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Abstract

One of the aims of this paper is to find the feedback control in constrained quadratic minimization
problem under two-dimensional cases. Another aim is to study the upper and lower bounds on
the primal value function for utility maximization problem when the drift following the Ornstein-
Uhlenbeck(OU) process with power utility and non-HARA utility functions. We can find a closed-
form solution for power utility using both primal HJB and dual HJB due to its homothetic property
when the drift u; following the OU process. However, it is impossible to get an exact solution for
general utilities. In this paper, by the duality relationship, we construct the upper bound from a
dual problem and then construct a feasible control to find the lower bound under the OU process
with power and non-HARA utilities and estimate the gap of upper and lower bounds. The dual
control Monte-Carlo method is used to calculate the tight upper and lower bounds of the value
function. Finally, we perform some numerical tests to check the robustness, efficiency and accuracy
of the upper and lower bounds method.
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Introduction

Stochastic optimal control and convex duality methods are widely used to solve dynamic portfolio
optimization problems. In the optimization theory, the duality principle is a principle problem
for optimizing problems from the primal problem’s angles or the dual problem. The relationship
of the primal problem and the dual problem is that the solution of the dual problem produces a
lower bound to the solution of the primal problem.[1] Therefore, The key idea of solving dynamic
portfolio optimization problems is to use the dynamic programming principle(DPP) to the opti-
mal value function, see [2]. This method will produce a second-order nonlinear partial differential
equation(PDE) called Hamiltonian-Jacobian-Berman (HJB) equation. However, when solving this
equation, we also obtain the optimal control in the form of ”feedback.” This means that if we find
an exact formula of the HJB, then we can use the martingale principle of optimality to verify that
it is the value function and find the optimal feedback control simultaneously. Otherwise, it can be
proved that the value function is a unique solution of the HJB equation, see [3]. For a complete
market with some special utilities, it is easy to find a closed-form solution to the nonlinear HJB
equation using the dual control method. Bian and Zheng[4] show that for a complete market with
closed convex cone constraints for controls and some particular continuous concave utilities, there
exists a closed-form solution to the HJB equation.

However, for an incomplete market is driven by some Markovian processes such as the Ornstein-
Uhlenbeck(OU) process, it isn’t easy to solve the fully nonlinear HIB PDE directly. The reason is
that the HJB equation has two state variables, wealth X; and drift p;. The OU process is not a
geometric Brownian motion which leads to the dual HJB equation is an equally difficult nonlinear
PDE with two state variables. In this paper, we discuss the method of finding an approximate
solution to the HJB equation under the OU process. Since the OU process is an affine stochastic
process, for a power utility, one may decompose the solution to reduce the dimensionality of state
variables by one and get a simplified nonlinear PDE with one state variable (drift). A clever trans-
formation proposed by Zariphopoulou simplifies the nonlinear equation further into an equivalent
linear PDE. Then we can derive the classical solution by Feynman-Kac Theorem; see more details
from [5].

However, for other general utilities, we cannot find a closed-form solution of the HJB equation. Al-
though the dual control method cannot solve general utility maximization problems for our model,
it provides valuable information for the optimal value function. Because of the weak duality rela-
tion, we can construct the upper bound from the dual value function for the primal value function
and then construct a feasible control to find a good lower bound for the primal value function under
the OU process. If the gap between the upper and lower bounds is small, we can approximate the
primal value function. This idea has been applied successfully to find the approximate optimal
value function for the Heston stochastic volatility model and regime-switching asset price model
with general utility functions, see [6] and [7].

This paper derives the dual control problem and recovers the optimal solution for power util-
ity in [5] and [8]. We use the dual control Monte Carlo method to compute the upper and lower
bounds for general utilities’ primal value function. For power and non-HARA utilities with a par-
ticular dual control, the upper bounds can be computed efficiently with the closed-form formula.
Numerical tests for power and non-HARA utilities show that these bounds are tight, which pro-
vides a good approximation to the primal value function.

The rest of the paper is arranged as follows. Chapter 1 introduces the classical solution to the



HJB equation for some special continuous concave utility functions, including power, non-HARA,
Yarri utilities, using the dual control method, and representing the solution to the HJB equation
in terms of that of the dual HJIB equation. Chapter 2 derives the optimal controls under the two-
dimensional cases in constraint problems using the Kuhn-Tucker condition and gives some simple
numerical examples. Chapter 3 discusses the dual control method and derives the closed-form
solution for power utility under the OU process and use the solution of the Riccati equation and
numerical methods to test and verify primal and dual control methods produce the same primal
value function and feedback control. Chapter 4 presents the dual control Monte Carlo method for
computing tight upper and lower bounds of the value function and derives the closed-form upper
bound for power and non-HARA utilities with a specific form of the dual control. Then performs
numerical tests to see the efficiency, accuracy, and robustness of the method. Chapter 5 concludes.
Appendix A gives the closed-form solution of the Riccati equation.



Chapter 1

HJB equation and dual control
method

1.1 Utility maximization with dual control method

Assume that a financial market has two assets, risk-free savings account B and risky stock S,
satisfying the following stochastic differential equations(SDEs):

dBt = 'I’Btdt, dSt = St(/idt + O'th), 0 S t S T

with initial prices By = 1 and Sy = s > 0, where interest rate r > 0 and W is a standard Brownian
motion on a filtered probability space (2, F,F = (F;)i>0, P).

Assume that 7 is an Fi-adapted process, foT m2dt < 0o, a.s. and 7 is a progressively measurable
control process satisfying 7; € K, a closed convex cone in R, a.s. for t € [0,T] a.e. 7 is proportional
portfolio process. Assume X; is wealth at time ¢. Then 7, X is amount of money invested in .S and
(1 —m)X; is amount of money in bank account B. The wealth process X; satisfies the stochastic
differential equation(SDE):

dXt = ’/TtXt(,LLdt + O'th) + (1 - ’/Tt)Xt’l"dt

1.1.1
= ’I"Xtdt + 7TtXt((‘u - T)dt + O'th) ( )
with the initial wealth Xy = x.
The utility maximization problem is given by
supE[U(Xr)] subject to (1.1.1), (1.1.2)

where U is a continuous, increasing and concave (but not necessarily strictly increasing and strictly
concave) utility function on [0, 00), satisfying U(0) = 0 and U(z) < C(1 + 2P), < 0 for some
constants C' > 0 and 0 < p < 1.

Remark 1.1.1. U increasing (U’ > 0) means investors prefer having more wealth to having less.
U concave (U” < 0) means investors are risk averse and having diminishing marginal utility, that
is, prefer a payoff F(X) to a random payoff X, the first one gives utility U(E (X)), and the second
one gives expected utility E(U(X)).

1.1.1 Dynamic programming and the primal HJB equation

To solve (1.1.2) with the stochastic control method, the value function V' : [0, 7] x R — R is defined
by
V(t,z) = supEy . [U(Xr)| Xy =], t>0andze€R. (1.1.3)
ek
Theorem 1.1.2. (Dynamic Programming Principle) Assume on [t,t + h|, the control process m
and X evolves from (t,x) to (t + h, X¢yn), then the value function V (t,x) is given by

V(t,z) = supE[V(t + h, Xt45)| Xt = 2] (1.1.4)
ekl



Assume V (-, z) € C', V(t,-) € C2. By Ito’s formula,

(s, Xs) oV (s, Xy) 102V (s, X,)
X, 4 L5 As)
Os ds + oz dXs + 2 0x2

V(t+h,Xern) =V(t,x)+ /tt+h(3v d[X, X]s)

Hhoov oV 10%V
= t a. a_ Xs sXs - =~ A 5 2X2 2 d
Via)+ [ (G + GrlrXa+ mX,(u =) + 5 5oy mXEo)ds
t+h
+/ a—VWSXSJdWS
f ox
(1.1.5)
Substitute equation (1.1.5) to equation (1.1.4) to obtain
v oV 102V
3 E T (X + s X ( — ———m2X2%0%)ds| X, = 2] =0
o LG G m X = )+ g Kol X, =
When h — 0, 75 — 7 = 7 and by Mean Value Theorem, s - t, X; — X; =«
1 2
igg(% + Z—Z(rw +rx(p—r))+ 527‘2/7T2x202) =0
As a result, the primal Hamilton-Jacobi-Bellman(HJB) equation is given by
ov ov AV 1, 4 0%V
E+r$%+§1€12(ﬂx(u—7‘)%+§ﬂ x‘o w) =0 (1.1.6)

with the terminal condition

V(T,z)= s:pE[U(XT)|XT =z] =U(x)

Value function can be obtained by solving PDE (1.1.6). If V is a strictly concave function in x,
that is, V,, < 0. The maximum point is obtained by solving

(g —1r)\Vy + 1220% Ve = 0

which gives

* H—=r Va:
e = (1.1.7)

Inserting 7* into HJB (1.1.6) and simplifying the expression, we obtain a nonlinear PDE which is

hard to solve
ov ov. 1,pu—r 21/73:2 B

ot 2
with the terminal condition V(T z) = U(x). If the utility function is power utility, that is U(x) =
aP [p, we know

0 (1.1.8)

V(t,x) = U(x)g(t)

and solve ODE for g to obtain V (¢, 2). However, if U is not power utility, it is impossible to solve
the nonlinear HJB PDE.

