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Surface waves are responsible for many phenomena occurring in metamaterials and have been studied

extensively. At the same time, the effects of inter-element coupling on surface electromagnetic waves

(polaritons) remain poorly understood. Using two models, one relying on the effective-medium

approximation and the other on equivalent circuits, we studied theoretically surface polaritons

propagating along an interface between air and a magnetic metamaterial. The metamaterial comprised

split rings that could be uncoupled or coupled to each other in the longitudinal or transverse directions

(along or perpendicular to the propagation direction). A metamaterial without inter-element coupling

supported a single polariton. When a moderate longitudinal coupling was included, it changed the

wave dispersion only quantitatively, and the results of the effective-medium and the circuit models

were shown to agree at low wavenumbers. However, the presence of a transverse coupling changed

the polariton dispersion dramatically. The effective-medium model yielded two branches of polariton

dispersion at low values of the transverse coupling. As the coupling increased, both polaritons

disappeared. The validity of the effective-medium model was further tested by employing the circuit

model. In this model, surface polaritons could exist in the presence of a transverse coupling only if the

boundary layer of the metamaterial included additional impedances, which could become non-Foster.

The results reveal that the inter-element coupling is a major mechanism affecting the properties of the

polaritons. They also highlight the limitations of using bulk effective-medium parameters for interface

problems in metamaterials. VC 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4919072]

I. INTRODUCTION

Ever since the pioneering papers by Pendry et al. on the

permittivity of a wire medium1 and the permeability of the

split-ring resonator,2 the development of effective-medium

theories has been on the forefront of the metamaterial

research. The task is to describe the interaction of an electro-

magnetic wave with a material using macroscopic parame-

ters, such as permittivity and permeability. The problem is

complicated even for natural materials, let alone for artificial

ones, whose constituent elements are larger, their number is

smaller, and that have varying electric and magnetic proper-

ties.3 Considerable progress has nevertheless been achieved,

and the existing effective-medium models for metamaterials

have many universally recognized properties. For example,

the sought-after effect of negative refraction by means of

negative permittivity and permeability should be accompa-

nied by frequency dispersion.4 Such dispersion is most

commonly described by a resonant Drude-Lorentz (e.g.,

permeability of split rings) or a non-resonant Drude (e.g.,

permittivity of a wire medium) expressions.

Spatial dispersion—a dependence of the effective

parameters on the wavevector—attracted less attention in the

past. The classical treatise is by Agranovich and Ginzburg5

who studied the effect in a generic way and for natural

materials well before the subject of metamaterials emerged.

Spatial dispersion in metamaterials has been studied by

Silveirinha, Belov, Simovski, and co-authors,6–13 mostly for

wire media but also for other metamaterials. In solid-state

plasmas, closely related to the field of plasmonics, spatial

dispersion may appear as a result of the electron thermal

movement14 or a dc current.15

On the other hand, spatial dispersion appears also as a

result of an interaction between metamaterial elements by

their electric and magnetic near fields.16 In the metamaterial

context, the subject has been developed extensively by

Solymar, Shamonina, and co-authors (see e.g., Refs. 17–20)

for magnetic coupling between split-ring resonators,

although earlier studies were also conducted for other appli-

cations.21–23 Shamonina24 has recently derived an expression

for the magnetic permeability of a metamaterial comprising

coupled split-ring resonators. The model relied on an earlier

work by Syms et al.,25 who described an electromagnetic

wave interacting with a metamaterial as a periodically

loaded transmission line. Shamonina also derived the disper-

sion relation for surface electromagnetic waves propagating

along an air-metamaterial interface, and called them magne-

toinductive polaritons. Surface polaritons on magnetic

metamaterials were also studied by Gollub et al.,26 those on

spatially dispersive wire media by Shapiro et al.,27 and those

on magnetic plasmas by Ilin et al.28a)Electronic mail: osydoruk@imperial.ac.uk
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The work of Shamonina24 concentrated on surface

