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Abstract: Metamaterials acquire their functionality from the structuring of
the small building blocks, “artificial atoms”. Our paper provides a study of
the resonant behaviour for a variety of metallic nanoparticles in the region
of hundreds of THz. Resonant modes for nanorods of rectangular cross
section are investigated numerically for different types of excitation and the
set of resonant frequencies (fundamental and higher order) are determined
for rods of various length. From that the dispersion relationship for surface
plasmon-polaritons propagating along the rod is deduced. We analyse
resonant-mode near-field distribution of the electric field, including the field
lines, to emphasise the underlying physics. Resonant frequencies are also
found and field distributions analysed when the rods are combined to form
particles of L, U and O shapes. The similarities and differences between
those particles, both in the values and in the number of resonances, are
discussed. The results of this study may aid the design of nanostructured
metamaterials with required properties in the IR and optical domain.
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1. Introduction

Surface waves have been known for well over a century [1]. Plasma waves on metallic
surfaces also go back a long way [2,3]. Major progress came with the work of Oliner and
Tamir [4] who were the first to investigate the surface waves on a dielectric-metal-dielectric
sandwich. A detailed study of these waves in various configurations was conducted by
Economou [5]. For a discussion of the mode with long-range properties see Sarid [6].
Resonances of small triangular elements were studied by Kottmann et al. [7,8]. Metal-
dielectric-metal structures of finite cross section, usually referred to as metal stripes or films,
have been investigated by Berini [9,10] and Al-Bader [11]. They set up the relevant partial
differential equations and solved them numerically subject to the boundary conditions. They
chose one particular frequency at which they investigated the dependence of the propagation
constant on the geometry, and found a variety of mode structures.

Interest in surface plasma waves has also come from a different direction, from the study
of metamaterials. The imaging mechanism of Pendry’s ‘perfect’ lens [12] crucially depends
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on the excitation of surface plasmons [13]. Resonant elements have been an integral part of
the research on metamaterials. The frequency of resonance has climbed up in the last few
years to 100 THz [14] and more recently to the visible region [15-17]. Novel nanoparticles
such as a pair of closely spaced nanostripes or nanorods [18,19], the nanostructured U-particle
[20-22], crescent [23] and ring [24] have been introduced. For recent review papers see [25-
27]. A detailed study of small resonators in the near infrared was conducted by Rockstuhl et
al. [28]. They obtained plasma resonances up to several hundred THz, and they also showed
field distributions on nanorods and U-shaped elements. Upper limits of the resonant
frequencies based on the concept of kinetic inductance have also been discussed [29-32].

Although resonances in general have received much attention there has been no
comprehensive work on the simplest of elements, a single nanorod, and particularly no
attempt has been made so far to derive dispersion relations for such a three-dimensional
structure. Our first aim is to take a nanorod of square cross section, find its resonant
frequencies with the aid of a numerical package (CST Microwave Studio), analyze their field
distributions at the fundamental and higher frequencies for a variety of excitations, and find
simultaneously the wavelength of the plasma wave in order to derive the dispersion
characteristics. The second aim is to extend the search for resonances to structures of other
shapes which can be put together by combinations of rods. These are elements of L, U and O
shapes, the last one being a rectangular ring.

2. Resonant frequencies and field lines

Our studies will be concerned with rods of square cross section. In the coordinate system of
Fig. 1 the length of the rod is equal to [ in the y direction, and the sides are at x = +a/2 and
z ==a/2. For the dielectric constant of the rod as a function of frequency (necessary to specify
for time domain simulations) we could give its value in the high frequency region for each
value of the frequency from the literature [33]. We have chosen the simpler option of using
the lossy Drude model which is not accurate in the vicinity of the plasma frequency but
perfectly adequate for our purpose. The chosen variation of the dielectric function is in the
form

a)Z
& 250{1—?27@}’ (D

where & is the free space permittivity, @ and ¢, are the frequency and the plasma frequency
respectively, and yis a loss factor, the inverse of the relaxation time. For our simulations we
shall take @, = 1.35-10"° rad/s and y= 210" rad/s which correspond to those of gold [33].