1.1.2 Dual control method

We can use the dual control method to find the solution of the nonlinear primal HJB equation.
Dual utility function of U is defined by

U(y) =sup(U(z) —2y), y=>0, (1.1.9)

x>0

The function U is continuous convex and decreasing on [0, 00) with U(0) = U(co) and U (o) = 0,
satisfying

U(y) < C(1+y9), y>0



for some constant C' > 0 and ¢ = p/(p — 1) < 0.[4]
Define a dual process Y satisfies the SDE

dY; =Yi(—rdt — (077 + (p— 7)o~ H)dWy),  Yo=uy, (1.1.10)

where 7 is a progressively measurable dual control process satisfying m; € E, the positive polar
cone of K in R, a.s. for t € [0,T] a.e..
The dual minimization problem is defined by

inf E[U(Y)]. (1.1.11)
TEKX

For 0 <t <T and y > 0, the dual value function is defined by

V(t.y) = it BO(YD)|Y; = o). (11.12)

The primal value function and dual value function have the following relationship|6]

V(t,z) = ir>1%(V(t7y) + zy) (1.1.13)
y>
Since V(t,-) is strictly convex, Vy(t, -) is strictly increasing. Thus, the minimum in (1.1.13) is
achieved at _
oV (t,x)
. _|_
Yy

For every & > 0, let the unique solution be §(t, x), satisfying

z=0. (1.1.14)

Vt,z) =V (¢t gt ) + 2yt x). (1.1.15)
The partial derivatives of the equation(1.1.15) are given by

oV._ oV aVay 9y IV

ot "ot Toyor ot ot

oV 9V dy oy

- 22 7 = 1.1.16
O0r Oy Ox y+x8x Y ( )
v _oy_ 1

gz 9z v,

Substituting (1.1.14) and (1.1.16) into (1.1.8), V satisfies a lincar PDE

OV OV 1 -7, 0%V
Z py— 4+ = - = 1.1.1
ot Ty5y+2( o )y oy? 0 ( 7

with initial condition ‘7(T, y) = ﬁ(y) This PDE is called the dual HJB equation. We can find a
representation of the classical solution to the primal HJB equation by two convex dual operations
and solution of a linear PDE, all are relatively easy to perform. By the Feynman-Kac Theorem,
the solution to dual HIB equation(1.1.16) has the following representation

V(t,y) = E[U(Y7)|Y; =y, (1.1.18)
where

dY = —rYdt — 0YdW

T 1 T w—r
=¥ = gnesp( [ (or = 5P)ds - [ odw, o=,
t t

with the initial value Yy = yo. Since r, 4 and o are constant, then

Y = yoexp[(—r — %02)(T —t) — O(Wr — Wy)] (1.1.19)



with the initial value Yy = yo. Therefore, using the dual control method, we can find the optimal
control 7*, value function V and optimal wealth process X* in two ways:

1. Find the value function V' by equation (1.1.15), the corresponding optimal control 7* by equation
(1.1.7) and optimal wealth X* by solving SDE(1.1.1).

2. Find the value function V' by equation 1.1.15, then solve equation (1.1.14) with time ¢ = 0 to
get yg, where Xy = z is the initial wealth at time ¢t = 0, then find the dual process Y by equation
(1.1.19) and the optimal wealth process X* at time ¢ is given by

X; = _‘711(757 }/f)

Find the SDE satisfied by X;* and the corresponding optimal control 7*.

1.2 Dual control method for three different utility functions

1.2.1 Power utility function
Power utility function is defined by

1

U(z) = —a?

p

where p € (0,1) is a constant. The dual power utility function is given by
~ 1,
U(y) = sup(U(z) — zy) = sup(~a” —zy), y>0.
x>0 z>0 P

Since the optimal point z satisfies the equation

Ulz)—y=aPt —y=0.

Hence,
~ 1
Uly) = —qu, y>0 (1.2.1)
where ¢ = p/(p — 1) < 0. By equation(1.1.18) and (1.1.19), the dual value function is given by
~ 1 1 —-r
Vity) = yespl(zata = )6 —ar)(T =), 0=" = (1.2:2)

The minimum point is obtained at point § = ¢(¢, ) which is solves the equation(1.1.14)

1 1 -
(t,2) = wrTepl(— a6 + E(T 0], 9=

Then by using dual relation to find primal value function from dual value function

V(ta SU) :V(ta Q(L SC)) + xg)(t, (ﬂ)

-1 1
= el a8 + )T - 1)

1 1 p o
2P z T _
pm exp[(21_p0 +pr)(T —t)]

Therefore, the primal optimal control is achieved at

w—r Vg
02 Vi

w—r

(1—p)o?

Therefore, the wealth process X; satisfies a linear SDE

(h—r1)
= (11 5

™ (t,x) = —

2

w—r
dt + ———d
+T’) +O‘(1—p) Wt>

10



Theorem 1.2.1. Consider dY; = m;Ydt + v, Y:dW; (Geometric Brownian Motion), with m; and
vy deterministic function of time. Set Z, = In(Y:) =: ¢(Y:). By Ito formula the SDE of Z; is given
by

1
A2y = (my — 5v)dt +vdW,  (Arithmetic BM)

By Theorem1.2.1, the optimal wealth process is given by

N I Ve S W (el por
*e= p[((l—pw* 2a2<1—p>2>”a<1—p>th‘

1.2.2 Non-Hara utility function
Non-Hara utility function is defined by

for x > 0, where

o= ()

Theorem 1.2.2. Non-Hara utility function U is strictly increasing, strictly concave, U(0) = 0,
U(oo) = 00, U'(0) = 00 and U'(c0) = 0.

Proof. The first derivative function of H(x) is

H'(z) = - H(x)?

21+ 4x

The first derivative function of U(z) is

Ux) = —H(z)*H'(z) — H(z)2H'(z) + H(z) + «H'(2)
_ ﬁ (H(z)™' + H(x) — 2H(2)®) + H(x)

1
=——— x0+H(x
2v/1+ 4z (z)

H(z) >0

which shows U is strictly increasing. The second derivative function of U(x) is given by

1
2v/ 1+ 4x

which shows U is strictly concave. Since H(0) = lim,_,o H(z) = oo, then

U'(x) = H (r) = — H(z)® <0

U(0) = lim H(z) = %H(O)*i” + H(0)™* +0x H(0) =0,

U'(0) = H(0) = oo.

Since H(o0) = 0, then U(co) = oo and U'(c0) = H(co) = 0. At the meanwhile, U is a utility
function is also proved.
O

The dual non-Hara utility function is defined by

U(y) = sup(U(z) — y)

x>0

11



The maximum is achieved at

By equation(1.2.1), the dual non-Hara utility function and the dual non-Hara utility function have
the following relationship

- 1 1
Uly) = ——y* — —y®
q1 q2

where g1 = —1 and ¢3 = —3. By equation(1.2.2), the dual value function is given by

1 1 1 1
Vity) =~ y"eol(Galn - 16 — qur)(T — )] — oY repl(zele - 1)6? — gor)(T — )]
_@inr-nl e L g BT
y 3y o

Furthermore, since g is the solution to ‘N/y(t7 y) +x = 0, by solving the equation
@4 (T—t) L (60°+3r)(T—t) L
—e — —e — +x =0, (1.2.3)
Y Y
the minimum point is obtained at point

1/2
g(t,x) = (21 (e(r+92)(T—t) 4 \/62(7"+92)(T—t) + 4xe3(7-+202)(T—t))) . (1.2.4)
x

Furthermore, we can derive an explicit solution to the primal HJB equation by the dual HJB
equation

V(t,z) =V (4t z)) + zg(t, z)

o*+r)(r-n 1 | orrsrr-n 1
9 39°

(36(92+r)(T7t)y72 +e(602+3r)(T7t)g74 +3x>

= el + zy

Wl

By equation(1.2.3)

1
C(602+3r)(T7t)g74 _ _C(02+r)(T*t)72 + .
Then,
1 1
V(t, ) :% (36(92+r)(Tt)y2 _ 6(92+r)(T7t)72 o+ 393)
y (1.2.5)
7% (e(r+92)(T7t)g71 n 23:@) ’

where § > 0 is given by (1.2.4). The optimal control 7* can be computed by equation(1.1.7).

12



1.2.3 Yarri utility function
Yarri utility function is defined by

U(x) =2 Am = min(z,m),
where m is a positive constant. The dual Yarri function of U is given by

sup(z —zy), if e <m, y >0

U(y) = sup(min(z,m) — zy) = z>0
2 x>13( ( ) 2 sup(m —zy), if x >m, y >0
x>0
B m(l—y),ifl—y>0
] o, if1—y<0

=m(l—y)*", y>0.

By equation(1.1.17), the dual value function is given by
V(t,y) = E[U(Y7)|Y; = y] = mE[(1 = Y7)"|V; = y].
By the equation(1.1.18),
1
Yr = yoexp[—(r + 592)(T —t)—O0vVT —tZ],

with the initial value Yy = yo, where Z is the standard normal distribution, i.e. Z ~ N(0,1).
Hence, the dual value function is given by

Vo) = | (1w (0 300~ - eﬁz))*

Noting that

logy — (r+ 30°)(T —t)
ONT —t '

1 — yexp <—(r + %92)(T —t)—0vVT — tZ) >0 2>
As a result,
~ fad 1 1 2
- 1- 4 =0T — 1) — T — -
V(t,y) m/k ( yexp( (r+ 29 T —t)—§6 tz)) me dz
= —mye T (—k — 0T — t) + m@(—k)
= —mye_T(T_t)é( NG VT 79\/ — 1)

1
ovT
J *T— ————1logy + - \/74— 0\/7) 0:@

where @ is the cumulative distribution function of a standard normal variable. The partial deriva-
tive of V' (¢,y) is given by

+md(—

%—Z = —me T TS (—k — VT —t) + m(p(—k) — ye " TV (k — em))(_%)

= —me " T VO(—k — 0T — t)
= —me "I H(— logy + g\/T—t— %Gx/T—t).

1
OvVT —t
By solving the equation(1.1.13), the unique solution § = §(¢, z) is given by

g(t,x)_exp< ONT — td~ ( e"(T=0y 4 (;02)(Tt)>. (1.2.6)

13



If the initial wealth z > me™"(T=1) at time t, investors can invest X; = x in a riskless asset at
time t, and then the wealth is Xp = 2" (Tt which is greater than or equal to m. Investors are
guaranteed to achieve the maximum possible wealth m at time T with a trading strategy 7 = 0.
Thus, the optimal trading strategy is to put all money in the bank account and do not invest in

risky asset.