polaritons on metamaterials with longitudinal coupling only

(along the propagation direction). It discussed the polariton

properties using the effective-medium approximation and

electromagnetic boundary conditions, although the bulk

permeability was derived from an equivalent circuit. The

present paper concentrates on the role of the transverse inter-

element coupling (perpendicular to the surface). It considers

the surface polaritons from the point of view of both the

effective-medium and the equivalent-circuit models. Section

II presents the configurations and the circuit model leading

to a spatially dispersive tensor of the bulk magnetic perme-

ability. Section III presents the effective-medium approxima-

tion leading to a surface-polariton dispersion relation. It

discusses the dispersion for different lattice geometries and

reveals limitations of the effective-medium approach.

Section IV analyses these limitations further using a full

equivalent circuit. Based on the results of both models,

Sec. V draws conclusions.

II. SPATIAL DISPERSION OF THE EFFECTIVE
PERMEABILITY IN A BULK METAMATERIAL

Following Syms et al.25 and Shamonina,24 this section

discusses how an electromagnetic wave interacts with a bulk

split-ring metamaterial. It also derives an expression for the

permeability tensor. In a conventional manner, we present

split rings as LC-resonators with the inductance L and the ca-

pacitance C so that the angular resonant frequency is

x0 ¼ 1=
ffiffiffiffiffiffi

LC
p

. Two closely placed rings can become magnet-

ically coupled to each other, and we describe the coupling by

a coefficient j ¼ 2M=L, where M is the mutual inductance.

The sign and the magnitude of the coupling coefficient

depend on the positions of the rings relative to each other.

For example, the coupling coefficient is positive in the axial

configuration [Fig. 1(a), the rings’ centers and normals lying

on the same axis] and negative in the planar configuration

[Fig. 1(b), the rings lying in the same plane]. It can be zero

when the rings lie in two perpendicular planes in a T-

configuration [Fig. 1(c)], and when they lie in two parallel

planes with their centers shifted by a particular distance [Fig.

1(d)].29 Also, the coupling becomes weaker as the distance

between the rings increases. In a metamaterial comprising

many elements, this property often allows one to neglect all

but the nearest-neighbor couplings.

Here, we consider two-dimensional metamaterials with

elements oriented along the x- and z-axes, see Fig. 2(a). The

inter-element coupling is then characterized by four coupling

coefficients: jax and jaz between elements in the axial

configuration in the transverse x- and longitudinal z-direc-

tion, respectively, and the analogous jpx and jpz between

elements in the planar configuration.

We describe the propagation of the electromagnetic

wave by a two-dimensional LC-transmission line with the in-

ductance Lt ¼ l0d and the capacitance Ct ¼ e0d, see Fig.

2(b). Here, l0 and e0 are the vacuum permeability and per-

mittivity, and d is the unit cell size.

A TE wave propagating along the z-axis has the

magnetic-field components Hx and Hz and the electric-field

component Ey. The Hx component interacts with the meta-

material elements whose normals are along the x-axis,

whereas the Hz component interacts with the elements ori-

ented perpendicular to the z-axis. Both interactions can be

described by mutual inductances M0x and M0z, see Fig. 2(b).

The corresponding coupling coefficients (also known as the

fill factors) are q2
xðzÞ ¼ M02xðzÞ=LLt.

FIG. 1. The magnetic coupling coefficient between two rings depends on their

orientation. It is positive in the axial configuration (a), negative in the planar

configuration (b), and zero in the T- (c) and the shifted configuration (d).

FIG. 2. A magnetic metamaterial comprising split rings (a) can be described

by an array of coupled LC-resonators, whereas the electromagnetic wave

can be seen as propagating along an LC-transmission line (b). The split rings

load the transmission line allowing us to describe the metamaterial by an

equivalent circuit (c).

