They are constructed
by feedbacks keeping the system in @ and replace the open covers.

Observe: This is not directly related to the entropy of the uncontrolled
system which may behave very wildly in @, while Q itself may be
invariant. Hence the entropy of the dynamical system may be positive
while the invariance problem is trivial.
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Example

fu(x,w) = x+ocos(2rtx) + Aw+a mod 1, we Q=[-1,1].
With A =0.05,0 = 0.1, « = 0.08 consider the set @ = [0.2,0.5].

in

1]

0.

0.4 -

0.
[+ 02 0.4 [0 3] o3 10
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Topological invariance entropy for control systems

An invariant open cover Cr = (B, F) is given by T € IN, an open cover
B of Q@ and F: B — QF with

¢(j,B,F(B)) CintQ for j=1,...,T and B € B.
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Topological invariance entropy for control systems

An invariant open cover Cr = (B, F) is given by T € IN, an open cover
B of Q@ and F: B — QF with

¢(j,B,F(B)) CintQ for j=1,...,T and B € B.

For a C.-itinerary & = (By, ..., B,—1) € B" define
uy = (F(By), F(By),...) and

Bh(a) ={x € Q|eo(it,x,uy) € Bj for i =0,....,.n—1}.
These sets again form an open cover of Q,

B = (B, (a) |x € B"}.
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Topological invariance entropy for control systems

An invariant open cover Cr = (B, F) is given by T € IN, an open cover

Bof Qand F: B — QF with
¢(j,B,F(B)) CintQ for j=1,...,T and B € B.

For a C.-itinerary & = (By, ..., B,—1) € B" define
uy = (F(By), F(By),...) and

Bh(a) ={x € Q|eo(it,x,uy) € Bj for i =0,....,.n—1}.
These sets again form an open cover of Q,
B = (B, (a) |x € B"}.

The invariance entropy of C; is
1
h(Cr, Q) = lim —~log N(BM Q)
n—od

and the topological invariance entropy of Q is

hir (Q) = ot h(Ce. Q).
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Relations to data rates and coder-controllers

A coder-controller has the form H = (S, 7, d, T) where
- S = (Sk)keN denotes finite coding alphabets

- the coder mapping 7 : MH*+1 — S, associates to the present and past

states the symbol s, € S
- at time kT the controller mapping is d, : Sp X - -+ X § — QT.

The transmission data rate is

R(H) = lim mf— Z log #5;.

k—o00

‘H renders @ invariant if for every xg € Q the sequence
Xk+1 = @(T, xk, uk), k € N,
with
uk = 0k (vo(x0) Y1 (X0u X1)s -« o Y (X0, X1, ..., xk)) € QT
satisfies

@i, xk,ux) € Qforallie{l,...,7} and all k. € N.
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The data rate theorem

Theorem. For a compact and controlled invariant set @ it holds that

hP(Q) = inf R(H),

mnv

where the infimum is taken over all coder-controllers H that render @
invariant.
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Comments and some further results

- Let K C Q be compact. Then one can define (using spanning sets of
controls) the invariance entropy h,-,,v(K, Q) of K with respect to Q.

- For linear control systems in R?

Xpt1 = Axy + Bug, u, € O C R™,

with intK # @ and (A, B) controllable, A hyperbolic and () a compact
nbhd of 0, one has for K contained in the unique control set D

hi (K, D) ZAe max (0,log |A]).
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Comments and some further results

- Let K C Q be compact. Then one can define (using spanning sets of
controls) the invariance entropy h,-,,v(K, Q) of K with respect to Q.

- For linear control systems in R?
Xn+1 = Ax, + Bup, u, € Q) C R™,

with intK # @ and (A, B) controllable, A hyperbolic and () a compact
nbhd of 0, one has for K contained in the unique control set D

h’t’c',‘;, (K, D) Z/\e max (0, log |A]).

- hyperbolicity of the control flow on U X @ gives a formula in terms of
Lyapunov exponents for periodic solutions

Kawan (2014),
- also for linear control systems on Lie groups
da Silva (2014)
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Comments and some further results

Da SitvAa AND KAWAN, D1SC.CONT.DYNAM.SYST. (2016):

Theorem. Consider a uniformly hyperbolic chain control set E with
nonempty interior of a control-affine system. Additionally assume that

(i) the Lie Algebra Rank Condition holds on intD and

(ii) for each u € U there exists a unique x € E with (u,x) € E, i.e., Eisa
graph over U.

Then E is the closure of a control set D and for every compact set K C D
with positive volume,

hiny (K, D) = inf limsuplog J" ¢, ,(x)

(ux)e€ t—oo

where JT @,  (x) is the unstable determinant of dg, ,(x).
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Invariance pressure

Introduce a potential f € C(Q), R) for the control values.
Let K C Q be compacts.t. Vx € K Jue U : o(Ry,,u) C Q.

Aset S CUis a (7, K, Q)-spanning set if
Vxe K3JueS:¢(0,1]x,,u) CQ.