Hence, by using dual relation to find primal value function from dual value function

V(t,x) = {

V(t, gt z) +zgt,z), if0<z<me T,

m, if > me (Tt
m® ((b—l(%eT(T—t)) + Qm) , ifo<z< me~"(T—1)
m, if £ >, me (Tt

In the region of {(x,t) cx>me T 0 <t < T}, the primal optimal control is achieved at
7*(t,2) = 0. In the region of {(x,t) 0<z<me TN 0<t< T}, the primal optimal control

is achieved at

. w—r V me~"(T=1) 1T (Tt
t =— = o (— .
™ (t2) 0?2 aVie  xoV/1I —t(b( (me )>

14



Chapter 2

Dual control method under the
multidimensional model

Assume that W is an n-dimensional standard Brownian motion on a filtered probability space
(Q, F,F = (Fi)i>0, P) satisfying the usual conditions. The financial market consists of one savings
account and n risky stocks. The discounted bank account and stocks price processes B and
S = (8%, 82,...,5™)7 satisfies the following stochastic differential equations(SDEs)

dBt = TBtdt, dSt = dlag(St)(udt + O'th), 0 <t< T (201)

with the initial price Sy = s, where the positive constant r is the riskless interest rate, diag(S;) is
a diagonal n x n matrix with diagonal elements S} and all other elements zero, (S*, S?,...,S™)T is
the transpose of S = (81,52, ..., 5™), p = (1, i, -, pin) T is a vector of stock returns and o is a
n X n nonsingular matrix of volatilities.

Assume that « is an F;-adapted process, foT n2dt < oo, a.s. and m; = (w1, 72, .., m,) ] is a
progressively measurable control process satisfying 7y € K, a closed convex cone in R", a.s. for
t € [0,7] a.e. 7 is proportional portfolio process. Assume X; is wealth at time ¢. Then 7 X
is amount of money invested in S and (1 — m;)X; is amount of money in bank account B. The
discounted wealth process X satisfies the SDE:

dX, = (1 — ] ) Xerdt + 7] X, (pdt + odWy)
= rXydt + 7 Xi((n — r1)dt + ocdWy) (2.0.2)
= X ((#T (1 — r1) + r)dt + 77 ocdWy),

with initial wealth Xy = x, where 1 is a vector with all components 1.
Similarly, the utility maximization problem is defined by

supE[U(Xr)] subject to (2.0.2). (2.0.3)
ekl

The value function is given by

V(t,z) = SIEIEE[U(XT)lXt = x].

The primal HJB equation is given by

ALY T OV L eV
T +rx 9 +7srl€1£ (77 (u—rl)z e + 2|0 7|*x 92 =0 (2.0.4)

for > 0 and 0 < ¢t < T with the terminal condition V(T,z) = U(x). The dual utility function of
U is given by

Ul(y) = sup(U(z) — zy)

x>0
for y > 0. The dual process Y satisfies the SDE
dYy = Yy(—rdt — (o '7y + o (u—r1)TdWy), Yo =y,
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where 7 is a progressively measurable dual control process satisfying m; € IE, the positive polar
cone of K in R", a.s. for ¢t € [0,T] a.e..
Furthermore, the dual minimization problem is given by

inf E[U(YT)]. (2.0.5)
TeK
The dual value function is given by
Vity) = it BUYD)|Y: = ] (2.0.6)
TE

for 0 <t < T and y > 0. The dual HJB equation is given by

v v

WV PV
a Yoy

57 =0 (2.0.7)

1 -
210 2,2
+3510F%y
fory > 0 and 0 < t < T with the terminal condition V (T, y) = U(y), where § = o~ (u—r1)+o 17
and 7 is the unique minimizer of f(7) = |07 (u — 1) + o~ 17|> over ¥ € K. Assume that 0 is
continuous on [0, 7] and there is a positive constant 6y such that 0] > 6, for all t € [0,T].
Now we consider three different cases of K under two-dimensional model.

2.1 Unconstrained problem

K is the whole space R™, that is, there is no trading constraints, then the positive polar cone K
is {0}, and the dual optimal control solution #; = 0 for all t. Thus, §; = 0 = o(t)" (. — r1) is
a nonzero continuous vector-valued function on [0, 7] and by the assumption, 6y is the minimum
value of |0] on [0, T].
Therefore, the dual HJB equation is given by
oV av 1 0%V
T Tyafy + 5‘0_1(,“ - Tl)|29237y2

The corresponding primal optimal control is given by

Ve (t,x)

7 (t,x) = —(aT)—leime t.0)

€R* O=o0'(u—rl).

2.2 Constraint problem

If f : dom(f) — R is twice differentiable(meaning that the function v/ f is differentiable), convexity
can be characterized as follows.

Lemma 2.2.1. Suppose that dom(f) is open and that f is twice differentiable; in particular, the
Hessian(matriz of second partial derivatives)

8% f 8% f 8% f
Ox10x1 (X) Ox10xo (X) e Ox10xTq (X)
12 5 o)
p) aaf X) 3 2 af (x p) 8af X
Vif(x) = |7 e 20T (2.2.1)
% : 5?2 ' % '
Bxdgxl (X) Bxdafxg (X) T Bxdéfmd (X)

exists at every point x € dom(f) and is symmetric. Then f is convez if and only if dom(f) is
convez, and for all x € dom(f), we have

V2f(x) >0 (2.2.2)
i.e. 72 f(x) is positive semidefinite.

Lemma 2.2.2. If f : dom(f) — R is conver and differentiable over an open domain dom(f) C
R?. Let x € dom(f). If v f(x) = 0, then x is a global minimum.
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2.2.1 Kuhn-Tucker condition

In mathematical optimization, the Kuhn-Tucker conditions, are first-order derivative tests (some-
times called first-order necessary conditions), and the solution used in nonlinear programming
is optimal, as long as it satisfies some regularity conditions. Kuhn-Tucker condition is a neces-
sary condition to judge the feasible point of constrained nonlinear programming problem as the
minimum point.

For convex programming, it is a necessary and sufficient condition for judging the minimum
point. For a constrained nonlinear programming problem (NP), let f(x), ¢:(x)(i = 1,2,...p) and
hj(x)(j =1,2,...,q) have the first order continuously differentiable on an open set of R.

Consider the optimization problem

min f(x)

subject to
gi (X) )
hj(x) =0

where x € X is the optimization variable chosen from a convex subset of R™, f is the objective
or utility function, g; are the inequality constraint functions and h; are the equality constraint
functions. The number of inequalities and equalities are denoted by p and g respectively.

A Lagrange function is defined by

L(x, A p) = f(x) + AT g(x) + p" h(x)

Theorem 2.2.3. z* is the minimum point of the problem and the regqular point of the constraint
condition, then there are vectors \* = (A}, A5, ..., /\;)T, w* = (u, ps, ~~,MZ)T; so that
V(@) + 30 A v gi@®) + 2001 w7 hy(2¥) =0,
Afgi(x*)=0,i=1,2,...,p (2.2.3)
wi>0,j=12..q

This is the Kuhn-Tucker condition of the constrained nonlinear programming problem (NP),
which is also called the first-order necessary condition. Aj(i = 1,2,...,p) and WG =1,2,..,q) is
called Kuhn-Tucker multiplier. From the Kuhn-Tucker condition mentioned above, it can be seen
that only when g;(x) is a functional constraint at * point, there may be A\¥ # 0; Otherwise, A¥ = 0.

Theorem 2.2.4. If f is a convex function and g1, ..., gm are linear functions, then x* is minimum
point if and only if ¥, A\* and p* satisfies KT condition.

222 K=R?

K is the nonnegative part of the whole space R2, that is, there is short selling contraints, then the
positive polar cone K is also Ri. The above assumption is automatically satisfied if all components

of u — rl are positive, the dual optimal control is given by 7; = 0 for all ¢. However, if not all
components of ; — r1 are positive numbers. The situation becomes complicated.

Let 07! = [01 02}, b= (u—rl)= [Ml B T} = {bl}, T = [Zl] > 0, then
o3 04 Ho —T by T2

1~ |o1(by +71) 4 o2(by + 72)
O+om= {03(51 + 1) 4 04(b2 + 72)
200 _ | 2(0f +03) 2(0102 + 0304)
Vi@ = [2(0102 + 0304) 2(0% + 03) (22.4)

Therefore, the above problem is transformed into solving quadratic programming with K-T con-
dition. The standardized model is

minf(7%) =(o1 (b1 4+ T1) + 02(b2 + 72))* + (03(b1 + 71) + 04(b + 72))?

_ _ ~ _ (2.2.5)
=(0F + 03) (b1 + 1) + (03 + 07) (b2 + T2)* + 2(0102 + 0304) (b1 + T1) (b2 + 72)
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subject to

Y]

0

X (2.2.6)

Y

g1(m) =
G2 (T) = T2

| _ [2(03 + 03) (b1 + F1) + 2(b2 + 7o) (0102 + 0504) (2.2
9 2(0’%4‘02)(1)24-%2)—&-2([)1 +%1)(U10’2+0’30’4) o

oma

The gradient of each function is
V(@) =
g1(7) = (1,0)T, go(7) = (0,1)T. Lagrange multipliers 7§, 74 are introduced for the two constraints
respectively. The following K-T condition is obtained
V@) = V() =12 v ga(T) =0
2(0F +03)(by +77) 4+ 2(ba + 75) (0102 + 0304)] L [1] [0 _ 0 (2.2.8)
202 +03)(by + 75) + 2(by + 7}) (109 + a304) |~ L [0] T 2|1

It can be decomposed into

2(07 + a3)(by +71) 4 2(ba + 75) (0102 + 0304) — 77 =0
2(05 + 0F) (b2 +75) +2(b1 + 7} ) (0102 + 0304) =73 =0
yim =0
375 =0
Y1572 20

As a result, by identifying and classifying model coefficients, there are four cases come up.
(1) For v > 0, 75 > 0, that is, 7} =73 = 0 and

bi(0} + 032) + ba(o109 + 0304) > 0
bg(O’% + UZ) + b1(0'10'2 + 0‘30’4) >0

The dual optimal control is given by

7 =[0,0]". (2.2.9)
Since 7§ > 0, 75 > 0 ie. v f(m) > 0, f(7) is strictly increasing, then 7* = 0 is the unique
minimizer of quadratic function f. Therefore, 6 = 6.
The primal optimal control is given by

Vo (t,x)

T (t,x) = —(UT)_lem

€R* O=o0'(u—-rl).