163910-2 Hadjicosti et al. J. Appl. Phys. 117, 163910 (2015)
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Referring the impedances of the split rings to the trans-

mission line, we obtain24 the equivalent circuit shown in Fig.

2(c) with

Zx

jxLt

¼ 1� q2
x

1� x2
0

x2
þ jaz cos kzdð Þ þ jpx cos kxdð Þ

;

Zz

jxLt

¼ 1� q2
z

1� x2
0

x2
þ jax cos kxdð Þ þ jpz cos kzdð Þ

;

(1)

where x is the angular frequency, and kz and kx are the longi-

tudinal and the transverse wavenumbers, respectively.

Using the nodal analysis, we obtain for this circuit

Vlþ1;m � Vl;m ¼ �ZxIx;l;m;

Vl;mþ1 � Vl;m ¼ �ZzIz;l;m;
(2)

where the subscripts l and m denote the nodes in the x- and z-

directions, respectively. The voltages V are across the

capacitors, and the currents Ix and Iz flow through the impe-

dances Zx and Zz [see Fig. 2(c)]. Making a transition from

the circuit to a homogeneous material, we can relate the cur-

rents and voltages to the field quantities as V ¼ Eyd; Ix ¼
Hzd and Iz ¼ �Hxd. On the other hand, Maxwell’s equations

for the TE wave can be written in the form

@Hx

@z
� @Hz

@x
¼ jxe0Ey;

@Ey

@z
¼ jxl0lxHx;

@Ey

@x
¼ �jxl0lzHz:

(3)

Here, we introduced the effective permeabilities lx and lz as

lx ¼
Zz

jxLt

lz ¼
Zx

jxLt

: (4)

These expressions can be reduced to several known special

cases. First, if the metamaterial elements are uncoupled, the

x- and z-components of the permeability are, as they should,

in the standard Drude-Lorentz form. A correction due to the

coupling can be made assuming kxðzÞd � 1 so that

cosðkxðzÞdÞ � 1. Then lx, for example, can be written as

lx � 1� q2
z

1� x2
0

x2
þ jax þ jpz

; (5)

which is the nearest-neighbor form of the expression derived

by Gorkunov et al.30

The longitudinal and transverse wavenumbers kz and kx

in a bulk metamaterial are linked together via the dispersion

relation, which has the form

4

Zz
sin2 kzd

2
þ 4

Zx
sin2 kxd

2
¼ �jxCt: (6)

The dispersion relation for the transmission line representing

air has the same form but with Zz ¼ Zx ¼ jxLt (implying

lx ¼ lz ¼ 1).

We are interested here in polaritons that have nonzero

components of the magnetic field. Solutions with zero Hx or

Hz (and, hence, Iz or Ix) are also possible; and their dispersion

relations are lx ¼ 0 or lz ¼ 0. These solutions, as follows

from Eq. (1), correspond to the magnetoinductive waves

propagating on two-dimensional metamaterial arrays.31 Such

waves can also propagate along an interface between two

metamaterials and were discussed in Ref. 20.

III. EFFECTIVE-MEDIUM MODEL OF SURFACE
POLARITONS

Relying on an effective-medium model, this section

describes the surface polaritons propagating along the inter-

face between a metamaterial and air. It concentrates in

particular, on the effects of the inter-element coupling.

Assuming that the metamaterial is a homogeneous medium

characterised by the permeabilities lx and lz, we can rewrite

the bulk dispersion relation Eq. (6) in the form

lzk
2
z þ lxk2

x2 ¼ lzlxk2
0; (7)

where k0 ¼ x=c with the vacuum light velocity c, and the

subscript 2 denotes the quantities in the metamaterial.

Denoting the quantities in air by the subscript 1, we have

k2
z þ k2

x1 ¼ k2
0: (8)

We place the interface between air and the metamaterial at

x¼ 0 and consider surface waves propagating along the z-
direction. For the effective medium, we assume that the stand-

ard Maxwell boundary conditions apply, yielding lzkx1 ¼ kx2.