With (Scf)(u) := [i f(u(t))dt let

a(f, K, Q) :=inf { E e(StU). S s (1, K, Q)-spanning} :

ueS

The invariance pressure is

Piny (f, K, Q) = Iimsup1 log a-(f, K, Q).

T—00 T
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Invariance pressure for linear control systems

Consider a linear control systems in R?
x =Ax+ Bu,u(t) e Q CR",

with a compact neighborhood Q) of 0 and assume (A, B) controllable, A
hyperbolic.
For K C D, the unique control set with intD # &, one has:

-
P (f,K,D) < ZAGJ(A) max(0, Re A) +infr ;_/o f(u(s))ds,

where the infimum is taken over all T > 0 and all T-periodic controls u(-)
with values in a compact subset of intQ) and a T-periodic x(-) C intD.
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Measure-theoretic invariance entropy for control systems

Describe the minimal information to make a compact @ C M invariant
for

Xpt1 = F(Xn, tn), un € Q,
with solutions ¢(n, xo, u), n € N, in M.

We will need itineraries in Q corresponding to invariant partitions of Q.
They will be constructed by feedbacks keeping the system in @ and
replace the partitions.
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Measure-theoretic invariance entropy: the ingredients

We need
- partitions and itineraries in @ for a map S
- a probability measure (quasi-stationary)

- a notion of entropy
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Construction of metric invariance entropy: partitions

Let 77 be a probability measure on Q.
An invariant partition C; = (P, F) is given by T € IN, a partition P of
Q and F : P — Q7 such that for P € P

p(.x,F(P)) € Qforj=1,..,7T and y-a.a. x € P.
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Construction of metric invariance entropy: partitions

Let 77 be a probability measure on Q.
An invariant partition C; = (P, F) is given by T € IN, a partition P of
Q and F : P — Q7 such that for P € P

p(.x,F(P)) € Qforj=1,..,7T and y-a.a. x € P.
Define
AP)={vellp(,xu)eQ,j=1.,1,7aa. xEP} xPCUXQ

and

A=2A(C;) ={A(P)|P € P}.

Then 2 consists of pairwise disjoint subsets in U X Q.
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Construction of metric invariance entropy: control flow

Let the shift § on U = QONo be (Au), := up+1, n € N. The control system
Xp1 = f(Xp, Un), Uy € Q,
is described by the control flow given by S on U X M and its iterations,
S(u,x) := (0u, f(x,up)) for u= (u,) €U and x € M.

Then
S"(u,x) = (6"u, p(n, x,u)),n € N.

We are interested in the restriction

Soq:UXQ—UXM.
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Construction of metric invariance entropy: itineraries

A sequence & = (A(Py), ..., A(Py—1)) is called an itinerary if for
uy == (F(Po), F(P1),.... F(Pn-1))

n{xe Qle(it.x,ux) € Pj,j=0,1,..,n—1} > 0.
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Construction of metric invariance entropy: itineraries

A sequence & = (A(Py), ..., A(Py—1)) is called an itinerary if for
uy == (F(Po), F(P1),.... F(Pn-1))

n{xe Qle(it.x,ux) € Pj,j=0,1,..,n—1} > 0.
Let
A(w) = A(Po) NS TA(PY) N--- NS ITAP, 1) € S V(U x Q)
be the set of all (u, x) following this itinerary and
A" = {A(«) |a an itinerary of length n} .

Then A" consists of pairwise disjoint sets in 55(n_1)T(L{ X Q).
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Choice of the probability measure

For
Xp+1 = f(Xp, tp), up €Q, n€ N=1{0,1,...},

let v be a probability measure on ) and define Markov transition
probabilities by

p(x,B) :=v{w e Q|f(x,w) € B},BC M.
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Choice of the probability measure

For
Xp+1 = f(Xp, tp), up €Q, n€ N=1{0,1,...},

let v be a probability measure on ) and define Markov transition
probabilities by
p(x,B) :=v{w e Q|f(x,w) € B},BC M.

Let 77 be a quasi-stationary measure, i.e. a probability measure on
Q C M with

0-1(B) = /Qp(x, B)1(dx) for B C Q,

with p:= [ p(x, @)n(dx) € (0,1). 7 is stationary iff p = 1.

The measure p := v x 57 on U x Q is a conditionally invariant

measure for the control flow S.

Collett, Martinez, San Martin (2013), Méléard, Villemonais (2012)

Pianigiani and Yorke (1979), Demers and Young (2006)
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f(x,w) = x+0cos(2rtx) + Aw+amodl,w € O = [-1,1], @ = [0.2,0.5].