The excitation is in the form of a plane wave incident in the z direction with its electric
field in the y direction, i.e. parallel with the axis of the rod. The numerical package used for
finding the resonances is CST Microwave Studio working in the time domain. In the
simulations an adaptive meshing was used. The grid step varied from 0.3 nm inside the
particles to 8 nm in free space. Open boundary conditions at a distance of 50 nm from the
structure were used. The simulation size was around 2 million mesh cells. For the results,
obtained in the Section 3, where rods of up to 2000 nm length were simulated, the grid size
around the corners was increased to 1 nm and inside the particles to up to 4 nm.
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Fig. 1. Schematic representation of the studied nanorod. The y component of the electric field
measured 4 nm above the top of the rod on the rod axis (red arrow) is used in the plot of the
resonance curve.

In all the following studies the cross section of the rod will be taken as equal to
a =10 nm. To begin with we shall take a length of /=150 nm. The first three resonances
(Fig. 2) are at f; = 220 THz, 541 THz and 749 THz. The electric field lines in the z = 0 plane
are shown in Figs. 3(a)-(c) for the three frequencies above. The field distributions are
symmetric as may be expected from the symmetry of the rod. A possible way of
characterising the resonances is to refer to surface charges and to the direction of the electric
field at the boundaries. The simplest pattern may be expected at the lowest resonance of
220 THz. As shown in Fig. 3(a) the electric field lines point away from the boundary at the
upper part and towards the boundary at the lower part indicating a positive surface charge at
the upper and a negative surface charge at the lower part. The surface charge varies along the
rod as + —.
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Fig. 2. Resonance curve of the 150 nm long rod normalized to the amplitude of the incident
wave. Inset shows the geometry and the polarization of the excitation.

The field lines for the first higher resonance are shown in Fig. 3(b). From the direction of
the field lines it may be seen that the surface charges vary along the rod as + — + —. Note that
a lower resonance should also exist with surface charges varying as + — + but that cannot be
excited by the perpendicularly incident plane wave. The streamlines at the f; =749 THz
resonance are shown in Fig. 3(c). The charge distribution is now + — + — + —. A resonance
characterised by a + — + — + distribution is missed again due to the chosen excitation. An
alternative description of the resonances is in terms of the zeros of the electric field. There is
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none for the lowest resonance, two for the first higher resonance and four for the next higher
resonance.
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Fig. 3. Electric field patterns of the nanorod at 220 THz (a), 541 THz (b) and 749 THz (c).
Field strength plotted on a logarithmic scale (normalized to the respective field maximum).
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Fig. 4. Electric field components (maxima normalized to unity) along the rod at 220 THz. Inset
shows a sketch of the electric field in the vicinity of a corner.

Next we shall plot the variation of E, and E,. The E, component may be disregarded
because due to symmetry it should vary in the same manner as E,. Also, due to symmetry, E,
must be equal to zero along the axis of the rod, at x =z =0. It is therefore plotted (Fig. 4(a))
near to the edge of the rod at x =4 nm, z = 0. Since E, is tangential to the surface at y = +//2 it
has to be continuous there, and indeed it may be seen to be continuous. The sudden change of
sign just beyond the slab indicating a change of direction is far from being obvious. It may
though be explained with the aid of the inset where the field lines are shown on a smaller
scale. The tangential component of the electric field may be seen to be conserved across the
boundary as all field lines move away from the corner both inside and outside of the slab.
However the field lines originating in the vicinity of the upper right-hand corner on the
surface of the rod must reach the corresponding point in the vicinity of the lower right-hand
corner, and they can only do so if they change direction.

Plotting E, as a function of y (Fig. 4(b)) along the axis (at x = z = 0) it may be seen that E,
is discontinuous and changes sign at the two ends of the rod. That occurs because the normal
component of the electric displacement must be conserved across the boundary
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gairEy,air = ngy,p’ (2)

where E, ,; and E, , are the y components of the electric field just outside and just inside the
rod. Note that in eqn (2) we relied on the equivalent dielectric constant as given by the Drude
model. The corresponding physical explanation is that the electric field changes sign because
the dielectric constant in the metal is negative. A more direct, and less formal, physical
explanation would invoke the existence of surface charges on the metal air boundary, saying
that the electric field lines must end up on the surface charges, and the difference of the
electric flux densities on the two sides must be equal to the surface charge. The variation
along the x axis of E, for y =74 nm, z=0 and of E, for y =z =0 is plotted in Figs. 5(a) and
(b). It is now the E, component that is discontinuous and E| that is continuous at the boundary,
x = #a/2. The variation of the same components as a function of y for the two higher orders is
shown in Figs. 6 and 7.
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Fig. 5. Electric field components (maxima normalized to unity) across the rod at 220 THz.
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Fig. 6. Electric field components (maxima normalized to unity) along the rod at 541 THz.
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Fig. 7. Electric field components (maxima normalized to unity) along the rod at 749 THz.
3. Dispersion relations