(2) 75 > 0,75 = 0: 7 =0
By K-T condition,

2b1 (0% + 03) + 2(b2 + 73) (0102 + 0304) =} (2.2.10)
2(03 + 03)(by +73) + 2b1 (0102 + 0304) =0
By solving the equation, we can obtain
b
7= bl toson) (2.2.11)
o5+ 0]
2b - 2
yp = 2uloeos — 100, (2.2.12)

o3+ o2
Hence, for by > 0, ba(03 + 03) + by (0102 + 0304) > 0, the dual optimal control is given by

3 bi(o109 + 0304)

o~
7™ =10
’ 03 + 0}

— b7
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The primal optimal control is given by

—1é Vm(t,.%‘)

7 (t,z) = — (o) 793‘/&%(25 )

€ R%, 0=0"(u—rl)+o ‘7.

B)7=0,v%>0:75=0
By K-T condition,

2(b1 +7~TT)(O'%+U§)+2b2(0’10’2+0’30’4):O (2213)
205(02 + 02) + 2(by + 77 (0102 + 0304) = V3 -
By solving the equation, we can obtain
~ b
7= 22t 0s0n) (2.2.14)
o1+ 03
2b - 2
vy = 2eloos —ovow)” (2.2.15)

0?4+ o2
Thus, for by > 0 and by (03 + 032) + ba(0109 + 0304) > 0, the dual optimal control is given by

_b2(0102 + 0304)
0% + o3

7=

—by,0]%.

The primal optimal control is given by

~ Vo(t,x)

* — _(eT1p 2 §j— 1, _ 1 —lox
7 (t, x) (c") me(t,x)eRJr’ =0 (u—rl)4+o 7

(4) 71 = 0,73 = 0: ie. Vf(@) =0

2(by + 75) (0% + 03) + 2(by + 75) (0102 + 0304) = 0 (2.2.16)
2(b2+%§)(0’%+0’2)—|—2(b1 +%T)(O’10’2—|—0304):0 o
Since matrix o1 is inverse, o104 # 0203, i.e. 07 + 02 > 0 and o3 + o3 > 0.
Solving the above system of linear equations in two unknowns. The solution is given by
(by + 75 ) (0303 + 0302 — 201090304) =0 (2.2.17)
(by + 73) (0303 + 0303 — 201090304) = 0, o

To solve dual control problem, we need to find optimal dual control 7*. We need to assume
the minimum value is continuous on [0,7] and non-zero, i.e., § = o~ 17* + 6 # 0 , that is,
there is a positive constant 6 such that [0(t)| > 6y for all ¢+ € [0,T]. Therefore, the solution of
equations(2.2.17) is given by

J%Uz + 0%032) — 201090304 =0

= (0'10'4 — 0'20'3)2 =0

= 0104 = 0203

However, 0~! is nonsingular matrix, that is, |0~!| = o104 — 0903 # 0. Thus, for by = —7},

by = —73, there not exists the dual optimal control.

) . . 1
Example 2.2.1. Let the inverse of volatility matriz o~ = [ O] , the stock excess returns b =

0 1
1] - m
{ :|,7T=|:~:|20,th6n
-1 T



We can obtain the following K-T condition

2F +1) —7i =0
2F2—1) —75 =0

yim =0
75%2:0
7,73 >0

(1) For v; > 0, v5 > 0, we can obtain the dual optimal control 7* = [0,0]T and the Lagrange
multiplier v* = [2,—2]T which does not meet the K-T condition. Thus, there is not erist an
optimal control.

(2)For ~f > 0, 75 = 0, the dual optimal control is given by 7* = [0,1]7 and the Lagrange multiplier
is given by v* = [2,0]T.

(8)For v; = 0, v5 > 0, we can obtain the dual optimal control #* = [—1,0]7 and the Lagrange
multiplier v* = [0, —2]7 which does not meet the K-T condition. Thus, there is not exist a optimal
control.

To sum up, the dual optimal control is given by 7 = [0,1]T and then the primal is given by

N Vz(tv x)

W*(t,.'lf) = —(O'T)_lam S Ri, é: [1,O]T

Example 2.2.2. Let the inverse of volatility matriz ="' = {_11 21] , the stock excess returns
b:[_q,%:[p]zthn
1 )
~ 47 —1)—6(m2+1) 2.~ | 4 —6
Vf“7"&0@2+1)—661—1)’ VIE =16 10
We can obtain the following K-T condition

4%1—6%2—10—’}/1‘:0
—6%1—|—107~T2+16—’}/§:O

VT =0
7375 =0
7,72 =0

(1) For v > 0, 5 > 0, we can obtain the dual optimal control 7* = [0,0]7 and the Lagrange
multiplier v* = [—10,16]T which does not meet the K-T condition. Thus, there is not exist an
optimal control.

(2)For v > 0, v4 = 0, we can obtain the dual optimal control 7 = [0, —8/5]1 which does not meet
the K-T condition. Thus, there is not exist an optimal control.

(3)For v = 0, v5 > 0, the dual optimal control is given by 7 = [5/2,0]7 and the Lagrange
multiplier is given by v* = [0,1]T.

To sum up, the dual optimal control is given by 7 = [0,1]7 and then the primal is given by

1é Vw(t,x) 1

T (ta) = =(e7)” Vi (t, ) [%’ §]T

€R2, 4

223 K=Rx0

KC is the nonnegative part of the whole space R X 0, then the positive polar cone Kis 0 x R. Thus,
the 7F = 0 and the quadratic function is given by

(@) =(01b1 + 02(b2 + 72))* + (03b1 + 04(ba + 72))?
:(J% + Ug)b% + (U% + O'i)(bg + %2)2 + 2b1(b2 + %2)(0’10’2 + 0’30’4)
The first derivative is given by

9] ~
78;{ :2(O'§+O'z)(b2 +7T2)+2b1(0’10’2+0’30’4)
2
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The second derivative is given by

2f

Therefore, f(7) is convex. By lemma 2.2.2, if 57 f = 0, then 7 is global minimum.

~% b1(0'10'2+0'30'4)
T= =y — b
05 + 0y
Therefore, the dual optimal control is given by
- b
LGl ki LV

O’% + O'Z
The primal optimal control is given by

—1é Va:(tvx)

7 (t,x) = —(aT) AT

€ERx0, O=0Ypu—r1)+o 7"
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Chapter 3

The Ornstein—Uhlenbeck process
and dual control method

Assume that (Q,F,F;, P) is a given probability space with filtration F; generated by standard
Brownian motions W¢ and W# with coefficient p. The market consists of two traded assets,
one savings account B with risk-free interest rate r and one risky asset S satisfying a stochastic
differential equaiton(SDE):

dS; = Sy (pdt + odWy). (3.0.1)

The drift p; satisfies an Ornstein-Uhlenbeck(OU) process
dpy = k(0 — pg)ds + odW}, a=(k,0,0) (3.0.2)

where kK > 0, 0 > 0, 6 are parameters. In financial mathematics, this is also called the Vasicek
model. the Vasicek model has some advantages. This equation is linear and can be solved explicitly.
In addition, the model is mean-reverting, and the expected value of drift tends to a constant value
0. As time goes on to infinity, the velocity depends on k, and its variance will not explode at
infinity. Then the wealth process X satisfies the SDE:

dXy = X¢ [ (r+ me(pe — r))dt + modW) (3.0.3)

where 7 is a progressively measurable control process.
The utility maximization problem is defined by

supE[U(X7)] subject to (3.0.3), (3.0.4)
TeEX

Stochastic control method can be use to solve equation (3.0.4). Then we define the value function

V(t,z,u) = sugEt’x’#[U(XT)], (3.0.5)
mE

where E ; , is the conditional expectation operator given by X; = « and py = p, and 7, € K = R.
By Dynamic Programming Principle (??) and Ito formula, we obtain

tHh oy 1% 162V 1%
t+h X Vit “ds + —dXs + = ——d[X, X]s + —dpus
V( + 5 t+h7Nt+h) V( 7$nu’) +/t (88 s+ o s+ 9 axg [ } + a,u 14

10%V o*V
59 92 s a .9 Xs s
+ 59 dlp, pi] s + 8x3ud dps)

hogy v 102V 5 o
=V(t,z,p) +/t ( D5 + o (rXs +ms Xs(pus — 7)) + 2 Ox2 T X0
v 182V , 0%V
a - S a a 9 7XS S 2
+8M/~@(9 u)+28u20 +8x8,u s p)ds

t+h oV v
a0 sXs a d S
/t (63:7T o+ o o)dW.

(3.0.6)
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As a result, the primal HJB equation is given by

oV 1 1
En +raVy+ k(0 —p)V,+ 502VW + sup {mc(u -V, + 577295202%” + pmwaQVW} =0 (3.0.7)
ekl

with the terminal condition V (T, z, u) = U(x). The maximum in (3.0.7) is achieved at

* (p=r)Va  pVay
T = 207V, oV, (3.0.8)

Substituting (3.0.8) into (3.0.7) gives a nonlinear PDE

oV 1
— +raVy+ k(0 — )V, + 502VW — [(u—7)Ve+ 02V =0 (3.0.9)

_ 1
ot 202sz

3.1 Power utility and primal HJB equation

For a power utility U(z) = 1/pz?, 0 < p < 1, the solution of equation (3.0.9) can be expressed in
a separable form

V(t,x,p) = U(x)g(t, p) (3.L.1)

The component g(t, u) is unknown except for some special cases. In fact, g(t, u) solves a nonlinear
equation for which no closed-form solutions are available.
The partial derivative of V is given by

ov._ 1 ,0g 0V 1 ov. 1
- =2l = =alTg, —— =Py,
ot p Ot ox o p (3.1.2)
0%V 9 ?v 1 o?V 1 o
a5 — (p - l)xp 9, S5 = 7mp9u/u =5 =aF M
Ox? ou? p Oxop
for some function g which satisfies a nonlinear PDE
0 prg + (O~ gt 50— L (gt g P =0 (313)
ot Bgm T 9(p — 1)02g !
with the terminal condition g(7, ) = 1. The primal optimal control is given by
A e N— T (3.1.4)

o?’p—-1) (p—1)g

To remove certain non-linearities that arise due to the stochastic factor, we now make the following
transformation proposed by T.Zariphopoulou[5] to obtain a new equation of value function

z? 1—p
V(t,z,p) =Ux)gt,p) = —jlt,p), I\=—"— 3.1.5
(t,z, p) =U(z)g(t, n) ’ g(t, p) 7 % (3.1.5)
Partial derivatives of §(¢, 1) are given by
9g 9.1 9y 9 .\-1 9% g .1 99 \2.2—2
7 — 2 —Z = \-= — 2 = \—= AN —=1)(== . 3.1.6
T AN ik U - Akt -t s ( )<au) g (3.1.6)

Inserting the above derivatives in PDE (3.1.3) gives

T, S
o + Tg + H(Q - :u)gu =+ 70’29;#4 -

ot 5 (1 —7)2g+2(u—r)o*Npg,) =0 (3.1.7)

__r
2(p—1)o2A
with the terminal condition §(T, u) = 1. The PDE (3.1.7) can be solved by Feynman-Kac Theorem
and the exact solution can be obtained.