This equation can be rewritten, using Eqs. (7) and (8), as24

k2
z ¼ k2

0

lx 1� lzð Þ
1� lxlz

: (9)

Equations (7)–(9) are a system of coupled equations. As Sec.

IV shows, it can be alternatively derived directly from the

circuit equations assuming small kzd. The number of

unknowns equals the number of equations, so the system can

be solved, albeit generally only numerically. However, if the

metamaterial elements are not coupled in the transverse

direction (jax; jpx ¼ 0), the equations become uncoupled

leading to a simple solution x ¼ xðkzÞ. This situation corre-

sponds to the “brick-wall” metamaterial,24 see Fig. 3(a).

Here, the transverse coupling is eliminated by shifting the

neighboring rows by half a period, see also Figs. 1(c) and

1(d). For a numerical example, we took the resonant fre-

quency of the elements as x0=ð2pÞ ¼ 100 MHz, the period

as d¼ 0.19 m, and the fill factors as q2
xðzÞ ¼ 0:2. The solid

line in Fig. 3(b) shows the dispersion curve of the surface

polaritons assuming jaz ¼ 0:1 and jpz ¼ �0:1, whereas the

dashed line shows the curve assuming no inter-element cou-

pling at all. The dotted line is the vacuum light line. The

presence of this moderate coupling changes the dispersion

somewhat, but without a qualitative difference. At low wave-

numbers, the dispersion curve shifts downwards so that the

surface polaritons can propagate at lower frequencies. At

163910-3 Hadjicosti et al. J. Appl. Phys. 117, 163910 (2015)
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higher wavenumbers, the curves with and without the inter-

element coupling hardly differ from each other.

The situation, however, changes dramatically when the

inter-element coupling in the direction normal to the inter-

face (i.e., along the x-axis) exists. For example, a metamate-

rial with a zero longitudinal but non-zero transverse coupling

can be obtained by rotating the “brick-wall” structure by 90�

along the x-axis, see Fig. 4(a). The solid line in Fig. 4(b)

shows the dispersion curves corresponding to jax ¼ 0:009

and jpx ¼ �0:009, whereas the dashed line shows as before

the dispersion curve without any inter-element coupling.

Two surface polaritons can now exist. Compared to the

original “brick-wall,” the region where they propagate has

shrunk both in the frequency and the wavenumber. The

coupled dispersion curve lies above the uncoupled one.

Compared to the original “brick-wall” (Fig. 3), we reduced

the coupling strength in the rotated “brick-wall” (Fig. 4) by

more than an order of magnitude. The reason is that the

rotated “brick-wall” with a strong transverse coupling sup-

ports no polaritons, as will be discussed later.

As an example of a metamaterial with both longitudinal

and transverse inter-element coupling, we then considered

the “fence” structure shown schematically in Fig. 5(a). The

solid lines in Fig. 5(b) show the dispersion curves of the

surface polaritons for jaz ¼ 0:1; jpz ¼ �0:1; jax ¼ 0:009,

and jpx ¼ �0:009. They have the same boomerang form as

for the rotated “brick-wall,” but with extended ranges of fre-

quencies and wavenumbers. One branch of the coupled

dispersion lies above the uncoupled one (dashed line), and

the other below it.

The dispersion diagrams for both structures with trans-

verse inter-element coupling (rotated “brick-wall” and

“fence”) are in the form of a boomerang, cf. Figs. 4(b) and

5(b). At their right and left edges, the polariton group veloc-

ity becomes infinitely large. Such a behavior is not uncom-

mon for effective-medium models relying on permittivities

and permeabilities, see, for example, Ref. 9. It cannot, how-

ever, be expected in passive media and indicates that some

approximations of the model fail. In passive lossless media,

the frequency derivatives of the effective permeabilities

must be positive,5,10 @lz=@x > 0 and @lx=@x > 0. For the

rotated “brick-wall” metamaterial of Fig. 4, one of the deriv-

atives is negative for the lower branch (mode 1) at small and

large values of the wavenumber, as can be seen in Fig. 6(a).