In Fig. 6(a) the range between y = —55 nm and y = 55 nm shows one period of a sine function
which gives us immediately the wavelength of the plasma wave to be equal to 110 nm. This is
exactly what we have been looking for. Our aim has been to find the dispersion curve, the ® —
k relationship in a plasma rod of 10 nm x 10 nm cross section. We know now that at a
frequency of 541 THz the value of k is equal to 27/110 nm = 5.7-10" m™'. The same kind of
information could be deduced also from Fig. 7(a) where two periods are shown. In this case
the plasma wavelength is 64 nm at a frequency of 749 THz giving another point on the
dispersion curve.
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Fig. 8. Comparison of the dispersion curves of a metal-air interface (dashed curve), a 10 nm
thick metal slab (dashed-dotted curve) and the retrieved dispersion of the 10 nm x 10 nm thick
rod (open circles). Solid curve is the light line.

For finding the resonances at lower frequencies we need to choose longer rods but
otherwise it is straightforward to find the dispersion curve. The general rule is that by relying
on the fundamental and higher resonant frequencies we can obtain the plasma wavelengths
which correspond to the resonant frequencies. The dispersion curve found by this method is
shown in Fig. 8 (open circles) against k/k,, the normalised wave number, where
ky = wp/c = 4.6-10" m™. For comparison we plot there also the dispersion curve of a single
plasma-air boundary (dashed lines) and the lower branch of the dispersion curve of a 2D slab
of plasma with boundaries 10 nm apart. (Due to splitting there must be a branch not only
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below but also above the single-boundary curve but that is of no interest in the present
context.) A slab has two free surfaces, a rectangular rod has four. Hence the lowest branch of
the dispersion curve of the rod will lie further away from the unperturbed dispersion of the
single metal-air interface, i.e. below the lower branch of the dispersion curve of the slab (see
Fig. 8).

D45 [

1 S N

N
0.35 \

0.1 0.3 1 3

ki,

iy

Fig. 9. Resonant length of the rod at its lowest resonance.

What can we say about the length of the rod in terms of wavelength at the lowest
resonance? At its resonant frequency, f; = 220 THz, the corresponding plasma wavelength can
now be obtained from Fig. 8. It is 4, = 370 nm coming to / = 0.44,,. We can repeat the exercise
by taking rods of different lengths. The resonant length may be expected to depend on the
plasma wavelength, and indeed this is the case. As k/k, increases the length of the rod in terms
of the plasma wavelength declines as shown in Fig. 9. The explanation we may offer is that
when the wave resembles a plane electromagnetic wave then the rod’s first resonant length
should be a little below half-wavelength as it follows from low-frequency antenna theory (see
e.g. [34]). The decline of the resonant length with increasing k/k, is probably due to the fact
that with decreasing plasma wavelength the two end surfaces will also influence the total
length at resonance.

4. Combination of rods

Next we look at the resonant frequencies of a combination of rods (see Fig. 10) which we
shall call the L, U and O configurations. The cross section is still equal to 10 nm x 10 nm, and
in each case / = 80 nm.

(@) (b) (c)

Fig. 10. Schematic representation of the L, U and O particles. The y component of the electric
field measured 4 nm above the left vertical rod on its axis (red arrow) is used in the plot of the
resonance curves.
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Fig. 11. Resonance curve of the 150 nm long L particle normalized to the amplitude of the
incident wave. Inset shows the geometry and the polarization of the excitation.
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Fig. 12. Electric field patterns of the L particle at 226 THz (a), 406 THz (b) and 545 THz (c).
Field strength plotted on a logarithmic scale (normalized to the respective field maximum).