Suppose that (¢, 1) is the solution to the PDE

(3.1.8)

S b(t )5t + 302 (L) 5 = r(t,w)g,  t<T;
9(T.p) =1 t=T1.

23



where

pp(p—) pp—r)?*  pr
b(t, ) = k(0 — p) P o(t,p) =0, r(t,u 2p—1oox A (3.1.9)
Then the g is given by

g(ta M) = E(t’u) [6_ ftT T(u,uu)du}

T )2 -
=EGH [exp <_/t (;z;lj'i 1)0)2/\ — p)\)du)}

where E"*[] denotes the conditional expectation operator given by the information up to time ¢
with py = p, and = (ps)sefe, ) is the solution to the SDE

dps = b(s, ps)ds + o (t, pus)dWs

- (ﬁ(e ) - DT T)) ds + od,.
p—1
The optimal control is given by

. p—r PAGu
= - — ~. (3.1.10)
o!(p—=1) (—-1)
Since the Vasicek model has an affine term structure, we use the idea in [8, Proposition 5.1, page
307]). The function g can be expressed in an analytical form

9(t, ) = exp(A(t) + B(t)u + C(0)?) (3.1.11)

where A(-), B(-) and C(-) are continuous differentiable functions of time ¢ with the terminal
condition A(T) =0, B(T') =0 and C(T') = 0. Simply calculus shows that

%9 — 9 () + B'0n+ W2, .= 9(BU) +20(0)0)

Gup = 9(B(t) +2C(t)n)* + 29C (1)

Substituting these derivatives into PDE (3.1.3), the functions A(-), B(-) and C(-) are solutions of
the ordinary differential equations (ODEs):

'y pr’ ppr 1, pp° 2 2
Al(t)=—-rp+ 25— T0? (m9+p_1)B(t)+§a (p_1 —1)B%(t) — o*C(t)
) = (o PP Y Ve (g PP o
B'(t) = ( +p_ 1)B(t)+2 (p_ . DB()C(t) — 2( 9+p_ I)C(t) D)o (3.1.12)

L pp pr? P
C'(t) =205+ S7)C(0) + 2% (0 ~ DO + 5 50—y

with terminal conditions A(T) = 0, B(T) = 0 and C(T) = 0. We can solve the Riccati equation
to get a closed-form solution C(t) and then find B(t) and A(t) once C(¢) is known, see Appendix
A. The primal optimal control is given by

T (t) = - U;(‘p*_”l) - E-(B(®) +20()n).

3.2 Dual HJB equation

Since, we assume that the utility function is a power utility, the nonlinear PDE (3.0.9) can be
simplified to a solvable nonlinear PDE (3.1.4) so that obtaining analytical solution. However, for
general utility functions, like non-HARA utility and Yarri utility, it is impossible to find the exact
solutions. We need to use dual control method to find the exact solutions. The dual utility function
is defined by

Uly) = ili%(U(x) — xy)

24



for y > 0. Assume that a dual process Y has the following form
dYy = Y [oudt + BidW; + v dW}'
with the initial condition Yy = y. If XY is super-martingale for any control process m, then

E[XTJYT] S Ty = XOYO.

Since U is dual value function of U, by equation (1.1.9)

Uly) <U(z) +ay

=U(x) <U(y) +ay

for x > 0 and y > 0. Thus,

ElU(X7.)] < E[U(YT)] + E[ X7 Y7] < E[U(YT)] + 7Y,

where Xy = x and Yy = y are the initial conditions, which leads to a weak duality relation

SlipE[U(XTJ)] < ;g%(E[U(YT)} + zy). (3.2.1)

To make sure XY is super-martingale, we apply Ito’s formula to obtain

dX,Y; = Y,dX, + X,dY; + d[X, Y],
= thXt[(T' + 7rt(,ut — T))dt + ’R'tO'thS] + Xt}/;g[atdt + 5tthS + ’Ytthu] + XtY}[mJBtdt + ’/TtO"ytpdt]
= XiVi[(r + meppe — mr 4 a4+ w0 By + moyep)dt 4 (10 4 Bi) AW+ vy d W

Since XY is super-martingale,

74 Ty — T 4 ap + o By + moyp < 0
=1+ + (e + 0B +oyp—1) <0
=u+obi+opup—r=0, r+o0 <0

—r
Bt:_ﬂt

=ay < T, - Pt

Since U is increasing concave and U is decreasing convex. We shall choose Y as large as possible,
that is, we shall choose the drift o as large as possible. Therefore, the largest ay = —r and the
dual process is given by

dY; = Yy |—rdt — (=L 4 py)dW + 3 d W) (3.2.2)

g

with the initial condition Yy = y. The solution to the PDE of dual process at time T is given by

T 2 T T

1 u—T w—T s

Y7 = yexp */ (7’+*(1*p2)ﬁ+w)dU*/ ( +mu)qu+/ YudWE |
¢ 2 20 t o t

The dual value function is defined by

V(t,y, p) = ik B[U(Y7)|Y, = y].

By dynamic programming principle,

V(t7 Y, lu) = lng[V(t + h’a Xt+h7 .ut-‘rh) :)|Xt =T, Ut = ,U/]
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By Ito’s formula,

. - t+h av oV 182 v
192V WV
- Y.
g gl s + o dYeds)

tth 9V oV 102V o (s —7)? 2\ 2
Vit + [ (G- aym+5ay2m[ S (-

1a2v2 PV ,
t+h _ 17

- (Wm (“SU )V W + gzadwy>
t

As a result, V satisfies the following dual HJB equation

1% (=71l 1 5= ~
o QTVyy + 502Vuu — o= 7)YV

1 . _
+ inf {2y272(1 — "Wy + (1~ p2)yVyu} =0

. -1
—ryVy + k(0 — )V, + 2Y

with the terminal condition V(T,y, ) = U(y). The minimum of the dual control v in the dual

HJB equation is achieved at B
V,
A Ty (3.2.3)
YWy
Substituting (3.2.3) into the dual HJB equation gives

(=1 o 0= Vi

TyVyJF"Q(‘g H)V + 252 Yy B 7
vy

~ 1 .~
ot Mufﬂy%u+§aﬁauzo.@24)

The dual value function and primal value function have the following relationship

V(t,a,p) = inf (V(t,y, p) + zy).
y>0

Then the primal value function is given by

V(t,a,p) = V(t,j(t,z,p), p) + 2j(t,z, ). (3.2.5)
where §(t, x, 1) is the solution of the equation
OV (t,y, 1)
—_— =0. 3.2.6
By +z ( )
Simple calculus shows that
ov._ov. oVoy oy OV OV _oVoy oy OV _ oV oVoy oy
ot ot " oyot ot ot dxr oyor YT T0r Y ou T op T ayou ! Topu
and by (3.2.6)
ox ~ oz ~
37/ = —Vyy, @ = —Vyu
Then
FV _oy_ 1 OV _dy_Oyde_Vu
gz 9r vy’ drop O dxdu  V,,’
0’V 0V oz PV (V) | o
ST LN VA
Op? Bma,u o ou? Vi

Inserting these partial derivatives into dual HJB equation(3.2.4) gives that V satisfies the primal
HJB equation(3.0.9) with the terminal condition V(T,z,u) = U(z). Then the primal optimal
control is derived form the above dual relations of the partial derivatives and equation(3.0.8)

* ~ 7 ~ P> ~
m (taxa ,LL) = y(tvxvu)vy?l(t?y(tama H)aﬂ) - E‘/ylt(t?y(tvxaﬂ)7#) (327)

g°x
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3.2.1 Power utility function
Power utility function is defined by

1
U(z) = —aP
(@) =2

where p € (0,1) is a constant. The dual power utility function is given by

for y > 0, where ¢ = p/(p — 1) < 0. By equations(3.1.11) and (3.2.5), we may assume

1
Vt,y,p) =U(y)f(t,pn) = —quf(t,u)
Simple calculus shows that

ov. 1 ,0f oV s 0V 1~
— = — = _—=— q —_— - q
5 o By v f, o il fu

— rs e —_ ra T 1 r
Vyy = —(g—1)y* *f, Viu = —y* lfu» Vw:_quf##

and substitute it into the equation (3.2.4) to obtain the PDE equation of ]7

6f ra ra 1 27 q 2 2 fﬁ ALY
9 - —qlg—1)(u—7)2F — 1—p?) L —gp(p— = =
g eSO = fut ogala=1)(n—r)"f 50-1° (1—p%) 7 ap(p=7)fut 50" fun =0
R (3.2.8)
with the terminal condition f(7, ) = 1. Now suppose that
F(t, 1) = exp(A(t) + B(t)u + C(t)u?)
and inserting f into PDE(3.2.8) to obtain ODEs for AA, B and C
- I S o ~ 12
A(t) = (k0 + qpr)B(t) + ~0*— 22 B2(1) — 02C(t) + rq — alg = r”
27 41 202
- - 1—qp®~ ~ - —1
B'(t) = (k+qp)B(t) + QJQquB(t)C’(t) —2(k0 + qpr)C(t) + q(qa% (3.2.9)
. ~ 1—gp? ~ 1
(1) = 2(x + ap)C(t) + 20221 G2y — U2 1)
g—1 202

with the terminal conditions A(T) = 0, B(T) = 0 and C(T) = 0. We can solve the Riccati-type
equation to obtain a closed-form solution C(t) and then find B(t) and A(¢) once C(¢) is known,
see Appendix. By solving the equation V,, + x = 0 to obtain

§(t,, 1) = [wexp(—A(t) — B(t)u — C(t)u®) P,
and the primal value function

Vi(t,a, 1) = V(b 1) + 29 = %f’exp[u — p)(A() + Bty + CHu?)]. (3.2.10)