For the upper branch (mode 2), the derivative @lx=@x is

negative across a wider range of the wavenumbers. The cor-

responding regions are shown in orange in Figs. 4(b) and 6.

The two modes supported by the “fence” metamaterial

behave similarly, see Fig. 5(b). We examine the reason for

the breakdown of the effective-medium model in Sec. IV.

However, we will first discuss the effects of the transverse

coupling on surface polaritons in more detail.

Increasing the transverse inter-element coupling has a

detrimental effect on the surface polaritons, as Figs. 7(a) and

7(b) show for the rotated “brick-wall” and the “fence”

FIG. 3. In the “brick-wall” metamaterial (a), only the longitudinal coupling

is present. The surface-polariton dispersion (b) taking the coupling into

account (solid line) differs quantitatively from the uncoupled one (dashed

line). The dotted line is the light dispersion in vacuum.

FIG. 4. Rotating the “brick-wall” of Fig. 3 creates a metamaterial with non-

zero transverse and zero longitudinal coupling (a). The dispersion diagrams (b)

of the surface polaritons with (solid line) and without (dashed line) coupling dif-

fer qualitatively from each other. The sections where the frequency derivative

of an effective permeability becomes negative (see Fig. 6) are shown in orange.

163910-4 Hadjicosti et al. J. Appl. Phys. 117, 163910 (2015)
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metamaterials. They show the same curves as in Figs. 4(b)

and 5(b) for jax ¼ jjpxj ¼ 0:009, but also the curves for a

stronger coupling of jax ¼ jjpxj ¼ 0:015 in Fig. 7(a) and for

jax ¼ jjpxj ¼ 0:05 and 0.064 in Fig. 7(b). For the sections of

the dispersion curves shown in black, the frequency deriva-

tives of both effective permeabilities are positive. At least

one of them is negative for the sections shown in orange. For

both structures, the dispersion diagram dwindles as the trans-

verse coupling increases, and if it exceeds a threshold value,

the surface polaritons disappear. This threshold value

increases for larger longitudinal coupling.

The penetration depths inside a metamaterial are different

for the polaritons corresponding to the two branches of the dis-

persion diagram. They also depend on the coupling strength.

Figures 8(a) and 8(b) show the normalized penetration depth,

1=ð2kxdÞ, for the rotated “brick-wall” and the “fence” meta-

materials at the value of frequency x=x0 ¼ 1:04. For both

structures, the waves of mode 1 (denoted by 1 in Figs. 4 and 5)

penetrate deeper regardless of the coupling strength. However,

as the transverse coupling weakens, the penetration depth of

mode 1 increases, while that of mode 2 (denoted by 2 in the

dispersion diagrams) decreases.

IV. CIRCUIT MODEL OF SURFACE POLARITONS

Section II presented the bulk permeability tensor using

an equivalent circuit, but Sec. III discussed surface polaritons

entirely from the perspective of the effective-medium approx-

imation. However, when the metamaterial elements were

coupled to each other in the transverse direction, this approxi-

mation appeared to break down for some regions of the polar-

iton dispersion diagram. The frequency derivative of the

effective permeability was not positive for every wavenum-

ber, see Fig. 6. To clarify the reasons for this behavior, this

section considers the surface polaritons using the full circuit,

without the effective-medium approximation. To define an

interface between two circuits representing the metamaterial

and air, proper unit cells have to be chosen. The best choice

is the symmetric unit cells32,33 shown in Figs. 9(a) and 9(b),

resulting in the boundary shown in Fig. 9(c).

The impedances Zx and Zz are due to the split rings load-

ing the transmission line, see Fig. 2. When the rings are

coupled to each other, a change of the impedances in the

boundary layer can change the impedances in the whole

circuit. It can be shown that, as a result, the metamaterial can

support surface eigenwaves only if the impedances at the

boundary and in the bulk are the same.

