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III. Regularity and local sensitivity analysis 
in random space

• Regularity is important to understand the solution, as well as 
numerical accuracy

• Local sensitivity analysis helps to identify sensitive or 
insensitivy input parameters

• Our analysis is based on hypocoervicity theory, originally 
developed by deterministic kinetic equations (Herou-Nier, 
Villani, Guo,  Desvillettes, Mouhot-Newmann, Briant,  
Doubeault-Mouhot-Schmieser) 

• It allows us to establish regularity, local sensitivity, long-time 
behavior of the solution in random space; it also allows to 
prove (uniform) spectral accuracy and long time exponential 
decay of gPC-SG errors











Linear transport equation with uncertainty: 
Jin-J.-G. Liu-Ma RMS ‘17

• Define the following norms



Uniform regularity

• The regularity in the random space is 
preserved in time, uniformly in

• A good problem to use the gPC-SG for UQ 



Key estimates



uniform spectral convergence (sAP)





General collisional kinetic equations (Jin-L. Liu MMS ‘18)

• Also relevant contributions from Y. Zhu and R. Shu



The Boltzmann equation with uncertain initial data







A Lyapunov functional (following Briant)











For small random perturbation











Vlasov-Poisson-Fokker-Planck system (J., & Y. Zhu, SIMA ‘18)



Asymptotic regimes

• High field regime: 

• Parabolic regime:



Norms and energies



hypocoercivity

• Linearized Fokker-Planck operator

• Duan-Fornaiser-Toscani ‘10





Uniform regularity and convergence to the global equilibrium

• Initial  data larger than those obtained by Hwang-Jang (‘13)



gPC-SG for many different kinetic equations

• Boltzmann: a fast algorithm for collision operator     (J. Hu-Jin, JCP ‘16), 
sparse grid for high dimensional random space (J. Hu-Jin-R. Shu ‘16):  
initial regularity in the random space is preserved in time;   but not clear 
whether it is unifornly stable in the fluid dynamics limit (s-AP?):  gPC-SG 
for nonlinear hyperbolic system is not globally hpperbolic! (APUQ is open)

• Landau equation (J. Hu-Jin-R. Shu, ‘16): not able to prove regularity result 
in the random space (APUQ is open)

• Semiconductor Boltzmann-drift diffusion limit (uniform regularity.  Jin-L. 
Liu  MMS 17,  Uniform spectral convergence is open)

• Radiative heat transfer (APUQ OK: Jin-H. Lu  JCP‘17): proof of regularity in 
random space for linearized problem (nonlinear?  Open)

• Kinetic-incompresssible fluid couple models for disperse two phase flow: 
(efficient algorithm in multi-D:  Jin-Shu.)
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