By equation (3.2.7), the primal optimal control is given by

7 () =~ (= 1097+ 2 (B + 20w F

y - “(1— q) + p(B(t) + 20(t))
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3.3 Numerical test

Equations for A(t) and B(t) are too complicated to find closed-form solutions, even though they are
first-order linear ODE. Hence, we need to use numerical method to solve. A first-order differential
equation is an Initial value problem(IVP) of the form,[9]

B'(t) = f(t,B(t)), B(T)=Br =0,

A'(t) = g(t), A(T)=Ar =0, (3.3.1)

where f is a function f : [tg,00) x R? — R? and the terminal condition By € R? is a given vector.
In the paper, we use Euler method to solve the first-order IVPs. Starting with the differential
equation (3.3.1), we replace the derivative B’ by the backward difference approximation
B(t)— B(t—h)

h )

which when re-arranged yields the following formula

B'(t) ~

B(t — h) ~ B(t) — hB'(t)
and then by equation (3.3.1)
B(t—h) = B(t) — hf(t, B(t)). (3.3.2)

Thus, we choose a step size h = T'/N where N is a integer and construct the sequence tg, t1 = to+h,
to = tg + 2h,...,ty = tg + Nh and then denote by B, a numerical estimate of the exact solution
B(t,). Motivated by (3.3.2), we compute these estimates by the following recursive explicit scheme

Bn—lanfhf(tann), n:NaNf]-a"'al
Similarly, we can obtain
A=A, —hg(t,), n=N,N-1,..,1

We use Python to find numerical approximations to the solutions of ODEs and let parameters

r=005 o0=02 p=-05 r=08 0=005 T=1, p=1. (3.3.3)
the funcitons A(t), B(t) and C(t) in primal problem the functions (1-p)A(t), (1-p)B(t), (1-p)C(t) in dual problem
s{ T — A s — (1-pA(t)
~— B(t) L
~~—_ ) 1 P)?(t)
~~ — (1-p)C(t)

00 02 04 06 08 10 00 02 04 06 08 10
t t

(a) The functions A(t), B(t) and C(t) computed by primal(b) The functions (1 —p)A(t), (1 —p)B(t), and (1 —p)C(t)
HJB equation computed by dual HIB equation

Figure 3.1: The functions A(t), B(t) and C(t) in primal problem and the functions (1 — p)A(t),
(1 -p)B(t), and (1 — p)C(¢) in dual problem.

Figure3.1 illustrates one graph of A(t), B(t) and C(t) using primal solution over ¢ € [0,1]
and one graph of (1 — p)A(t), (1 — p)B(t), and (1 — p)C(t) using dual solution over ¢ € [0, 1]
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separately and then shows they essentially produce the same graph. By equations (3.1.1), (3.1.11)
and (3.2.10), we can obtain

A) + B + C(H? = (1 - p)(A®t) + B(t)u + CC0)p?).

Hence, the figure proofs that dual control method and primal control method can produce the
same optimal value function.

Furthermore, we use numerical method for SDEs to approximate drift p. By equation (3.0.2) and
Euler-Maruyama method, the drift u; can be discretized in the following form

fn = fin—1 + K(0 — pin_1)h + o Z1Vh,

with the initial condition po where Z; is chosed from the standard normal distribution N (0, 1).
Therefore, the primal optimal control using primal solution is given by

™ (tn) = _J/;(r;:rl) - f 1(B(tn) +2C (tn) tin ),

and the primal optimal control using dual solution is given by

7 (t) = B (1= @) + p(B(tn) + 20 (ta)an)

75 == m(t) in primal problem 75 . l“\" ‘ == nit) in dual pronlem
" - ‘-l
5.0 5.0 \
o2
25 25 \
-
Lon
00 00 7N
“\
-25 25 \ Jon
W v
4 ~
-5.0 -5.0 LY ,
\ e, 00
=75 =15 v a.r.-, \ J
\y I,l
v
-10.0 -10.0 \“
!
-125 1 . . : : : -125 1 : : : : .
0.0 02 04 0.6 08 10 0.0 02 04 0.6 08 10

t t
(a) The primal control 7* computed by primal control(b) The primal control 7* computed by dual control

method over time t method over time t

Figure 3.2: The primal control 7* computed by primal control method and dual control method
over time t respectively

Figure3.2 shows the primal control computed by primal HJB equation and dual HJB equation
over time t € [0, 1], respectively. The figure shows that the primal control method and dual control
method produce the same optimal control.
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Chapter 4

Upper and lower bounds

For general utility functions, we cannot solve the primal problem by using the relationship

V(t,z,p) = V(t,9,p) + 7,
since the dual problem is quiet difficult. we has already obtain a weak duality relation (3.2.1)

SUpB[U (Xr,1)) < inf (inf BU (Xr.q)] + ay) < inf (B[T(Yr)] +av),

for all dual controls ~.
For every fixed ~y, the upper bound is defined by

V(b = i0f (B 007 + ). (4.0.1)
Y7 can be computed for fixed v and then we can compute the upper bound by Monte Carlo
simulation.

Theorem 4.0.1. Let I' be a set of dual controls vy and the upper bound V (t,x,p) is given by
(4.0.1). Then the optimal value function V (t,x, u) satisfies

V(t,z,pu) < inf V(t,z,u).
~ver

Assume that

M(ta Y, M) = Et,y,u[U(YT)]

is twice differentiable and strictly convex for y > 0 with fixed ¢ and p. Suppose that y* =
§(t, x, u;y) is the solution of the equation

oM
—— (¢, 9y, = Oa
9y (ty,p) +=
and the primal control is given by
—% _ H=T * 4 *
™ (t,:L',M) T 521 Y Myy(tay ,,LL) - ;My#(ay 7”’)' (402)

Assume that X is the unique solution of SDE
dXy = Xi [ (r + me(pe — 7)) dt + mpodW;]
with the primal control m, = 7(t, X, i) for t € [0, 7.
Theorem 4.0.2. Define the lower bound
V(t,, 1) = Bt z,u[U(X7)]
for the fized primal control w; = 7(t, Xy, iut). Then the optimal value function satisfies

V(t,x, ) > supV (t,z,p).
~el

30



4.1 Monte Carlo lower and upper bounds
Let I' C 'y, then

V(t < inf V(¢ < infV (¢ )
(’x’“)—vlélrl (,x,u)_;relF (t, =, 1)

Hence, Using I'; instead of I' gives tighter upper and lower bounds. For numerical tests in section
3, we apply the idea in [7] and refer the equation (3.2.5) to choose the set I" to contain dual control:
m(t), m(t)ue and m(t) + n(t)u: where m and n are piecewise constant functions

n

t) = Zmil(ti—lxti](t)
i=1

t) = Znil(ti—lati](t)
=1

with 0 =t) <t; <ts < ..<tp_1 <tp,=TTforn>1, m; and n; for i = 1,...,n being arbitrary
constants. Then assume that the dual function U has the following form

ANV
ZU = (‘ﬂ‘“) (LD
for g <0and j =1,...,N, then

N
Mty 1) = Uj(y) (4.1.2)

j=

—

By equation (4.2.3), the upper bound V is given by

V(t,x, p) Z () + zy™. (4.1.3)

where y* = (¢, x, u) is the unique solution of equation

Zy‘“ (1) ==

By equation (4.0.2), the primal control 7* is given by

e N w—r 0 4
o7 ) = Y | ESH0= g)B) +ogF(e0)| ) (4.1

Jj=1

For fixed dual control 7, one can compute Fj(t, 1) using the Monte Carlo simulation and approx-
imate %Fj(t, u) using finite difference method

Fi(t, j+h) — Fy(t,— h)
oh

0]

%Fj (tv ,LL) =
for small h. If V = 1, there is a closed-form solution for y*. When N > 2, the Newton Raphson
method can be used to find y*.

As a result, we can use the Monte-Carlo methods to find the tight upper and lower bounds. We
describe the process of the Monte Carlo simulation for computing tight upper and lower bounds
at time ¢ = 0.

Step 1: Denote by T" the set of vectors M := (mq,ma, ...,my) and 1 := (91,72, ..., Ny) which form
the coeflicients of the function m and 7. Fix the vector M,n € I' and a form of dual control ;.
Step 2: Generate M sample paths of W* and W*

W+ =Vhz,, W*=pVhZ + /1 - p>VhZ,.
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Discretize the SDE of the processes Y; (3.2.2)

(e = 1)% ), (B 4 09) (0Wh2y + V1= PVhZo) + VhiZy

1
Yiin =Y, —r—=(1—=p*)2 -
t+h rexp |(—r 2( P) 202

where Z; and Z, are chosed from the standard normal distribution N(0,1). Compute Yy with the
initial value Yy = y. Compute the average derivative

MOy, ) 11 s, -,
— T Y, Yr).
3y yM; U (Yr)

Step 3: Solve equation M, (t,y, 1) + « = 0 by the bisection method and then find the solution
y~=y"
Step 4: Compute the upper bound

N
V(0,2 p) = M(0,y", 1) + 2y =Y Us(y")F5(0, 1) + 2y
j=1

Step 5: Generate the drift u; by the Euler method
fiesn = pu + 50 — p)h + 0 Z1Vh
and compute the control process 7 in (4.0.2). Generate the wealth process X by the Euler method
Xin = Xo+ X (r +7(pe — )b+ 7 X0 (pVhZy + /1 — p2VhiZy)

where the initial value X = x, Z; and Z, are chosed from the standard normal distribution
N(0,1). Since wealth process X is driven by 7, it is possible for an investor to lose all his money
before maturity T. Therefore, if X; < 0, we set X¢ = 0 for this path.