However, the rings at the boundary are missing some

neighbors in the transverse direction, which could affect their

currents. To compensate for the missing neighbors, the rings

FIG. 5. The “fence” metamaterial (a) has both non-zero longitudinal and

non-zero transverse coupling. The dispersion diagram (b) of the surface

polaritons (solid lines) has a boomerang shape, similar to that of the rotated

“brick-wall” (Fig. 4). It differs from the uncoupled dispersion (dashed line).

The sections where the frequency derivative of an effective permeability

becomes negative are shown in orange.

FIG. 6. For the rotated “brick-wall,” the frequency derivatives of the relative

permeabilities corresponding to both modes can become negative (shown in

orange). This behavior, which cannot be seen in passive lossless metamateri-

als, suggests that the effective-medium model breaks down.

163910-5 Hadjicosti et al. J. Appl. Phys. 117, 163910 (2015)
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at the boundary must be loaded by additional impedances,

ZTx and ZTz, equal to

ZTx ¼
Zx � 2jxMaz cos kzdð Þ þ 2xMpx sin kx2dð Þ

2
;

ZTz ¼ Zz þ jxMaxe�jkx2d:

(10)

The impedance ZTx should be added to the rings coupled to

the neighbors by jaz and jpx. The impedance ZTz should

be added to those coupled by jpz and jax. If the transverse

coupling is absent (as in the “brick-wall” metamaterial),

ZTx ¼ ZTz ¼ 0, and no loading is needed.

The waves in the metamaterial circuit obey Eq. (6),

whereas the waves in air circuit obey the same equation but

with Zx and Zz replaced by jxLt. The presence of the bound-

ary imposes an additional condition that can be obtained,

using Kirchhoff’s law, in the form

jxLt

1� ejkx1d
þ Zx

1� e�jkx2d
¼ Zx þ jxLt

2
: (11)

Here, as before, kx1 and kx2 denote the transverse wavenum-

bers in the air and metamaterial circuits, respectively.

Equation (11) plays the role of the boundary condition in the

effective-medium model24 and reduces to lzkx1 ¼ kx2 for

small values of kx1 and kx2.

For the “brick-wall” with the same parameters as in Sec.

III, the complete circuit model gives a dispersion diagram of

Fig. 10(a). It agrees well with the dispersion obtained form

the effective-medium model [see Fig. 3(b)], especially at

low wavenumbers where the periodic nature of the transmis-

sion line does not show, as the unit cell of the metamaterial

is small kzd � 1.

For the rotated “brick-wall,” the circuit model pro-

duces the dispersion diagram shown in Fig. 10(b). It has

the same shape that the dispersion given by the effective-

medium model [see Fig. 4(b)], although there are some

quantitative differences. In particular, both dispersions

behave in the same way as the transverse coupling

increases: the region where the surface waves can propa-

gate shrinks both in frequency and wavenumber [see Fig.

7(a)] and disappears when reaching a threshold value of

the coupling coefficient.

FIG. 7. As the strength of the inter-element coupling increases, the disper-

sion curves of both the rotated “brick-wall” (a) and the “fence” (b) dwindle.

The effect is stronger for the rotated “brick-wall.” The sections where the

frequency derivative of an effective permeability becomes negative are

shown in orange.

