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Ill. Regularity and local sensitivity analysis
in random space

Regularity is important to understand the solution, as well as
numerical accuracy

Local sensitivity analysis helps to identify sensitive or
insensitivy input parameters

Our analysis is based on hypocoervicity theory, originally
developed by deterministic kinetic equations (Herou-Nier,
Villani, Guo, Desvillettes, Mouhot-Newmann, Briant,
Doubeault-Mouhot-Schmieser)

It allows us to establish regularity, local sensitivity, long-time
behavior of the solution in random space; it also allows to
prove (uniform) spectral accuracy and long time exponential
decay of gPC-SG errors



Energy estimate (linear)

* Model problem Of+v-Vf =0(z)L(f)
* Energy estimate
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o |
SOl = a(2) / / L(f)f dvde < —coo|| f*

Spectral gap of collision operator

{1 :projection onto the
orthogonal complement of N(L)

[ Lo <=l

To obtain exponential decay in time, one needs the
dissipation in macroscopic quantities (inside N(L) )



entropy decay in inhomogeneous Boltzmann equation

@ simulation of 142 D Boltzmann equation: wavy entropy decay

@ — — — Hy(t): relative entropy w.r.t. the global Maxwellian
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Ref: [Filbet-Mouhot-Pareschi] 2006



Hypocoercivity
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8tv(f) < —cV(f) Lyapunov functional

Herau-Nier (2004), Mouhot-Neumann (2006), ...



Z-derivatives

hf+uv-Vof =a(z)L(f)

o » _ SR\
KO f 4+ vV, 08 f = a(2)L(I"f) + S, Sy = Z Lo L(OETf),
——— e ~— 1 i

source terms only involve

Main part is the same equation LOWER order z-derivatives

 Use good terms from lower order z-derivative estimate
k—1

e Energy functional: E = ||0% f||* + chua;;;fu?
j=0

* Hypocoercivity can be applied similarly

Jin-Liu-Ma (2017), Jin-Liu (2017), Li-Wang (2017), Liu (2017)



Linear transport equation with uncertainty:
Jin-J.-G. Liu-Ma RMS ‘17

* Define the following norms

(foa)o= | f2)g(x)w(z)dz |IfIIE = (. Fle

Rd

| f(t, x, v, )Hiﬂ» = Z | DYf(t.x, v, )|

a<k

£ (2, HF /Hff €T, U, | da do



Uniform regularity

 The regularity in the random space is

preserved in time, uniformly in <
DFf(t,z,v,2) =0 f(t,x,v,2)
Theorem 4.1 (Uniform regularity). Assume
o(2) 2 Omn > 0.
If for some integer m > 0,
|D*o(2)||L < Cs ID* follr(o) < Co. k=0,...,m,

then
|D* flre < C, k=0,---,m, ¥t>0,

where C,, Cy and C' are constants independent of «.

A good problem to use the gPC-SG for UQ



Key estimates

Energy estimate: We will establish the following energy estimate by using
Mathematical Induction with respect to k: for any k& > 0, there exist k
constants ¢; >0, j=0,..., k — 1 such that

k—1 ‘ _QO-min” [.ﬂ _ f||12—~(t) k=0,
20,(ID" Flly + D el DR ) < 2
/=0 _O'min”Dk([f] - f)”l"(t) k Z 1.

Theorem 4.2 (Estimate on [f] — f). With all the assumptions in The-
orem 4.1 and Lemma 4.2, for a given time 1" > 0, the following reqularity

result of [f] — f holds:
ID*([f] = DllEe
< e DR o] = follfey + €' (1) (54)
< C(T)e,

for any t € (0,T] and 0 < k < m,, where C'(T) and C(T) are constants
depending on T



uniform spectral convergence (sAP)

Theorem 4.3 (Uniformly convergence in €). Assume
U(:) 2 Omin ~ 0.

If for some integer m > 0,

lo()lar < Co ID” follrw) < Co. 1D (O fo)llw € Cor k=0.....m.
(82)
Then the error of the whole gPC-SG method is
L, (T N
1f = fallre < \(;) (83)

where C(T) is a constant independent of .



Uniform stability

* For a fully discrete scheme based on the
deterministic micro-macro decomposition

(f=M + g) based approach (Klar-Schmeiser, Lemou-
Mieusseun) approach, we can also prove the
following uniform stability:

O min 9 25
AIH + ?A;ﬂl’.‘-.