Step 6: Compute the lower bound

V(t,z,pn) = MZU

Step 7: Repeat Steps 1 to 6 N7 times with different M,n € T" to derive the tight upper bound

mf V(O x, 1) and the tight lower bound sup V(0,z, u).
M,n M,nel

4.2 Closed-form upper bounds for power utility and non-
Hara utility

For some special utility functions, it is easy to find the closed-form upper bounds. The dual process
Y satisfies a linear SDE(3.2.2) and the dual value function U is decreasing and convex. Therefore,
M(t,y, 1) is decreasing and strictly convex for y > 0 with fixed ¢ and . By Feynman-Kac theorem,
M satisfies the following linear PDE

oM

— )2 1
o My (0= M, +1 y [MMQ(17,02)]Myy+§02/\/lw+y[m(1*pz)*p(ﬂfr)]/\/lw:0

2 o2
(4.2.1)

with the terminal condition M(T,y, ) = U(y). If the dual control 4, = m(t) + 1(t)u; where m
and 7 are piecewise constant functions

t) = Zmil(ti—lgti](t)’
i=1

t) = Zﬁil(ti_l,ti](t)
1=1
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with 0 =ty <t <te <..<tp_1 <t,=Tforn>1and m; and n; for i = 1,...,n being arbitrary
constants. And the dual function U has the following form

- iﬁj@) - i (-0 (122)

for ¢; <0 and j =1,...,N. The solution of PDE (4.2.1) is given by
N
M(t,y, p Z U () Fy(t, 1) = > U (y)exp(A; (1) + B;(t)u + Cj(t)p), (4.2.3)

where Avj, Ej and éj satisfies the following ODEs

Al(t) = — (k0 + qipr + o (1 — p?)g;m(t)) B;(t) —

gy~ LD (2w )
Bi(t) =(k + ¢;p — 0q;(1 — p*)n(t)) B;(t) — 20° B; (1) C;(t) — 2(k0 + qspr + (1 — p*)g;n(t))C;(1)

$ BT - ) P men)

1 .~ ~
502sz-(t) — 20 (t)

C1(1) = = 2°C30) + 20+ 50— oal1 — )50 - D=0 (- )

with the terminal conditions A;(T) = 0, B;(T) = 0 and C;(T) = 0. Moreover, C;(t) is given by
t) = Z Cij ()11, 1.60(t),
i=1
The @j are computed recursively as follows:
for i = n,
Crj(8) = a;C2 (1) + b (tn) Cog (8) + dj(tn), T € [tn1, ]

with terminal condition C~'nj (tn) = 0.
Fori=n-1,..,1,

éz{j (t) = aj5i2j (t) + bj (tz)ézj (t) + dj (tl), te [ti,h tl]

with the terminal condition Cy;(t;) = Cyt1,(t;) where

6 =208, b0 =2+ ap—oal - ). dy(0) = ~ELZ (- ).

o2
The closed-form solutions of éij (t) are given by Appendix A. Equations for Avij (t) and Eij (t) are
too complicated to find closed-form solutions, even though they are first order linear ODEs. Hence

we need to use numerical method to solve which is given by section 3.3. By equation (4.2.3), the
upper bound V is given by

N
Vt,z, ) :Z L (t, 1) + zy* (4.2.4)

By equation (4.0.2), the primal control 7* is given by

N
— H—=r ~ *\qj—
o7 () = 3| P50 0 B0+ 2G5 0] (0P F e (125)
j=1
where y* = §(t,z, ) is the unique solution of equation Z;V:1 Y%L (t,u) = x and Fj(t,p) =

exp(A;(t) + B;(t)p + C;(t)u?). We can find an exact solution of the linear PDE (4.2.1). Hence,
there is no need to use Monte Carlo method to compute the upper bound. The closed-form solution
makes the computation of the upper bound fast, such that power utility and non-Hara utility.
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4.2.1 Power utility

Let v+ = m(t) + n(t)p¢. This is a special case of equation (4.2.2) with N =1 and ¢; = ¢. The dual
value function is given by equation (4.2.3). Therefore by equation (3.2.10) and (4.0.1), the upper
bound V is given by

Vit 1) = V(b o 1) + 2 = %fexp[u — p)(A(t) + Bty + Cltyed)).

The primal control 7 is given by

7t ) = Fm (1= q) + p(B(®) +2C(0)n)

Furthermore, we can use Monte Carlo method to generate sample paths of the wealth process X
in (3.0.3) to compute the lower bound

M
1 _
V(t,z,p) = i E U(XT).
=1

4.2.2 Non-Hara utility
The dual function of non-HARA utility is given by
~ 1 1
Uly) = ——y* — —y®
q1 q2

where ¢; = —1 and ¢ = —3. Let ¢ = m(¢) + n(¢)u:. Hence, this is a special case of (4.2.2) with
N =2 and ¢; = —1 and g2 = —3. The dual value function is given by equation (4.2.3), the upper
bound is given by equation (4.2.4) and the primal control is given by equation (4.2.5). Since y* is
the unique solution of equation

y 2P (tp) +y B (t ) =

y* can be written as

1
o _ ([ Fultp) + VEE )+ B (tp) |
Yy o0 )
Furthermore, we can use Monte Carlo simulation to generate sample paths of the wealth process
X in (3.0.3) to compute the lower bound.

4.3 Numerical tests

In the section, we solve the optimal control problem with power and non-Hara utilities by using
the dual control Monte Carlo method. We use the closed-form solution to compute upper bounds
for power and non-Hara utilities when v = m(t) +n(t)u: and vy = m(t)p, and use the Monte Carlo
method to compute the lower bounds and the upper bound for m(t). Let path number 100,000
and time step 100 for discretizing SDEs.

4.3.1 Power utility

Our goal is solving the optimal control problem by lower and upper bounds method with power
utility function. Let parameters

r=005 o0=02 p=-05 k=3, 0=005 T=1 p=05 xo=1 pu=0.5.
(4.3.1)
We compare performances of three different choices of dual control v, with m(¢) and n(¢) both being
constants(n=1) which are independent uniform variables in [—0.5,0.5]. We repeat the Monte-Carlo
method step 1 to step 6 1, 5, 10, 20, 50, 100 and 200 times and then compute the tight upper

bound _inf V(0,z,u) and lower bound sup V(0,x, u).
M,nel’ M,ner
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By equations (3.1.11) and (3.1.12), We can compute the closed-form solution of C(t) and
approximate A(t) and B(t) once C(t) is known. Using Python, we can obtain

A(0) = 0.092030,  B(0) = —0.183145,  C(0) = 1.831404.

Then the benchmark value is the primal value explicitly given by

V = Lep((4(0) + BO)uo + C(0)) = 3162794

The numerical results are listed in Table 4.1.

Times | Benchmark UB LB abs-diff rel-diff
1 3.162794 3.163576 | 3.162234 | 0.001342 | 0.000425
5 3.162794 3.163576 | 3.162234 | 0.001342 | 0.000425

10 3.162794 | 3.163576 | 3.162234 | 0.001342 | 0.000425
20 3.162794 | 3.163351 | 3.162234 | 0.001117 | 0.000354
50 3.162794 | 3.163351 | 3.162234 | 0.001117 | 0.000354
100 3.162794 | 3.162842 | 3.162234 | 0.000608 | 0.000193
200 3.162794 | 3.162796 | 3.162234 | 0.000562 | 0.000178

Table 4.1: Upper bound (UB) lower bound (LB) for power utility (v, = m(t) + n(t)u:)

Times | Benchmark UB LB abs-diff rel-diff
1 3.162794 3.163754 | 3.162195 | 0.001559 | 0.000493
5 3.162794 3.163705 | 3.162195 | 0.001510 | 0.000478

10 3.162794 | 3.163668 | 3.162195 | 0.001473 | 0.000466
20 3.162794 | 3.163317 | 3.162195 | 0.001122 | 0.000355
50 3.162794 | 3.163256 | 3.162195 | 0.001061 | 0.000335
100 3.162794 | 3.162894 | 3.162195 | 0.000699 | 0.000221
200 3.162794 | 3.162843 | 3.162195 | 0.000648 | 0.000205

Table 4.2: Upper bound (UB) and lower bound (LB) for power utility (v = m(t)u)

Times | Benchmark UB LB abs-diff rel-diff
1 3.162794 3.163953 | 3.161932 | 0.002021 | 0.000639
5 3.162794 3.163729 | 3.161932 | 0.001797 | 0.000568

10 3.162794 | 3.163361 | 3.161932 | 0.001429 | 0.000452
20 3.162794 | 3.163361 | 3.161932 | 0.001429 | 0.000452
50 3.162794 | 3.163274 | 3.161932 | 0.001342 | 0.000424
100 3.162794 | 3.163029 | 3.161932 | 0.001097 | 0.000347
200 3.162794 | 3.163029 | 3.161932 | 0.001097 | 0.000347

Table 4.3: Upper bound (UB) and lower bound (LB) for power utility (v, = m(t))

The tables illustrate that the benchmark value is between the upper and lower bounds, and
the absolute difference is proportional to 1072 or 10~* and the relative difference is proportional
to 107%. As a result, the upper and lower bounds method is accurate and reliable. From tables
4.1, 4.2 and 4.3, the gap between the tight upper and lower bounds is very small. We also can
obtain v = m(t) + n(t)u: outperforms other choices of 7. In addition, we examine the robustness
of the method for v, = m(t) + n(t)u:. We choose the dual control v, = m(t) + n(t)p: with m(t)
and 7(t) both being constants(n=1) which are independent uniform variables in [—0.5,0.5]. Then
we repeat the Monte-Carlo method step 1 to step 6 1, 5, 10, 20, 50, 100 and 200 times and then

compute the tight upper bound _inf V(0,z, 1) and lower bound sup V(0,z, u1).
M,nel M,nel

We randomly take 10 samples of interest rate r from the uniform distribution on [0.01,0.08], o on
[0.1,0.5], p on [—1,1], k on [1,5], 6 on [0.01,0.1]. Let parameters T = 1, 2o = 1 and pg = 0.5.
We compute the mean and standard deviation of the absolute and relative difference between the
upper and lower bounds and show the numerical results in the Table 4.4.
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Times | mean abs-diff | std abs-diff | mean rel-diff | std rel-diff
1 0.001821 0.002639 0.00034434 0.0114325

5 0.001797 0.002568 0.00028595 0.0109843
10 0.001538 0.002452 0.00029425 0.0104357
20 0.001429 0.002241 0.00028532 0.0094641
50 0.001342 0.001924 0.00025320 0.0092543
100 0.000978 0.001847 0.00021249 0.0090568
200 0.000897 0.001832 0.00019951 0.0088093