FIG. 8. For both modes, the penetration depth depends on the strength of the

transverse coupling both for the rotated “brick-wall” (a) and the “fence” (b)

metamaterials. As the coupling weakens, mode 2 penetrates less in the meta-

material, until they disappear. Mode 1, on the other hand, penetrates less in

the metamaterial when the coupling is stronger. The normalized frequency

is x=x0 ¼ 1:04.
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Importantly, the dispersion diagram derived from the

circuit model has the same boomerang form as in Fig. 4(b),

indicating the presence of amplification in the circuit. It can

only come from the load impedances ZTx and ZTz. Their val-

ues are purely imaginary (and, hence, lossless) as follows

from Eq. (10), but their frequency derivatives dZTx=dx and

dZTx=dx may become negative. It is shown in Fig. 11

for the two modes and for the parameters corresponding to

jx ¼ 0:009 in Fig. 10(b). For mode 1, at least one of the de-

rivative is negative close to the maximum and minimum

values of the wavenumber. For mode 2, the derivative

@Zz=@x is negative for a wide range of the wavenumbers,

which agrees with the results of the effective-medium

model, cf. Fig. 4(b).

Circuits made of passive lossless components (Foster

circuits34) can only have impedances for which

dðImZÞ=dx > 0. Therefore, non-Foster circuits with active

components are needed to realize the load impedances of

Fig. 11 and allow surface waves to propagate. Active compo-

nents allow one to realize negative inductances and capaci-

tances and achieve the required dðImZTx;zÞ=dx < 0. The

presence of active components permits the existence of infi-

nite group velocity, as seen at the left and right edges of the

dispersion diagrams in Fig. 10(b). For another manifestation

of super-luminal group velocities in LC transmission lines

with negative capacitances, see Refs. 35 and 36.

Metamaterials with non-Forster circuits, both with37,38 and

without35,39–41 a resistor, have attracted attention.

This behavior of the load impedances mirrors the

behavior of the permeabilities in the effective-medium

model, see Fig. 6. The effective permeabilities were derived

for bulk metamaterials, and as the equivalent model sug-

gests, they may not always be appropriate for interface

problems.

V. CONCLUSIONS

This paper has discussed the propagation of surface

polaritons along an interface between air and a magnetic

metamaterial. The emphasis has been on the effects of the

inter-element coupling. We have compared two models, one

is based on an effective-medium approximation and bulk

effective permeabilities of the metamaterial, and the other

one is a full equivalent-circuit model. Both models were

applied to a variety of metamaterials with different geome-

tries of unit cells and relationships between the coupling

coefficients.

According to both models, a moderate longitudinal cou-

pling (along the interface) results in quantitative changes in

the dispersion relation as compared to the metamaterial with-

out inter-element coupling. However, the effect of the

FIG. 9. In the equivalent-circuit model for surface polaritons, symmetric unit

cells represent the metamaterial (a) and air (b), leading to the boundary (c).

FIG. 10. The dispersion diagram of the “brick-wall” (a) and rotated “brick-

wall” (b) metamaterials derived from the circuit model agree qualitatively

well with the dispersion diagrams given by the effective-medium model, see

Figs. 3 and 4. The sections where the frequency derivative of a load imped-

ance becomes negative (see Fig. 11) are shown in orange.
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transverse coupling is much more dramatic. When the trans-

verse coupling is weak, there are two branches of the disper-

sion diagram. For stronger transverse coupling, the dispersion

characteristics dwindle, and no surface waves can propagate,

an effect neglected by the models disregarding spatial

dispersion.

However, similar to some previously reported metama-

terial models,9 the effective-medium approximation fails in

some regions of frequencies and wavenumbers, leading to

permeabilities suggesting an active media. The reasons for

the failure became clear from the equivalent-circuit model.

For a metamaterial with a transverse inter-element coupling,

this model shows that surface eigenwaves can exist only if

the metamaterial elements at the boundary are loaded by

additional impedances. These impedances may demonstrate

non-Foster behavior, thus requiring active elements. In

agreement with the effective-medium model, the circuit

model shows that no surface polaritons can propagate for

strong transverse coupling regardless of the loads in the

boundary layer.

In conclusion, both the effective-medium and the

equivalent-circuit model showed that the inter-element cou-

pling has a profound effect on the propagation of surface

polaritons. The models also highlight some dangers of using

bulk effective parameters to describe surface electromag-

netic phenomena in metamaterials.
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