L configuration. The total length of the L particle (measured along the dashed line of
Fig. 10(a)) is equal to 150 nm, the same length as that of the rod studied earlier. The first three
resonances at 226 THz, 406 THz and 545 THz are shown in Fig. 11. The lowest resonance at
226 THz is very close to that of the rod of the same length. It may therefore be reasonably
expected that the field distribution will also be in some way similar. This is indeed so as may
be seen in Fig. 12(a). As the rod is bent into the L shape the field distribution more or less
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follows it. The next resonance at 406 THz is the one missing for the rod. The field lines are
shown in Fig. 12(b). Since the L particle is asymmetrically excited the + — + resonance may
now be present. The resonance at f; = 545 THz (field lines plotted in Fig. 12(c)) is again the
bent equivalent of that shown in Fig. 3(c).

U configuration. The total length along the centres of the rods amounts to 220 nm.
Whether a particular resonance is present or absent will depend on the excitation. Let us start
with the excitation shown in the inset of Fig. 13, the electric field being parallel with the
horizontal part of the U and the magnetic field perpendicular to the plane of the U. The
resonant frequencies are 162 THz and 418 THz. The field lines corresponding to the lowest
resonance are shown in Fig. 14(a). It may be seen that the field lines between the vertical sides
of the U are practically horizontal, the same kind as in a capacitor. The currents flowing
through the metal part are certainly related to the inductance so this resonance may be called
an LC resonance as done for example by Rockstuhl et al. [28]. On the other hand we may
argue that this is the same type of plasma resonance as those found before. The charge
distribution from one end to the other end is + — and the electric field does not vanish in
between. To check this we worked out the lowest resonant frequency of a rod of 220 nm
(obtained by straightening out the U) and found it equal to 162 THz, the same value. Thus if
the resonance for the rod is a plasma resonance then the resonance for the U should also be
regarded as a plasma resonance. However the argument could be inverted. If the resonance for
the U is an LC resonance then the analogous resonance for the rod should also be an LC
resonance. After all even for a rod (see Fig. 3(a)) field lines move from positive charge to
negative charge as in a capacitor so why should we not regard it a capacitor? It is quite
possible that using a generalized definition of capacitance many of the resonances found could
be described in terms of some equivalent inductor and capacitor, but it is far from obvious
how to do that. We ourselves believe that the dominant physical mechanism is the propagation
of surface plasmon-polaritons (for a brief discussion see the end of this Section).

60

E [normalized units]
W
S

162 308 418
STHz]

Fig. 13. Resonance curve of the 220 nm long U particle normalized to the amplitude of the
incident wave. Inset shows the geometry and the polarization of the excitation.

The field lines for the resonance at 418 THz are shown in Fig. 14(c). The pattern is
analogous with that in Fig. 3(b). The field lines appear to follow the twice-bent shape of the
U. Correspondent resonance with this charge distribution along the 220 nm long rod can be
found at 416 THz, a close value.

Next we shall look at excitation by a plane wave incident in a direction perpendicular to
the plane of the U (see inset of Fig. 15) with the electric field parallel with the horizontal side
of the U. The resonance curves shown in Fig. 15 are practically identical with those in Fig. 13.
The conclusion is that what matters is the electric field. It makes no difference whether the
magnetic field is perpendicular to or is in the plane of the U.
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Fig. 14. Electric field patterns of the U particle at 162 THz (a), 308 THz (b) and 418 THz (c).
Field strength plotted on a logarithmic scale (normalized to the respective field maximum).

60
H
s
=
?3 k
= 30
g
]
S,
S
0
162 308 418
f[THz]

Fig. 15. Resonance curve of the U particle normalized to the amplitude of the incident wave.
Inset shows the geometry and the polarization of the excitation.

The resonance curve for perpendicular incidence when the electric field is parallel with
the side of the U is shown in Fig. 16. There is now only one resonance at 308 THz. This is
again a field pattern which cannot be excited on a rod but it is possible for the U. The charge
distribution (see Fig. 14(b)) is + — +, and the electric field has a zero at the centre of the
horizontal part of the U. Qualitatively, it is the same type of resonance as that in Fig. 12(b) for
the L. Again we can say that the resonance only depends on the overall length of the particle.
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It does not correspond to the resonance of the 80 nm long rod. Note that the resonances at
162 THz and at 418 THz are not excited.