At <
- 3




General collisional kinetic equations (Jin-L. Liu MMS ‘18)

Of + v Vaf = 1120,

FO v, 2) = fin(r,v,2), reQcT. veRY el R
perturbative setting f=M+4€eMh

(avoid compressible Euler limit, thus shocks):

_l?
Global Maxwellian M= 2m) e 2 M=+VM
Euler (acoustic scaling) -

Oth +v-Vih = £1:(}?) + F(h.,h)
€

(incompressible) Navier-Stokes scaling

dih + it' -Vieh = %E(h) + 1.7:(h.h)
€ € €

Why it works: hypocoercivity decay of the linaar part dominates the
bounded (weaker) nonlinear part

* Also relevant contributions from Y. Zhu and R. Shu



The Boltzmann equation with uncertain initial data

hypocoercivity

(h, L(h))pz < =A™ ]|a2

ht =h—Tiz(h)

IIz(h) is the orthogonal projection in L7 on N (L)
17]la, = [1R(1 + [0])?72]| L2

- Ala == {1 1A ez

N(L) = Span{f‘.f. vy M, - L vg M. |-ar|2ﬁ.[} — Span{apl. . _(rgn}‘ n—di2



Boundedness of the nonlinear term

(@ F(h,h), flis,| <

G (hoh)|[flla. it #0.
G (R h) | f]a - if j =0.

there exists a z-independent C'~ > 0 such that

Y (G (o h))? < Cr bl IRl G

|| <r
Z (Gl (h. 1)) < CF ”th'Ij"'L% ||h‘|%[\
m|<r '
e = 32 10™hIEs W2 = 32 110m R,
jm]<r jm|<r
Wl By = 3 107 R s Bl = 30 ll0™hlly
|m|<r lm|<r

[y = > Nlo7rl

|7+ <s



Convergence to global equilibrium
(random initial data)

Assume ||hin||gs L < Cr, then
* Forincompressible N-S scaling:

hellnzgre < Cre™™ . lhellmg uy < Cre™".

* For Euler (acoustic) scaling:

—€Tst —€Tst

Hh(HHeré‘ E (i.qf ||]J(|‘H;H; S (SR ¢



A Lyapunov functional (following Briant)

1B, = D IO =Te) - |32 + D e (10 [,

G+ <s,[7]=1 11|<s

+ Z € a.gj? (O 5., 0P )2

I1|<s,1,¢;(1)>0

He ~ |- llHg,



Random collision kernel

B(|v —vyl|.cosb., z) = ¢(|v — vy|) b(cos b, =). O(§) = Cy &7, with v € [0, 1],

Vn e [—1,1], 6(7, )| < Ch. |Oyb(n, z)| < Cp, and |£‘)§h{?}, )| <CE. V0L E<r.

* Need to use a weighted Sobolev norm in random
space as in Jin-Ma-J.G. Liu

-
H.‘7||Lf:__.*;,’ = Z C"m,rﬂ Ham.‘~7||L§J.-

m=0

* Similar decay rates can be obtained



gPC—SG approximation

f(t,x, v, Z fa(t, o, ) (z) = 5t e, v, 2).

k|=1

[k[=1
( - 1 1 K 1 K 1K
Othg + —v - Vahx = 5Lk (h™) + =Fk(h™, h7),
: - €
\ hi (0, ., v) = h..{f{(.r. v), reQcTe veRY,




Spectral accuracy
for gPC-sG

hf+v-Vof =L(f)+T(f. f)
K
Defi +v-Vafe=L(fr) + > S (fi, ;)

i,j=1
1 K K K
Z5 D flP<ted IAPHC > 1Sarllf AL
k=1 k=1 i3 k=1
K good terms K”3 bad terms

This will require the small data assumption

depending on K g _ f R
. . . ik = | 0i0;0rm(2) dz.
Not good, since K is a numerical parameters




K
Oifre +v-Vaofi = L(fi) + Z Siitl'(fi, f5)

af%Z/f

|

K
felP<—e )|

k=1

Weighted sum

* With the technical assumption |S;z| < k7,

1*.?:1

e

ks ,

K
+C Z |Sijk

1*3*’;‘:1

4
i9j4

gain

. [’ f ) .
J I

the bad terms can be controlled, with small data assumptions
independent of K.

¢ This holds for most cases with bounded random domain

Shu-dJin (2017)

jq

filll

q > p+ 2, we showed that

3l



For small random perturbation

e Assumptions: z bounded
10.b| < O(€)

(following R. Shu-Jin) g || e < CEP, V k.

Let ¢ > p + 2, define the energy EX by

E*(t)=FEZ&,(t Z kP |35



Regularity and exponential decay
(i) Under the incompressible Navier-Stokes scaling,

EK(f) < }}F_Tt W’I{HH_;“,_{,LQC < I;r-'_ﬂ'

(121) Under the acoustic scaling,

Fa

EK (_{_) E ”(;—CTf . ||]-’KHH;FL?~’ S ”(_—ETL



gPC-SG error

Theorem 5.3. Suppose the assumptions on the collision kernel and basis functions in Theorem

5.1 are satisfied, then

(1) Under the incompressible Navier-Stokes scaling,

— Al
e ) R € ;o)
0l < €. (5.22)
(it) Under the acoustic scaling,
_—€AL
Rl g < Cp —— 5.23
H ||Hz_ e Kr { :'

-t

with the constants Ce, A > 0 independent of K and €.

e M = [, 7wz
/i,



What about variance?