Table 4.4: Mean and standard deviation of the absolute and relative difference between the upper
and lower bounds for power utility with randomly sampled parameters-sets

The table illustrates that the algorithm is accurate and reliable. Furthermore, we compare
performances of v = m(t) + n(t)p: with m(t) and n(t) both being constants, that is m(t) = m
and n(t) = n (the number of pieces nl = 1) and being a two-piecewise constant function, that is
m(t) = milj,1/9(t) + mala21)(t) and n(t) = ml1/2)(t) + m2la/2,1)(t) (the number of pieces
nl = 2. In the process of calculating the lower bound, we use a piece constant control

no

« . _ T
T(t) = Zﬂ(tk)l(zk,l,zk](t)y tk = knj’ nz = 100
k=1

to replace the feasible control 7. Moreover, we make the number of samples for each m; and 7;,
1 =1,2, the same as that of m and 7 for n; = 1, so as to ensure that the piecewise functions with
n1 = 2 include all functions with n; = 1. The numerical results are listed in Table 4.5 and Table
4.6.

times | Benchmark UB LB abs-diff rel-diff
1 3.16279372 | 3.16357634 | 3.16223398 | 0.00134236 | 0.00042442
60 3.16279372 | 3.16297127 | 3.16223398 | 0.00073729 | 0.00023311
600 | 3.16279372 | 3.16279465 | 3.16223398 | 0.00056067 | 0.00017727
6000 | 3.16279372 | 3.16279399 | 3.16223398 | 0.00056001 | 0.00017706

Table 4.5: Upper bound(UB) and lower bound(LB) for power utility with piecewise constant
control (ny = 1)

Times | Benchmark UB LB abs-diff rel-diff
1 3.16279372 | 3.16301876 | 3.16223398 | 0.00078478 | 0.00024813
602 3.16279372 | 3.16281122 | 3.16223398 | 0.00057724 | 0.00018251
6002 | 3.16279372 | 3.16279404 | 3.16223398 | 0.00056006 | 0.00017708
60002 | 3.16279372 | 3.16279384 | 3.16223398 | 0.00055986 | 0.00017701

Table 4.6: Upper bound(UB) and lower bound(LB) for power utility with piecewise constant
control (nq = 2)

It is clear that the upper and lower bounds are tight. Our numerical results confirm the upper
bound is decreased as the number of samples for m and 7 increased, that is the performance of
ny = 2 is better than that of n; = 1, even if the rate of improvement is small. One possible reason
is that the bounds are already very tight. Hence, we can increase the number of samples to reduce
the gap of the upper and lower bounds. However, the time of computation will exponentially
increase as increasing the number of samples. One needs to strike a balance of accuracy and cost
of computation. According to the numerical results in Table 4.5 and Table 4.6, n; = 1 has already
given good estimation of the bounds. we will use it for non-HARA utility.

4.3.2 Non-HARA utility

In this section, we check the correctness of the upper and lower bounds when process u; always
constant over the time t. By subsection 1.2.2, there is a classical solution to the primal value
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equation. Let all parameters be the same as (4.3.1). By equation (1.2.4), we can obtain

1/2
Y= (2313 (e<r+92>T +V/e2(r+6)T 4xoe3(T+292)T))> = 1.330956.
0

By equation (1.2.5), the benchmark value at time ¢ is given by

2 e(7'—1—92)T
V=- + 2x0y™ | = 2.307806.

3 y*

We compute the upper and lower bounds by Monte-Carlo method. Table 4.7 lists the numerical
results.
The table illustrates that the benchmark is between upper and lower bounds, and the absolute

Benchmark UB LB abs-diff rel-diff
2.307806 2.307859 | 2.307702 | 0.000157 | 6.80e-05

Table 4.7: Upper bound(UB) and lower bound(LB) for Non-HARA utility

difference is proportional to 10~* and the relative difference is proportional to 107°. As a result,
the upper and lower bounds method is accurate and reliable.

In addition, we use the upper and lower bounds method to the non-HARA utility when drift
following the OU process.We compare performances of three different choices of dual control ; with
m(t) and 7n(t) both being constants(n=1) which are independent uniform variables in [—0.5,0.5].
We repeat the Monte-Carlo method step 1 to step 6 1, 5, 10, 20, 50, 100 and 200 times and then

compute the tight upper bound inf V(0,z,u) and lower bound sup V(0,,p). Let po = 0.05,
M, ner M,nel’
p1 = 0.5 and po = 0.75. The other parameters are the same as in 4.3.1. The numerical results are

listed in Table 4.8, Table 4.9 and Table 4.10.

Num m and 7 UB LB abs-diff rel-diff

1 3.55639620 | 3.55552074 | 0.00087546 | 0.00024623
5 3.55639620 | 3.55552074 | 0.00087546 | 0.00024623
10 3.55639620 | 3.55552074 | 0.00087546 | 0.00024623
20 3.55630068 | 3.55552074 | 0.00077994 | 0.00021936
50 3.55630068 | 3.55552074 | 0.00077994 | 0.00021936
100 3.55569335 | 3.55552074 | 0.00017261 | 4.855e-05
200 3.55557267 | 3.55552074 | 5.193e-05 1.461e-05

Table 4.8: Upper bound (UB) lower bound (LB) and the absolute and relative difference between
upper and lower bounds for Non-HARA utility (v = m(t) + n(t) )

Num m UB LB abs-diff rel-diff

1 3.55659998 | 3.55520307 | 0.00139691 | 0.00039288
5 3.55659998 | 3.55520307 | 0.00139691 | 0.00039288
10 3.55645730 | 3.55520307 | 0.00125423 | 0.00035276
20 3.55631066 | 3.55520307 | 0.00110759 | 0.00031151
50 3.55631066 | 3.55520307 | 0.00110759 | 0.00031151
100 3.55613581 | 3.55520307 | 0.00093274 | 0.00026234
200 3.55562488 | 3.55520307 | 0.00042181 | 0.00011864

Table 4.9: Upper bound (UB) and lower bound (LB) and the absolute and relative difference
between upper and lower bounds for Non-HARA utility(v¢ = m(¢) )
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Num m UB LB abs-diff rel-diff

1 3.55667566 | 3.55515873 | 0.00151693 | 0.00042664

5 3.55667566 | 3.55515873 | 0.00151693 | 0.00042664
10 3.55642792 | 3.55515873 | 0.00126919 | 0.00035696
20 3.55642792 | 3.55515873 | 0.00126919 | 0.00035696
50 3.55642792 | 3.55515873 | 0.00126919 | 0.00035696
100 3.55621365 | 3.55515873 | 0.00105492 | 0.00029670
200 3.55565726 | 3.55515873 | 0.00049853 | 0.00014021

Table 4.10: Upper bound (UB) and lower bound (LB) and the absolute and relative difference
between upper and lower bounds for Non-HARA utility (v, = m(t))

The numerical results also confirm that the choice v, = m(t) + n(¢)u; outperforms the other
choices of ;. We further check and test the robustness of the dual control Monte-Carlo methods
for non-HARA utility with v = m(t) +n(t) e with m(t) and n(¢) both being constants(n=1) which
are independent uniform variables in [—0.5,0.5]. Then we repeat the Monte-Carlo method step 1 to
step 6 1, 5, 10, 20, 50, 100 and 200 times and then compute the tight upper bound M'I#;FV(O, x, 1)

and lower bound sup V(0,z, p).
M,nel’

We randomly take 10 samples of interest rate r from the uniform distribution on [0.01,0.08], o on
[0.1,0.5], p on [—1,1], k on [1,5], # on [0.01,0.1]. Let parameters T = 1, g = 1 and po = 0.05.
We compute the mean and standard deviation of the absolute and relative difference between the
upper and lower bounds for non-HARA utility and show the numerical results in the Table 4.11.

Num m and 7 | mean abs-diff | std abs-diff | mean rel-diff | std rel-diff

1 0.008868 0.012592 0.219486 0.343412
5 0.008747 0.011095 0.194536 0.309677
10 0.008523 0.010178 0.185413 0.287890
20 0.008311 0.009639 0.181249 0.262324
50 0.007969 0.009414 0.169873 0.249088
100 0.007243 0.009135 0.163256 0.237766
200 0.007004 0.008871 0.159987 0.211909

Table 4.11: Mean and standard deviation of the absolute and relative difference between upper
and lower bounds for non-HARA utility with randomly sampled parameters-sets

It is clear that the gap between the upper bound and lower bound is very small. Therefore,
the algorithm is accurate and reliable.
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Conclusion

In this paper, we use Lagrange multiplier and Kuhn-Tucker condition to solve constrained quadratic
minimization problem and find the primal control. We find an exact solution for power utility using
both primal HJB and dual HJB when the drift u; following the OU process. We further plot some
graphs using the primal solution and dual solution separately and confirm they essentially produce
the same results. Besides, we use the weak duality relation to construct the upper bound from
the dual problem and then construct a feasible control to find the lower bound under the OU
process with power and non-HARA utilities and estimate the gap of UB and LB. We apply the
dual control Monte-Carlo method to compute the bounds and suggest some simple forms of the
dual control 7. For power and non-HARA utilities, if v is taken as v; = m(t) + n(t)u: with m
and 7 being piecewise constant functions, we can find a closed-form formula of upper bound. For
power utility, we use the benchmark value to check bounds tight. Numerical tests show that the
choice v = m(t) +n(t)u: outperforms the other choices of 7, and the difference between the upper
and lower bounds can be decreased if the number of sampling increases. Moreover, the upper and
lower bounds method is accurate, reliable and robust.
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Appendix A

Technical Proofs

In this paper we need to solve a number of times the following equation to obtain a closed-form
solution of C'(t).

C'(t) = aC?*(t) +bC(t) +d, t<t<t

with the terminal conditions C(f) = ¢, where all coefficients are constants. Assume that b*—4ad > 0
and ML ¢ [e"1 (L 1] where

—b—k -b+k
klz\/b2—4ad, my = 1, mo = + 1.

2a 2a

Then we can obtain

1 1
— D= —
(D D 2> d a(my — ma)dt

Solving the above equation, the closed-form solution for C(t) on interval [¢, ] is given by

mi1 — Mo cC—m
+ma, ky=——

O = T e n = 1D) p——

In this paper, c=0,t=0and t = T.
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