60
£
=
=
§
= 30
g
S
R=A
<]

O H
162 308 418
S[THz]

Fig. 16. Resonance curve of the U particle normalized to the amplitude of the incident wave.
Inset shows the geometry and the polarization of the excitation.

Finally we shall look at the excitation as shown in the inset of Fig. 17. The electric field is
still parallel with the vertical side but the magnetic field is perpendicular to the plane of the U.
All three resonances may now be seen although the lowest and the highest resonance are only
weakly excited.

E [normalized units]

162 308 418
STHz]

Fig. 17. Resonance curve of the U particle normalized to the amplitude of the incident wave.
Inset shows the geometry and the polarization of the excitation.

O configuration. The structure under investigation is now a ring made up by the same
rods. With this geometry one may expect resonances when the total length is equal to an
integral number of plasma wavelengths. The first three resonances obtained are plotted in
Fig. 18 for the two possible polarisations. At the three resonances of 279 THz, 463 THz and
601 THz the corresponding plasma wavelengths may be obtained from the dispersion curve of
Fig. 8. They are with good approximation A, =280 nm, 140 nm and 93 nm corresponding
clearly to one, two and three plasma wavelengths at the average perimeter length of 280 nm.
The field lines are shown in Figs. 19(a)-(c). The charge distributions are + — at 279 THz,
+—+— at 463 THz and + -+ —+— at 601 THz. The highest and lowest resonances are
independent of the polarisation of the exciting plane wave.
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Fig. 18. Resonance curves of the 280 nm long O particle normalized to the amplitude of the
incident wave, for two different polarizations of the excitation.
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Fig. 19. Electric field patterns of the O particle at 279 THz (a), 463 THz (b) and 601 THz (c).
Field strength plotted on a logarithmic scale (normalized to the respective field maximum).

One might ask whether the physical reason for the resonance at 463 THz is the current
induced by the magnetic field perpendicular to the plane of the particle. Or is it the lack of
symmetry of the electric field component in the left and the right halves of the U due to the
plane wave incident from the left? To clarify this we have performed another simulation (not
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shown here) with the magnetic field in the particle plane, H |[[110], and the propagation

direction k II1,-1, \/5] having an in-plane component (for coordinate system see Fig. 10(c)).

In this configuration magnetic excitation is not possible [35], and yet the same set of three
resonances as in Fig. 18(a) was observed proving the non-magnetic nature of the second
resonance at 463 THz.

We have also made simulations with regular polygons but that did not lead to any new
information. Resonances depended on the total average perimeter in the same way as for the
O particle.

A note on the nature of the resonances found. When the analysis of a set of physical
phenomena is done with the aid of simulations there is no absolute certainty as to the physical
mechanism. When we talk about a physical mechanism what we usually mean is that such-
and-such a set of equations yields some results which we regard authentic once confirmed by
experiments. We explain then the physics by translating into ordinary language what the
mathematics tells us. If the model consisted of a combination of metal/air interfaces and the
equations involved charge densities and currents in addition to propagating electric and
magnetic fields along the interfaces, then the accepted custom is to call those waves Surface-
Plasmon-Polaritons. The evidence that in the present paper the dominant mechanism is due to
SPPs is that by gradually increasing the rod dimension in the x direction, while keeping the
same rod thickness in the z direction, the dispersion curve tends towards that of SPPs on a 10
nm thick metal slab. Further evidence is provided by the similarity of our results to those of
Berini [9] and Al-Bader [11] who relied on the solution of the relevant partial differential
equations.

5. Conclusions

The properties of waves on a plasma rod of 10nm x 10 nm cross section have been
investigated with the aid of the numerical package CST Microwave Studio. Field distributions
at resonant frequencies have been analyzed and the dispersion curve up to a wave number of
k =4 @,/c has been extracted. It has been shown that, the surfaces being strongly coupled, the
dispersion curve for the rod is below that of a slab of 10 nm thickness. The length of the rod at
the lowest resonance has been found to be below half-wavelength and is shown to decline as
the wave number increases. The study of field patterns has been extended to combinations of
rods in the shape of L, U and O particles. Resonance curves for input plane waves of various
directions and polarisations have been studied. The relations between the total length of the
particle and the available resonances have been examined. The nature of the resonances,
whether a plasma or an LC resonance, has been discussed.
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