* By Parseval’s identity, our results directly imply
the same accuracy and decay rate for the
variance, since the global equilibrium is

deterministic



A general framework

* This framework works for general linear and
nonlinear collisional kinetic equations

* Linear and nonlinear Boltzmann, Landau,
relaxation-type quantum Boltzmann, etc.

* Also works for non-collision kinetic equation:
Vlasov-Poisson-Fokker-Planck system (J-Y. Zhu)



Vlasov-Poisson-Fokker-Planck system (J., & Y. Zhu, SIMA ‘18)

()tf—i_%VVXf_%VXOV‘Vf: éff
—Nxp=p—1, t>0, xeQcRN, veRY, zel,.

Fr=v-(uv (< M= e
h= ( (ﬁn T

f0,x,v.z) = fP(x.v.z). xeQ veR", zel,.

\




Asymptotic regimes

* High field regime: 0 =1

dep+ V- (pVxo) = 0.
—Axdo=p—1,

e Parabolic regime: 0 =€

(

Oep —V - (Vxp — pVxo) =0,
— DNy 0= p—1.

\



Norms and energies

dp =dp(x,v,z) = n(z)dxdvdz.

(f.g):// /fgd.y.(\x.v.z). or, (p.j)://pjdp.(x.z). with norm Hngz(f.f){
QJrN J1, QJI,

f—»M / /
h = . O = hv/ M dv, u = h vv M dv.
v M R JR

[Iih=o0ovM, Iloh=uvvM. IIh=1IIih+ Il5h.
y m - 2
”inI“ = -0 |f)§:fH



hypocoercivity

e Linearized Fokker-Planck operator

Eh_ﬁ]-' (M+ \/ﬁh)_ \/ﬂdl’ (Muv( W))
e Duan-Fornaiser-Toscani ‘10

(a) —(Lh,h) = —(L(1 =T0)h, (1 = TDR) + ||u?;

(b) —(L(1 =D, (1 = k) = [|9,(1 = IA|* + & [[o(1 = A = /(1 = A|*;

(¢c) —(L(1—T)h, (1 —T0)A) > ||(1 —ID)A|]*;

(d) There exists a constant \g > 0, such that the following hypocoercivity holds,
—(Ch, k) 2o ||(1 = TDA|3 + [[u]l*,

and the largest \g = % m one dimension.



e Energy terms:
: 2 ; 2 - a2 A2 |12

_ E‘}T — Hh'HHm + Hf):ch-HHm—l ’ Eé? — Hdi-‘@HHm + ||as,2"@||Hm—1;

e Dissipation terms:

— D" = ||(1 = Al fm + (1 = D)D) Fpmer, D =EI,

2 D 2 a2
= D' = |lullygm + 1020l fm— . DG = llo|lggm 4+ 1020 | gm— -



Uniform regularity and convergence to the global equilibrium

Theorem 3.4. For the high field regime (6 = 1), if

ER(0) + ! s 25 (0) < 225
" ¢ = (80AC)>
then,
1 3
Ept(t) + 5B (1) < e (E;f(t]) + = (0)) .
0]

For the parabolic regime (0 = €), if

1 223
E77(0 —FE7(0) < 0 )
n (0 B0 = 55,y
then,
T 1 m 3 _ 2oy 17 1 1
EjN () + ;Egb (1) < W e 2 E;7NO) + —EJ"(0) ).
0 €

Here A and C1 are the same as in Lemma 5.2.

e |nitial data larger than those obtained by Hwang-Jang (‘13)

1 ]
B} (0) + E3(0) S O()



gPC-SG for many different kinetic equations

Boltzmann: a fast algorithm for collision operator (J. Hu-Jin, JCP “16),
sparse grid for high dimensional random space (J. Hu-Jin-R. Shu ‘16):
initial regularity in the random space is preserved in time; but not clear
whether it is unifornly stable in the fluid dynamics limit (s-AP?): gPC-SG
for nonlinear hyperbolic system is not globally hpperbolic! (APUQ is open)

Landau equation (J. Hu-Jin-R. Shu, ‘16): not able to prove regularity result
in the random space (APUQ is open)

Semiconductor Boltzmann-drift diffusion limit (uniform regularity. Jin-L.
Liu MMS 17, Uniform spectral convergence is open)

Radiative heat transfer (APUQ OK: Jin-H. Lu JCP‘17): proof of regularity in
random space for linearized problem (nonlinear? Open)

Kinetic-incompresssible fluid couple models for disperse two phase flow:
(efficient algorithm in multi-D: Jin-Shu.)
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