For the uniform distribution v on Q) = [—1, 1] one can prove that there is

a quasi-stationary measure 1 for Q.
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The entropy notion

Recall that 2(" is the collection of all sets
An(&) = A(Po) NSTTA(P) N ---N ST ITAP, ) € S V(U x Q)

consisting of the pairs (u, x) following an itinerary & = (Py, ...,

_1) e P
It does not work to use the Shannon entropy of A" w.r.t. U

Z:V )) log p(An (),

IN

since 77 is only quasi-stationary with constant p € (0,1) and p = v~ x 7.
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Construction of metric invariance entropy

Since p~! - p is a probability measure on So* (U x Q) consider
Hp*("*l)'ry (Q’[(n) (CT))

for the partition 2" (C;) in 55("71”(2/{ X Q) and then take the average
of the required information as time tends to co to get

h(Cr, Q) = |.msupiH e (A (C)),

n—oo NT
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Construction of metric invariance entropy

Since p~! - p is a probability measure on So* (U x Q) consider

Hy iy (A7 (C2))

for the partition 2" (C;) in 55("71”(2/{ X Q) and then take the average
of the required information as time tends to co to get

h(Ce¢, Q) = lim supiH n—l)'r‘u(gl(n)(c—[)).

n—oo NT

Define the metric invariance entropy for the control system as

h,’%""(Q) = lim suplgfh(cry Q),

T—00

where the infimum is taken over all invariant partitions C.(P, F).
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Relation to topological invariance entropy

Theorem. For every quasi-stationary measure 77 on Q the 7-invariance
entropy is bounded by the topological invariance entropy,

v (Q) < higy(Q).

Note that metric entropy is invariant under appropriate conjugacies.
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Conjugacies

The metric entropy is invariant under appropriate conjugacies preserving
the measure: Consider

Xn+1 = fl(Xm Un) and y,11 = f2()/nv Un) with (Un) cU.

Let u; and p, be conditionally invariant measures for Q1 and @, resp.
A bimeasurable bijection 7 : Q; — @ is a conjugacy, if

T, (n, xo, u) = @,(n, 7wxg, u) for all n >0
and idy X 7T: U X Q1 — U X Qo maps y; onto y,, i.e.,
1y ((idu x 1) (B)) = 11,(B) for all B € BU x Q).
Then

hé,"lv(Ql,Sl) = hL’;"(Qz, S).
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Invariance Entropy and Controllability Properties

For dynamical systems it is well known that the metric and the
topological entropy are already determined on the recurrent set.

What about invariance entropy?

For control systems recurrence properties are replaced by controllability
properties.

Here subsets of complete approximate controllability (in Q) are of
relevance, called control sets. They are analogous to communicating
classes.
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W-control sets

For an open subset W of the state space et q)W(n, X, u) be the trajectories
within W and define the reachable and controllable set within W by

Rw(x) = {¢y(n x,u) forsome nec N and u €U}
Cw(x) = {yeWlpy(ny u)=xforsomeneNanduvell}.
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W-control sets

For an open subset W of the state space et qu(n, X, u) be the trajectories
within W and define the reachable and controllable set within W by

Rw(x) = {¢y(n x,u) forsome nec N and u €U}

Cw(x) = {yeWle,(ny,u)=xforsomenecINanduel}.

Definition. A set D is called an invariant W-control set if

(i)
—W _

D" =Rw(x) forall x € D,

where the closure is taken with respect to W and
(ii) there is x € D with x € intCy (x).

Remark. Condition (ii) is crucial for discrete-time systems.
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Existence of invariant W-control sets

Theorem. Assume

- the state space M is a connected analytic Riemannian manifold

- W C M is connected open and relatively compact

- the control range Q) C intQ) C R™ and f : M x Q) — M is analytic

- Qgup := {w € Q|f (-, w) is submersive } is the complement of a proper
analytic subset.

Then the following are equivalent:

(i) There are at least one and at most finitely many invariant W-control
sets D and for every x € W there is D with

Rw(x)ND # .
(ii) There is a compact set F C W with

FNRw(x) # @ forall x € W.

Albertini and Sontag (1993), Wirth (1998), Patrdo and San Martin (2007)
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Invariance entropy and W-control sets

Theorem. Under the assumptions of (i) in the previous theorem let
Q:= W C M. Assume

(i) for the finitely many invariant W-control sets D;
f(U:Di, Q)N (0Q\U; D) = @.

(i) the maps f(-,w) : M — M, w € (), are nonsingular for a

quasi-stationary measure 77 (i.e. preimages of null sets are null sets).
Then

h(Q) = b (U; D).

Remark. In the continuous-time case a similar result for the topological
invariance entropy has been shown in FC/Lettau (2016).
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fu(x,w) = x + o cos(47tx) + Aw +a mod 1.

1.0
0.8
v
0.6

0.4

/—\/
0.2t
| —
0.2 .

Two W-control sets Dy and D; (to the right) in W = (0.1,0.7). The
invariance entropies for 77 on Q = [0.1,0.7] and on D, coincide.
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Final remarks

Classical entropy of dynamical systems describes the total information
generated by the system topologically or with respect to an invariant
measure.

In contrast, entropy for control systems describes the minimal
information for invariance either topologically or with respect to a

quasi-stationary measure.

The data rate theorem relates the topological invariance entropy to the
minimal bit rate needed for invariance.
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